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PREFACE 


IF YOU CONTINUOUSLY PUT YOUR EFFORTS ON AN ASPECT, YOU HAVE VERY 
GOOD CHANCE TO GET POSITIVE OUTCOME i.e. SUCCESS 


It is a matter of great pride and honour for me to have received such an overwhelming response 
to the previous editions of this book from the readers. In a way, this has inspired me to revise this 
book thoroughly as per the changed pattern of JEE Main & Advanced. | have tried to make the 
contents more relevant as per the needs of students, many topics have been re-written, a lot of 
new problems of new types have been added in etcetc. All possible efforts are made to remove 
all the printing errors that had crept in previous editions. The book is now in such a shape that 
the students would feel at ease while going through the problems, which will in turn clear their 
concepts too. 


A Summary of changes that have been made in Revised & Enlarged Edition 


Theory has been completely updated so as to accommodate all the changes made in JEE Syllabus & 
Pattern in recent years. 

The most important point about this new edition is, now the whole text matter of each chapter has 
been divided into small sessions with exercise in each session. In this way the reader will be able to 
go through the whole chapter in a systematic way. 

Just after completion of theory, Solved Examples of all JEE types have been given, providing the 
students a complete understanding of all the formats of JEE questions & the level of difficulty of 
questions generally asked in JEE. 

Along with exercises given with each session, a complete cumulative exercises have been given at 
the end of each chapter so as to give the students complete practice for JEE along with the 
assessment of knowledge that they have gained with the study of the chapter. 

Last 13 Years questions asked in JEE Main & Adv, IIT-JEE & AIEEE have been covered in all the 
chapters. 


However | have made the best efforts and put my all Coordinate Geometry teaching 
experience in revising this book. Still | am looking forward to get the valuable suggestions and 
criticism from my own fraternity i.e. the fraternity of JEE teachers. 


| would also like to motivate the students to send their suggestions or the changes that they 
want to be incorporated in this book. All the suggestions given by you all will be kept in prime 
focus at the time of next revision of the book. 


Dr. SK Goyal 
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Session 1 


Introduction, Coordinate Axes, Rectangular Cartesian 
Coordinates of a Point, Polar Coordinates of a Point, 
Relation between the Polar and Cartesian Coordinates 


Introduction 


The great philospher and mathematician of France Rane 
Descartes (1596-1665) published a book ‘La Geometric’ 
in 1637. 


Descartes gave a new idea i.e. each point in a plane is 
expressed by an ordered pair of algebraic real numbers 
like (x, y), (7,9) etc., called coordinates of the point. 


The point (x, y) is called cartesian coordinates and (r,@) is 
called polar coordinates of the point. Then represents 
different forms of equations which are developed for all 
types of straight lines and curves. 


Thus the Coordinate Geometry (or Analytical Geometry) is 
that branch of mathematics in which geometrical problems 
are solved with the help of Algebra. 


Coordinate Axes 


The position of a point in a plane is determined with 
reference to two intersecting straight lines called the 
coordinate axes and their point of intersection is called 
the origin of coordinates. 


If these two axes of reference (generally we call them x 
and y axes) cut each other at right angle, they are called 
rectangular axes otherwise they are called oblique 
axes. The axes divide the coordinate plane in four 
quadrants. 


Y 
, | T ea" 
quadrant x quadrant quadrant | (a# 90°) 
x >| 90° quadrant 
# —_|] n 
O| x-axis - x il 
Ill IV quadrant 
quadrant quadrant y quadrant 
y 


(a) Rectangular axes (b) Oblique axes 


Rectangular Cartesian 
Coordinates of a Point 


Let X’ OX and Y’ OY be two perpendicular axes in the 
plane of paper intersecting at O. Let P be any point in the 
plane of the paper. Draw PM perpendicular to OX. Then 
the lengths OM and PM are called the rectangular 
cartesian coordinates or briefly the coordinates of P. 


: 
#P (x,y) 
: 
x’ aCe * 
y’ 
Let OM =x and MP=y 


Then, the position of the point P in the plane with respect 
to the coordinate axes is represented by the ordered pair 
(x, y). The ordered pair (x, y) is called the coordinates of 
point P. 


Le. OM = x-coordinate or abscissa of the point P 


and MP = y-coordinate or ordinate of the point P. 


Remarks 

1. The ordinate of every point on X-axis is 0. 

. The abscissa of every point on Y-axis is 0. 

. The abscissa and ordinate of the origin O(0, 0) are both zero. 


. The abscissa and ordinate of a point are at perpendicular 
distance from Y-axis and X-axis respectively. 


5. Table for conversion sign of coordinates : 


Pw PH 


Quadrants XOY X’OY X’OY’ XOY’ 
(I) (Il) (II) (IV) 
Sign of x coordinates + _ - + 
Sign of y coordinates + + - - 
Sign of (x, y) (44) (4+) (4-)  (,-) 


6. Equation of X-axis, y =0 and equation of Y-axis, x =0. 


Polar Coordinates of a Point 


If OP=r (radius vector) 
and ZXOP =0 (vectorial angle) 
P (r, 8) 
r 
\8 ; 
as ~._J0 Initial line . 
6 (7, -6) 


Then, the ordered pair of real numbers (r, 8) called the 
polar coordinates of the point P. 


Remarks 


1. r may be positive or negative according as 8 is measured in 
anticlockwise or clockwise direction. 6 lies between —7z to Tie. 
—-1<O0< 71. If itis greater than zm, then we subtract 2x from it 
and if it is less than —z, then we add 27, to it. It is also known 
as principal value of P. 

2. Always taken @in radian. 


Example 1. Draw the polar coordinates 


(2.2) ; (2,7) (-2,-=] and (2,-=] on the plane. 
3 3 3 3 


Sol. 


5 
Example 2. Draw the polar coordinate (s =) on 


the plane. 
51 
Sol. Here, 0@=—>T7 
4 
0, Xx 
3n 
3 4 
om 3n 
P (3 4)o(3 4 
TU 310 
then, 6 -— 2a = — a 


4 
51 31 
3, — |} is same | 3, — — 
4 4 
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Relation between the Polar 
and Cartesian Coordinates 


Let P(x, y) be the cartesian coordinates with respect to 
axes OX and OY and (r,@) be its polar coordinates with 
respect to pole O and initial line OX. 


It is clear from figure 


OM = x =rcos@ ... (i) 
and MP=y=rsin0 ..-(ii) 
¥ 
P(, y) 
y y 
i) 
O x M ~x 


Squaring and adding Eqs. (i) and (ii), we get 


2 


x+y =r or r= (x? +y’) 


Dividing Eqs. (ii) by (i), then 


tan® = (2) or @=tan? (2) 
Pe x 


ie. (rcos0,rsin8) = (x,y) 
and (x? +y’), tan! (2)) => (r,8) 
x 


If rand @ are known then we can find (x, y) from Eq. (iii) 
and if x and y are known then we can find (r,®) from 


...(iii) 
.. (iv) 


Eq. (iv). 
@=tan™ (2) 
x 
If oO =tan™”? Ma 
x 


Then, values of @ in four quadrants 


Quadrant I II Il IV 
8 a 


™ —Q —1+Q —O 


Example 3. Find the cartesian coordinates of the 
points whose polar coordinates are 


(i) (5, = tan" (?)) (ii (5v2,=] 


Sol. (i) Given, r =5,0=1- tan 4) 


4 Textbook of Coordinate Geometry 


{4 
Now, x =rcos8=5cos [x tn ‘(5)] 
(4 
=-—5cos]tan | — 
[ (2)) 
=-5cos| cos! 2 a-gylau8 
5 5 
A 
and y=rsin@=5sin [x tan (2)} 
=5sin tn (2) 
3 
? . (4 4 
=5sin | sin ( =5x-—=4 
5 5 


Hence, cartesian coordinates of the given point will be 


(-3, 4). 
(ii) Given, r =5/2,0= 7 
1 1 
Now, x =r cos0 = 5 cos (*) =5/9xE 5 
4 V2 
: . 1 1 
and y=rsind =52sin(#)= 52x 5 =5 


Hence, cartesian coordinates of the given point, 
will be (5, 5). 


Example 4. Find the polar coordinates of the points 
whose cartesian coordinates are 


(i) (-2;=2) (ii) (-3, 4) 
Sol. (i) Given, x =-2,y=-2 


= -1| -2 zs 
and o = tan |~| =tan™ = tan /1= 
x —2 
Since, point (—2, — 2) lies in III quadrant. 
Tv 31 
6@=-N+Q=-N+—=-— 
4 4 
Hence, polar coordinates of the given points will be 
31 
2V2,- =]. 
4 
Remark : If we find 9, from the equation, 
—2 
tan@=2=—“=1 
x 2 
Tl 
then, 6 = — and then 
4 


(x, y) =(r cos@, r sin®) = [22 x : , 2/2 x 
2 


ae) 


= (2,2) # (-2,—2) 


(ii) Given, x =-3,y=4 


and o = tan 


Since, point (—3, 4) lies in II quadrant 
if 4 
0=n-Qa=7- tan | — 
3 
Hence, polar coordinates of the given points, will be 


oa) 


Example 5. Transform the equation r* = a* cos 20 
into cartesian form. 


Sol. -. r=\(x?+y?) and @ = tan | (2) 
x 
or r? =(x? +y’) and tan@ =~ 
x 


. 1 —tan’0 
Given, r’ =a’ cos 20 =a’ ST 
1+ tan°0 


Dh oD x 
or (x+y )=a ; 
ee 


2 
x 


ok (x? + y?)? = a? (x? — y?) 
This is the required equation in cartesian form. 
Aliter : 
r? =a’ cos 20 
or r? =a’ (cos*@ — sin*@) 


x=rcos® and y=rsin@ 


and r=x? ty?’ 
x? oy? 
2_ 2 ye 
then r= pets 
r r 
4_ 27.2 _ 02 
or r' =a’ (x°-y*) 


or (x? +y*)? =a? (x 


Example 6. Transform the equation x* + y* = ax into 


polar form. 
Sol. -. x=rcos0, y=rsin0 
Given, x? + y? =ax 
> r? =a(r cos) 
or r=acos@ 


This is the required equation in polar form. 
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Exercise for Session 1 


1. The polar coordinates of the point whose cartesian coordinates are (—1, —1) is 


(es) we) (8) (88 


2. The cartesian coordinates of the point whose polar coordinates are 13, m —tan7" (3)} is 


(a) (12, 5) (b) (-12, 5) (c) (-12, — 5) (d) (12, - 5) 
3. The transform equation of r? cos? 6 = a” cos 26 to cartesian form is (x? + y”) x? =a7A, then value of A is 
(a) y? — x? (b) x? — y? (c) xy (d) x°y? 


4. The coordinates of P’ in the figure is 


rte 8 
NT x 
3 
oy 


(a) (s =) (b) (s -=) (c) (-3, -3) (d) (-s *) 


5. The cartesian coordinates of the point Q in the figure is 


(a) (V3, 1) (b) (-v3, 1) (c) (-V3, - 1) (d) (V3, - 1) 
A point lies on X-axis at a distance 5 units from Y-axis. What are its coordinates ? 
A point lies on Y-axis at a distance 4 units from X-axis. What are its coordinates ? 


A point lies on negative direction of X-axis at a distance 6 units from Y-axis. What are its coordinates ? 


oS eN > 


Transform the equation y = x tana to polar form. 


10. Transform the equation r =2 a cos @ to cartesian form. 


Session 2 


Distance between Two Points, Choice of Axes, Distance 
between Two Points in Polar Coordinates 


Distance Between Two Points 


Theorem : The distance between two points P (x,,y,) 
and QO (x, y2) is given by 

| PQ|= (x2 - 1)? +2 -1 
Proof : Let P(x,, y,) and Q(x, y,) be any two points in 


the plane. Let us assume that the points P and Q are both 
in 1st quadrant (for the sake of exactness). 


Y 
Q (Xe, Yo) 
YoV1 
(x11) 
P 
| Xo-Xq Yo 
yy 
Xx’ « | ~ 
O L M : 
<—Xj—> 
SS eee 
y’ 


From P and Q draw PL and QM perpendiculars to X-axis. 
From P draw PR perpendicular to QM and join PQ. Then 


OL=x,,OM=x,, PL=y,, QM=yy2 
PR=LM=OM -OL=x,-x, 

QR = QM — RM =QM - PL=y, -y, 
Since, PRQ is a right angled triangle, therefore by 
pythagoras theorem. 


(PQ)* =(PR)° + (QR)’ 
| PO|=./(PR)* +(QR)’ (-- PQ is always positive) 
= (x2 —%1) +2 - 1)? 
.. The distance PQ between the points P(x,, y,) and 
O(+2,72) is given by (x2 — x1)? +(y2 - 1)" 


— in x coordinates)” 
or 


and 


+ (difference in y coordinates)” 


(eee of abscissaes)” 
or 


+ (difference of ordinates)” 


Notations : We shall denote the distance between two 
points P and Q of the coordinate plane, either by | PQ| or 


by PQ. 
Corollary 1 : The above formula is true for all positions 
of the points (i.e. either point or both points are not in the 


1st quadrant) keeping in mind, the proper signs of their 
coordinates. 


Corollary 2 : The distance of the point P(x, y) from the 
origin O(0, 0) is given by 


| OP| = (x -0)? +(y—0)? = (x? +”) 


Corollary 3 : The above formula can also be used as 


M(x, x2)? +01 ~y2)? 
Corollary 4 : (i) If PQ is parallel to X-axis, then y; = y2 


and so 
| PQ] = (x2 -x,)’ =|xX2-x)| 


(ii) If PQ is parallel to Y-axis, then x, = x, and so 


| PO|=V(y2 -y1)? =ly2 - yi 


Corollary 5 : If distance between two points is given, then 
use + sign. 


Remarks 
1. If three points A(x, y;), BUX, Yo) and C(Xx3, v3) are collinear, 
then |AB] + [BC] =| AC| 
C 
B 
A 
B 
Cc 
A 


2. When three points are given and it is required to: 


(i) an Isosceles triangle, show that two of its sides 
(or two angles) are equal. 


(ii) an Equilateral triangle, show that its all sides are equal 
or each angle is of 60°. 

(iii) a Right angle triangle, show that the sum of the 
squares of two sides is equal to the square of the third 
side. 

(iv) an Isosceles right angled triangle, show that two of its 
sides are equal and the sum of the squares of two equal 
sides is equal to the square of the third side. 

(v) a Scalene triangle, show that its all sides are unequal. 
3. When four points are given and it is required to 
(i) a Square, show that the four sides are equal and the 
diagonals are also equal. 
(ii) a Rhombus, (or equilateral trapezium) show that the 
four sides are equal and the diagonals are not equal. 

(iii) a Rectangle, show that the opposite sides are equal and 
the diagonals are also equal. 

(iv) a Parallelogram, show that the opposite sides are equal 
and the diagonals are not equal. 

(v) a Trapezium, show that the two sides are parallel and 
the other two sides are not parallel. 

(vi) An lsosceles Trapezium, show that the two sides are 
parallel and the other two sides are not parallel but equal. 

4. IfA, B, C be the vertices of a triangle and we have to find the 
coordinates of the circumcentre then, let the circumcentre be 

P(x, y) and use PA? = PB? and PA? = PC? this will give two 

equations in x and y then solve these two equations and (x, y). 


Important Remarks for 
Objective Questions 


(i) If (x1, y;) and (x2, yz) are the ends of the hypotenuse 
of a right angled isosceles triangle, then the third 
vertex is given by 


& +x2)#(y1 —y2) (vi t¥2) F(x) =) 


> 


2 2 


(ii) If two vertices of an equilateral triangle are (x,y) 
and (x2, yz), then coordinates of the third vertex are 
[at F V3 (y2-y1) Wit yo + V3 (x =) 
2 2 


Example 7. Prove that the distance of the point 
(acosa ,asina) from the origin is independent of a. 


Sol. Let P = (a cosa, a sina) and O = (0, 0) 


then |OP|= Ka cosa — 0)” + (asina — 0)° 


= Me cos’ + a” sin? a) 


= {a (cos? & + sin’) = Va 

=|a|, which is independent of a. 
Example 8. Find the distance between the points 
(acosa@,asina) and (acosB, asinB), where a> 0. 


Sol. Let P = (a cosa, a sina) and Q = (a cosf, a sinB) 
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| PQ| = Va cosa — a cos 8)” + (asina — asinB)’ 


= ja {(cosa& — cosB)* + (sina — sinB)’} 


then 


7 i {cos’a + cos” B — 2cosacosf + sin? a 


+ sin’ —2sina sinB} 


= {a {1+ 1-— 2cosacosf + sinasinB)} 
= {a (2 — 2cos(a — B)) 
= 2a” (1 — cos(a — B)) 


“ere 


("a> 0) 


Example 9. If the point (x, y) be equidistant from the 
points (6, —1) and (2,3), prove that x-—y =3. 
Sol. Let P =(x, y), A =(6,—1) and B= (2, 3) 
By the given condition, PA = PB 
=> (x- 6) +(y +1)? = Vx - 2)" + (y -3) 
or (x-6)? +(y +1) =(x — 2)? +(y-3)° 


or x? 12x +36+y? +2y+1 
= x? —4x+4+y*?-6y4+9 
or 8x — 8y = 24 
or x-y=3 
Example 10. Using distance formula, show that the 
points (1, 5), (2,4) and (3, 3) are collinear. 
Sol. Let A = (1,5), B = (2, 4) and C = (3,3) be the given points, 


then 
| AB] = (1-2)? +(5— 4)? = V2 


B é 


{2 
A 


|BC| = (2-3)? +(4-3)? = 2 
and |AC| = (1-3)? + (5-3)? =2v2 


| AB| + | BC| = V2 + J2 = 2V2 =|AC\. 


Hence, A, B, C are collinear. 


Clearly, 
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Example 11. An equilateral triangle has one vertex at 
the point (0,0) and another at (3, 3). Find the 
coordinates of the third vertex. 
Sol. Let O = (0,0) and A = (3, V3) be the given points and 
let B = (x, y) be the required point. Then 


OA = OB= AB 
¥ 
(6 YIBP 
ae A(3, 48) 
x « O >X 
(0, 0) 
" Bj y) 
=> (OA) = (OB)? = (AB)? 


=> (3-0) + (v3 - 0)’ =(x - 0)’ +(y-0) 
= (x3) +(y- 3) 
> =x? +y? =x? 4 y" — 6x — 2v3y 412 
Taking first two members then 
x+y’? =12 ._ (i) 
and taking last two members, then 
6x + 2v3y =12 or y = V3(2- x) 
From Eqs. (i) and (ii), we get 
x* +3(2—x)* =12 


.. (ii) 


or 4x" —12x =0 
=> x =0,3 
Putting x = 0,3 in Eq. (ii), we get y = 2/3, mays 
Hence, the coordinates of the third vertex B are (0, 2V3) or 
(3, — v3). 
Short Cut Method: According to important note : 
(2 + x FV3(y2 - 1) Yat ¥2 + VB(x2 - 2) 


2 ; 2 
0+3 F ¥3(V3 —0) 0+ V3 + ¥3(3-0) 
2 i 2 
373 V3 +3v3 

2° 2 


=>  (0,2V3) or (3,—~3) 


Example 12. Show that four points (1,—2), (3,6) , 
(5,10) and (3,2) are the vertices of a parallelogram. 


Sol. Let A = (1, — 2), B = (3,6), C =(5, 10) and D = (3, 2) be the 
given points. Then 


| AB| = (1-3)? + (-2- 6)? = [4 +64 =2V17 


BC| = (3-5)? + (6- 10)? = [4 + 16 = 2v5 

CD| = (5-3)? + (10-2)? = [4 + 64 = 217 
AD| = (1-3)? + (-2- 2)? = [4 + 16 = 2v5 
AC| = (1-5) +(-2- 10)? = 16 +144 = 4/10 
and = |BD|= (3-3)? + (6-2) =4 

Dr 


ge ae 
Clearly, | AB] = |CD|,| BC| =| AD| and | AC| # | BD| 


Hence, ABCD is a parallelogram. 


Example 13. Let the opposite angular points of a 
square be (3,4) and (1,—1). Find the coordinates of the 
remaining angular points. 
Sol. Let A(3, 4) and C(1, — 1) be the given angular points of a 
square ABCD and let B(x, y) be the unknown vertex. Then 


AB= BC 
= (AB)’ = (BC)? 
> (x-3)) +(y— 4) =(x-1)7 +(y +1) 
= 4x +10y —23=0 
=> x= (A) aay 
4 
D 
Also, in A ABC, 


(AB)’ + (BC)’ =(AC)’ 
> (x —3)? +(y- 4)? +(x- 1) +(y +1)’ 
=(3-1)° +(44+1) 
=> x? +y"? —4x-3y-1=0 .. (ii) 


Substituting the value of x from Eqs. (i) into (ii), we get 


2 
23 — 10 23 — 10 


= 4y” —12y+5=0 

or (2y — 1)(2y — 5) =0 
=): ge 2 
a. 2 
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; 1. : 9 
Putting y = Pa Eq. (i), we get x = 2 Also, |AB|= Va —c)’+(b-dy 


5 1 
and putting y = Eq. (i), we get x = a = Ja +b? +c? +d? — 2ac — 2bd 


= Ee 2 : “ 
Hence, the required vertices of the square are (2. | and = vr + rz —2(ac + bd) [from Eqs. (i) and (ii)] 


15 ; 
2°2) Ala, b) 
Example 14. Find the circumcentre of the triangle ry 
whose vertices are (—2,— 3), (—1,0) and (7,—6). Also Bic, d) 
find the radius of the circumcircle. : 
Sol. Let A = (—2, —3), B=(-1,0) and C =(7, -6). X’ « 5 ze >X 
Let P = (x, y) be the circumcentre of AABC. y’ 
(1, 0B 


By using Cosine formula in A AOB 
(OA)° + (OB)’ — (AB) 


2 -3)A cos® = 
( ) 2:OA . OB 
C(7, -6) Es hy +re —(r +1rs¢ —2(ac + bd)) 
2r, 12 
Since, Pis the circumcentre _ 2(ac + bd) _ (ac + bd) (ii) 
|PA| =| PB|=|PC| => (PA)* =(PB)” =(PC)’ 2h Te rs - 
(x +2)' +(y +3) =(x +1) +(y-0) 7 (ac + bd) from Eqs. (i) and (i) 
=(x-7) +(y +6) Va? + 0) J(c? +d”) 
=> x+y? +4x4+6yt+13=x7° +y? +2x41 (ac + bd) 
=x? +y? —14x4+12y +85 (a? +b) (c? +d?) 
Taking first two members, we get Mactomvia Gil) 
+3y+6=0 aa ae 
. wees w nr, cos8=ac+bd or OA.OB cos0=ac + bd 
and taking 1st and last member then, we get 
3x —y-12=0 .. (ii) 3 
Solving Eggs. (i) and (ii), we get Choice of Axes 
a cma For simplification we carefully choose the axes or the 


Hence, circumcentre is (3, — 3). origin. Some situations are given below : 


Rene angen ce (i) If two lines are perpendicular then point of 


=Ip= 1B +1) +(-3-0) intersection is taken as origin and these lines must be 
= J16+9 =5 units taken as the coordinate axes. 
; a (ii) If two fixed points A and B are given then we take 
Example 15. If the line segment joining the points | AB = 2a and the mid-point of AB as origin ‘O’, line 
A(a,b) and B(c,d) subtends an angle 6 at the origin O, AOB as X-axis and the line perpendicular to AB 
prove that through O is taken as Y-axis then the coordinates of 
cos§ = ac + bd the fixed points are (+a, 0). Similarly if AOB as Y-axis 
J (a? +b2 \(c 24d? ) and the line perpendicular to AB through O is taken 
ar OA ORcos0=4e+hd is oo then the coordinates of the fixed points are 
0,+ a). 
po tet Oi= penta (iii) If there is a symmetry of any kind then take the 
Now, r, = |OA| = (a? +b”) .i) coordinates of the points in a general way i.e.(x;, y;), 
i='1, 2, 3,... ete: 


and r, = |OB| = y(c? +d’) . (ii) 
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Example 16. Show that the triangle, the coordinates of 


whose vertices are given by integers, can never be an 
equilateral triangle. 


Sol. Let A = (0,0), B= (a, 0) and C =(b, c) be the vertices of 


equilateral triangle ABC where a, b, c are integers then, 


| AB| = | BC| = |CA| 
= (AB)’ =(BC)’ = (CA)? 


a’ =(a—bP +c? =? +c? 
From first two members, we get 


=> 


b? +c? =2ab 
and taking first and third members, then 
b+? =a’ 


From Eqs. (i) and (ii) we get 


a= 2b 

From Eq. (ii), b” +c? =(2b)" 
or c* = 3b? 
or 


c=+by3 


which is impossible, since b and c are integers. 


Example 17. In any triangle ABC, show that 


AB? + AC? =2(AD* + BD?) 
where, D is the middle point of BC. 


Sol. Let D as the origin and DC and DY as the X and Y-axes 
respectively. Let BC = 2a, then 


B= (-a, 0), C =(a, 0) and let A =(b, c) 


Example 18. Let ABCD be a rectangle and P be any 
point in its plane. Show that PA* + PC? =PB* + PD? 


Sol. Let A as the origin and AB and AD as the X and Y-axes 
respectively. Let AB = aand AD = b, then 


B=(a,0), D=(0, b) and C =(a, b) 
Let 


P=(a,B) 
y 
_ Plo. B) 
(0, b)D = Ca, b) 

a # \ 
ead ii fo \ 

Gi) veel . 

A(0, 0) Bea, 0) 
(a#0) 


Now, LHS = PA” + PC? 


=(a— 0) +(B - 0) +(@—a)’ +(B - by” 


= 20,” + 2B? — 2aa, — 2bB + a? +b’ 
and RHS = PB’ + PD? 


= (a — a)’ +(B—0)* +(a—0)’ + (B - by’ 
= 20,” + 2B? — 2ac — 2bB + a? +B? (ii) 
From Eqs. (i) and (ii), we get 


PA* + PC? = PB’ + PD* 


; Distance between Two Points 
A) in Polar Coordinates 
Let O be the pole and OX be the initial line. Let Pand Q be 
two given points whose polar coordinates are (r,,0,) and 
x’ Bea. 0) DIO.) Cla, 0) x (rz, 95) respectively. 
P(r, 81) 
y’ 
Now, LHS = AB’ + AC? Q(ro, 82) 
=(b+a)’ +(c —0)? +(b— a)’ +(c —0) 
=2(a° +b’ +c’) .. (i) 
and RHS=2(AD* + BD’) X Initial line 
=2{(b-0)’ +(c —0)* +.a”} 
=2(a’ +b? +c”) .i) Then, OP =1r,,00 =r 
From Eqs. (i) and (ii), we get and 
AB’ + AC*® =2(AD* + BD’) 


Z POX =8,, Z QOX =, 
Z POO =6, -6, 


By using Cosine formula in APOQ, 


cos(Z POQ) = 
or cos(0, —9,) 
| PQ| 
Remark 


(OP)* +(OQ)* —(PQ)* 
2(OP)(OQ) 


_m +r —(PQ)" 


27M 


= V(r? +r —2 fr cos(8,; —8,)) 


Always taking 8; and @» in radians. 


Example 19. Prove that the points (0,0), (3.2) and 


T 
(3.2) are the vertices of an equilateral triangle. 


Sol. Let A = (0,0), B= [a 4 and C = a 4 


Here, given coordinates are in polar form 


| AB| = 
\ 


T 
Ce ee ee 
\ 2 6 


10 2 
i — 18 sin 4 = ,/(18 — 9) =3 units 


[= + 07 — 2-3-0 cos & o) =3 units 
6 


| BC| = 


Tl 5 
(0? +3” — 2-0-3 cos & y =3 units 
2 
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| AB| = | BC| = |CA| 
Hence, points A, B, C are the vertices of an equilateral 


triangle. 
Aliter : 
ZBAx =" 
2 
TU 
and ZCAX = — 
6 
Tt 
B(3, z) 
74 
3 Cl3 = 
3 
n/3 
n/6 
>X 
A(, 0) 
pee = * 
2 6 2 
** In A ABC 
AB = AC 
Z ACB = Z ABC = (say) 
1 
Q+0+—=7 
3 
1 
or a= — 
3 
Hence, | AB] = | BC| = |CAl. 
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Exercise for Session 2 


1. 


2. 


18. 
19. 


If the distance between the points (a, 2) and (3, 4) be 8, then a equals to 


(a) 2+ 3/15 (b) 2- 3V15 (c)2+ 3/15 (d) 3+ 2/15 
The three points (—2, 2), (8, —2) and (—4, —3) are the vertices of 
(a) an isosceles triangle (b) an equilateral triangle (c) a right angled triangle (d) None of these 


The distance between the points (s. 4 and (7 =| is 


(a) 8 (b) 10 (c) 12 (d) 14 


Let A(6, — 1), B(1,3) and C(x, 8) be three points such that AB = BC, then the value of x are 
(a) 3,5 (b) -3, 5 (c)3,-5 (d) -3,-5 


The points (a + 1,1), (2a + 1,3) and (2a + 2, 2a) are collinear, if 
@a=—19 (b)a=5.2 (c)a=2,1 (d)a=- 


If A=(3,4) and B is a variable point on the lines | x| =6. If AB < 4 then the number of positions of B with integral 


coordinates is 
(a) 5 (b) 6 (c) 10 (d) 12 


The number of points on X-axis which are at a distance c units (c <3) from (2, 3) is 
(a) 1 (b) 2 (c) 0 (d) 3 


The point on the axis of y which its equidistant from (—1, 2) and (3,4), is 
(a) (0, 3) (b) (0, 4) (c) (0, 5) (d) (0, — 6) 


Find the distance between the points (at?, 2 at,) and (at%, 2 at), where t, and tf, are the roots of the equation 
x? -2/3x+2=0 and a>0. 


If P(at?, 2 at), at : -=) and S(a, 0) be any three points, show that + 6 is independent oft. 


Prove that the points (3, 4), (8, —6) and (13, 9) are the vertices of a right angled triangle. 

Show that the points (0, — 1), (6, 7), (-2, 3) and (8, 3) are the vertices of a rectangle. 

Find the circumcentre and circumradius of the triangle whose vertices are (—2, 3), (2, —1) and (4,0). 
The vertices of a triangle are A(1, 1), B(4,5) and C(6, 13) . Find cos A. 

Two opposite vertices of a square are (2,6) and (0,—2) . Find the coordinates of the other vertices. 

If the point (x, y) is equidistant from the points (a + b,b —a)and(a—b,a+b), prove that bx =ay. 


If a and b are real numbers between 0 and 1 such that the points (a, 1), (1,6) and (0,0) form an equilateral 
triangle, find a and b. 
An equilateral triangle has one vertex at (3,4) and another at (—2, 3). Find the coordinates of the third vertex. 


If P be any point in the plane of square ABCD, prove that 
PA? + PC? = PB? + PD? 


Session 3 


Section Formula, Centroid of a Triangle, Incentre, 
Some Standard Results, Area of Triangle 


Section Formula 


Definition : If P be any point on the line AB between A 
and B then we say that P divides segment AB internally in 
the ratio AP : PB. 


Also, if P be any point on the line AB but not between A 
and B( P may be to the right or the left of the points A, B) 


then P divides AB externally in the ratio AP : PB 
Note 
AP _ Positive, in internally division 
PB Negative, in externally division 


(i) Formula for Internal Division 


Theorem : If the point P (x, y) divides the line segment 
joining the points A(x,, y;) and B(x2, y2) internally in 
the ratio m:n, then prove that 
MX_ +nx, 
x = — 
m+n 
ye FON 
m+n 
Proof : The given points are A(x,,y,) and B(x», y.). Let 
us assume that the points A and B are both in 1st quadrant 
(for the sake of exactness). Since P (x, y) divides AB 
internally in the ratiom:ni.e. AP: PB=m:n. From A,B 
and P draw AL, BM and PN perpendiculars to X-axis. 
From A and P draw AH and PJ perpendiculars to PN and 
BM respectively, then 
OL=x,,ON =x,OM=x,, AL=y,, PN=y and BM =y, 
AH =LN=ON -OL=x- x, 
PJ =NM=OM -ON=x,-x 
PH = PN-HN=PN-AL=y~-y, 
BJ =BM-—JM=BM-— PN =y, -y 


and 


¥ 
B(x, y2) 
ay n 
Nm 
A J 
m 
A H 
(X11) 
xX’ + +X 
O L N M 
y’ 


Clearly, the As AHP and PJB are similar and therefore, 


their sides are proportional 


AH _ PH _ AP 

PJ BJ PB 
Ae ATX _ YT TM 
X2—X YVo-y n 


(i) (ii) 


From Eqs. (i) and (iii), we have 


(iii) 


x-X,; m 


Xy,-x n 

=> nx —nNx, =MxX, —mx 

> (m+n) x =mx,+nx, 
_ MX, +nx, 
m+n 


and from Eqs. (ii) and (iii), we have 
y=yi _m 
Ya2-y on 
ny —ny; =my2 —my 
(m+n) y=my, +ny; 


ye +ny, 


m+n 


Thus, the coordinates of P are 


(m +nx4, 


m+n m+n 


Myo 1) 
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Corollary 1 : The above section formula is true for all 
positions of the points (ie. either point or both points are 
not in the 1st quadrant), keeping in mind, the proper signs 
of their coordinates. 


Corollary 2 : If P is the mid-point of AB then m =n, the 
coordinates of the middle-point of AB are 


X, +X. VWity2 
7: * 2 
Remarks 


1. If P (a, B) be the mid-point of AB and if coordinates of A are 
(A, w) then the coordinates of B are (2a — A, 2B — LL), ie. 
(Double the x-co-ordinate of mid point — x-coordinate of given 
point, Double the y-co-ordinate of mid point — y-coordinate of 
given point). 

2. The following diagram will help to remember the section 
formula. 


B 
ae 


A 
(1, ¥1) 


3. For finding ratio, use ratio 1: 1, then coordinates of P are 
x + Mo Wt We 
1+% 1+2% 
if Vis negative, then divides externally. 
4. The straight line ax + by + c =0 divides the joint of points 
A(x, ¥;) and B (X», Yo) in the ratio 


} If Nis positive then divides internally and 


AP_X _— (ax, + by, +c) 
PB 1 (aXo + byy + C) 
S&S 
/! 
1S) 
Kw 
& 
*# 
ey 
e a 1 2 
A P B 


lf ratio is positive, then divides internally and if ratio is negative 
then divides externally. 


Proof : Coordinates of Pare eae nt ve 


1+ 1+2% 


Plies on the line ax + by + c =0, then 


a Ay My +b hit Mo +c=0 
1+2 1+2 


or (ax, + by, + C) + A(axXo + byo + c) =0 
ir A (ax, + by, +c) 
1 (AX_ + bys + Cc) 


5. The line joining the points (x;, y;) and (Xo, Yo) is divided by the 
X-axis in the ratio - “4 and by Y-axis in the ratio — a, 
Y2 X9 
6. In square, rhombus, rectangle and parallelogram diagonals 
bisect to each other. 


Example 20. Find the coordinates of the point which 
divides the line segment joining the points (5,—2) and 
(9,6) in the ratio 3: 1. 


Sol. Let the required point be (x, y), then 
3X9+1xX5 
x= =8 
341 ) 


and y= 


Thus, the coordinates of the required point are (8, 4). 


Example 21. Find the length of median through A of 
a triangle whose vertices are A (—1, 3),B (1,—1) and 
C (5,1). 


Sol. Let D be the mid-point of BC, then coordinates of D are 


1+5 -1+1). 
—— e. (3,0 
(HEF) ie 20 
A 
(+1, 3) 
C(5, 1) 
23, 0) 


B(1, ~1) 


Median AD = ,(3 + 1)* +(0—3)° 


= /16+9 =V25 


=5 units 


Example 22. Determine the ratio in which 
y —X+2=0 divides the line joining (3,—1) and (8,9) . 
Sol. Suppose the line y — x + 2 = 0 divides the line segment 
joining A (3, —1) and B (8, 9) in the ratio A :1 at point P, 
8A +3 9A -1 
A+1 A+] } 


then the coordinates of the point P are 


But P lies on y — x + 2=0 therefore 


9X -1 8A +3 
- +2=0 
A+1 +1 


=> 9X -1-8A -34+2A4+2=0 


2 
> 3A -2=0 or A=— 
3 


; eee & : 
So, the required ratio is —:1, ie. 2 : 3 (internally) since here 
3 
X is positive. 


Shortcut method 


According to Remark 4: 
-1-3+2 2 
—_—— _ 
9-8+2 3 


or X:1=2:3 
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Example 23. The coordinates of three consecutive Shortcut Method 
vertices of a parallelogram are (1, 3), (—1,2) and (2, 5). 


According to Remark 5 : 
Then find the coordinates of the fourth vertex. x ie BN a 
Sol. Let the fourth vertex be D (a, 8). Since ABCD is a i. Vo 6 2 


parallelogram, the diagonals bisect to each other. 


.. 1 : : 
ice nile pointer Bo inid-nuint oF AC .. The ratio is ‘i 1 ie. 1: 2 (internally) 


-1 B+2)_ (2+15+3 beat 
(= oe )-( - : - Example 25. The mid-points of the sides of a triangle 
are (1,2), (0,—1) and (2, —1). Find the coordinates of the 
a (* =) B 2) (3. | vertices of a triangle with the help of two unknowns. 
_ # Sol. Let D (1,2), E (0, -—1) and F (2, —1)be the mid-points of 
@ 6) D (a, B) BC, CA and AB respectively. 
ce 


Let the coordinates of A be (a, 8) then coordinates of B and 
C are (4 —a, —2-—f) and (-a, — 2 — B) respectively 

(see note 1) 

* Dis the mid-point of B and C 


D(A, 2) 


A(t, 3) 
B(-1, 2) 


On equating abscissaes and ordinates, we get 
a-1 3 
——=- or @-1=3 or a=4 

2 2 


and perma or B+2=8 or B=6 


Hence, the coordinates of the fourth vertex D (a, B) is (4, 6). 


Example 24. In what ratio does X-axis divide the line then 
segment joining (2,— 3) and (5,6)? 
Sol. Let the given points be A (2, —3) and B(5,6). Let AB be 


divided by the X-axis at P(x,0) in the ratio A :1 and 
internally. Considering the ordinate of P, then 


oa MX6 41x (3) 
A+1 


=> 1=2-Q or Q=1 
= -2-B-2- 8 

2 
=> 2=-2-B8 or Bp=-4 
Hence, coordinates of A,B and C are 
(1, — 4), (3, 2) and (—1, 2) respectively. 


1 
> . “2 Example 26. Prove that in a right angled triangle 
the mid-point of the hypotenuse is equidistant from 


1 
*.. The ratio is a 1lie.1:2 (Internally) ie VerhiCes, 


B(5, 6) Sol. Let the given right angled triangle be ABC, with right 
angled at B. We take B as the origin and BA and BC as the 
X and Y-axes respectively. 


1 Let BA=aand BC=b 
then A =(a,0)andC = (0, b) 
\ OfPx.o >X Let M to be the mid-point of the hypotenuse AC, then 


X coordinates of M are (é = 
2.2 
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AM |= | ... (i) 

BM |= | ii) 

and = |CM |= ... (iii) 
\ 


From Eqs. (i), (ii) and (iii), we get 
| AM | =| BM | =| CM | 


Example 27 Show that the line joining the mid-points 
of any two sides of a triangle is half the third side. 


Sol. We take O as the origin and OC and OY as the X and Y-axes 
respectively. 


Let BC = 2a, then B = (—a, 0), C = (a, 0) 
Let A =(b,c), if E and F are the mid-points of sides AC and 
AB respectively. 


Then, E= (ss “S| an 
2 2 


2 2 
pea |(etb—b2) +(2-$] ay 
2 2 2 2 


anGHS= 
=) a ee) 


Now, 


Hence, the line joining the mid-points of any two sides of a 
triangle is half the third side. 


(ii) Formula for External Division 


Theorem : If the point P (x, y) divides the line joining the 
points A(x,,y,) and B(x,, y,) externally in the ratio m:n 
then prove that 

my2 —Nyi 


m—-n 


MXy —NX 
a y= 
m-n 


Proof : The given points are A(x,,y,) and B(x, y2). Let 
us assume that the points A and B are both in the 1st 
quadrant (for the sake of exactness). Let P (x, y) be the 
point which divides AB externally in the ratio m:n, so that 
AP m 


BP on 
Y 
P(, y) 
) 
VY 
w?B 5 
A t+——R 
(X14) 
+ l >, 
Aa Mh on 
y’ 


From A, B and P draw AL, BM and PN perpendiculars on 
X-axis. Also, from A and B draw AR and BS perpendiculars 
on PN, 


then AR=LN=ON -OL=x-x, 
BS =MN =ON —- OM =x - xy 
PR=PN -RN=PN-AL=y-y, 
and PS = PN —SN = PN - BM=y~-y, 


Clearly, the As APR and BPS are similar and therefore their 
sides are proportional. 


AP _AR _PR 

PB BS PS 

im Ly PHP 
or = = 

noex-X2g y-Yye 


(i) (ii) (iii) 


From Eqs. (i) and (ii), we have 


m x-x, 


no X-—X, 
=> mx —MXy =nx — nx, 
> (m—n)x =mx, —nx, 

MX. —NXx, 
or c= 


m—-n 


Also, from Eqs. (i) and (iii), we have 


Lee aaa | 
n y~ye2 
=> my —my2 =ny —ny, 
> (m—n) y=my, —ny, 
_Mmy2 "yi 
or y= 
m-n 
Thus, the coordinates of P are ee a } 
m-n m-n 


(Here, m # n) 


Corollary 1 : The above formula is true for all positions of 


the points, keeping in mind, the proper signs of their 
coordinates. 


Corollary 2 : The above coordinates can also be expressed 


as 


(m +(-n) x, my2+(-n)y, ) 
m +(-n) m +(—n) 


and this can be thought of as the coordinates of the point 
dividing AB internally in the ratio m:—n 


AP m 
Corollary3: °. SS 
PB on 
P 
\ y) 
B 
A (X2, Yo) 
(1, 1) 
AP m 
or = = 1 == 
PB n 
AP—-PB m-n 
or = 
PB n 
AB m-n 
or —= 
PB n 


Now, we can say that B divides AP in the ratiom —n:n 
internally. 


; (m—n) x +nx, MX —NX, 
Le. X= x= 
(m—n)+n m-n 
_(m—n)ytny, my, —nyi 
and y= y= 
(m—n)+n m-n 


Corollary 4 : (for proving A, B and C are collinear) 


If A, B, C three points are collinear then let C divides AB in 


the ratio 1:1 internally. 
If A =+ ve rational, then divide internally 


and if A =— ve rational, then divide externally. 
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Remarks 
1. The following diagram will help to remember the section 
formula 


B(Xo, Yo) 
Axi, ¥1) 
2. Let” =, then [Renee Month) 
n m-n m-n 
rem  yo-y 
or n . ‘oD iia, or My Moa ds 
RO gc FE a 
n n 


Example 28. Find the coordinates of a point which 
divides externally the line joining (1,—3) and (—3,9) in 
the ratio 1: 3. 


Sol. Let the coordinates of the required point be P (x, y), 


Then, x=[ AO) 
1-3 

aa y={POexc) 
i=3 

Le. x=3 and y=-9 


Hence, the required point is (3, — 9). 


Example 29. The line segment joining A (6,3) to 


B (-1,—4) is doubled in length by having its length 
added to each end. Find the coordinates of the new 
ends. 


Sol. Let P and Q be the required new ends 
Let the coordinates of P be (x;, y;) 


Given, AB =2AP 
AB 2 
> iy 
AP 1 
i.e. A divides BP internally in the ratio 2 : 1. 
P(t, ¥1) 
A(6, 3) 


B(-1, -4) 


Q(Xo, Ya) 


_ 2x x,+1X(-1) 
2+1 


Then, 6 
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19 
=> 19 = 2x, or x, = — 
2 
2X y,+1x(-4 
and 3= Vi (-4) 
2+1 
13 
> 13 = 2y, eas 


. 19 13 
.. Coordinates of P are & } 
2 2 


Also, let coordinates of Q be (x2, y2) 


Given, AB=2BQ > a =f 
BQ 1 


ie. B divides AQ internally in the ratio 2:1 
_ 2x x, 1X6 


Then -1 
2+1 
9 
=> —9 =2x, or al 
x x 
and aja arise 
2+1 
15 
=> -15=2y, or yy =-— 
2 
9 15 
.. Coordinates of Q are | ——, — — 
2 2 
Aliter : *. AB =2AP 
AB 2 AB 2 
=> =" 5 41="41 
AP 1 AP 1 
AB+ AP 3 BP 3 
> = => = 
AP 1 AP 1 


.. P divides AB externally in the ratio 1 : 3 
1x(-1)-3x6 19 
gD = 3x6 _ 


Then, 
1-3 2 
1x(-4)-3x3 13 
and y= (4) = 
1=3 2 


19 13 
.. Coordinates of P are & 
2 2 


Also, AB =2BQ 
AB 2 AB 2 
= =“ +1=—4+1 
BQ 1 BQ 1 
2s AB+ BQ _3 _, AQ_3 
BQ 1 BQ 1 


Q divides AB externally in the ratio 3: 1 
3x(-1)-1x6_ 9 


then, x, = 
3=1 2 
$x(2)=1K3 15 
and = == 
si g=7 2 
9 15 
.. Coordinates of Q are (- —,- 2) 
2 2 


Example 30. Using section formula show that the 
points (1,—1), (2,1) and (4, 5) are collinear. 
Sol. Let A = (1, -1), B =(2,1) and C = (4,5) 
Suppose C divides AB in the ratio A : 1 internally, then 


gah X241X1 C(4, 5) 
A+1 
=> 4X +4=2A 41 
or aes 
A B(2, 1) 


ie. C divides AB in the 
ratio 3 : 2 (externally). 


Hence, A, B,C are collinear. A(1, -1) 


Example 31. Find the ratio in which the point (2, y) 
divides the line segment joining (4, 3) and (6,3) and 
hence find the value of y. 


Sol. Let A =(4,3),B=(6,3) and P#=(2,y) 
Let P divides AB internally in the ratio A :1 


then, Poe eae, eee ee ee 
A+1 
1 
=> -4X =2 or AK=-- 
2 
A(2, 3) B(4, 3) C(6, 3) 


-, P divides AB externally in the ratio 1 : 2 (:.:A is negative) 
1X3-2x3_ 
1-2 


Now, y= 3 


(ii) Harmonic Conjugates 
If four points in a line, then the system is said to form a 
range. Let four points say P,Q, R,S. 


If the range (PQ, RS) has a cross ratio equal to —1, then it is 
called harmonic. 


PR S PR SP 
Le. a Scie =-—=iA (say) 
RO’ SP RO. SO 
PR 
—= - => PR:RQO=A:1 (internally) 
RO 1 
SP 
and —=- A => PS:SQ=K:1 (externally) 
so.1 
S 
R 
Q 
P 


Hence, R and S are called the harmonic conjugates to 
each other with respect to the points P and Q. 


Example 32 Find the harmonic conjugates of the 
point R (5,1) with respect to the points P (2,10) and 
Q (6, —2). 

Sol. Let S (a, B) (be the harmonic conjugates of the point R(5, 1)). 


Suppose R divides PQ in the ratio A : 1 internally, then S 
divides PQ in the ratio A : 1 externally, then 


P(2, 10) 


Q(6, -2) 
S(q, B) 
gore > 5A +5=6A +2 
A+1 
Xr =3 
Also, 1a 2A +10 
A+1 


A+1=-20 +10 >3A =9 


4 =3 
3x6-1xX2 
Now, Oo = ——___—_=8 
31 
3 X(-2)-1x 10 
and B= = 


3=1 
=-8 
Hence, harmonic conjugates of R(5, 1) is S(8, —8). 


Centroid of a Triangle 


Definition: The point of intersection of the medians of 
a triangle is called the centroid of the triangle and it 
divides the median internally in the ratio 2: 1. 


Theorem : Prove that the coordinates of the centroid of 
the triangle whose vertices are (x,, y,),(X2, yz) and 


(x3, 3) are 


(= +X2+X3 Yi ty2 ty) 
3 : 3 


Also, deduce that the medians of a triangle are concurrent. 


Proof : Let A=(x,,y,), B=(x2, y2) and C =(x3, y3) be 
the vertices of the triangle ABC. Let us assume that the 
points A, B and C are in the 1st quadrant (for the sake of 
exactness) whose medians are AD, BE and CF respectively 
so D, E and F are respectively the mid-points of BC,CA 
and AB then the coordinates of D, E, F are 
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p=(= ae ee 2s 
2 2 
pal *3 F%1 Vs +V1 
2 2 
eat pe( BS ne) 
2 2 
Y 


a 
E\ 2 2 


( +Xe VA a 
2 2 


C(x, ¥3) 


D (= — 


2 2 


The coordinates of a point dividing AD in the ratio 2:1are 
Xo tx + 
gi) 2828 teks, ele ea, 
2 2 
2+1 


> 


2+1 


Se (= +X, +X3 V1 abo | 


3 ; 3 


and the coordinates of a point dividing BE in the ratio 2 : 1 


are 
Xet+Xx + 
Dis po he | +1+xX» 2: Y3 TY +1-y2 
2 2 
241 , 241 
a (= +X, +X3 Vi tye “ys 
3 , 3 


Similarly the coordinates of a point dividing CF in the 
ratio 2:lare 


X,+X2+X3 Vi t¥2 +3 
3 : 3 


.. The common point which divides AD, BE and CF in the 
ratio 2:1is 


Xy+Xg+X3 Yi t+y2 +3 
3 : 3 


Hence, medians of a triangle are concurrent and the 
coordinates of the centroid are 


[= +X. +X3 Vi t+y2 2s) 


3 3 
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Important Theorem 


Centroid of the triangle obtained by joining the middle 
points of the sides of a triangle is the same as the centroid 


of the original triangle. 
Or 


If (a,, b, ), (az, bz ) and (a3, b3) are the mid-points of the 


sides of a triangle, then its centroid is given by 
[ +a, +a; b, +b, **s) 


? 


3 3 


Proof : Let D, E, F are the mid-points of BC, CA and AB 


respectively now let coordinates of A are (a, 8) then 
coordinates of B and C are (2a, —a@,2b, —B) and 
(2a, —0,2b, —f) are respectively. 


A(a, B) 


»* D(a,,b,) is the mid-point of B and C, then 

2a, =2a; -A+2da,-A BS A=a,+a3-a, 
and 2b, =2b,-B+2b,-B => B=b,+b,-), 
Now, coordinates of B are (2a, —0,2b, —B) 


or (a, +a, —Q2,b, +b, —b,) 
and coordinates of C are (2a, —a,2b, —B) 
or (a, +a, —a3,b, +b, —b;) 


Hence, coordinates of A,B and C are 
A=(a, +a; —a,,b, +b; —),), 
B=(a3 +4, —4,b, +b, —b,) 
and C=(a, +a, —a3,b, +b, —b3) 
.. Coordinates of centroid of triangle ABC are 
( +a, +a; b) +b, +b; 


? 


3 3 
which is same as the centroid of triangle DEF. 


Corollary 1 (Finger Rule) : If mid-points of the sides of a 


triangle are (x1, 1), (x2, yz) and (x3, y3), then 
coordinates of the original triangle are 
(X2 +X3—%X1,Y2 +¥3—-y1), 
(X3 +%1 —X2,¥3 +1 —Y2) 
and (x1 +X2—%3,Y1 +¥2 —y3). 


Corollary 2 : If two vertices of a triangle are (x,, y; ) and 
(x2, y2) and the coordinates of centroid are (a, 8), then 
coordinates of the third vertex are 


(3a — x1 — X2,3B-yi —y2) 
Corollary 3 : According to important theorem As ABC 


and DEF are similar 


Area of AABC. (BC)? 
Area of ADEF (EF)? 
_ 4{ (a, —a3)° + (by —b;)*} - 
{(a2 —as)° + (by —b;)*} 
Area of A ABC =4x Area of ADEF 


i.e. Area of a triangle is four times the area of the triangle 
formed by joining the mid-points of its sides. 


Example 33. Two vertices of a triangle are (-1,4) and 
(5,2). If its centroid is (0,—3), find the third vertex. 
Sol. Let the third vertex be (x, y) then the coordinates of the 


centroid of triangle are 
Gaan 14B) ex “22) 
ie. 


> > 


3 3 3 3 
4+ 6+ 
Now, eae = (0, —3) 
3 
4+ 6+ 
* 20 and 2 2eu4 
3 


> 4+x=0 and y+6=-9 
or x=-4 and y=-15 
Hence, the third vertex is (—4, — 15). 


Shortcut Method 


According to corollary 2 
(x, y) = (3 x 0 — (—1) —5,3 x (-3) - 4 - 2) 
= (—4, - 15) 


Example 34. The vertices of a triangle are 

(1,2), (Ah, — 3)and (—4, k). Find the value of 

{(h+ k)? + (h+ 3k)°}. If the centroid of the triangle 
be at the point (5,—1). 

1+h-4_ 


2-3+k 
=-1 


Sol. Here, 5 and 


then, we get h = 18, k = —2 
= (ht ky +(h+3k)? 


= (18 - 2) + (18-6)? 


= ,/(16 + 12?) = 20 


Example 35. If D (—2, 3), E (4,—3) and F (4,5) are the 
mid-points of the sides BC, CA and AB of triangle ABC, 
then find (| AG|? +|BG|? —| CG|?) where, G is the 
centroid of A ABC. 

Sol. Let the coordinates of A be (a, B) 


then coordinates of B are (8 — a, 10 — B) 
and coordinates of C are (8 — a, —6 —f) 
*: D is the mid-point of BC, then 


8-a+8— 
a a, 
2 
10-—fp -6- 
and HEV EOT E25 
2 
Le; a=10 and B=-1 
B(-2, 11) 


A(10, —1) 


C(-2, -5) 


.. Coordinates of A, B, C are (10, — 1), (—2, 11) and (—2, —5) 
respectively. 


Now, coordinates of centroid 
10-2-2 -1+11-5 


? 


3 3 


i.e. G=] 2, : 
3 


fa 3) 
a +( 1 | 


\ 
BG = ,|(-2—2)* + & 5) 
= : 
— t16 4 28) 4 
= 16 ; (58) 


and CG = 
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Hence, ,|(| AG)? +| BG)? —|CG)*) 


64 16 16 
= x 10+ — X58 —- — x 34 
9 9 9 


32 
= =p (20+ 29 17) 
32 32 
= X32) = 
Cia ee 
Example 36. If G be the centroid of the AABC and O 
be any other point in the plane of the triangle ABC, 


then show that 
OA? #08? 4+ 0C* =GA* Gb"? +460" +560", 


Sol. Let G be the origin and GO be X-axis. 
O = (4,0), A = (x, 91), B= (x2, 2) 
and C =(x3, y3) 
Now, LHS = OA’ + OB? + OC? 
=(x,- a) + yf +(x, - a) + yy} +(x3- a) +5 
= (xj +x2 +x5)+ (yf +y2 +3) 
— 2a (x, + x. + x3) +3a’ 
Xp t X_ + X3 = 
=) 5 +) yi -—0+3a’ , 3 . 
ie., xX; +X. + x3 =0 
=)\x/ + Vy + 3a” ...(i) 
and RHS=GA’ + GB’ + GC? +3GO° 
=xp typ + xp + y+ x3 +3 +3 {(a-0)} 
— ya + Vy + 3a” .. (ii) 
Hence, from Eqs. (i) and (ii), we get 
OA? + OB? + OC? = GA? + GB? + GC? +3G0”. 


Example 37. If G be the centroid of A ABC, show 
that 
AB? +BC* + CA? = 3(GA* + GB? +GC7). 


Sol. We take B as the origin and BC and BY as the X and 
Y-axes respectively. 
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Let BC =a, then B=(0,0)andC =(a,0) 


and let A =(h,k) Incentre 


then, coordinates of G will be Definition : The point of intersection of internal angle 
E ese k+0+ ") te (* == ‘) bisectors of triangle is called the incentre of the triangle. 
3 : a 2 Theorem : Prove that the coordinates of the incentre of a 
Take A ABC as in 1st quadrant (for the sake of exactness). triangle whose vertices are 
Now, LHS =(AB)’ + (BC)? + (CA)? A(X1,V1),B(X2, y2),C (x3, 3) are 
=(h-0) +(k-0)? +a’ +(h— a)’ +(k -0) [= +bx, +cx3 ay, + by, ms 
= 2h? + 2k? — 2ah + 2a"  @) atb+c ° a+b+te 
RHS = 3 ((GA)* + (GB)? +(GC)’) where, a,b,c are the lengths of sides BC, CA and AB 


ath .\ (k .\ 
=3 ——- se a. k} + Also, prove that the internal bisectors of the angles of a 
triangle are concurrent. 


" Ke : 2 ath - ‘ P = ‘ Proof : Given A =(x,, y,), B(x2, y2), C=(x3, y3) be the 
3 vertices of AABC and BC =a,CA=b and AB =c. Let AD 
be the bisector of A. We know that the bisector of an angle 


=2 {(a— 2h) + (-2k)? + (ath)? +k? of a triangle divides the opposite side in the ratio of the 
: sides containing the triangle. 


2 respectively. 
ath _ ; 


+(h—2a)’ +k*} r 
coe AL 


= ; 6a? + 6h? + 6k? — 6ah} 


= 2h? + 2k? —2ah + 2a’ ... (ii) 
Hence, from Eqs. (i) and (ii), we get 
AB’ + BC? + CA*® =3(GA* + GB* + GC’) 


Example 38. The vertices of a triangle are (1, a), (2,b) 


and (c7,=3) 
(i) Prove that its centroid can not lie on the Y-axis. Bava) D Cas 
(ii) Find the condition that the centroid may lie on the c:b 
X-axis. Hence, D divides BC in the ratio c:b 
Sol. Centroid of the triangle is te cas cx, +bx, cys +by, 
2 2 .. Coordinates of D are 
oa(Mate etias) a (See tio) eat ea 
3 3 3 3 
F Eq. (i) ae? = +1 E +1 
ee Wh ee rom Eq. (i), =— or = 
(i). G will aoe es then q BD c BD , 
+ 
“=* =0 DC + BD bt+c a bt+c 
3 or = or = 
7 a BD c BD c 
or c= + iv3 . D= ue 
* Both values of c are imaginary. (b +c) 
Hence, G can not lie on Y-axis. Also, in A ABD, BI is the bisector of B. 
(ii) ** G will lie on X-axis, then a a =0 Then, a = a = us = b+e 
3 ID BD ac a 
=> a+b-—3=0 b+e 


or a+b=3 
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*. I divides AD in the ratio b+c:a BD = BF =B 
-. Coordinates of I are CD=CE=¥ 
+b +b =BC= = i 
eee x 2 ee nme V2 hua, Also, a=BC=BD+DC=B+y (i) 
c+b b=CA=CE+ AE=Y¥+0 ...(ii) 
bt+c+a bt+cta and c= AB= AF +BF=a+fB ...(iii) 
Adding all, we get 
7" pee oe yt) a+b+c=2(a+B+yY) 
at+b+t+c a+b+t+c ne 2s=2(a+B+y) 
Similarly we can show that the coordinates of the point a s=a+B+Y 


which divides BE internally in the ratio c +a:b and the 
coordinates of the point which divides CF internally in the 
ratio a+b:c will be each 


From Eqs. (i), (ii) and (iii), we get 
a=s-—aPp=s—b,y=s—c 


ax, +bx,+cx, ay, +by, +cy3 Example 39. Find the coordinates of incentre of the 
wie  ° - gethe triangle whose vertices are (4,—2), (—2,4) and (5, 5). 
ah he Sol. Let A (4, — 2), B(—2, 4) and C (5,5) be the vertices of the 
and CE 


given triangle. Then 


; a= BC = \(-2-5)' +(4-5)" = V50 =5y2 
Cc ac 
AES gt! aa b=CA = (5-4)? + (542) = ¥50 = 52 


2 2 
Thus, the three internal bisectors of the angles of a and c= AB= V4 +2) +(-2- 4)? = V72 =6v2 
triangle meet in a point J. 


“(Cea ~ (e+ay 


e Cc 


r=| + bx, +cx3 ay, +by, +cy3 é (6, 5) 
- atb+c ” a+b+c (-2, 4) 
Corollary 1 : If A ABC is equilateral, then a =b =c a b 
: — {Xi tX2g+X3 VityYotys \_ . 
incentre = : = centroid 
3 3 
i.e. incentre and centroid coincide in equilateral, triangle. AG) 
Corollary 2: AE=AF=s-a Let (x, y) be the coordinates of incentre of A ABC. Then 
eee pores 
CD=CE=s-—c ere 
_ 5V2 x 44 5V2 x (-2) + 6v2 x5 
5V2 + 5v2 + 6v2 
_ 20V2 — 10V2 + 30/2 
162 
_ 405 
16 2 
and _ ay: + by2 + cys 
at+b+c 
_ 5V2 x (-2) +5 V2 x 44+ 6V2 x5 
where, s= — a 5/2 + 5/2 + 6V2 
40 
and | BC|=a,|CA|=b,| AB) =c == =3 


Proof : Let AE = AF =a 


( Lengths of tangents are equal 
from a point to a circle) 


: : SP 
.. The coordinates of the incentre are (: 
22 
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Example AO. if & 0}, & 6| and (—1,6) are Sol. ee of A be (1, 1) and mid-points of AB and AC 
mid-points of the sides of a triangle, then find Ve tae nee) 
(i) Centroid of the triangle BLS, 5) ‘i 
(ii) Incentre of the triangle D(2, 4) 
Sol. Let A =(a,8), then coordinates of B = (—2 -a@, 12 —B) and (-2, 3) F ae eee) 
i of C =(3-—a, 12 —B). But mid-point of BC is oe ’ AC. 1) (5, 2) . 
Gs) 
yY 


A(-1, 12) 


Hence, coordinates of B and C are (2 x (—2) — 1,(2 x 3-1) 
and (2 x 2—(-—5), 2 x 4 —5) respectively. 
Le. B=(-5,5)andC = (9,3) 


1-54+9 14+5+3 5. 
Then, centroid is ( ‘ ie., ( 3) 
3 3 3 


Also, a=|BC|= \(-5- 9) + (5 — 3)? = V200 = 10V2 
b=|CA|= (9 -1)° + 3-1) = 68 = 2V17 
and c =|AB|= (1+5)° +(1-5)* = 52 = 213 


Then, incentre is 


then 3=-2-04+3-0 


= a=-1 10V2 x 1+ 2V17 x (-5) + 2V13 x9 

and 0=12-8+12-f 10V2 + 2V17 + 2V13 

= B=12 10V2 x 1+ 2V17 x 5+ 2V13 x3 
.. Coordinates of vertices are 10V2 + 217 + 213 

A =(-1,12), B=(-1,0) and C#=(4,0) 
(i) Centroid : The centroid of A ABC is te: (24 = 5V17 + 9V13 5W2 + 5V17 + ne 
C= ntnty) S27 A1d SVR all? HVl13 
3 3 


ed apegaes. 76 Example 42. If G be the centroid and / be the 
or ie. |-,4 incentre of the triangle with vertices A(—36, 7), B(20, 7) 


3 7 3 3 
and C(0,—8) and Gl = = {@05) A, then find the value 


(ii) Incentre : We have 


a= BC = \(-1-4) +(0-0) =5 of 2. 
b=CA= V4 +1) +(0-12)? =13 Sol. Coordinates of centroid are 
and ¢ = AB=y(-1+1)’ + (12-0)? =12 c=(-22] 
3 
. The incentre of A ABC is : ; 
ax, + bx, +.cx; ay, + by, + cy; and a= |BC|= (20 — 0)" +(7 +8) 
a+b+c ° at+bt+e = 625 = 25 
or ( XM #13 X (HU) + 12x 4 5X 12413 X04 120 b=|CA\= (0 + 36)" +(-8-7) 
5+13+12 ; 5+13+12 — 1521 =39 
_— (1,2) c = |AB = |(-36 - 20)? + (7 — 7)? 
Example 41. If a vertex of a triangle be (1, 1) and the = (56)? =56 


middle points of two sides through it be (— 2, 3) and ee eT aici atinied 

(5,2), then find the centroid and the incentre of the oF Rt ACen 

triangle. pa (25% ($36) + 39x 20+ 56x 0 25 x 7+ 39X7 +56 x (-8) 
7 25 +39 +56 25 + 39 +56 


but given 


I =(-1,0) 
are (-24) + (2-0)? = M205) 
3 3 


GI = 205) i 


4 205) = = (205) i 


Some Standard Results 


1. Excentres 


This is the point of intersection of the external bisectors of 


of a Triangle 


the angles of a triangle. 


The circle opposite to the vertex A is called the escribed 
circle opposite A or the circle escribed to the side BC. If I, 
is the point of intersection of internal bisector of 7 BAC 
and external bisector of Z ABC and Z ACB, then 


I, = 


or = 


ax, —bx,—-cx3 ay, — by» 2) 


a-—b-c a-—b-c 


—ax,+bx,+cx, -ay, +by, a 


-atb+c -a+b+c 


Chap 01 Coordinate System and Coordinates 
4, B28) 

F(3, 4) 

D 
X'< fe) 7X (G, 0) >X 
E (2, -3) 
CV(0, -6) 

Ww 


then B=(6-a0,8-6) 

and C#=(4-0,-6-6§) 

Also, D is the mid-point of B and C, then 

_6-at+4-0 
2 

,-87B-6-B 
2 


1 >a=4 


and => 8 =0 


A =(4,0), B=(2,8) and C = (0, —6), then 


a=|BC|=.|(2-0)° + (8 +6)” = /200 = 10/2 


b =|CA| = (0 - 4)? + (6 - 0)? = V52 = 213 


and c =|AB|=/(4 — 2)? + (0—8)" = V8 = 2v17 


Hence, the coordinates of the excentre opposite to A are 


—ax,+ bx, +x, ay, + by, + cys 
-at+b+c -at+bt+c 


- 10/2 x 44+ 213 x24+2V17 x0 
> -10V2 + 2v13 + 2V17 : 


-10V2 x 0+ 2V13 x 8+ 2V17 x (-6) 


=10V2 +2913 +217 


= ( Bh 2 4 213 eis Gy 17 
abs $418 +417 <5y2 4418 417 
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ax, —bx,+cx3; ay, —by,+cy; 


Similarly, I, = 


a-—bt+c a-—b+t+c 


and I,= 


ax, +bx_—-—cx3 ay, t+by2 -cy3 


at+b-c at+b-c 


where, | BC| = a,|CA| = b and| AB| =c 


2. Circumcentre of a Triangle 


The circumcentre of a triangle is the point of intersection of 
the perpendicular bisectors of the sides of a triangle (i-e., the 
lines through the mid-point of a side and perpendicular to 
it). Let A(x,, y;),B(x2, yz) and C(x 3, y3) be the vertices of 
AABC and if angles of AABC are given, then coordinates 
of circumcentre 


Example 43. If the coordinates of the mid-points of 
sides BC,CA and AB of triangle ABC are (1, 1), (2, — 3) 
and (3,4) , then find the excentre opposite to the 


vertex A. 


Sol. Let D(1, 1), E(2, -—3) and F(3, 4) are the mid-points of the 
sides of the triangle BC, CA and AB respectively. Let 


A= (a,B) 
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[= sin2A+ x, sin2B+ x, sin2C 
are 


sin2A+sin2B+sin2C 


y, sin2A+y,sin2B+y3 sin2C 


sin2A+sin2B+sin2C 


Or 
ax, cos A+ bx, cos B+cx3cosC 
acos A+ bcos B+ccosC 


ay, cos A+ by, cos B+cy3cosC 


acosA+bcosB+ccosC 


where, | BC|=a,|CA|=b and|AB|=c 


Example 44. In a AABC with vertices A(1, 2), B(2, 3) 


and C(3,1)and ZA=ZB=cos' (+5) 


4 ; : 
ZC =cos' (=) then find the circumcentre of AABC. 


V10 


a 1 
Sol. Since, ZA = ZB= cos! 
(s5) 


1 
=> cos A = cos B = —— 
10 
‘ . 3 
then, sin A = sin B = —— 
10 
sin2A = sin2B=2x Z x Pe 
Jio J10 5 


and ZC= cos 4) 


4 : 5 
> cosC =— then, sinC =— 
5 5 


‘ 3.4 24 
sin2C =2x —x —=— 
5 5 25 
Let the circumcenter be (x, y), then 
_ x,sin2A + x,sin2B + x3sin2C 
sin2A + sin2B + sin2C 


3 3 24 
1x-+2x-4+3x — 
5 5 25 _ 13 


3. 3 24 
+o 4+ — © 


5 5 25 
_ ysin2A + y2sin2B + y;sin2C 
sin2A + sin2B + sin2C 


3 i) 24 
2xX-+3x-—+1x — 
5 5) 2 


and 


el 
3.3 24 
$i 


5 5 25 


: . 13-0 
Hence, coordinates of circumcenter are (2. } 
6 


6 


Two Important Tricks for Circumcentre 
(a) If angles of triangle ABC are not given and the 
vertices A(x,,y,), B(x, y2) and C(x3, y3) are given, 
then the circumcentre of the AABC is given by 
[& +xX2)+Myi ~Y2) (Yi t¥2) — Mar ay 
2 2 


Here, we observe that 


p|* 7—X3 Vi 7 
X2—X3 Y2—y3 


2 OG 
_ RR: 
| P| 


(b) If the angle C is given instead of coordinates of the 
vertex C and the vertices A(x , y; ), B(x2, yz) of 
AABC are given, then the circumcentre of AABC is 


given by 
(x1 +X) EcotCly;— ye) (Vi +2) Ecot C(x; — x2) 
2 2 
Remark 
Circumcentre of the right angled triangle ABC, right angled at A 
is B+ C 
oa 


Example 45. Find the circumcentre of the triangle 
whose vertices are (2, 2), (4, 2) and (0, 4). 
Sol. Let the given points are (x), y,), (x2, Y2) and (x3, y3) respec- 
tively. 
for the matrix 
pul a= x3 yi-y3|_[2 -2] 
leo— we i= He! 4 -2| 


32> 35 


_ RrR2 
[P| 
_2x4+4(-2)x(-2)_ 12 _ 
2x(-2)-4x(-2) 4 


3 


.. Circumcentre of the triangle 
= = + X.)+ ACM - y2) Cn + ¥2) — AC = *2)) 
2 , 2 
=(Ptieie? eee) 
= 2 , 2 


= (3,5) 


Example 46. Find the circumcentre of triangle ABC if 
A=(7,4), B=(3,—2) and £c= 7 


TU 
Sol. Here, x; =7, y; = 4, X2 =3, V2 ee 


.. The circumcentre of AABC 
(@ + x2) + cotC(y; — y2) (1 + 2) F cotC(x, - *2)) 
2 , 2 


fo+9e par (a-9F 50-9) 


aaa ae 


3. Orthocentre of a Triangle 


The orthocentre of a triangle is the point of intersection of 
altitudes 

(i.e., the lines through the vertices and perpendicular to 
opposite sides). 

Let A(x,,y1), B(x2, y2) and C(x 3, y3) be the vertices of 
AABC and if angles of AABC are given, then coordinates 
of orthocentre are 


A 
E 


H 


B D GC 


x,tanA+x, tanB+x, tanC 
tan A+ tan B+tanC 


y, tanA+y, tanB+yz; tanC 
tan A+tanB+tanC 


2 


ax, sec A+ bx, sec B+cx3secC 
or 
asec A+ bsec B+csecC 


ay, sec A+ by, sec B+ cy3 secC 
asec A+ bsec B+csecC 

where, | BC|=a,|CA|=b and| AB|=c 

Important trick for orthocentre : 


orthocentre of the triangle whose vertices are (0, 0), (x;, y;) 
is given by 

(A(y2 —¥1),— A(x2 - X1)) 

aera a +YViy2 


XiV2— X2y1 


where, 


Remarks 


1. The orthocentre of a triangle having vertices (a, B), (B, a) and 
(4, O) iS (QL, O). 


2. The orthocentre of a triangle having vertices is (- ay = ap | 
Opy 


3. The orthocentre of right angled triangle ABC, right angled at A 
is A. 
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Example 47. Find the orthocentre of AABC if 
A=(0,0),B=(3,5) and C=(4,7). 
Sol. Here, x, = 3, y, =5, xX, =4,y2 =7 
a BX4tSXT _ 


47 
3x7-4x5 
=> Orthocentre of AABC = (47(7 — 5), — 47(4 — 3)) 
= (94, — 47) 


4. Nine Point Centre of a Triangle 


If a circle passing through the feet of perpendiculars (i.e., 
D,E,F) mid-points of sides BC,CA, AB respectively (ie., 
H, I, J) and thenx 

mid-points of the line joining the orthocentre O to the 
angular points A, B,C (i.e., K, L, M) thus the nine points 
D, E, F, H, 1, J, K, L, M all lie on a circle. 


B DH C 


This circle is known as nine point circle and its centre is 
called the nine point centre. The nine-point centre of a 
triangle is collinear with the circumcentre and the 
orthocentre and bisects the segments joining them and 
radius of nine point circle of a triangle is half the radius of 
the circumcircle. 


Corollary 1 : The orthocentre, the nine point centre, the 
centroid and the circumcentre therefore all lie on a 
straight line. 


Corollary 2 : If O is orthocentre, N is nine point centre, G 
is centroid and C is circumcentre, then to remember it see 
ONGC (i.e. Oil Natural Gas Corporation) in left of G are 2 
and in right is 1, therefore G divides O and C in the ratio 2 
: 1 (internally). 


Corollary 3: N is the mid-point of O and C 
1 
Corollary 4 : Radius of nine point circle = 5 x Radius of 


circumcircle 


Remarks 

1. The distance between the orthocentre and circumcentre in an 
equilateral triangle is zero. 

2. If the circumcentre and centroid of a triangle are respectively 
(a, B) (y, 8) then orthocentre will be (3y — 2a, 3 — 2B), 
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Example 48. If a triangle has its orthocentre at (1,1) 
3 3 
and circumcentre at =. ;) , then find the centroid 


and nine point centre. 


Sol. Since, centroid divides the orthocentre and circumcentre in 
the ratio 2 : 1 (internally) and if centroid G (x, y), then 


3.3 
O (1, 1) G(x, y) Cll 
24 
2x 241x1 
2 4 
— _ 
24+1 3 
2x—+1xX1 5 
and — 4 = 
24+1 6 


45 : , F 
*. Centroid is & =| and nine point centre is the mid-point 
3 6 


of orthocentre and circumcentre. 


3 3 
14= 14> 


5 7 
.. Nine point centre is 2. ‘| , Le. ( 7 
2 2 | 4 8 


Example 49. The vertices of a triangle are 
A(a,atana),B (b,b tanB) and C (c,c tany). If the 
circumcentre of A ABC coincides with the origin and 
H (x, y) is the orthocentre, then show that 

y _( sina+sinB+siny 

x |cosa+cosB+cosy } 


Sol. If Rbe the circumradius and O be the circumcentre 
OA = OB=OC=R 


or ya +a’ tan’) = Ve? +b’ tan’B) 


= (c? +c? tan?y)=R 


or asec =bsecB=csecy=R 


or a= Rcosa, b= Rcosb,c = Rcosy 


sin 


then, atana=Rcosa-: = Rsina 


cos 0 


A(a.a tan a) 


== C 
(c,c tan y) 


Similarly, 
b tanB = RsinB andc tany = Rsiny 
. Coordinates of the vertices of a triangle are : 
A(R cosa, R sina), B(R cosB, R sinB) 
and C(RKcosy, Rsiny) 


“. Centroid 
(cy= (See eosB coe Aone snk sep 
. 3 3 

Since, G divides H and O in the ratio 2 : 1 (internally), then 

R 2-O0+1-x 

— (cosa + cosB + cos y) = ————— 

3 2+1 

R x ‘ 
or . (cosa + cosB + cosy) = a ...(i) 
and —(sina+sinB + siny)= a ae 

2+1 


or = (ina + sinB + siny) = ; 


...(ii) 
Dividing Eqs. (ii) by (i), then we get 
y_{ sina +sinB + siny 

cosa + cosB + cosy 


x 


Area of a Triangle 


Theorem : The area of a triangle, the coordinates of 
whose vertices are (x, y1),(X2,y2) and(x3 y3) is 


1 
5 eae —V¥3)+X2(¥3 —W1)+X3 (V1 —y2)| 


1 xy yi 1 
or | X2 Ya 1|| 
X3 y3 1 


Proof : Let ABC be a triangle with vertices A(x,, y;), 
B(x, yz) and C(x3,y3). Let us assume that the points 
A,B and C are in 1st quadrant (for the sake of exactness). 
Draw AL, BM and CN perpendicular on X-axis. Let A be 
the required area of the triangle ABC, then 


Y 
A(xi, 1) 
C(x3, yg) 
B 
(X2,Y2) 
x »X 
O M L N 


A= Area of triangle ABC 
= [Area of trapezium ABML + Area of trapezium ALNC 
— Area of trapezium BMNC] 


1 
[ : Area of trapezium = 5 (Sum of parallel sides) 
x (Distance between them)] 


4 a-|? (BM + AL) (ML) +5(AL+CN) 


(LN) - ; (BM +CN) (ny) 


2 (BM + AL)(OL-OM) + ; (AL + CN) (ON —(OL) 


- ; (BM +CN) (ON — om) 


[p02 tn) Ger m2) #5 01 +9) (9 =) 


1 
“Ge +y3)(x3 -x) 
1 
=—[x1 (V2 +1 —V1 —V3) + X2 (-¥2 
2 
—Vi t+V2+y3)4+x3 (vi t+¥3 —y2 -3)] 


=F [x1 (2 ~¥5) +82 (Ys ~¥1) +5 1-92) 


The area of triangle ABC will come out to be a positive 
quantity only when the vertices A, B,C are taken in 
anticlockwise direction and if points A, B,C are taken in 
clockwise direction then the area will be negative and if 
the points A, B,C are taken arbitrary then the area will be 
positive or negative, the numerical value being the same 


in all cases. 7 a 
. al Nc A.) 


1 
Area of AABCS | % (V2 —¥3) + X2 (¥3 —y1) 


Thus in general 


+x3 (yi —y2)| 
This expression can be written in determinant form as 
follows 


xy yi 1 
1 
a X2 Ya 1] 
X3 y3 1 


Corollary 1: Area of triangle can also be found by easy 
method 


X3 3 


Xx, V1 


re 1] x V1 


2% ye| 1 
2| x, V3 


+-— 
2| x3 y3| 2 
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and Area of quadrilateral ABCD: The area of a 
quadrilateral can be found out by dividing the 
quadrilateral into two triangles. 


.. Area of quadrilateral ABCD 


A(x1, ¥1) 
D(Xq, Ya) 
B 
(Xo, Y2) 
C(x3, ys) 
= Area of AABC + Area of ADAC 
_1[x Vi 1] x yo| 1 X3 3 
2| x2 y2 2 | %5 y3| 21%, Vi 
1% yal 1 x, Vi ie x3 3 
2| x4 yi | 21X3 V3) 2|xX4 Va 
ae x yi] 1] %2 ye 1s ys| 1] x4 yal 
2|x2 yal 2]x3 ys} 2|x4 yal 2]ar yal 
(| V3 __|* ‘| 
| x, yi | x3 ys| 
.. Area of polygon whose vertices are 
(x15 Y1)s (X25¥2), (X55.Va iene (Xn» Yn) is 
1/4 Yi) | %2 yal | Ya), _ sf n al 
2|X2 yal [x3 yal [xs yal 1x1 y1| 
Or 


Stair Method Repeat first coordinates one time in last for 
down arrow use positive sign and for up arrow use 
negative sign. 


|) “8 ¥s || 


1 
Area of polygon = Pale Be 


x4 4 
1 
=) Weiy2 + NaN se Pane Oy) 


—(Y1X2 FY2%X3 +... +YnX1)}| 
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Corollary 2 : If the coordinates of the vertices of the 
triangle are given in polar form i.e., 


A(7,,9;), B(m%,82), C (73,95). 


Y 
A 


A(ry, 61) 


O 
Then, area of triangle 


1 
= (0% sin (0,—9,) +rmr3 sin(@,—03)+r3r, sin(8; —9,)| 


1 : 
=e sin (8, —8,)| 


Corollary 3: Ifa,x +byy +c, =0, a,x +bgy +c, =0 and 
a3;x +b3y+c3 =Oare the sides of a triangle, then the area 


of the triangle is given by (without solving the vertices) 


2 
a bb Cy 
1 


=———_|a,_ bn C2 
2|C,C2C3| EF 


3 bs Cc 


where, C,,C,,C3 are the cofactors of c;,cj,c3 in the 
determinant 


Here, Cy =| XM |=(a2b3 — a3b2) 
a; bs 
ee en 
2 ar hs, 394 193 
a,.,b 
and C3 = ~ =(a,b, —azb,) 
a, by 
a, by Cy 
and ag by Co =c,C, +¢,C, +¢3C3 


Or 
Ng 
Area of triangle = 
|A,A,A3| 
a, b, c 
' an a, by a, dy 
where, A=\a, by Cy\,A, = , A, = 
2 b, a; bs 


az bz C3 


b 
and he ale : 


a, b, 


Corollary 4 : Area of the triangle formed by the lines of 
the form y =m,x +c,, y=m2x +cy and y=m3x +C3 is 


2 
_ 1\(e, =) 


“2 (m, —m3) 


(c, —¢,)? 


(m, —m,) 


(cs —¢,)° 


(m3 —m,) 


Remarks 
1. If area of a triangle is given then, use + sign. 

2. The points A(x, y;), B (Xa, Yo) and C (x3, y3) are collinear, then 
area of (A ABC) =0. 

3. Four given points will be collinear, then area of the 
quadrilateral is zero. 

4. Area of the triangle formed by the points (x,, y;), (%», Yo) and 

Xi — X30 Xo — XB | 


. 1 
X3, Y3) is A = | 
2|vi- V3 Yo V3 


5. If one vertex (x3, V3) is at (0, 0) then, A = ; X1Yo — Xoys | 


Example 50. The coordinates of A,B,C are 
(6, 3),(—3,5) and (4, —2) respectively and P is any points 
(x, y). Show that the ratio of the areas of the triangles 


X+y-2 
PBC and ABC is = 
Sol. We have 


Area of APBC _ lie (5 +2)-3(-2-y) + 4(y—5)}| 


Area of A ABC le. 42) —3(-2-3) +.4(3—5)} 
P(x,y) 
B 
(-3, 5) A(6, 3) 
C(4, -2) 


_|7x+7y-14|_ 7|x+y-2| _ |xt+y-2| 
| 49 | 49 7 


Example 51. Find the area of the pentagon whose 
vertices are A (1,1),B (7,21), C (7-3), D(12,2) and 
E(0,=3), 
Sol. The required area 
ijt aj |7 2a) | 7 -3] fiz 2] fo -3| 
=-| + + + | 
2|7 21| |7 -3] [12 2] Jo -3] [2 | 


= ; \(21 — 7) + (—21 — 147) + (14 + 36) + (—36 —0) + (0 + 3)| 


1 137 ; 
= —|-137 |= — sq units 
2 2 


Example 52. Show that the points (a, 0),(0,b) and 


; a 
(1, 1) are collinear, if -+—=1 
a b 


Sol. Let A =(a, 0), B=(0, b) and C = (1, 1) 
Now, points A,B,C will be collinear, if area of AABC = 0 


1 Ja O| |O Bb] j1 1 

or =| + + |=0 
2/0 bi j1 1 a 0 

> |(ab-—0)+(0-—b)+(0-a)| =0 

or ab-—a-—b=0 
1 1 

or at+b=ab or —+—=1 
a bd 


Example 53. Prove that the coordinates of the 
vertices of an equilateral triangle can not all be 
rational. 


Sol. Let A (x, y:), B(x2, y2) and C (x3, y3) be the vertices of a 


triangle ABC. If possible let x,, y,, x2, V2, X3, y3 be all 
rational. 


Now, area of AABC = ; 1x1 (yo — ¥3) + X2 (y3 — y1) 


+ x3 (yi - Ya) | 


= Rational 
Since, A ABC is equilateral 


5 


.. Area of A ABC = = (side)? 


= 8 {( - Xa)" + (1 - Yo)"} 


i) 


= Irrational ...(ii) 


From Eqs. (i) and (ii), 
Rational = Irrational 
which is contradiction. 


Hence, xj, y}, X2, ¥2, X3, y3 cannot all be rational. 


Example 54. The coordinates of two points A and B 


are (3, 4) and (5,—2) respectively. Find the coordinates 


of any point P if PA=PB and area of A APB is 10. 
Sol. Let coordinates of P be (A,k). 
PA=PB = (PA)? =(PB)* 
(h —3)° +(k —4)° =(h—5)* +(k +2) 
(h —3)° —(h—5)? +(k — 4)? —(k +2)? =0 
(2h — 8) (2) + (2k — 2) (6) =0 
(h- 4)-3(k-1)=0 

h-3k-1=0 


YUU oY 


i) 


Chap 01 Coordinate System and Coordinates 31 


h k 1 

Now, Area of APAB = ~| 3 4 1]|/|=10 

. 5 —2 1 
or 6h + 2k — 26 = £20 
=> 6h+2k-—46=0 or 6h+2k-6=0 
=> 3h+k-—23=0 or 3h+k-—-3=0 
Solving h-3k-1=0 and 3h+k-—23=0, 
we get h=7,k =2 
Solving h-3k-1=0 and 3h+k-3=0, 
we get h=1,k=0 


Hence, the coordinates of P are (7, 2) or (1, 0). 


Example 55. Find the area of the triangle formed by 
the straight lines 7x —2y + 10=0, 7x+2y —-10=0 and 
9x+ y+2=0 (without solving the vertices of the 
triangle). 


Sol. The given lines are : 


7x —2y+10=0 
7x + 2y—-10=0 


9x+y+2=0 
if <2 aol 
1 
*. Area of triangle A = ——__ 2 -10| ...(i) 
2| C\C2C5| 
ie 4 2 
7 2 
where, c, =| fermen 
|9 1 
oa 
7 -2| 
aes 
and C3 = =144+14=28, 
7 2 
7 -2 10| 
and 7 2 -10| = 10C, ~ 10C, + 2Cs 
9 1 2 
= 10 x (-11) — 10 x (-25) + 2 x 28= 196 
1 
.. From Eq. (i), A = x (196)? 


2|—11 x (-25) x 28| 
196X196 «686 
2x11 25x28 275 


sq units 


Example 56. If A, is the area of the triangle with 
vertices (0,0), (a tana,b cot a), (asina,b cosa); A; is 
the area of the triangle with vertices 

(a,b), (asec? a,b cos ec” a), (a+ asin? a,b+b cos? a) 
and A; is the area of the triangle with vertices (0,0), 
(atana,—bcota),(asina,b cosa). Show that there is 
no value of a for which A,,A, and A; are in GP. 
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1 : 1 : 
Sol. We have, A, = - |(a tana) (b cosa) — (a sina) (b cota) | and A, =-—|(a tana) (b cosa) —(—bcota) (a sing) | 
; 2 
(." one vertex is (0,0)) ‘ 
‘1! ed : ret 
= =| ab|| sino. — cosa. | (i) 7 5 ese cose ... (iii) 
2 
Z : — a2 
a 1 | a—(a+asin20)  asec’o — (a+ asin?a) Since, A,, Az, A; are in GP, then A,A; = A 
an oe 1 . 1 F 
2 |b-(b+bcos*a) b cosec’ o — (b + bcos’ a) => 5 else one x Lah Ra coe 
(See remark 4) 1 
2 2 ia es ae 
- -asin’o a (tan? —sin*a) = 4 | ab |" | cos 20, | [from Egg. (i), (ii) and (iii)] 
"9 2 3 2 
2b cos’ b (cota — cos") => | sin? — cos*a@ | =| cos 20 |? 
2 2 p 
A ase —sin“a — sin“ a(sec*a — 1) => | — cos20 | =| cos 20 (? 
2 —cos’a@ cos’a(cosec’a — 1) = | cos20. | = | cos 201|2 
1 -sin’a sin’ atan’o => | cos 20 | (1 —| cos 2a |) =0 
=> |ab| x| | 
2 |-cos*a@ cos” acot” a oe 1—| cos2o|=0 ("| cos 20 |#0) 
1 2 ; ‘ : ‘ : => | cos2a|=1 
~ ab| x|— sin“ a cos” & cot” & + sin* @cos* a tan q| or cos20,=+1 or cos2m=1 
1 , ‘ and cos 20 =—1 
=-—|ab|x|-cos’a+sin’o | 
2 or 20 = 2nt, 20 = (2p + 1) 7 
_1 +2 2 . 2 2 = = x I 
= See sie a + cos“ | Xx |sin“& — cos” a or O = nt, aa 
1 Bisel : For these values of @ the vertices of the given triangles are 
“9 ab| |i] x | — cos 204 not defined. Hence A,, A, and A, cannot be in GP for any 
1 value of a. 
= —|ab| x |cos 20] ... (ii) 
2 


Exercise for Session 3 


1. 


The coordinates of the middle points of the sides of a triangle are (4, 2), (3, 3) and (2, 2), then coordinates of 
centroid are 


(a) (3, 7/3) (b) (3, 3) (c) (4, 3) (d) (3, 4) 
The incentre of the triangle whose vertices are (—36, 7), (20, 7) and (0, —8) is 

1 
(a) (0-1 (b) (-1, 0) (c) (19) (4) & 7 


If the orthocentre and centroid of a triangle are (—3, 5) and (3, 3) then its circumcentre is 
(a) (6, 2) (b) (3, - 1) (c) (3, 5) (d) (-3, 1) 


An equilateral triangle has each side equal to a. If the coordinates of its vertices are (x1, ¥1),(X2, Y2) and (X3, y3) 


xX V4 
then the square of the determinant] x2 y2 1) equals 
X3 Y3 1 
3at 3 3 
a) 3a? b) = c) Sat d) a4 
(a) (b) 5 ( 1g ( Ps 


The vertices of a triangle are A (0,0), B (0,2) and C(2,0). The distance between circumcentre and orthocentre 


(c) 2 (d) 


10. 


11. 


12. 


13. 
14. 
15. 
16. 


17. 


18. 


19. 
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A(a,b), B (x4, y1) and C (X2, Y2) are the vertices of a triangle. If a, x;, x2 are in GP with common ratio r and 


b, y1, Y2 are in GP with common ratio s, then area of AABC is 
1 


(a) ab (r — 1) (Ss — 1) (S—-r) to a (r+ N(st+ )(S-r) 
(c) sab ('-N)(s-)(s-r) (d)ab (+ 1) (s+ N(r-s) 
The points (x + 1, 2), (1, x +2), u ; 2 are collinear, then x is equal to 
x+1x+1 
(a) -4 (b) -8 (c) 4 (d) 8 
The vertices of a triangle are (6, 0), (0,6) and (6,6). Then distance between its circumcentre and centroid, is 
(a) 2/2 (b) 2 (c) V2 (d) 1 
The nine point centre of the triangle with vertices (1, -/3), (0,0) and (2, 0) is 
V3 a4 2 V3 1 
as] (3-75) O33) (155) 
The vertices of a triangle are (0, 0), (1,0) and (0, 1). Then excentre opposite to (0, 0) is 
(a)(1- 5. 1+ 3] (o)(14 Me. =) (o (1+ asl ((1-5.1-+] 
ae (2° «2 a 32 io” 4/2 


If x, B, y are the real roots of the equation ae 3px? + 3qx —1=0, then find the centroid of the triangle whose 


vertices are («. +) ; ( :) and [ 4) 
0 B i 
If centroid of a triangle be (1,4) and the coordinates of its any two vertices are (4, —8) and (—9, 7), find the area of 
the triangle. 
Find the centroid and incentre of the triangle whose vertices are (1,2), (2,3) and (3, 4). 
Show that the area of the triangle with vertices (A, A —2),(A+3,A)and(A +2, A +2) is independent of A. 


Prove that the points (a,b + c),(6,c + a) and (c,a +6) are collinear. 


Prove that the points (a, b ), (c,d) and (a —c,b —d)are collinear, ifad =be. 


If the points (x4, ¥1), (X2, Y2) and (x3, y3) are collinear, show that )” (Ao) =0, i.e. 
X1X2 
VAY! 4 VA V8 F3 hy 


X4Xo XoX3 X3X4 


BABE _ nag 


The coordinates of points A,B, C and D are (—3, 5), (4, — 2), (x, 3x) and (6, 3) respectively and ABCD 3 


Find the area of the hexagon whose vertices taken in order are (5,0), (4,2), (1,3), (—2, 2), (-3, —1) and (0, —4). 


Session 4 


Locus and Its Equation, Change of Axes the 
Transformation of Axes, Removal of the Term xy from 
F(x, y) = ax2 + 2hxy + by2 without Changing the Origin, 
Position of a Point which lies Inside a Triangle 


Locus and Its Equation 


Locus : The locus of a moving point is the path traced out 
by that point under one or more given conditions. 


For example 1. Ifa point P moves in a plane such that 

whose distance from a fixed point O (say) in the plane is 

always constant distance a. Thus the locus of the moving 
point P is clearly a circle with centre O and radius a. 


P 


For example 2. Ifa point P moves in a plane such that 
whose distance from two fixed points A and B (say) are 
always equal i.e. PA = PB 


(The point P cannot be at Q because AQ # BQ) 


Obviously all the positions of the moving point P lies on 
the right bisector of AB. Thus the locus of the moving 
point P is the right bisector of AB. 


Equation of a Locus 


A relation f (x, y)=0 between x and y which is satisfied 
by each point on the locus and such that each point 
satisfying the equation is on the locus is called the 
equation of the locus. 


How to Find the Locus of a Point 


Let (x,y, ) be the coordinates of the moving point say P. 
Now, apply the geometrical conditions on x,,y, . This 
gives a relation between x, and y,. Now replace x, by x 
and y, by y in the eliminant and resulting equation would 
be the equation of the locus. 


Corollary 1 : If x and y are not there in the question, the 
coordinates of P may also be taken as (x, y). 


Corollary 2 : If coordinates and equation are not given in 
the question, suitable choice of origin and axes may be made. 


Corollary 3 : To find the locus of the point of intersection 
of two straight lines, eliminate the parameter or 
parameters from the given lines. If more than one 
parameter, then additional condition or conditions will 
also be given. 


Note 


Simplify the equation by squaring both sides if square roots are 
there and taking LCM to remove the denominators. 


Example 57. Find the locus of a point which moves 
such that its distance from the point (0, 0) is twice its 
distance from the Y-axis. 


Sol. Let P (x;, y,) be the moving point whose locus is required. 


By hypothesis | OP | = 2| PM | ( Plies in any quadrant) 
= y(xr + yf) =2| x 
vi 
A 
M P(t, ¥1) 
X’< r) >X 


~~ 


Squaring both sides, then 
xt + yp = 4xy 
=> 3x; - ye =0 
Changing (x,, y,) to (x, y), then 
3x? — y? =0 


which is the required locus of P. 


Example 58. Find the locus of the moving point P 
such that 2PA = 3PB, where A is (0,0) and B is (4,—3). 


Sol. Let P (x, y,) be the moving point whose locus is required. 


y 
t P(x1, ¥1) 
Sa +X 
(0, 0) 
| B(4, -3) 
y 


By hypothesis, 

2PA =3PB or 4(PA)’ = 9 (PB)’ 
=> {xt + yp }=9f(m — 4) +1 + 3)} 
> 4 (xP +y7)=9 (x7 + y? — 8x, + by, + 25) 
or 5x +5y7 — 72x, + 54y, + 225=0 
Changing (x,, y,) to (x, y), then 

5x? +5y”? —72x +54y + 225 =0 


which is the required locus of P. 


Example 59.A point moves so that the sum of the 
squares of its distances from two fixed points A (a, 0) 
and B (—a,0) is constant and equal to 2c’, find the 


locus of the point. 


Sol. Let P (x, y,) be the moving point whose locus is required. 


y’ 
By hypothesis, (PA)* + (PB)* = 2c? 
> (x, — a)? +(y, — 0)" + (x, + a)’ + (y, — 0)? = 2c” 
=> 2x; + 2yz + 2a = 2c? 

a ae ae: 
or xj typ =c"-a 
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Changing (x, y,) to (x, y), then 
Dg, aiOe ce, Oto 
x" +y° =c'-a 


which is the required locus of P. 


Example 60. A point moves such that the sum of its 
distances from two fixed points (ae, 0) and (—ae,0) is 


always 2a. Prove that the equation of the locus is 
2 


xX 
| 


fa 2 b 2 
Sol. Let P (x,, y,) be the moving point whose locus is required 
and _A (ae, 0) and B(—ae, 0) be the given fixed points. 


¥ 


where b* =a? (1-e7) 


P(x1, Y1) 


By hypothesis, 


or (1 - ae)? +(y,—0) + (x, + ae)? +(y, — 0)? = 2a 


| PA|+| PB|=2a 


or V(x? + ye — 2aex, + a’e”) + Ve? + Vi + 2aex, + a’e”) 
=2a ...(i) 

Let l= xj} + y? —2aex, + a’e* 

and m= x) + yi + 2aex, + a’e* (1 — m method) 


then, Eq. (i) can be written as 


Vi +m =2a ii) 
and l-—m=- 4aex, 
or (Vl + Vm) (VI — Vm) = — 4aex, 
or 2a (V1 — Vm) = - 4aex, [from Eq. (ii)] 


or V1 — Vm = -2ex, ...(iii) 
Adding Eqs. (ii) and (iii), then 
2,/1 =2a—2ex, or Vl =a- ex, 
Squaring both sides, 
l= a’ — 2aex, + e?x? 


> x? + yz — 2aex, + ae’ =a’ —- 2aex, + e°x? 
> (1—e7)x? + y? =a? (1-e”) 
2 2 
oF +41 
a a (1-e") 
x? 2 
or AL 4M oy [-b? =a?(1-e”)] 
b 
Changing (x, y,) to (x, y), then 
2 2 
x 
< +551 
a b 


which is the required locus of P. 
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Example 61. Find the equation of the locus of a 
point which moves so that the difference of its 
distances from the points (3,0) and (—3,0) is 4 units. 


Sol. Let P (x,, y,) be the moving point whose locus is required 
and A (3,0) and B (—3, 0) be the given fixed points. 


P(x1, ¥1) 


x x 
B(-3, 0) |O 


By hypothesis 
| PB| —|PA|= 4 (assume | PB|> | PA |) 


= (x, +3) +, - 0)? - (3) +, - 0)? =4 


— V(x? + y?2 + 6x, +9) = 4 + f(x? + y? - 6x, +9) 


Squaring both sides then, 
xp + ye +6x,+9=164+ x7 + y? —6x, +948 


V(x? + y? - 6x, +9) 


or (12x, — 16) =8 (x? + y? — 6x, +9) 


or (3x; — 4) = 2y(x? + y? —6x,+9) 
Again, squaring both sides, then 
9x? —24x,+16= 4x7 + 4y? — 24x, +36 


or 5x7 - 4y? = 20 
x2 2 
=> ob, Vi ik 
4 5 
Changing (x, y,) by (x, y), then 
2 2 
ieee Ane 
4 5 


which is the required locus of P. 

Aliter (1 — m method) : 

| PB|—| PA|=4 

= yx +3) +01 - 0) - Yom - 3) +1 - 0)" = 4 


= Vx? +y2 + 6x, +9) — (x? +y; —6x,+9)=4 _...(i) 


Since, 


Let l= x2 + yi +6x,+9 
and m= x? + yi —6x,+9 
then, Eq. (i) can be written as 
Vl-vm=4 ... (ii) 
and l—-m=12x, 
> (Vi + Vm) (V1 - Vm) = 12x, 
=> (JI + Vm) (4) = 12x, [from Eq. (ii)] 


- fad 3% ii) 


Adding Eqs. (ii) and (iii), 

2 V1 = (3x, + 4) 
Squaring both sides, 

41 =9x7 + 24x, +16 


=> A(x? + yy? +6x,+9)=9x7 + 24x, +16 


: 2 
2 Ce OM a Va 2, 
> 5xj — 4y; =20 or ye he 
Changing (x;, y,) by (x, y), then 
x yt 
405 


which is the required locus of P. 


Example 62. The ends of the hypotenuse of a right 
angled triangle are (6,0) and (0,6). Find the locus of 
the third vertex. 


Sol. Let C (x, y,) be the moving point (third vertex) whose locus 
is required and A (6, 0) and B (0, 6) be the given vertices. 


Y 


A 


C(x1.y1) 


O A(6, 0) 


By hypothesis 

(AC)* + (BC)? = (AB)? (« ZACB = 90°) 
=> (x — 6)" + (1 — 0)" + (x1 - 0)" + (4 — 6)" = 6" +6" 
=> 2x7 + 2y7? — 12x, —12y, =0 
or x? + y? — 6x, — 6y, =0 
Changing (x,, y,) by (x, y), then 

x? +y" — 6x —6y =0 

which is the required locus of third vertex C. 
Aliter 1. Slope of AC x slope of BC =-1 


aoe 
xc x,—-0 
or x? + y? — 6x, — 6y, =0 
Aliter 2. Mid-point of AB is M = (3,3) 
MA = MB= MC = (MA) =(MC/) 
(3 - 0)" + (3-6)? = (x1 -3)"(y1 — 3)" 


or x? + yi — 6x, —6y, =0 
. Required locus is 


x? +y" —6x —6y =0 


Example 63. Find the equation of the locus of a 
point which moves so that the sum of their distances 
from (3,0) and (—3, 0) is less than 9. 


Sol. Let P (x,, y,) be the moving point whose 


locus is required and A (3,0) and B (—3,0) are the given 


points. 
Y 
P(x1, ¥4) 
X’« ~X 
B(-3,0) |O —A(B, 0) 
y’ 
By hypothesis, 
| PA|+| PB|<9 


= i — 3)? + (4, - 0) } +(x, + 3) + (9, - 0)? <9 


=> W(x? + y? - 6x, +9) <9 a(x? + y? + 6x, +9) 


On squaring, we get 


(x? + y? — 6x, +9)< (81+ x7 + y? + 6x, +9) 


- 18 (x? + y; +6x,; +9) 


(.a< b=>a’ <b provided a>0) 


=  -12x,-81< -18 Ve? + yi +6x, +9) 


=> (4x,+27)>6 Ve? + yi +6x, +9) 
(‘. If a>b, then —a< — b) 
On squaring, we get 
16x; +729 + 216x > 36x) + 36y; + 216x, + 324 
=> 20x? + 36y; < 405 
Changing (x, y,) by (x, y), then 
20x” + 36y? < 405 


which is the required locus of P. 


Example 64. Find the locus of a point whose 
coordinate are given by x =t+t?, y =2t+1, where t is 


variable. 
Sol. Given, x=t+r ...(i) 
and y=2t+1 ...(ii) 


From Eq. (ii), ...(iii) 


On eliminating t from Eggs. (i) and (iii), we get required 


locus as 
2 
ee aig (ea 
2 2 
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or 4x=y’-1 


or y?=4x+1 


Example 65. A stick of length | rests against the 
floor and a wall of a room. If the stick begins to slide 
on the floor, find the locus of its middle point. 


Sol. Let the cross section of the floor and wall be taken as the 
coordinate axes and AB be one of the position of the stick. 
Let the mid-point of AB be P (xj,y,), then coordinates of A 
and B are (2x,, 0) and (0, 2y,) respectively. 


Y 
B\(O, 21) 
P(x1, 1) 
XN « a >X 
O A(2x}, 0) 
y’ 
But given, | AB|=1 
> (ABy =P 
2 2_ 72 
> (2x, — 0)" + (0- 2y,)° =1 
=> 4xi +4yZ=1? 


Changing (x,, y,) by (x, y), then 
4(x?+y’)=P 


which is the required locus of P. 


Aliter : 
Since, | AB| =1 
Let ZOAB= 
ae OA=Icosa and OB=Isina 
then, A =(I cosa, 0) 
and B=(0,/ sina) 
Y 
B 
P(x, y) 
x - xX 
O A 
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Let P (x, y) be the mid-point of AB, then 
2x =1 cosa (i) 
2y =Isina ...(ii) 
Squaring and adding Eqs. (i) and (ii), then 
4(x?°+y)=PL 


which is the required locus of P. 


Example 66. Find the locus of the point of 

intersection of the lines x cosa+ y sina =a and 

x sina — y cosa =b, where « is variable. 
Sol. Given equations are 

x cosa+ysina=a ...(i) 

...(ii) 
Here, O is a variable, on eliminating a. Squaring and adding 
Eqs. (i) and (ii), we get required locus as 


and x sing — y cosa = b 


(x cosa + y sina)’ + (x sina — y cosa)” = a? +b? 
or (x* cosa + y’sin’ a + 2xy cosa sina) 
+(x*sin’a + y’ cos’ — 2xy sina cosa) =a" + b? 
> x’ (cos’a + sin’) + y” (sin? + cos’a) =a’ +b’ 


= x+y =a’ +d? 


Example 67. A variable line cuts X-axis at A, Y-axis at 
B, where OA =a,OB=b ( O as origin) such that 
a? +b? =1. 
Find the locus of 
(i) centroid of A OAB 
(ii) circumcentre of A OAB 


Sol. (i) Coordinates of A and B are (a, 0) and (0, b) respectively. 
If centroid of A OAB be G (x, y) 
0+a+0 
x = ——_ 
3 
_0+0+b 
3 


Y 


then a=3x 


and => b=3y 


B(O, b) 


oO 


On substituting in a? + b’ = 1, we get 


(3x)’ + (3y)° =1 


or x"+yo= 


which is the required locus of G. 

(ii) If the circumcentre be C (x, y) . Since in semicircle angle 
90° , then AB is the diameter of the circumcircle OAB. 

.. Circumcentre is the mid-point of AB. 

_ato0 
" ‘3s 
_0+5b 


Then x a=2x 


and => b=2y 


On substituting in a’ + b? = 1, we get 


(2x)’ + (2y)’ =1 
or x 
which is the required locus of C. 


Example 68. Two points P and Q are given, R is a 
variable point on one side of the line PQ such that 
ZRPQ— ZRQP is a positive constant 2a. Find the 
locus of the point R. 
Sol. Let the X-axis along QP and the middle point of PQ is 
origin and let coordinates of moving point R be (x, y,). 


Y 
Rx, Yt) 
Yi 
Z o () . 
eG o) or 
(-a, 0) (a, 0) 
Y’ 

Let OP = OQ =a 
then coordinates of P and Q are (a, 0) and (—a, 0) 
respectively. 
Draw RM perpendicular on QP 
te OM = x, and MR= y, 
and let ZRPM=0 and ZRQOM=060 
Now, in ARMP, 

tan0 = BOE ac DN ...(i) 

MP OP-OM a-x, 

and in ARMQ, 

tand = a oe ...(ii) 

OM OQ+OM a+x, 

But given 

ZRPQ— Z ROP = 2a (constant) 
> 0- o=20 

tan (6 — ) = tan2a 

tan® — tango 

> ——— = tan20 


1+ tan tango 


WAS a). 
=> oo = tan 2a 
14/2 | 
a- x, at+ x, 
[from Eqs. (i) and (ii)] 
2 
=> at _ 8 tan 20 
2 2 2 
a-x+yy 
2 2 2 
or a —x, + yy =2x,y, cot2a 
or x? = vc + 2x,y, cot 2a = c 


Hence, locus of the point R(x, y;) is 
x? - y? + 2xy cot2a = a’ 


Change of Axes OR the 
Transformations of Axes 


In coordinate geometry we have discussed the coordinates 
of a point or the equation of a curve are always considered 
on taking a fixed point O as the origin and two 
perpendicular straight lines through O as the coordinates 
axes. For convenient the coordinates of the point or the 
equation of the curve changes when either the origin is 
changed or the direction of axes or both are suitably. 
These processes in coordinate geometry are known as the 
transformations or change of axes. This process of 
transformation of coordinates will be of great advantage 
to solve most of the problems very easily. 


(i) Change of origin OR Shifting of origin 
(Translation of Axes) 


To change the origin of coordinates to another point (h, k) 
whereas the directions of axes remain unaltered. 


4Y ry’ 
P(x, y) w.rt. 
| old axes 
P(X, Y) 
Y w.r.t. new axes 
ti 
xX 
f x! 
OTF oN 
Ih k 
I | >~X 
O L M 


Let O be the origin of coordinates and OX, OY be the 
original coordinate axes. Let O’ be the new origin and 
(h, k) its coordinates referred to the original axes. Draw 
two lines O’ X’ and O’Y ’ through O’ and parallel to OX 
and OY respectively. Let P(x, y) be any point referred to 
the original axes OX, OY. Again suppose that the 
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coordinates of the same point P referred to the new axes 
O’X’,O’Y’ are(X,Y). 

From O’ draw O’ L perpendicular to OX. from P draw PM 
perpendicular to OX to meet O’ X ’ in N. Then 


OL=h,O’ L=k,OM=x, PM=y,O’N=X 


and PN =Y 

we have x =OM=OL+LM=OL+O’N=h+X 

Le. x=X+h ...(i) 
and y =PM=PN+NM=PN+O0’°L=Y+k 

Le. y=Y+k ...(ii) 


from Egg. (i) and (ii), 
X=x-h and Y=y-k 
Thus, if origin is shifted to point (h, k) without rotation of 


axes, then new equation of curve can be obtained by 
putting x + hin place of x and y + k in place of y. 


Remarks 


1. In this case axes are shifted parallel to themselves, then it is 
also called Transformation by parallel axes. 

2. Inverse translation or shifting the origin back : Some 
times it is required to shift the new origin back. Then putting 
x — hin place of x and y — kin place of y in any equation of 
curve referred to the new origin to get the corresponding 
equation referred to the old origin. 


3. The above transformation is true whether the axes be 
rectangular or oblique. 


Example 69. Find the equation of the curve 
2x*+y*-—3x+5y—8=0 when the origin is 
transferred to the point (—1,2) without changing the 
direction of axes. 

Sol. Here, we want to shift the origin to the point (—1, 2) with- 


out changing the direction of axes. Then we replace x by 
x —1landy by y +2in the equation of given curve, then 
the transformed equation is 


2(x —1)? +(y +2)? —3(x-1)+5(y+2)-8=0 


=> ax? +y? —7x4+9y+11=0 


Example 70. The equation of a curve referred to the 
new axes, axes retaining their direction and origin is 
(4,5) is x? + y? = 36. Find the equation referred to the 
original axes. 


Sol. Here we want to shift the (4, 5) to the origin without 


changing the direction of axes. Then we replace x by x — 4 
and y by y — 5 in the equation of given curve then the 
required equation is 


(x — 4)" +(y —5)? =36 


=> x" +y* —8x —10y+5=0 
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Example 71. Shift the origin to a suitable point so 
that the equation y* +4y +8x —2=Owill not contain 


term in y and the constant. 


Sol. Let the origin be shifted to the point (h, k) without 


changing the direction of axes. Then we replace x by x +h 
and y by y+ k in the equation of the given curve then the 
transformed equation is 


(y+k) +4(y+k)+8(x+h)-2=0 
=> y'+(2k+4)y+8x +(k? + 4k +8h—2)=0 
Since, this equation is required to be free from the term 
containing y and the constant, we have 
2k+4=0 and k*+4k+8h-2=0 
3 


he" 
4 


k=-2 and 


Hence, the point to which the origin be shifted is & - 2} 


Example 72. At what point the origin be shifted, if 
the coordinates of a point (—1,8) become (—7, 3) ? 


Sol. Let the origin be shifted to the point (h, k) without 


changing the direction of axes. Then we replace x by x +h 
and y by y + k and we get new co-ordinates. Here, given 
old coordinates and new coordinates are (—1, 8) and (—7, 3) 
respectively. 


We have -1+h=-7 and 8+k=3 
> h=-6 and k=-5 
Hence, the origin must be shifted to (—6, — 5). 


(ii) Rotation of Axes 
(Change of Directions of Axes) 
To find the change in the coordinates of a point when the 


directions of axes are rotated through an angle 0 the 
origin being fixed. 


Let OX and OY be the original system of coordinate axes. 


Let OX ’ and OY ’ be the new axes obtained by rotating the 


original axes through an angle 0. Let P be a point in the 
plane whose coordinates are (x, y) and (X,Y) referred to 
old and new axes respectively. Draw PM and PN 
perpendiculars to OX and OX ’ and also NL and NQ 
perpendiculars to OX and PM. We have 


OM = x, PM = y,ON = X, PN=Y 


Now, x =OM =OL — ML 
* Angle between any two lines = Angle between 
their perpendiculars i.e. ZXOX’ = ZNPM =8 
= OL — QN = ON cos@ — PN sin® 
=X cos0—Y sin® 
Le. x =X cos0—Y sin8 ..-(i) 
and y=PM= PQ+QM=PQ+ NL 
= PN cos@ + ON sin® 
=Ycos0+ X sin® 
Le. y=X sin@+Ycos0 ..-(ii) 


Now, multiplying Eqs. (i) by cos and Eq. (ii) by sin®@ and 
adding we get 

(iii) 
Also, subtracting the product of Eq. (i) by sin®@ from the 
product of Eq. (ii) by cos®, we get 


X=xcos0+ysin0 


Y =—xsin0+ycos0 .. (iv) 
also x* + y* =X? +Y? =OP’ are unchanged i.e. the 


distance of the point P from the origin O remains 
unaffected by the rotation of axes. 
Rule : When the axes are rotated through 9, replace (x, y) 
by (x cos® — y sin®, x sin®@ + y cos8). 
Shifting the coordinate axes back : Some times it is 
required to shift the new coordinates axes back. Then 
replace (x, y) by 

(x cos® + y sin®, — x sin®@ + y cos®). 


Independent Proof (Aliter) 


The relations X =x cos@+ysin@ and 

Y =— x sin®+ycos6 can be obtained independently. 
Proof : Draw PM and PN perpendiculars to OX and OX ” 
and also ML and MQ perpendiculars to PN and OX ’ 
respectively. 


+ p Old (x, y) 
New (X, Y) 


We have, OM = x, PM =y, ON = X 
and PN =Y 


Also, angle between any two lines 
= Angle between their perpendiculars lines 
Le. Z XOX’ = Z MPN = Z PMQ =0 
X =ON =0Q + QN 
=0Q+ ML 
= OM cos®@ + PM sin® 
(OQ =OM cos® and ML = PM sin®@) 
=xcos@+ysin@ 
Le. X=xcos0+ysin0 
Y = PN = PL— NL= PL- QM 
= PM cos® — OM sin® 
(* PL= PM cos@ and QM = OM sin®) 


=ycos® — x sin® 


and 


ie. Y=-—xsin0+ycos0 
Remark : 
The results Eqs. (i), (ii), (ili) and (iv) can be conveniently 


remembered by the following methods. 


(i) Light heavy method : Let x, y be light and X,Y be 
heavy then heavy X,Y down and x,y up then 


x Jy 
X cos8 sin8 
Y — sinO cos0 


third row is obtained by differentiating second row with 
respect to @. 


For remembrance C S (Civil Services) 
1 1 
C- cos 0 
cos@  sin® ie. 
S— sin® 
L L 


—sin®@ 


a 6)’ =—sin "| 
cos 8 


(sin 8)’ =cos 0 
(a) Finding x and y in terms of X and Y 


x =Sum of the products of the elements in the left 
most column with the corresponding elements of the 
first column 


ie. x =X cos8—-Y sin® 


and y = Sum of the products of the elements in the 
left most column with the corresponding elements of 
the second column. 


ie. y =X sin® + Y cos® 
x =Xcos0-Ysin8 
y=Xsin0+Ycos@ 


Hence, 
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(b) Finding X and Y in terms of x and y 


X =Sum of the products of the elements of top-row 
with the corresponding elements of first row. 


Le. X=xcos0+ysin0 


and Y = Sum of the products of the elements of 
top-row with the corresponding elements of second 
row. 


Le. Y=-—xsin0+ycos@ 
X=xcos@+ysin8 
Y=-—xsin0+ycos0 


Hence, 


(ii) Matrix method : 
cos 8 


Pe ell] 
Hie cocelly “Ly, 


where, A’ is the transpose matrix of A. 


ll 
> 
i 
‘2 o& 
ee 
-_~, 
n 
i) 
= 


and 


(iii) Complex number method : 


Let zZ=x+tiy 

and Z=X+iY, where i= V—1 

then z=Ze® ...(i) 
Le. (x +iy) =(X +iY) (cos®@ +isin8) 


On comparing real and imaginary parts, we get 
x =Xcos6—Y sin® 
y=Xsin60+Ycos@ 

Again from Eq. (i), Z=ze*® 

Le. (X + iY) =(x +iy) (cos® —isin®) 

On comparing real and imaginary parts, we get 
X=xcos0+ysin8 
Y=—xsin0+ycos0 

Example 73. If the axes are turned through 45°, find 


the transformed form of the equation 
3x? + By? + 2xy =2. 
sin® = cos® = 7 


Replacing (x, y) by (x cos® — y sin®, x sin® + y cos @) 
ie (2% “8 
v2 ° V2 


Then, 3x” + 3y” + 2xy = 2 becomes 


2) “ER eA )Ge) 


Sol. Here,9= 45° so 
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=> 3(2x*4+2y?)+2(x*-y*)=4 

=> 8x? + 4y? =4 

or ax" + y? =1 
which is free from the term containing xy. 


Example 74. Prove that if the axes be turned 


—y? =a’ is transformed 


through : the equation x? 
to the form xy =. Find the value of 2. 
sin® = cos® = a 


Ya 


Replacing (x, y) by (x cos®@ — y sin®,x sin® + y cos®) 
ie af 2 
v2 v2 


then, x? — y? = a” becomes 


ee 
nn 
[ 


Sol. Here, 0 = . so 


all ae “Bre 


Ge 


or as 
2 


2 
Comparing it with xy = A, then we get A = — > 


Example 75. Through what angle should the axes be 
rotated so that the ee 9x? -2V73 xy+7y7 =10 
may be changed to 3x*+5y?=5? 
Sol. Let angle be 0 then replacing (x, y) by 
(x cos® — y sin®, x sin® + y cos@) 
then, 9x* —2V3xy +7y* =10 becomes 
9 (x cosO — y sin)’ — 2V3 
(x cos®@ — y sin®)(x sin® + y cos®) 
+7(x sin® + y cos0)* = 10 
> x” (9 cos” — 2 V3 sin®@ cos +7 sin’@) 
— V3 cos 20 +7 sin® cos 0) 
+ y°(9 cos*6 + 24/3 sin® cos® +7 cos”0) = 10 


+ 2xy (—9 sinOcos® 


On comparing with 3x” + 5y” = 5 (coefficient of xy) 


we get— 9 sin® cos0 — V3 cos20 +7 sin®@ cos@ = 0 


or sin20 = — J3 cos20 
or tan 20 = — J3 = tan (180° — 60°) 
or 20 = 120° 

6 =60° 


Example 76. If (x, y) and (X, Y) be the coordinates 
of the same point referred to two sets of rectangular 
axes with the same origin and if ux+ vy, when u and v 
are independent of X and Y become VX +UY, show 
that u?+v* =U?+V? 

Sol. Let the axes rotate an angle 0 and if (x, y) be the point with 
respect to old axes and (X, Y) be the co-ordinates with 
respect to new axes, then 

x+iy=(X +iY) e” =(X +iY)(cos@ + isin 6) 
On comparing real and imaginary parts, we get 
x =X cos0—-Y sin® 
y=X sin0+Y cos@ 


Then, ux + vy =u(X cos —Y sin®)+ v(X sin6 + Y cos@) 
=(u cos0+ v sin®) X + (—u sin® + v cos8) Y 
but given new curve VX + UY 


then, VX +UY =(u cos@ + v sin®) 
X +(-usin@ + v cos60)Y 


On comparing the coefficients of X and Y, we get 
V=ucos8+vsin@ ...(i) 
U =—usin®@+ v cos0 ...(ii) 
Squaring and adding Eqs. (i) and (ii), we get 

V* +U? =(u cos@ + v sin®)’ + (— u sin® + v cos6)’ 


and 


=u'+y? 

w+y? =U? +V? 

Aliter 1 (By matrix method) : 
Xe cos@ —sin@]| X X cos 8—Ysin @ : 
He 8 cos i ~ p sin 89+ Y cos ft) 


x X cos0+Ysin0 
ux + vy =[u |] =t3] ; 
y 


Hence, 


X sin@+Y cos0 
[from (i)] 
= uX cos®— uY sin®+ vX sin@+ vY cosO 
= X (u cos8 + v sin®)+ Y (—u sin®@ + v cos®) 
but given new curve VX + UY 
Then, VX +UY = X (ucos@ + v sin8)+ Y 
(—u sin® + v cos®) 
On comparing the coefficients of X and Y, we get 
V = ucos0+ vsinO ...(ii) 
U =-usin®@+ v cosO ...(iii) 
Squaring and adding Eqs. (ii) and (iii), we get 
w+y? =U? +V? 
Aliter 2 (Best approach) : 
ux + vy = R,((u — iv) (x + iy)) 
= R,((u— iv) (X + iY) e”) (i) 
VX + UY = R((V —iU)(X +iY)) ...(ii) 
From Eqs. (i) and (ii), we get 
V -iU =(u-iv)e® 
Taking modulus both sides, then 


and 


|V —iU|=|u—iv||e®| 


=> HPA ye aa 


or wv? =U? 4+V? 


iii} Double Transformation 
(Origin Shifted and Axes Rotated) 


If origin is shifted to the point. O ’ (h, k) and at the same 
time the directions of axes are rotated through an angle 8 
in the anticlockwise sense such that new coordinates of 
P(x, y) become (X,Y). 


¥ 
0 i 
Then, we get x=h+Xcos0—Y sinO ...(i) 
and y=k+Xsin0+Ycos@ ...(ii) 
In practice we have to replace x by h+ x cos® — y sin® 
and y byk+x sin® + ycos8. 


Again, if we want to shift the coordinate axes back to their 
original positions, then we obtained X and Y by solving 
Eqs. (i) and (ii), then 

X =(x —h)cos@ +(y —k) sin® 


and Y =-(x —h) sin® +(y —k) cos® 


Example 77. What does the equation 
2x? +4xy — 5y? + 20x — 22y — 14 =0 becomes when 


referred to rectangular axes through the point 
(—2,— 3), the new axes being inclined at an angle of 
45° with the old ? 


Sol. Let O’ (—2, —3) be the new origin and axes are rotated 


about O’ through an angle 45° in anticlockwise direction 
then replacing x and y by 


—2+ x cos 45° — y sin 45° 
—3+ x sin 45° + y cos 45° 


: x-y xt+y : ; 
ie. —2+ and —3 + respectively in the 
2 2 ee 


given curve, then the new equation of curve will be 


eee tte iene) 


and 
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=> x*-14xy-7y?-2=0 
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Removal of the Term xy from 
f(x, y)=ax? + 2hxy + by” 
without Changing the Origin 


Clearly, h#0 
Rotating the axes through an angle 0, we have 
x =X cos0—Y sin® 
and y =X sin0 +Y cos0 
f (x,y) =ax® + 2hxy + by” 
After rotation, new equation is 
F (X,Y) =(acos” 0 + 2hcos@ sin® + b sin’ 0) X? 
+2{(b — a) cos®@ sin® + h(cos” @ —sin* 6) }XY 
+(asin’ 0 —2hcos@ sin® + bcos” @) Y” 
Now, coefficient of XY =0 
-b 


a 
cot 20 =—— 


Then, we get 
2h 


Remark 


Usually, we use the formula, tan20 = 


an for finding the angle of 
a _ 


rotation, 8 
However, if a= 6, we use cot 20 = * as in this case tan20 is not 


defined. 


Example 78. Given the equation 
4x* +2/3xy +2y* =1, through what angle should the 
axes be rotated so that the term in xy be wanting from 
the transformed equation. 
Sol. Comparing the given equation with ax* + 2hxy + by’, we 
geta=4,h= V3 b=2.If axes are to be rotated at 0, then 


2h _2 
tan 20 = 7 sweeten = 
a-—b 
T Tt nm An 
20= —,m+ => 20= —-, 
3 3 3 63. 
Tm 20 
@= —, 
6 3 
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Position of a Point which Lies 
Inside a Triangle 


If any point say (P) lies within the triangle ABC, 
then Ay +A, +A,=A 
A 


B Cc 


where, A= Area of triangle ABC, 
A, = Area of APBC, 
A, = Area of APCA, 
A, = Area of APAB 

Also, A, #0, A, 40,A3 #0,A 40 


(Each individual area must be non-zero) 


Example 79. Find A if (A, +1) is an interior point of 
A ABC where, A= (0, 3);B = (—2,0) and C=(6,1). 
Sol. The point P(A, A + 1) will be inside the triangle ABC, then 
Area of A PBC + Area of APCA + Area of A PAB = Area of 


A ABC 
[A A+1 1] |A At+11] [A A411] 
= Fike 0 1||+ | 6 1 1+ FI] 0 3 1 
[6 1 1 [o 29 Al ~|=2 6 <4] 
| 0 3 1| 
1 
=<\[-2 0 1|| 
2 
| 6 1 1| 


=> |7A4+6/+|8A-12|+|A+4]=22 


Then, — (7A +6)—(84 —12)-(A +4) =22 
> -16h=20 h=-? 
which is impossible. 


6 
For -4<) <-——: 
7 


Then, — (7A +6) —(8A —12)+(A + 4) = 22 


=> -14A =12 . =- 
which is impossible. 
Fora She": 

7 2 


Then, (7A +6)—(8A —12)+A+4=22 = 22=22 
“" at ==" anda ot ARBOR 
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Exercise for Session 4 


1. 


2. 


17. 


The equation of the locus of points equidistant from (—1, — 1) and (4, 2) is 
(a) 3x - 5y-7=0 (b) 5x + 3y -9=0 (c) 4x + 3y + 2=0 (d)x -3y+ 5=0 


The equation of the locus of a point which moves so that its distance from the point (ak, 0) is k times its 
distance from the point (2.0) , (k #1)is 

(a) x? - y? =a? (b) 2x? — y? = 2a? (c) xy =a? (d) x? + y? =a? 

If the coordinates of a variable point P be c + rt - * where t is the variable quantity, then the locus of P is 
(a) xy =8 (b) 2x2 - y2 =8 (c)x* -y?=4 (d) 2x? + 3y? =5 


If the coordinates of a variable point P be (cos 6 + sin®, sin@ — cos 8), where @ is the parameter, then the locus 
of Pis 
(a) x? -y? =4 (b) x2 + y? =2 (c) xy =3 (d) x? + 2y? =3 


If a point moves such that twice its distance from the axis of x exceeds its distance from the axis of y by 2, then 
its locus is 

(a)x -2y=2 (b)x + 2y=2 (c)2y-x=2 (d) 2y - 3x =5 

The equation 4xy — 3x* =a” become when the axes are turned through an angle tan” '2 is 


(a) x? + 4y? =a? (b) x? - 4y? = a? (c) 4x? + y? =a? (d) 4x? — y? =a? 


Transform the equation x* — 3xy + 11x — 12y + 36 =0 to parallel axes through the point (—4, 1) becomes 
ax? + bxy +1=0thenb? -a= 
1 1 1 1 


(a) r (b) ie (c) eA (d) EG 


Find the equation of the locus of all points equidistant from the point(2,4) and the Y-axis. 

Find the equation of the locus of the points twice as far from (—a ,0) as from (a, 0). 

OA and OB are two perpendicular straight lines. A straight line AB is drawn in such a manner that OA + OB =8. 
Find the locus of the mid point of AB. 


The ends of a rod of length / move on two mutually perpendicular lines. Find the locus of the point on the rod 
which divides it in the ratio 1 : 2. 

The coordinates of three points O, A, B are (0, 0), (0,4) and (6,0) respectively. A point P moves so that the area 
of APOA is always twice the area of APOB. Find the equation to both parts of the locus of P. 


What does the equation (a — b) (x? + y) -2abx =0 become, if the origin be moved to the point (22.0) ? 
The equation a 2xy +4 =Ois transformed to the parallel axes through the point (6, 4). For what value of A its 
new form passes through the new origin ? 

Show that if the axes be turned through 7 i ;the equation /3x? + (V3 — 1) xy — y? =0 become free of xy in its 
new form. 2 

Find the angle through which the axes may be turned so that the equation Ax + By + C =0 may reduce to the 


form x =constant, and determine the value of this constant. 


Transform 12x? 4 7TXY 12° 17x —31y —7 =O to rectangular axes through the point (1, —1) inclined at an 


angle tan-*(5] to the original axes. 


Shortcuts and Important Results to Remember 


If D, E, F are the mid-points of the sides BC, CA, AB of 


AABC, the A=E+F-D 
B=F+D-—-E 
and C=D+E-F 


Orthocentre, nine point centre, centroid, circumcentre of a 
triangle are collinear. Centroid divides the line joining 
orthocentre and circumcentre in the ration 

2:1 (Internally) and nine point centre is the mid-point of 
orthocentre and circumcentre. 


The circumcentre of a right angled triangle is the 
mid-point of the hypotenuse. 


In an equilateral triangle orthocentre, nine point centre, 
centroid, circumcentre, incentre coincide. 


The distance between the orthocentre and circumcentre 
in an equilateral triangle is zero. 


The orthocentre of a triangle having vertices (a, B), (B, a) 
and (a, &) iS (&, a). 


Orthocentre of the triangle formed by the points 


sees alae 


i.e. all points and orthocentre lie on xy = 1. 


Points in a triangle : Centroid G), Incentre (/), Excentres 
h, Io, 13), Orthocentre (CO), Circumcentre (C) are given by 


IHX, + MgX2 + IN3X3 pails + Moyo + mis) where 
M, + Mz + M3 mM, + M5 + Mz 
my, my, m3 
G 1 1 1 
I sin A sin B sin C 
rT, —sin A sin B sin C 
I sin A —sin B sin C 
T; sin A sin B —sin C 
O tan A tan B tan C 
iG sin 2A sin 2B sin 2B 


and vertices 


A=(X1, Yi), B = (Xo, Yo), C = (X3, Y3) and A, B,C are the 
angles of AABC. 
If the circumcentre and centroid of a triangle are 


respectively (a, B), (y,6 ), then orthocentre will be 
(3y — 2a, 36 — 28). 


10 
11 


12 


13 


14 


15 


16 


17 


18 


19 


20 


If ABCD is a parallelogram, then D =A-B+C. 


If D, E, F are the mid-points of the sides BC, CA, AB of 
AABC, then the centroid of AABC = centroid of ADEF. If 
area of AABC = A, then area of AAFE = area of ABDF = 


area of ACED = area of ADEF = : and area of 


parallelogram CEFD = area of parallelogram BDEF = area 
of parallelogram AEDF => 


Orthocentre of the right angle triangled ABC, right angled 
at Ais A. 


Circumcentre of the right angled triangle ABC, right 
B+C 


angled at Ais 


X-axis divides the line segment joining (x, y4), (X2, Y2) in 
the ratio —y; : y2 and Y-axis divides the same line 
segment in the ratio—x, : Xo. 


Area of the triangle formed by (x1, 1), (X2 Y2), (X3, Y3) is 


i X,—X3° Xo — Xg 
2:11 -¥3 Yo-Ys|_ 
The area of the triangle formed by y = mx + ci, 
_ 2 
y =X + 0p, Y =IMy X+0q is LE C2) 
2 |m-m| 


Area of the quadrilateral formed by 
(%1, Vi) (Xo, Yo) (Xa V3). (Xa, Ya) is 
1)|X%1—X3 Xe — Xa 
2° |%-¥3 Yo- Ya 
If (x1, ¥1), (X2, Y2) are the ends of the hypotenuse of a right 
angled isosceles triangle, then the third vertex is given by 


(* + Xo + (Vi — Yo) Ya + Yo FG — “2 
2 2 


Given the two vertices (Xx;, y;) and (Xs, Y2) of an equilateral 
triangle, then its third vertex is given by 
(2 + Xp + V3 (Vi - Yo) Yat Yo F V3 (x =") 

2 2 


Circumcentre of the triangle formed by the points 
(X1, 1), (X2, Yo) and (x3, 3) iS same as that of triangle 
formed by the points (0, 0), 

(X2 — Xt, Yo — Yi), (X3 — Xt, Ya — V4): 


JEE Type Solved Examples : 
Single Option Correct Type Questions 


This section contains 5 multiple choice examples. Each » Ex. 3. Orthocentre of triangle with vertices (0,0), (3, 4) 
example has four choice (a), (b), (c) and (d) out of which and (4, 0) is 
ONLY ONE is correct. 5 
(a) (s *) (b) (3, 12) 
Ex. 1. Locus of centroid of the triangle whose vertices are 
(a cost,a sint),(b sint, — bcost) and (1,0), where t is a (c) (; 3} (d) (3, 9) 


parameter, is 


(a) (3x —1° + By’ =a? — Bb? Sol. (c) Denote the points are (x, y,), (x, y,) and (x,, y,) from the 


matrix 


(b) (3x - 1° +(3y)? =a? +b? 
5 j 5 5 p-| 27% eh 
(c)(3x + 1° + Gy) =a +b X_—*X3 Yo ¥3 
(d) (3x + 1 + 3y? =a? — b? -|7} ] 
Sol. Gi le AaGrnsLasat BaOaae=heosand CS.) = S 
/.Centroid ={ *225* wind . ya Re: 
3 3 | P| 
Let ee =3x-1=acost+ bsint (i) aCHEN+0_ 1 
—16 4 


asint —b cost 


and y= ——_ = 3y =asint —bcost ..(ii) .. Circumcentre of the triangle 


-(2t2- Vad Wi Ia Mx, =) 


(3-44 $27) a(2 =| 
a ae ae as. 


On squaring and adding Eqs. (i) and (ii), we get 
(3x -1)° + By)? =a’ +b? 


which is locus of centroid. 


Ex. 2. The incentre of triangle with vertices (1, Wa ), (0, 0) 


and (2,0) is 74 
and centroid G= (Z *) 
. 2 . 3°3 
(a)| 1 (b)| 2 (c le (d)| 4 = 
3 F 5 .. Orthocentre 
Sol. (d) : He[sx2 2x2,3x-4 2x2) 
A 3 3 8 
B (1, V3) 3 
(3) 
4 
Aliter : Let orthocentre 
H=(a,B) 
si 3 B (3, 4) 
O A (2, 0) + 
Let 0 =(0, 0), A =(2, 0) 
and B=(1, V3 ) 
OA =2 =OB = AB E 
= AOAB is an equilateral. H 
Incentre = Centroid O D A(4, 0) ma 
— 0+ a+) 
7 3 . Slope of BH x slope of OA =—1 


Incentre = ( = =i (B4) . () nog 
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a-3=0 
> a=3 ..-(i) 
and slope of AH x slope of OB =—1 


= [22 (S)-1 
a-4 3 
From Eq. (i) =f 
q. (i), 7 


3 
Hence, orthocentre is (3 *\ 


» Ex. 4. If x,, x», x3 as well asy,,y>,y3 are in GP, with the 
same common ratio, then the points (x,,¥,),(X2,Y2) and 
(x3, 3) 

(a) lie on a straight line 

(b) lie on an ellipse 

(c) lie on a circle 

(d) are vertices of a triangle 


Sol. (a) Let common ratio of GP is r, then x, = xr, x3 = ar’, Y.=yyr 


and y,=y,r’. 
Let A =(x,, 1), B =(x2, y2) and C =(x3, y3) 
y{a 1 
Area pe Aen =| X, Yo 1] 
x3 Y3 1 
4 yy 21 


1 
=-|)ar yr 1] 


2 24 
“ro Mr 


JEE Type Solved Examples : 


Led 12 
1 
= ‘ lx yill}roor 1)/=0 (. C, and C, are identical) 
2: <2 
r op 7. 


=> Points A, B, C are collinear. 


Ex. 5. Let A be the image of (2, —1) with respect to Y -axis. 


Without transforming the origin, coordinate axis are turned 
at an angle 45° in the clockwise direction. Then, the 
coordiates of A in the new system are 


1 3 ] 1 
a)| -—~, -—= b)| -—~, -—= 
-e-a)  oCE-z) 
I 3 1 
“lea (Fes) 
Sol. (a) Since, the image of (h, k) w.r.t. Y-axis is (—h, k). 


.. Coordinate of A are (—2, —1). 


If(X, Y) are the coordinates of A w.r.t. the new coordinate axes 
obtained by turning the axes through an angle 45° in the 
clockwise direction, then 


X =—2cos(—45° ) —sin(—45° ) 
Dy Ven 
v2 v2 V2 
and Y =2sin(—45° ) — cos(—45° ) 
a 2 ae 3 
2 2 2 
Required coordinates are (-=. = =) 


More than One Correct Option Type Questions 


= This section contains 3 multiple choice examples. Each 
example has four choices (a), (b), (c) and (d). Out of which 
MORE THAN ONE may be correct. 


Ex. 6. LetS, S,,..., be squares such that for each n=1, 


the length of a side of S,, equals the length of a diagonal of 
Sat Uf the length of a side S, is 10 cm, then for which of the 
following value of n is the area of S,, less than 1 sq cm? 


(a) 7 (b) 8 (c)9 (d) 10 
Sol. (b,c,d) 

If a be the side of the square, then diagonal d = av2 by 
hypothesis 

Ay =V2 On + 
> @,,,=—b= BN EE eG 

mr v2 2)" 2)? (W2)" 

= a a, _ 10 


(2ye-ve 


Area of S, <1) <1 


= a0 i 
> 2"-!>100>2° 
=> n-1>6 
=> n>7 
n=8,9,10,... 


Ex 7. If each of the vertices of a triangle has integral 
coordinates, then the triangles may be 
(a) right angled (b) equilateral 
(c) isosceles (d) scalene 
Sol. (a,c.d) Let A =(x,, y,), B=(x,, y2) and C =(x;, y;) be the vertices 


of triangle ABC. Given x,, y,, Xj, V2, x3, y3be all integers. 


1 
Now, area of AABC = hie —Y3)t+ X2(¥3 — 1) + x3(V1 —y2)| 


= Rational ve c(i) 


If AABC is equilateral then, 
Area of AABC = - (side)? 


_ 13 
4 
= Irrational ...(ii) 


{04 - toy +0, main) | 


It is clear from Eqs. (i) and (ii), AABC can not be equilateral. 


> Ex. 8. ABC is an isosceles triangle. If the coordinates of 
the base are B(1,3) and C (—2,7). The coordinates of vertex A 
can be 


JEE Type Solved Examples : 
Paragraph Based Questions 


This section contains one solved paragraph based 3 
multiple choice questions. Each of these questions has 
four choices (a), (b), (c) and (d) out of which ONLY ONE is 
correct. 


Paragraph 
(Q. Nos. 9 to 11) 


wala. | ofp :| dy. ) be the vertices of a AABC, where 
OL Y 


at, B are the roots of x” — 6ax +2 = 0; are the roots of 
x° — 6bx + 3=Oand y,a. are the roots of x” — 6cx + 6= 0; 
a, b, c being positive. 


9. The value ofat+b+cis 


(a) 1 (b) 2 
()3 (d) 5 


10. The coordinates of centroid of AABC is 


11 111 
it b){ +, 
co ") w/ =| 
11 2 71 
yeas d)} -,— 
/ 1) @(? 2) 
11. The coordinates of orthocentre of AABC is 


1 1 
@)([-J.-2] w(-1-3] 
1 1 
(©) (- 2 5 (4) (-z : s| 
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(a) (1,6) [45] (2.6) (o(-1.2) 


Sol. (b,c,d) Let vertex of the AABC be A(x, y) 


ce AB =AC 
=> (AB)” =(AC)* 

> (x—-1)? + (y —3)? =(x + 2)? +(y -7)? 
> 6x—8y + 43=0 


1 5 
Here, use observe that the coordinates (-2. 5} (2.6) and 


(=. :| satisfy the Eq. (i). 


Sol. -- «,B are the roots of x” —6ax + 2=0 


: a+P=6a 

and ap =2 

Again, B, y are the roots of x” —6bx +3 =0 
: B+ =6b 

and By =3 

Again, Y, & are the roots of x° -6cex +6=0 
Pe y+ @=6c 

and Ya=6 


from Eqs. (ii), (iv) and (vi), we get 
ap -By-yo=2-3-6 
=> apy =6 
ra a=2,B=1,7=3 
9. (b) Adding Eqs. (i) , (iii) and (v), we get 
°a+B+y)=6(a+b+c) 


1 
or ae heee eel ta=2 


10. (c) Centroid of AABC = (= at 
3 306y 


ae 2-141-34+3-2 


3 7 3-2-1-3 
=| 2,— 
18 


11. (d) Orthocentre of AABC = (- == 


...(i) 
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JEE Type Solved Examples : 
Single Integer Answer Type Questions 


= This section contains one solved example. The answer to 
this example is a single digit integer ranging from 0 to 9 
(both inclusive). 


® Ex.12. If the points (—2,0), [- =| and (cos8, sin®) are 
3 

collinear, then the number of values of 8 € [0, 27] is 

Sol. (1) Since, the given points are collinear, then 


—2 0 1 
-1 — 1)=0 


v3 


cos®@ sin® 1 


JEE Type Solved Examples : 
Matching Type Questions 


= This section contains one solved example. Which has 
four statements (A, B, C and D) given in Column I and 
four statements (p, q, r and s) in Column II. Any given 
statements in Column I can have correct matching with 
one or more statement(s) given in Column II. 


© Ex. 13. Match the following 


Column | Column II 
A. The points (A + 1,1), (24 + 1, 3) and (p) a prime 
(24 + 2, 2A) are collinear then number of number 
values of A is 
B. Area of AABC is 20 sq units, where A,B = (q)_- an odd 
and C are (4, 6), (10, 14) and (x, y) number 


respectively. AC is perpendicular to BC, 
then number of positions of C is 


C. Ina AABC coordinates of orthocentre, (r) a composite 
centroid and vertex A are respectively number 
(2, 2), (2, 1) and (0, 2). The x-coordinate of 
vertex B is 

D. A man starts from PC 3,4) and reaches (s) aperfect 
the point Q (0, 1) touching the X-axis at number 


R(A, 0) such that PR + RO is minimum, 
then 10 |A | is 


1 
=> t sin | 0+1( sin® sce) 0 
v3 v3 
=> V3 sin@—cos0=2 
3 1 
> 7 ag) eebed 
2 2 
Tt 
or sin 0-2] =1 
6 
Tt Tt 
or Q@-— =2ntn + — 
6 2 
mT TM 27 
for n=0, 0@=—+—=— [0,27] 
6 2 3 


Number of values 0 is 1. 


Sol. (A) > (p); (B) > (1); (C) > ©, q); (D) > (, 5) 
(A) «. Points are collinear 
A+1 1 1 
2A+1 3 1/=0 
2A+2 204 1 
> (A +1)(3 —2A) -1(220 + 1-2-2) 
+1(42? + 24-60 —6) =0 
or 247 -31-2=0 
or (24+ 1)(A—2)=0 
12 == 
2 


Number of values of A is 2. 
(B) «.. Area of triangles ABC is 20 sq units. 


Seat 
. 


E 


C can not be at Dand E 


Four positions are possible two above AB and two below AB. 


(C) A B(a, Y) 


>X 


a=3 
=> x-coordinates of vertex B =3 
(D) For PR + RQ to be minimum, it should be the path of light 


JEE Type Solved Examples : 
Statement | and Il Type Questions 


= Directions (Ex. Nos. 14 and 15) are Assertion-Reason 
type examples. Each of these examples contains two 
statements. 
Statement I (Assertion) and Statement IT (Reason) 
Each of these examples also has four alternative choices, 
(a), (b), (c) and (d) only one out of which is the correct 
answer. You have to select the correct choice as given 
below : 
(a) Statement I is true, Statement II is true; Statement II is a 

correct explanation for Statement I 


(b) Statement I is true, Statement IJ is true; Statement II is not a 
correct explanation for Statement I 


(c) Statement I is true, Statement II is false 
(d) Statement I is false, Statement II is true 


Ex. 14. Statement | The area of the triangle formed by 
the points A(100, 102), B(102, 105), C(104,107) is same as the 
area formed by A’(0,0), B’(2, 3), C’(4, 5). 
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P 
xX“ Al 
C 
z ZPRA = ZQRO 
From similar triangles PAR and QOR 
AR_PA A+3 4 
RO QO b-%- 4 
or sia 10|A| =6. 
5 


Statement II The area of the triangle is constant with 

respect to translation : 

Sol. (a) Area of triangle is unaltered by shifting origin to any point. 
If origin is shifted to (100, 102), then A, B,C becomes A’(0, 0), 
B’(2,3), C’(4,5) respectively. Hence, both statements are true 
and Statement II is correct explanation for Statement I. 


Ex. 15. Statement I /f centroid and circumcentre of a 
triangle are known its orthocentre can be found 


Statement II Centroid, orthocentre and circumcentre of a 
triangle are collinear. 
Sol. (b):. Centroid divides orthocentre and circumcentre in the 
ratio 2 : 1 (internally). 
.. We can find easily orthocentre. 


=> Statement I is true, and centroid, orthocentre and 
circumcentre are collinear Statement II is true but Statement II 
is not correct explanation for Statement I. 
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Subjective Type Examples 


= In this section, there are 7 subjective solved examples. 


Ex. 16. The four points A (a, 0), B(B,0), C (y,0) and 
D (8,0) are such that a, B are the roots of equation 
ax? +2hx +b =0 andy, 8 are those of equation 
a’x? +2h’x +b’ =0. Show that the sum of the ratios in 
which C and D divide AB is zero, ifab’ + a’b =2hh’. 
Sol. Since, o,f are the roots of ax? + 2hx + b=0 


es ee and oS (i) 
a a 
and y, dare the roots of a’x? +2h’x+b’=0 
then, yoeee! and year ...(ii) 
a a 
Let C divides AB in the ratio A:1 
die o 0) (y, 0) 0) 
X 1 
_AB+1-0 
+d 
es imc 
B-y 
and let D divides AB in the ratiow:1 
oa a 0) (5, 0) 6. 0) 
ul D 1 
u-B+1-0 
ut 
_b-a 
Mm B§ 
but given A+uU=0 
= fa Oe 
-y B-5 
> (a+ B)(y + 8)-208 -2y5=0 


( sal a 2b 2b’ 
= , , =0 
a a aoa 
[from Eqs. (i) and (ii)] 
or ab’+a’b=2hh’ 


Ex. 17. lfm, and my, are the roots of the equation 
x? +(v¥3 +.2)x + (V3 -1) =0 
Show that the area of the triangle formed by the lines 


eet 
4 


y=may=mxandy =e] 


Sol. Since, m, and m, are the roots of the equation 
x? + (V3 +2) x+ (v3 -1)=0 
then m, + m, =—(V3 +2), mm, =(V3 -1) 
m, — m, = (m+ m,)° — 4mm, 


= (3+ 4+ 4V3 - 43 +4) =vi1 


and coordinates of the vertices of the given triangle are (0, 0), 


(c/m,,c) and (c/ m,,c). 


: ; 1} c c 
Hence, the required area of triangle -| — Xce-— Xc 


m mM, 


-te|[2 Ltn 
2 |\m m,)| 2 |mm,| 
ai_vil 
2 (v3 -1) 
_1 2, vil W3 +1) 
2° G3=1)G3+1) 
{2 

4 


Ex. 18. If x coordinates of two points B andC are the 
roots of equation x? +4x +3=0 and their y coordinates are 


the roots of equation x* — x —6 =0. If x coordinate of B is 


less than x coordinate of C and y coordinate of B is greater 
than the y coordinate of C and coordinates of a third point A 
be (3, —5), find the length of the bisector of the interior angle 
at A. 
Sol... x°+4x+3=0 =x=-1,-3 


and x°-x-6=0 >x=-2,3 


Also, given that x and y coordinates of B are respectively less 
than and greater than the corresponding coordinates of C. 


B=(-3,3) and C#=(-1,-2) 


Now, AB =,\(3 +3) + (-5 —3)? =10 
and AC =, (3 +1)? +(-5 +2)? =5 
AB_2 
AC 1 
Let AD be the bisector of Z BAC, then 
BD AB _2 
pe ACA 
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rsin(68+ 60°) =1 
r {sin 8 cos60° + cos@sin60° }=1 


1 3 
=> r 1 ino + 23 cose =1 
2 2 
2 - 1 3 : 
A A - ty a8 fp wy [from Eq. (i)] 
2 Pr 2 r 
3 
> a, v3 (r?-a’) =1 
2 2 
3 
= Ls a ee 
2 2 
3 2 
or (7? -a”)=1+ 4-4 
4 4 
: Bei) = 3r? -3a7 =4 4a" —4a 
Thus, D divides BC internally in the ratio 2: 1 => 3r? =4a? —4a+4 
v-(# i+ 1{-3) 2(-2)4 fe ofa = o-¢4) 
2+1 ° 241 
2 [2 
5 4 ae (a“ -a+1) 
Thus, D= re 


Hence, length of side of an equilateral triangle 


2 2 2 ; 
Now, apa(s+5) +(-5+2] =e a? —a +1) units, 


SF ee -W units Ex. 20. InaAABC, A =(a,), B=(1,2), C =(2,3) and 


point A lies on the line y = 2x +3 wherea, Be I. If the area 
Ex. 19. The distance between two parallel lines is unity. of AABC be such that[ A] = 2, where [.] denotes the greatest 


A point P lies between the lines at a distance a from one of integer function, find all possible coordinates of A. 
them. Find the length of a side of an equilateral triangle Sol. «(af) lies on y =2x +3 
PQR, vertex Q of which lies on one of the parallel lines and then B=20+3 
vertex R lies on the other line. Thus, the coordinates of A are (0,20 +3) i) 
Sol. Let PQ=QR=RP=r i]fla 2043] |1 2] |2 3 
said ZPOL=0 a=3hf 2 +/ sl +(e Pall 
then, Z XQR=60+ 60° 1 
; . =—|20—-(20+3)+3-4+ 40+6-30] 
Given, PL=a and RN=1unit 2 
In A PQL, “nga =" =) )a42| 
QP r 2 
a=rsin® ii) but [A]=2 
- => 4 +2 i =2 
R (r,0 + 607) ? 
: => 2 <! nied 3 
2 
> 4<|0+2|<6 
=> 4<50+2<6 
and -6<a+2<5-4 
> 2<a<4 and -8<a<-6 
ael 
ae Q=2,3,—7,—-6 
Hence, possible coordinates of A are (2,7), (3,9),(—7, —11) and 
(-6,—9). 


and in AQRN,  sin(8+ 60° ) ant a 
OR 


54 Textbook of Coordinate Geometry 


Ex. 21. Let S be the square of unit area. Consider any 
quadrilateral which has one vertex on each side of S. If a,b,c 
and d denote the lengths of the sides of the quadrilateral, 
prove that2 <a’ +b? +c? +d? <4. 

Sol. Given S be the area of square with vertices 
O(0, 0), A(1, 0), B(1, 1), C(0, 1). 
Let PORM be the quadrilateral with vertices 
P(p, 0), Q(, gq), R(r, 1) and M(0, m) 
and sides MP =a, PQ=b, QR=c, RM=d 


A 
R(r, 1) 
(0, 1)C B(1, 1) 
(0, mM Q (1, q) 
X’< 
O P(p, 0) A(1, 0) 
YW 
Then, a’ =p?+m 


b’ =(1—p)’ +" 
ce =(1-q)’ +(1-r)’ 
d* =r? +(1-m)’ 
.a tb +c+d° =p +(1-p) tq? +(-q)’ 
+r?t(1—-r) +m? +(—m)’ 


=2[p?t+q?+r?t+m? —p-q-r—-m+2] 


ale) a) 


=> a’t+b*+c7 +d’ >2 ...(i) 


also, since O<x<1 
x? <1 


a’ <1,b* <1,c? <1,d? <1 


=> a’t+b*+c7 +d’ <4 ...(ii) 
From Eqs. (i) and (ii), we get 
2<a° +b’ +c? +d’ <4 


Ex. 22. The circumcentre of a triangle with vertices 


(a, a tana), B(b, b tanB) and C (c, c tany) lies at the origin, 


where0 <a,B,¥ <1/2 anda+B+y =m. Show that its 
orthocentre lies on the line 


ono) 


Sol. Since, the circumcentre of the triangle is at the origin O, we 


have OA = OB = OC = R, where R is the circumradius of the 
circumcircle. 


(OA) = R? >a’ +a’ tan*a=R* > a=Rcoso 


Therefore, the coordinates of A are (R cos O, Rsin ). 


Similarly, the coordinates of B are(R cos, RsinB) and those of 


C are(R cosy, Rsiny). 
Thus the coordinates of centroid G of A ABC are 


(Ftcose + cosB + cosy), = (sin a+sinB + siny)| 


Now, if P (h,k) is the orthocentre of A ABC, then 


(i) 


2 asin cosfh + cosy) eet (.“ PG: GO =2:1) 
3 1+2 
O 
1 
G 
2 
P 

=> R(cosa+ cosh + cosy) =h 
and —(sina+ On ee 

3 1+2 
> R(sina + sinB + siny) =k 


Dividing (ii) by (i), then 


sina + sinf+ sin k 
an B+siny _ 


cos%+cosh+cosy A 


4 cos(a/2) cos(B/2) cos(y/2) _ k 


1+ 4sin(o/2)sin(B/2)sin(y/2) h 


(Because, +8 + y =7 by identity) 


Hence, the orthocentre P (h, k) lies on the line 


so) 


Coordinate System and Coordinates Exercise 1: 
Single Option Correct Type Questions 


= This section contains 15 multiple choice questions. 
Each question has four choices (a), (b), (c), (d) out of which 
ONLY ONE is correct. 


1 


NS 


Vertices of a variable triangle are (3, 4), (5 cos 0, 5sin 8) 
and (5sin 9, —5cos8), where 9€ R. Locus of its 
orthocentre is 

(a) x? +y? +6x+8y —25=0 

(b) x* +y* -6x +8y—25=0 

(c)x’? +y? +6x — 8y — 25=0 

(d) x? +y* —6x -—8y — 25=0 


If a rod AB of length 2 units slides on coordinate axes in 
the first quadrant. An equilateral triangle ABC is 
completed with C on the side away from O. Then, locus 
of C is 

(a)x? +y?— xy +1=0 

(b) x? +y? — xyv3 +1=0 

(c) x? +y? + xyv3 -1=0 

(d) x? +y? — xyv3 -1=0 


. The sides of a triangle are 3x + 4y, 4x + 3y and 5x + 5y 


units, where x > 0, y>0. The triangle is 
(a) right angled (b) acute angled 
(c) obtuse angled (d) isosceles 


. Let Pand Q be the points on the line joining A(—2, 5) 
and B(3, 1) such that AP = PQ = QB. Then, the mid-point 
of PQ is 

1 1 
@(2.3) (-2.4] 
2 4 

(c) (2,3) (d)(-14) 


. A triangle ABC right angled at A has points A and Bas 
(2, 3) and (0, — 1) respectively. If BC =5 units, then the 
point C is 
(a) (4, 2) (b) (4, 2) 

(c) (-4, 4) (d) (4, — 4) 


. The locus of a point P which divides the line joining 


(1, 0) and (2 cos, 2sin@) internally in the ratio 2:3 
for all 9 is 

(a) a straight line (b) a circle 

(c) a pair of straight lines (d) a parabola 


. The points with the coordinates (2a, 3a), (3b, 2b) and (c, c) 


are collinear 
(a) for no value of a, b,c 


(c) if a, = b are in HP 


(b) for all values of a, b,c 


(d) if a, = b are in HP 


8. 


10. 


11. 


12. 


13. 


The vertices of a triangle are (0, 3), (—3, 0) and (3, 0). The 
coordinates of its orthocentre are 

(a) (0, — 2) (b) (0, 2) 

(c) (0, 3) (d) (0, —3) 


, ABC is an equilateral triangle such that the vertices B 


and C lie on two parallel lines at a distance 6. If A lies 
between the parallel lines at a distance 4 from one of 
them, then the length of a side of the equilateral triangle 
is 


(a) 8 


o) At 
/3 

A, B,C are respectively the points (1, 2), (4, 2), (4, 5). If 

T,, T, are the points of trisection of the line segment AC 


and S,,S, are the points of trisection of the line segment 
BC, the area of the quadrilateral T,S,S,T, is 


(a) 1 (c)2 (a> 


( (d) None of these 


(i) The points (—1, 0), (4, — 2) and (cos 28, sin 28) are 


collinear 


- 2 
(ii) The points (—1, 0), (4, —2) and : tan°@ 2tanO ) 


1+tan?6 1+tan’0 
are collinear 

(a) both statements are equivalent 

(b) statemetn (i) has more solution than statement (ii) for 8 


(c) statement (ii) has more solution than statement (i) for 8 
(d) None of the above 


Ifa,,0,,0,,8,,B,,B, are the values of n for which 
med n- 


> x” is divisible by 
r=0 r 


1 
x" , then the triangle having 
=0 
vertices (a,,B,),(@,,8,) and (a,,8,) cannot be 
(a) an isosceles triangle 
(b) a right angled isosceles triangle 
(c) a right angled triangle 
(d) an equilateral triangle 


3 
A triangle ABC with vertices A(—1, 0), B (-2 2) and 
Cc (-3 - 2) has its orthocentre at H. Then, the 
6 
orthocentre of triangle BCH will be 


(a) (—3, — 2) (b) (1,3) 
(c) (—1, 2) (d) None of these 
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4 
14. Hy (x, +y;)S2x,x, +2x,x, +2y,y, +2y,y,, the 15. Without change of axes the origin is shifted to (h, k), 
i=1 


oints (x,, ss Vie ds (Has Voi es are . . ta 
(a) the ate e . ve al ay (%4Vs) then term containing linear powers are missing, then 


(b) collinear point (A, k) is 
(c) the vertices of a trapezium (a) (3, 2) (b) (-3, 2) 
(d) None of the above (c)(2,-3) (d) (—2, -3) 


then from the equation x* + y* — 4x + 6y-—7=0, 


Coordinate System and Coordinates Exercise 2: 
More than One Correct Option Type Questions 


= This section contains 7 multiple choice questions. Each 19. The points A(—4, — 1), B(—2, — 4), C(4, 0) and D(2,3) are 
questions has four choices (a), (b), (c), (d) out of which 


the vertices of a 
MORE THAN ONE may be correct. 


(a) parallelogram (b) rectangle 

16. If (—6, — 4), (3,5), (—2, 1) are the vertices of a (c) rhombus (d) square 
parallelogram, then remaining vertex can be 20. The medians AD and BE of the triangle with vertices 
(a) (0, — 1) (b) (— 1,0) A(0, b), B(0, 0) and C(a, 0) are mutually perpendicular if 
(c)(— 11-8) (d) (7, 10) (a) b =av2 (b) a= bV2 

17. If the point P(x, y) be equidistant from the points (c)b=—av2 (d)a=—bvV2 
ne : iy Ryaed. Phe U)een 21. The points A(x, y), B(y, z) and C(z, x) represents the 
(b) bx = ay vertices of a right angled triangle, if 
(c) x’ — y’ = 2(ax + by) Blan y (b)y=z 


(d) P can be (a, b) (c)z=x (d)x=y=z 


: : ; 22. Let the base of a triangle lie along the line x = aand be 
18. If the coordinates of the vertices of a triangle are 


7 “ é 2: 
rational numbers, then which of the following points of Or lenpi ved, Timarca at iii inoue lesiiyi@ ite verte 


the triangle will always have rational coordinates lies on the line — 
(a) centroid (b) incentre (a) x= (b) x =0 
(c) circumcentre (d) orthocentre (c)x= . (d) x = 2a 


Coordinate System and Coordinates Exercise 3: 
Paragraph Based Questions 


= This section contains 2 solved paragraphs based upon 24. Length of DE is 


each of the paragraph, 3 multiple choice questions have / 

to be answered. Each of these question has four choices (a) v7 (4- v3) 

(a), (b), (c) and (d) out of which ONLY ONE is correct. 1 
(0) “7 fas vy 

Paragraph I 2 
(Q. Nos. 23 to 25) a v7 aes 

ABC is a triangle right angled at A, AB =2AC. A= (1,2), i 
B = (-3, 1). ACD is an equilateral triangle. The vertices of two (d) J15 (4+ 3) 


triangles are in anticlockwise sense. BCEF is a square with 


eriinds dacladiieeaende: 25. The y-coordinate of the centroid of the square BCEF is 


1 3 

23. If area of AACF is S, then the value of 8S is (a) 7 (b) “3 
(a) 42 (b) 51 5 7 

(c) 62 (d) 102 (c)-— (d) -— 


4 4 


Paragraph II 
(Q. Nos. 26 to 28) 


Let O(0,0), A(2,0)and B [ A be the vertices of a triangle. 
Let R be the region consisting of all those points P inside AOAB 
satisfying. 

d(P,OA)< min {d (P,OB), d(P, AB)}, where, d denotes the 
distance from the point P to the corresponding line. Let M be the 
peak of region R. 
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26. Length of perpendicular from M to OA is equal to 
1 

@v3 = ©3 (d) 2— v3 
V3 


27. The perimeter of region R is equal to 

(a) 4-3 (b) 4+ V3 

(c) 4 +33 (d) 2+ 4, (2-3) 
28. The area of region Ris equal to 


2-43 (beeas eae (d) 4+ 3 


Coordinate System and Coordinates Exercise 4 : 


Single Integer Answer Type Questions 


= This section contains 5 questions. The answer to each 
example is a single digit integer ranging from 0 to 9 (both 
inclusive). 


29. If the area of the triangle formed by the points 
(2a, b), (a+ b, 2b + a) and (2b, 2a) be A, and the area of the 


triangle whose vertices are (a + b, a — b), (3b — a,b + 3a) and 
(3a — b, 3b — a) be A,, then the value of A, /A, is 


30. The diameter of the nine point circle of the triangle with 
vertices (3, 4), (5 cos 8, 5sin 9) and (5 sin 8, — 5 cos 8), where 
Oe R, is 


31. The ends of the base of an isosceles triangle are 
(2,/2, 0) and (0, af), One side is of length 2,/2. If A be 
the area of triangle, then the value of [A] is (where 
[:] denotes the greatest integer function) 


32. If (x, y) is the incentre of the triangle formed by the 
points (3, 4), (4, 3) and (1, 2), then the value of x’ is 


33. Let P and Q be points on the line joining A(—2,5) 
and B(3, 1) such that AP = PQ = QB. If mid-point of 
PQ is (a, b), then the value of — is 
a 


Coordinate System and Coordinates Exercise 5 : 


Matching Type Questions 


= The section contains 2 questions. Each question has four statements (A, B, C and D) given in Column I and four 
statements (p, q, r and s) in Column II. Any given statement in Column I can have correct matching with one or more 


statement(s) given in Column II. 


34. Consider the triangle with vertices A(0, 0), B (5, 12) and C(16, 12). 


Column I Column II 


A. If(A,p) are the coordinates of centroid of (p) ) 
triangle ABC, then (A + 1) is divisible by 

B. If(A,) are the coordinates of cireumcentre of — (q) 5 
triangle ABC, then 2A is divisible by 


C. If (A,p)are the coordinates of incentre of (r) 7 
triangle ABC, then yp is divisible by 


D. If (A, p) are the coordinates of excentre (s) 9 
opposite to vertex B, then A + wu is divisible by 


35. The vertices of a triangle are A(— 10,8), B(14, 8) and 


C(-10, 26). Let G, [ H, O be the centroid, incentre, 
orthocentre, circumcentre respectively of AABC. 


Column I Column II 
A. The inradius r is (p) a prime number 
B. The circumradius R is (q) an even number 
C. | The area of AJGH is (r) acomposite number 
D. The area of AOGI is (s) aperfect number 
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Coordinate System and Coordinates Exercise 6 : 


Statement | and II Type Questions 


= Directions (Q. Nos. 36 to 39) are Assertion-Reason 
type questions. Each of these questions contains two 
statements : 


Statement I (Assertion) and 
Statement IT (Reason) 
Each of these question also has four alternative choices 


(a), (b), (c) and (d), only one out of which is the correct 
answer. 


You have to select the correct choice as given below 


(a) Statement I is true, statement II is true; statement I is a 
correct explanation for statement I 


(b) Statement I is true, statement II is true; statement II is not a 
correct explanation for statement I 


(c) Statement I is true, statement II is false 
(d) Statement I is false, statement II is true 
36. The vertices of a triangle an A(1, 2), B(—1,3) and C(3, 4). 
Let D, E, F divide BC, CA, AB respectively in the same 
ratio. 
Statement I The centroid of triangle DEF is (1, 3). 


Statement II The triangle ABC and DEF have the same 
centroid. 


37. Statement I Let the vertices of a AABC be A(—5, —2), 
B(7, 6) and C(5, — 4). Then, the coordinates of the 
circumcentre are (1, 2). 

Statement II In a right angled triangle, the mid point 
of the hypotenuse is the circumcentre of the triangle. 


38. A line segment AB is divided internally and externally in 
the same ratio at P and Q respectively and M is the 
mid-point of AB. 


‘ wpe ° 


Statement I MP, MB, MQ are in G.P 
Statement II AP, ABand AQ are in HP. 


39. Statement I Transformation of the equation 
x” —3xy +11x— 12y + 36 =0 to parallel axes through the 
point (— 4, 1) becomes ax? + bxy +1=0, then b? -a= a 
64 
Statement II If the axes turned through an angle 9, 
then the equation f(x, y)=0is transformed by replacing 
(x, y) by ((x cos 8 — ysin®), (x sin® + y cos 8)). 


Coordinate System and Coordinates Exercise 7 : 
Subjective Type Questions 


= In this section, there are 7 subjective questions. 


3 2 3 2 
43. If the points, a ; bs 3) e 7 : 4 and 


40. If A(x,, y,), B(x,, y,) and C (x,, y,) are the vertices of a a-—1 a-—1 b-1 


A ABC and (x, y) be a point on the internal bisector of 
angle A, then prove that 


3 2 
c= 3 : douse 
: ) are collinear for three distinct values a, b,c 
c-l1lc-l 


x yi il x yi il and a#1,b #1andc #1, then show that 
b\x, y, 1}+e}x, y, 1/=0 abc —(be + ca+ab)+3(atb+c)=0 
%o V2 } He: Ye 4 44. Show that the area of the triangle whose sides are 


2 


where, AC = band AB=c. 


a,x+by+c, =0,r=1,2,3is , where C,,C, 
41. If a, b,c be the pth, gth and rth terms respectively of a 2|C,C,C,| 
HP, show that the points (be, p), (ca, q) and (ab, r) are and C, are the cofactors of c,,c, and c, respectively in 
collinear. the determinant 
42. A line L intersects three sides BC, CA and AB of a a b 
triangle in P,Q, R respectively, show that Asa, Vy Cy 
BP CQ AR a, b, C, 


45. 


If A,, A,, A,,..., A, are n points in a plane whose 
coordinates are (x,, y,),(X5,V.)s(%3,.V3)> 3 (X,5 Vp) 
respectively. A, A, is bisected in the point G,;G,A, is 
divided at G, in the ratio 1:2;G,A, is divided at G, in 
the ratio 1:3;G,A, atG, in the 1: 4 and so on until all 
the points are exhausted. Show that the coordinates of 
the final point so obtained are 
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46. If by change of axes without change of origin, the 
expression ax” + 2hxy + by’ becomes 


a,x, +2h,x,y, + b,y,, prove that 
(i)a+b=a, +b, 

(ii) ab— h? =a,b, - h? 

(iii) (a— b)’ + 4h* =(a, — b,)’ + 4h? 


Coordinate System and Coordinates Exercise 8 : 
Questions Asked in Previous 13 Year's Exams 


= This section contains questions asked in IIT-JEE, AIEEEF, 
JEE Main & JEE Advanced from year 2005 to 2017. 


47. 


48. 


49. 


50. 


If a vertex of a triangle is (1, 1) and the mid-points of 
two side through this vertex are (— 1, 2) and (3, 2), then 
the centroid of the triangle is [AIEEE 2005, 3M] 


(02) 
3 


Let O(0, 0), P(3, 4), Q(6, 0) be the vertices of the triangle 


OPQ. The point R inside the triangle OPQ is such that the 
triangles OPR, PQR, OQR are of equal area. The 
coordinates of Rare [IIT-JEE 2007, 3M] 


(43) 

3 

(34) 
3 


Let A(h, k), B(1, 1) and C(2, 1) be the vertices of a right 
angled triangle with AC as its hypotenuse. If the area of 
the triangle is 1, then the set of values which ‘k’ can take 


is given by [AIEEE 2007, 3M] 
(a) {1 3} (b) {0, 2} 
(c) (— 1 3} (d) {-3, 2} 


Three distinct points A, B and C are given in the 


2-dimensional coordinates plane such that the ratio of 


the distance of any one of them from the point (1, 0) to 


the distance from the point (—1, 0) is equal to > Then, the 
3 


circumcentre of the triangle ABC is at the point 


[AIEEE 2009, 4M] 


(d) (0,0) 


51. The x-coordinate of the incentre of the triangle that has 
the coordinates of mid-points of its sides are (0, 1), (1, 1) 
and (1, 0) is 
(a)2+ V2 (b)e=4/2 
(c)1+ V2 (d)1- J2 


52. The number of points, having both coordinates are 
integers, that lie in the interior of the triangle with 
vertices (0, 0), (0, 41) and (41, 0) is 
(a) 820 (b) 780 
(c) 901 (d) 861 

53. Let k be an integer such that the triangle with vertices 
(k, —3k), (5, k) and (—k, 2) has area 28 sq units. Then, the 
orthocentre of this triangle is at the point 


1 
@(2.3) 

3 
(3) 


[JEE Main 2017, 4M] 


[JEE Main 2013, 4M] 


[JEE Main 2015, 4M] 


Answers 


Exercise for Session 1 


1. (d) 2. (b) 3. (b) 
4. (b) 5. (b) 6. (+5, 0) 
7. (0, +4) 8. (-6, 0) 
9. 8=a 10.x0° + yy =2ax 
Exercise for Session 2 
1. (d) 2. (c) 3. (b) 4. (b) 5. (d) 
2s 5/2 
. : ; 8 elas oN 
6. (a) 7. (c) 8. (c) 9. 8a 13 [5.3 ang ; 
14. o 15. (5, l)and (-3,3)  17.a=b=2-¥V3 
(a4 132) a 188) 
18. ; or > 
2 2 2 2 
Exercise for Session 3 
1. (a) 2. (b) 3. (a) 4. (c) 5. (a) 6. (c) 
7. (a) 8. (c) 9. (d) 10. (b) 11. (p,q) 
12. S sq units 13. Centroid = incentre = (2, 3) 
18. pie pe 19. 34 sq units 


67°17 


Exercise for Session 4 


1. (b) 2. (d) 3. (c) 4. (b) 5. (c) 
7. (c) 8. —8y-4x+ 20=0 
9. 3x°+ 3-10 axt+ 32 =0 10.x+ y=4 
11. 9x° + 36)" = 47° 12. -9y =0 
13. (a-—byY @ + y)=ad' 14. -3 ; 
af B Cc 
16. tan} 2 |,- = 17.xy=0 
sally (ere 
Chapter Exercises 
1. (d) 2. (d) 3. (c) 4, (a) 5. (a) 
7. (d) 8. (c) 9. (c) 10. (b) 11. (b) 
13. (d) 14. (a) 15. (c) 16. (b,c,d) 17. (b,d) 
19. (a,b) 20.(b,d) 21. (a,b,c) 22. (b,d) 23. (b) 
25. (d) 26. (d) 27. (d) 28. (a) 29. (4) 
31. (3) = 32. (9) 33. (6) 


34. (4) > (p,q); (B) > (P,.7); (C) > (p,5); (D) > (P) 


6. (b) 


6. (b) 
12. (d) 
18. (a,c,d) 
24. (b) 
30. (5) 


35. (A) > (9.7.8); (B) > (7); (©) > (G75); (D) > (P) 


36. (a) 
49. (c) 


37. (a) 
50. (a) 


38. (a) 
51. (b) 


39. (b) 
52. (b) 


47. (b) 
53. (a) 


48. (c) 


Solutions 


1. Since, the distance of all points from O(0, 0) =5 


.. O(0, 0) be the circumcentre. 
Centroid of triangle (G) 


7 (2 + 5cos0 + 5sin0) 4+5sin® —5cos0 


3 3 


Let H(a, B) be the orthocentre of the triangle, then 


=> 
and 
> 


a =3 + 5cos0 + 5sin® 
(a —3) =5cosO + 5sin8 
B = 4+ 5sin® —5cos0 
(B — 4) =5sin® —5cos0 


On squaring and adding Eqs. (i) and (ii), we get 


=> 


(a —3)? + (B — 4)? =25 + 25 
a’ +B’ -6a0 —88 -25=0 


Hence, the locus of H(q, f) is 


Let 
and 
Let 


and 


x+y" —6x —8y —25 =0 


Cla, 8) 


” 


v 


X'< 


>X 


O A D 

y’ 

AB = AC =2 

ZBAO =9 

C =(a, B) 

& =2cosO + 2cos(180° — (60° + 8) 
=2cos0 —2cos(60° + 8) 


=2cos0 — {cose x ; —sin®@ x 3 


= cos + V3sin@ 
B = 2sin(180° — (60° + 8)) 
= 2sin(60° + 0) 


=2 no x : + cos0 x a 


=sinO + V3 cos0 


Eliminating 8 from Eqs. (i) and (ii), we get 


a” + B’ —aBV3 -1=0 


Hence, the locus of H(q, f) is 


x? + y? — xyv3 -1=0 


...() 


...(ii) 


...(ii) 


3. Leta =3x + 4y,b = 4x + 3y,c =5x + 5y 
a+b’ —c° 
2ab 
_ Bx + 4y)’ + (4x + 3y)’ — 6x + 5y)’ 


cosC = 


23x + 4y) (4x + 3y) 
= <0 
(3x + 4y) (4x + 3y) 
> C>90° 


Hence, triangle is obtuse angled. 


4. A B 


P Q 
AP = PQ=QB 
. mid-point of PQ = mid-point of AB = (; 3} 


5. z, =24+3i ; z, =—i and AB = (4+ 16) = /20 =25 


Y, 
A (2, 3) 
c 
5 
X’< O >X 
(0,-1)B 
y’ 


(AC) =,/(BC? —(ACY = 5 


Zc 7 Za AC omi2 _} 


Zi-2, AB 2 
= Z +31) =i 2 —3i) 
or Zo =24+3i-1+2=4+42i 
af C =(4, 2) 
6. Let P=(h,k)and A =(1, 0), B =(2cos8, 2sin®) 
PA: PB =2:3 
pees => 5h-3=4cos0 
and po OD es Seana 


OA squaring and adding Eqs. (i) and (ii), we get 
(5h —3)° + (5k)’ =16 
Locus of C is (5x — 3)’ + (5y)” =16 
or 25(x? + y*) -30x -7=0 


which is a circle. 


...(ii) 
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2a 3a 1 
7. +|3b 2b 1|=0 
2 
co 
=> = 2a(2b —c) — 3a(3b — c) + 1(3bc — 2bc) = 0 
or —5ab+ac+bce=0 
5ab 
or c= 
a+ b 
2c 2ab 
or —= 
5 atb 


xX’ >X 


O A (3, 0) 


C (-3, 0) 


It is clear from the figure orthocentre = (0, 3) 
9. Let, A(0, 0) 


Coordinate of B are (2 cot, 2) and coordinate of C are 
{4 cot (60° — @), — 4} 
y=x tan 


y=2.B 


>X 


«co ———_ >| 
So 
S 


y=-4 
y=x tan (0 - 60°) 
s AB = AC 
> (AB) =(AC)’ 


4cot’8 + 4 =16cot7(60° —6) + 16 
4cosec’@ = 16cosec’(60° — 0) 


=> sin(60° — 0) = 2sin® 
(2 cos® : sino] =2sin0 
2 2 
tan0 = x3 
> 
The required length 
= AB =,/(4 cot’ 0+ 4) 
_» [28 _4v7 
3 VB 
10. A e e Cc 
Ty Tp 


A =(l, 2), B =(4, 2), C =(4,5) 


(: AT, = TT, =T,C) 


11. 


T, divides AC in the ratio 1 : 2 internally, then 
g “(es AS= 282) 


: 142 ° 142 


or T, =(2, 3) 
and T, is the mid-point of T, and C, then 


2+4 34+5 
cou 


2 


2 2 
or T, =@, 4) 
S, divides BC in the ratio 1 : 2 (internally), then 
e ° 
B S, 8 C 


(- BS, =5,5, =S,C) 
“(res ga) 


> 


1+2 1+2 


or S, =(4 3) 
and S, is the mid-point of S, and C, then 
Sa (< +4 345 
2 2 
or S, =(4, 4) 
Area of quadrilateral T,S,5,T, 


dR 


= — sq units. 
2 q 


Statement (i) : 
*." Points (—1, 0), (4, —2) and (cos29, sin26) are collinear. 
—1-cos20 0-sin20 | _ 
4—cos20 —2-sin20| 


> 2 + sin20 + 2cos20 + sin20 cos20 

+ 4sin20 —sin20 cos20 = 0 
=> 5sin20 + 2(1 + cos20) = 0 
or 10sin® cos@ + 4cos’@ =0 
or 2cos® (5sin8 + 2cos0) = 0 

2 
or cos8 = 0 and tan@ = — = 

1 

or 8=mnm+ os 


—2 
and 0 =n + tan’ (=} mnel 


12. 


13. 
14. 


Statement (ii) : 
1—tan’@ 2tan0 
1+ tan?0’ 1+ tan’0 


*. Points (—1, 0), (4,-2) and are collinear. 


1—tan’6 2tan® 
1+ tan’@ 1+ tan’@ 
1—tan’0 2tan’6 
1+ tan’@ 1+ tan’@ 


=> 10tan’@+ 4tan’@ + 10tan@ + 4=0 


or (2tan’® + 2) (5tanO + 2)=0 
or tan’@ #-1 
tan®@ =—— 


qa = Integer 
Ex 
r=0 
1 76 _ x") 
(1 — x’) . 
=> = integer 
1-(1— x") 
(1 — x) 
1+x" 
=> = integer 
ir x 
nmust be 1, 3, 5, 7, 9, 11,...... 
vertices are (1, 7), (3, 9), (5, 11) 
Here, (AB)’ =8,(BC)’ =8,(CA)’ =32 
triangle cannot be an equilateral. 
The orthocentre of ABCH is the vertex A(-1, 0). 


Given,x) +y,+xi>t+y,t+x,+yj,t+xity 

S2x,x, + 2x,x, + 2y,y, + 2y,V, 
S (away gaa) se yy yay SO 
ore Sy Hay FOr hy te) BO 


or x, X3, x, X4 V2 Vo V4 
or xX TX, = X31 X4 
2 2 
and Vi TY2 _ 3 TY, 
2 2 
D(X, Ya) B(Xo, Yo) 
A(X, V1) C(X3, Ya) 


Hence, AB and CD bisect each other 

Therefore, ACBD is a parallelogram. Also, 

(AB)’ = (x, ~ xy + (y, =9,) = (x, — ay ce (y3 =) =(CD)’ 
Thus, ACBD is a parallelogram and AB = CD. 


Hence, it is a rectangle. 


Chap 01 


15. (x +h) +(y +k) -4x+h)+6y+k)-7=0 


=> x+y’ + 2x(h—2) + 2y(k+3) + (h’ +k’ — 4h + 6k —7) =0 
According to question 
h-2=0,k+3=0 
h=2,k=-3 
hence, (h, k) = (2, — 3). 
16. Ifthe remaining vertex is (h, k), then 
Case I AY 
3,5 
(2,1) — oe 
X’< me 2 an al >X 
oe (h, k) 
(-6, -4) 
vy’ 
h-2=3-6k+1=5-4 or h=-1,k=0 
Fourth vertex is (—1, 0). 
Case II y 
(2,1) f 
(3, 5) 
>X 
(h. 6-4)" 
h+3=-2-6k+5=1-4 or h=-11,k=-8 


Fourth vertex is (—11, —8). 


Case III 


h-6= 


24+3,k-4=14+5 
or h=7,k =10 
Fourth vertex is (7, 10). 


17. (PA) =(PB) 


=> (x-a-—b)’ +(y—-at+b) =(x-a+b)’ +(y-a—by 
=> (x-at+b) —(x-a-—b)’ =(y—-a+b)’ -(y-a-—b)’ 
> (2x — 2a)(2b) = (2y — 2a) (2b) 

or x=y 

and Pis the mid-point of AB i-e., (a, a) 

If P be (a, b), then bx = ay 
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Now, in right angled triangle ABG, 


18. Let vertices of triangle ABC are 
(BA)’ =(AG)’ + (BG)’ 


A=(x,, y,), B =(x,, y,) and C =(x,, y3) 


where, X,, X,, X35 Vy, Vo V3 EQ > b= 5 (a° + 4b°) + sa + b*) [from Eqs. (i) and (ii)] 
a =BC = (x, - x, + (y, - 5)" yh aay? 
= rational or irrational a e=tpe 
similarly, b =CA,c = AB 
Then, incentre 21. (AB)’ =(x—y)’ + (y —2)’ 
_ (ax, + bx, + cx, ay, + by, + cy, (BC) =(y —z)* + @ — x)’ 
-( atb+c °° atb+te and (CA)* =(z —x)’ +(x-y) 


Case I If x =y, then 
(AB)’ + (CA)’ =(BC)’ 
Case II If y =z, then 
(AB)’ + (BC)* =(CA)’ 


..Incentre has rational or irrational coordinates but centroid, 
circumcentre and orthocentre have always rational coordinates. 


19. Since, A =(-4-1), B =(-2, —4), C =(4, 0), D =(2, 3) 


D C Case III Ifz = x, then 
(BC)’ + (CA)’ =(AB)’ 
22. C (a, 2a+A) 
A B 
(AB) =(-4 + 2)’ +(-1+ 4)’ =13 
(BC) = (-2 - 4)? + (-4- 0) =52 bea 
(CD)’ =(4—2)’ + (0-3) =13 =“ By) 
and (DA)’ =(2 + 4)? +(3 +1)? =52 
Clearly, AB = CD and BC = AD 
.. ABCD is a parallelogram. (a, A) 
Again, (AC)? =(-4 — 4)? + (-1—0)? =65 A 
and (BD)’ =(-2 — 2)? + (-4-3)’ =65 Let A=(a, A) 
ap AC = BD then, B=(a,2a+ A) 
Hence, ABCD is a rectangle. and C=(x, y) 
20. : Area of AABC =a’ (given) 
ANSE) > 5X 2ax|x—a| =a" 
= |x-al=a 
> x-a=ta 
=> x=0,x% =2a 


Sol. (Q. Nos. 23 to 25) 
AB = (1 +3) + (2-1)? =¥V17 


AC = AB=—17 


E 


...(i) 


= (AG) = AG + 4b’) adit) 


23. 


24. 


For coordinates of C: 
Z,—Z, AC git = i 


Z,—Z, AB 2 
=>: Z, (1+ 2i) = 3+i-1-2i) 
i 1 
= ea p99 
2 2 
3 
or Z,= 
2 
3 
C= x) 
2 
For coordinates of D: 
Zp 72a _ gin /3 
Zc 24 
1 iv3 \(1 
=> z,-(1+2i)= + iv ( 2] 
2 2 2 
1 iv3 
hae eee 
4 4 
5 3 
or ano (S+ 8) eft) 


d=[3+ re ¥) 
4 4 


For coordinates of F: 


2p 75 mid 


1 
Ss 
2 


DE = (° V3 8) +(1-2+3) 


= (; 5} (2+ = fe + /3) 
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= Sol. (Q. Nos. 26 to 28) 


% 
1 
Ba, = 
(3 
FE E 
15° 
XO age D A(2,0)* 
7 
Given, O =(0, 0) A =(2, 0) 
1 
and B=}1,—— 
3) 
Let P=(x, y) 


If I be the incentre of AOAB. 
If in radius = r, then 
ID=IE=IF=r, if Pat I, 


then d(P, OA) = d(P, OB) = d(P, AB) =r, 
But d(P, OA) < min. {d(P, OB), d(P, AB)} 
which is possible only P lies in the AOIA 
M be the peak of region R. 
M=I 
26. Length of perpendicular from M to OA = ID =r = OD tan15° 
=1x (2-3) 


27. Perimeter of region 
R=I0+0OA+ AI 
=rcosec15° + 2 + rcosec15° 
= 2r cosec15° + 2 


= 2(2 — y3)- He 2% 


=(V3 -1) ava + 


= 2/2(v3 -1)+2 
=> =2+4 y(2-3) 


28. Area of region R = : x OA Xr 


=; x 2 x (2 — V3) =(2 — +3) 


29. We know that the area of the triangle formed by joining the 
mid-points of any triangle is one fourth of that triangle, then 


A, =4A, 
Asay 
A 


1 
30. Since, the distance of all points from O(0, 0) =5 
..Circumradius (R) =5 


Hence, diameter of nine point circle = R =5 
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Let B =(2V2, 0), C =(0, V2) 
BC =.(@ +2) =~10 


A 
2\2 2V2 
B D C 
and AD= —(BD)’ 
10 9). 8 
(s-~ eee 
“i 2 
=. BC-AD 
2 
a vit 55 
2 uo J2 2 
=> [A] =3 
Let A =@, 4), B =(4,3) and C =(1, 2) 
a =|BC|=,/(9 + 1) = V10 
b =|CA| =.{(4 +4 4) =2V2 
c =|AB| =./(1 +1) = V2 
- _ V10 x3 + 2V2 x44 V2 x1 
V10 + 2V2 +2 
_ 3(V10 + 3v2) _ 
(v10 + 3V2) 
x =9 
- PR Q B 
AP = PQ=0B 


Let R is the mid-point of PQ such that PR = RQ. 
Now, AR = AP + PR=QB + RQ=RB 
=> AR = RB 

R bisects the line segment AB, then 


—-2+3 5+1 
x=( a 
2 2 


- (;. ) = 0) 


1 b 
=-,b=3 > —=6 
2 a 


(A) Centroid of AABC is 
0+54+16 0412+ 12 
(sie agg 
3 3 
X=7,U =8 
A+ =15 


Here, 


(given) 


(B) 


A (0, 0) 13 


(OA)’ 


=(0B)’ =(OC)’ 


=> V+ew=(r 


=> (A-5)? +(u-12 


or ( 


5)’ +(u —-12)’ =(A — 16)’ + (uu — 12)’ 
y =(A —16)’ + (u —12)’ 
4 —5)=-(A — 16) 


Zi 
v= => 2X =21 


(C) Incentre of AABC is 


11+1 


11X0+13X164+20x5 11X0+13x12+ 20x12 
3 + 20 11+ 13+ 20 
=(7, 9) 


Here, uu 


=9 


(D) Excentre opposite to vertex B is 


11X0+13X16-20x5 11X0+13x12-—20x12 
11+ 13 —20 11+ 13-20 
= (27, —21) 
Here, A =27,u =-21 
i A+ =6 
35. C (-10, 26) 
18 (b) 30 (a) 
A B 
24 (c 
(-10, 8) (©) (14, 8) 
=10 8 41 
1 
A= 14 8 1/|=216 
—10 26 1 
at+b+c 30+18+24 
s= = =36 
2 2 
(se oe 
~ 3 “3 
= (-2, 14) 


eer 30 X8+24X26+4+ 18 x8 


30 + 24+ 18 


30 + 24 + 18 


= (-4, 14) 


H =A =(-10,8) 


O =mid-point of BC = (2, 17) 


36. 


37. 


38. 


39. 


eae 
s 36 
(ee 2 eG 
2 2 
—-4 14 1 
(C) Area of AIGH = =| —2 14 1||=6 
-10 8 1 
2 17 #1 
(D) Area of AOGI =| —2 14 1/|=3 
: —-4 14 1 


The centroid of triangle ABC is G(1, 3). If D divided BC in the 
ratio A : 1, then 


p=(2o +3) pa( 2 B+) 


A+1° AH1 A+1 A411 
‘wna Fe heh aie 
A+1 AFI1 


.. The centroid of triangle DEF is (1, 3). 


Both statements are true and statement II is correct 
explanation of statement I. 


| AB| = (—5—7)° + (-2 -6)* = 4v13 
| BC] =./(7 -5)? + (6 + 4)’ =2V26 
|CA|=4J(6 +5)? + (4 +2)? =2/26 


(BC)’ + (CA)’ =(AB)’ and|BC| =|CA| 
= AABC is right angled isosceles triangle and right angle at C. 


and 


..Circumcentre is mid-point of A, B = (1, 2). Both statements 
are true and statement II is correct explanation of statement I. 


Let A =(0, 0), M =(h, k), B = (2h, 2k) and let same ratio A: 1 


ae ahh 2k O= ahh 2kX 
A+1 A4+1 A-1A-1 


2r 2, 42 = 2 2 
(h+)) (ho +k°), AB=2,/(h’ +k’), 

2 os 

AQ= a +E) 


AP-—AB _X-1_ AP 

AB-AQ A+1 AQ 

AP, AB and AQ are in HP. 
= AM-+ MP, AM + MBand AM + MQare in HP 

MP, MB and MQ are in GP. 


Both statements are true and statement II is correct 
explanation of statement I. 


Replacing x by (x — 4) and y by y + Lis 
x” —3xy + 11x —12y + 36 = 0, then 


(x — 4)° —3(x — 4) (y + 1) + 11(x — 4) -12(y + 1) + 36 =0 
=> x’ —3xy +8 =0 
2 
3 
or ae ee 


40. 


41. 
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comparing with ax’ + bxy +1=0. 


vel pe 3 
8 8 

b’ -a 
22 4a 
64. 8 «64 


=> Statement I is true. 


Hence, both statements are true and statement II is not correct 
explanation of statement I. 


Let AD be the internal bisector of angle A. 


A (x4, Y1) 
Kp 
C (Xe, V2) D C (xg, ¥3) 
then  “coettes 
C AC b 
p= cx, + bx, cy, + by, 
c+tb °> ctb 


Let P =(x, y). According to question, P (x, y) lies on AD, 
therefore P, A, D are collinear 


x y 1 
xX, yy 1 Lo 
CX3 bx, CYa by, 1| 
ct+b ct+b | 
x y 1 
: 1 0 
or X, = 
(c+b)| He 
cx, + bx, cy, +by, c+b 
x y 1| | x y 1 
or x y, Ilt+}x y, 1/=0 
cx, Cy, C bx, by, b 
using the addition 
property of determinants 
y 1 x y il 
or c|x, y, 1]/+b|x, y, 1/=0 
3 V3 1 x, V2 1 
x y i x yd 
Hence, blx, y, 1/te]x y, 1/=0 
X, Y, 1 x, yz; 1 


Let first term and common difference of corresponding AP are 
Aand D. 


Since, pth term of HP =a 
pth term of AP = Z 
a 

1 ‘ 

=> A+(p-1) D=— (i) 
a 

Similarly, A+(q—1)D= : ati 
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ana Adipeanype* i) 
c 
Subtracting Eq. (ii) from Eq. (i), 
1 1 : 
(p—q) D=—-= (iv) 
a b 
and subtracting Eq. (iii) from Eq. (ii), 
L @ 
(q-r) =e eG (Vv) 


Let A (be, p), B (ca, q), C (ab, r) 


Slope of AB = 17? 
ca — be 


and Slope of BC = ru4 
ab —ca 


=o [from Eq. (vi)] 
ca — be 
Since, Slope of AB = slope of BC 
Hence, A, B, C are collinear. 
Suppose the equation of the line L is ax + by + c = 0. Let the 
coordinates of A, B, C be respectively (x,, y,) 3 (X,, V2) 3 (X35 V3). 
Suppose P divides BC in the ratio A : 1 , then coordinates of P 
Xr 

are| ate Avs t¥s 

A+1 A+1 


) since P lies on L. 


=> | Se | EE ag 
+1 +1 

=> a(Ax,+x,)+b(Ay, +y,)+c(A+1)=0 

> A (ax, + by, +c) + (ax, + by, +c) =0 


i BP (ax, + by, +c) 
I. -€P (ax, + by, +c) 
Similarly, OO 22 es Wee 8) 
QA (ax, + by, + c) 
AR (ax, + by, +c) 
RB (ax, + by, + c) 


and 


Hence, 


Aliter : 


Let middle point O of BC as the origin, BC as the X-axis and 
yy’ as Y-axis. 


X’« 

B 

(-a, 0) 
Let BC =2a 
* OB =OC =a 
Then, B =(-a, 0) 
and C =(a, 0) 
Let A=(h,k) 


Let P, Q, R divides BC,CA and AB in the ratio 4: 1,u:1and 
vil 

BP =1, ace a4 

PC QA RB 

Case I: Two sides divided internally and one side divided 
externally. 


ie. 


Hence, A, Ul are positive and Vv is negative 


fiw: pa(¥2=2 0) ,0=(uete ue) 
A+1 uw+1 pti 
ae ra[=Sth 
v+1 v+1 
Since, points P,Q, R are collinear. 
Aa-—a 
0 1 
A+1 
1/uwht+a wk ee 
2)u+1 uti 
-avt+h k 


v+1 v+l1 


Aa-a 0 AF1 

or wht+ta wk w+i1/=0 
-avt+h k v+t+i 
ha-a 0 A+1 

or k}wht+a w pw+1/=0 


-avt+h 1 vt+i 

Applying R, — R, —UR,, then 

Aa-a 0 AF+1 

a+auv 0 1-Uvl=0 

-av+h 1 v+i1 
Aa-a +1 

k =0 

a+auv 1-Uv 


~ 


or = 


43. 


A-1 AF+1 
or —ka = 
1+uv 1-Lv 
or —ka {(A —1)(1 —wv) —(A +1) (1 + Bv)}=0 
or — ka{—2)uv — 2} 
=; 2ka (AV + 1) =0 
or (. ka #0) 
or 


Here, i, Lt and Vv are negative. 


Now, in case I formula for internal division will be used then 
we can show that 


Since, given points are collinear, then 


a a-3 
1 
a-1 a@-1 
1}, Db Bb? -3 
= 1)/=0 
2}b-1 b-1 
c ce’ -3 
1 
c= c-1 
a a’-3 al 
1 
=> > b?-3 b-1) =0 
(a-1)(b-1)e-1)| , 
c= 3: cod 
a a —-3 a-1 
or Db? b°-3 b-1\=0 
cc? -3 cl 
a a alia a’ -1) ja -3 a 
=> bb’ bl41b ob -144|/b> -3 6b 
cc? cl} |e? c? -1] |e? -3 ¢ 
a -3 -1 
+|b? -3 -1| =0 
ct -3 -1 
1aatliliaa@a laa 
or -abc\1 b b*j+\1 Bb’ db} -3]1 b b+ 0=0 
1c cl] 1 ie ¢ 1c¢e 


44, -: 
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or —abc(a—b)(b—-c)(c—a) 
+ (ab + be + ca) (a — b)(b —c)(c —a) 
3(a+b+c)(a—b)(b—c)(c—a)=0 
= -(a—b)(b-c)(c—a) 
{abe —(ab + be + ca) + 3(a+b+c)}=0 


abc —(ab + be + ca) +3(a+b+c)=0 

*s a,b,care distinct 
a#b,b#c,c#a 

«(a — b)(b -—c)(c—a) #0 


a, b,c are distinct. 
Aliter : Suppose the given points lie on the line 


Ix+my+n=0 
t3 
m +n 
baa 


then, 1 r : 
t—1 
where, t =a, b,c 

> It? + mt? + nt -—3m+n)=0 ...(i) 
ie. a, b, c are the roots of Eq. (i) 


then, atb+e=—" 
ab+be+ca= 7 
abe = OM) 
l 
Now, abc —(be+cat+ab)+3(a+b+c) 
Bm+n) n 3m _ r 
l l i 
Hence, abc —(be + ca+ab)+3(a+b+c)=0 
X=N 
where, A be the determinant of cofactors of A. 
A, B, C, 
Let, N=/A, B, C, 
A; B, C; 
then, A, =b,c, — b,¢,, B, = a,c, — a,c,,C, = a,b, — a,b, 


A, = b,c, — b,c,, B, =c,a, — ¢,a,, C, =a,b, — a,b, 


A, = bc, ~ b,c, B, = 4,0, — AC; C; = a,b, ~ a,b, 


32 


Given lines are 
ax+by+c=0 esl) 
a,x+by+c,=0 ...(ii) 


a,x+b,y +c, =0 
Let P be the point of intersection of Eqs. (ii) and (iii), then 


x _ y _ 1 
b,c, = b,c, C,a, — C4, a,b, a a,b, 
1 
Le. fe = 
A B, C, 
P 


Similarly, if Q and R be the points of intersections of Eqs. (iii) 
and (i) and Eqs. (i) and (ii) respectively, then 


Q= A, B, R= A, B, 
Co Cy ones 
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4 By 
GG Ay BG 
1|A, B 1 
. Area of APOR =—|- — |= 4. By. (G; 
1c, 21CC,Cl |, : 
As B, 1 3 3 3 
C, C, 
2 
1 a, 1 & x 
=———_ |a c, | = ———_ 
2 | CC,C,| a ° ° 2 | C,C,C,| 


3 3 3 

Since, G, is the middle point of A.A, where 
A, =(%,¥,) and A, =(%,, ¥2) 

e -(* +; +¥:) 


1 


2 2 


Since, G, divided G,A, internally in the ratio 1:2 
+ + 
2: (3 ; “4 1.x, 2: Ge ; Ya)aay, 


2+1 


2+1 


te eae" * HY = a 


Again G, divides G,A, internally in the ratio 1:3 


+x, + +y,+ 
(2 x, “Jo (2 Ve Ya)any, 
ae 3 3 


3+1 3+1 


im Ge pee eet 


Proceeding in this way, we can show that 
é -(2 +x, +.4%, ¥, +y, ta th) 


n-1 
n n 


or we can say that the coordinates of the final point are 
KX pet Hg Ute tt Nn 


n n 


Let the axes be rotated through an angle q, since (x, y) 
be the coordinates with respect to old axes and(x,, y,) 
be the coordinates with respect to new axes, then 
x = x, cos — y, sina 
and y =x, sind + y, cosa 
Now, the expression ax” + 2hxy + by’ becomes 
a(x, cos — y, sina)” + 2h (x, cose — y, sina) 
(x, sina + y, cosa) + (x, sina + y, cosa)’ 
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= x’ (a cos’ + hsin2a + b sin’ a) 
+ xy, (2h cos2u — a sin2a + b sin2a) 
+ y;(asin’ a —hsin2a + bcos’) _ ...(i) 
But, from question the expression ax” + 2hxy + by’ transforms 
into 


a,x; + 2hxy, + by; (ii) 
Therefore, the expressions (i) and (ii) are the same. Hence, 
equating the coefficients, we get 


a, =a cos’o + hsin2a + b sin’ a (iti) 
2h, = 2h cos2a — a sin20 + b sin20 ...(iv) 
b, =asin’o —hsin2a + bcos’ a ..(V) 


On adding Eqs. (iii) and (v), we get 
a, + b, =a(cos’a + sin’a) + b(sin’a + cos’ a) 


..(Vi) 


or a,+b=a+b 
Again, a, —b, =a(cos’a —sin’a) 

+ 2hsin20 + b (sin’ a — cos’ a) 
> (a, — b,) =(a — b) cos2a + 2h sin20 


(a, — b,)’ =(a—b)’ cos’ 2a + 4h’ sin’ 20 


+ 4h(a — b) sin2a cos2a ...(vii) 
Again, from Eq. (iv) 
2h, =2h cos2a —(a — b) sin20, 
4h; = 4h’ cos’ 2a + (a — b)’ sin’ 20 
— 4h (a — b) sin2a cos2a ...(viii) 


On adding Eqs. (vii) and (viii), we get 
(a, —b,)’ + 4h? =(a—b)? + 4h’ 


Again, 4a,b, — 4h; =(a, + by —(a, - by ~ Ah? 
=(a +b)’ —(a—b)’ — 4h’ [from Eq. (vi)] 
Hence, a,b, —h? =ab—h° 


Vertex of triangle is (1, 1) and mid-point of sides through this 
vertex are (—1,2) and (3, 2) 
A(t, 1) 


= Vertex B and C come out to be (—3, 3) and (5, 3) 


1-3+5 14345 7 
Centroid is - : > (. ) 


3 3 
y 
P (3, 4) 
R 
X“< Xx 
0 Q6, 0) 
W 


Area of (AOPR) = Area of (APQR) = Area of (AOQR) 
By geometry R should be the centroid ofAOPQ 


0+3+6 04+4+0 4 
3 3 3 


49. Given, the vertices of a right angled triangle are A(1, k), B (1, 1) 
and C(2, 1) and area of AABC = 1 sq unit 
AY 


A (1,k) 


Bat) C4) 


eer >X 


vy’ 
We know that, area of right angled triangle 


1 1 
=-x BC x AB=—-(1) |(k-1 
rae SMI )| 


=F lk i]=> £(k-1)=2 

=> k=-1,3 
K ={-1,3} 
50. Let P =(1, 0) and Q =(-1, 0) 

Given that, as — ua — es = : 

AQ BO CO 3 
=> 3AP = AO or 9(AP)’ =(AQ)’ 
Let A =(x, y), then 


a((x —1)° + (y — 0)’) =(x + 1)° +(y - 0) 
=> 8x’ +8y’—-20x+8= 0 


> x+y? 2 e400 weil) 


Circumcentre of AABC = Centre of circle Eq. (i) 


“Es 


51. From the figure, we have 
a=2,b=2V2,c =2 


x, =0,x,=0,x,=2 (. BC =a,CA=b, AB=c) 


Now, x-coordinate of incentre is given as 
ax, + bx, + cx, 


atb+c 


52. 


53. 
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= x-coordinate of incentre 
_ 2x04 20V2 x0+2x2 


2+2+2V2 
2 
dae ala 
ot B 
(0, 41) 
X'< >X 
O A(41, 0) 
W 


Total number of integral points inside the square 
OABC = 40 X 40 = 1600. 
Number of integral points on AC = Number of integral points 
on OB = 40 (namely (1, 1), (2, 2), (3,3), ... , (40, 40) 
Hence, number of integral points inside the 


1600 — 40 


AOAC = = 780 


Aliter:x>0,.y>Ox+y<41 or 0<x+y<4l 
.. Number of integral points inside the AOAC = “C, =780. 
k -3k 1 


1 
al 5 k 1|=28 
-k 2 1 
> 5k° + 13k +10 = +56 
> 5k° + 13k — 46 =0 
or 5k’ +13k + 66 =0 
cs 5k° + 13k — 46 =0 
and 5k? + 13k + 66 #0 (. D <0) 
23 
=> k= 2; Ss 
5 
23 
ee airs (wk ET) 
..Vertices an A =(2, — 6), B =(5, 2), C =(-2, 2). 
Denote the points are (x,, y, ), (x,, y,) and (x,, y,) from the 
XH *% _ 4 —-8 
neers 1 3 Vi ys|_[ ] 
| x, - x, ¥,-, | l7 0 | 
_R:-R: 28 1 
[P| 56 2 
1 1 
7+-x-8 -4 x—3 
..Circumcentre of triangle is - ; ; 


3 5 5 2 
or (3. -;) and centroid is (2. -2) 
2 4 3 3 


then, orthocentre 


5 2 2 5 1 
=|-X3-2x-, X3+2*&X or |:2, =", 
3 2 3 4 2 
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Session 1 


Definition, Angle of Inclination of a Line, Slope or 
Gradient of a Line, Angle Between Two Lines, 
Lines Parallel to Coordinate Axes, Intercepts of a 
Line on Axes, Different Forms of the Equation of 
A Straight Line, Reduction of General Equation to 
Standard Form, The Distance Form or Symmetric 
Form or Parametric Form of a Line 


Definition 
A straight line defined as the curve which is such that the 


line segment joining any two points on it lies wholly on it. 
Theorem : Show that the general equation of the first 
degree in x, y represents a straight line. 

Proof : The general equation of the first degree is 

Let P(x,,y;) and QO (x2, yz) be the coordinates of any two 
points on the curve given by Eq. (i), then 


ax + by+c=0 


ax, +by,; +c=0 ...(ii) 
ax, +by, +c=0 ...(iii) 
Multiplying Eq. (iii) by A and adding to Eq. (ii), we have 
a(x, +Ax,)+b(y, +Ay2)+c(14+A)=0 
or of AE (22 | enc (A #-1) 
1+’ 1+A 


This relation shows that the point 


x, +Ax. y1 +Ayo 
1+X 1+A 


Jie on Eq. (i). 


But from previous chapter we know that this point divides 
the join of P(x,, y,) and Q (xp, y2) is the ratio A :1. 

Since, A can have any value, so each point on the line PQ 
lies on Eq. (i) i.e. the line wholly lies on Eq. (i). Hence, by 
the definition of the straight line as given above we 
conclude that Eq. (i) represents a straight line. 


Hence, the general equation of first degree in x,y viz 
ax + by +c =0 represents a straight line. 


Remarks 
1. The number of arbitrary constants in the equation of a 
straight line is two (we observe three constants a band c in the 
equation ax + by + c =0 ofa straight line. The given equation 
‘ ; a b 
of line can be rewritten as (:] X+ (2) y + 1=0 or 
C iC 
a b 
px + gy +1=0 where p =—andg=-—. 
C C 
Thus, we have only two arbitrary constants p and qg inthe 
equation of a straight line. 
Hence, to completely determine the equation of a straight line, 
we require two conditions to determine the two unknowns in 
general. 
A straight line is briefly written as a ‘line.’ 
. The equation of a straight line is the relation between x and y, 
which is satisfied by the coordinates of each and every point 
on the line. 


ep 


Angle of Inclination of a Line 


The angle of inclination of a line is the measure of the 
angle between the X-axis and the line measured in the 
anticlockwise direction. 


>X 


xX'< 


Here, angle of inclination of line AB = 150°. 


Remarks 

1. When two lines are parallel, they have the same inclination. 

2. The inclination of a line which is parallel to X-axis or coinciding 

with X-axis is 0°. 

3. The angle of inclination of the line lies between 0° and 180° i.e. 
0<@< mand 0 # ©, 


Slope or Gradient of a Line 
If inclination of a line is (0 #90° ), then tan6@ is called the 
slope or gradient of the line. It is usually denoted by m. 


0 is positive or negative according as it is measured in 
anticlockwise or clockwise direction. 


i.e. Slope of AB =m of AB =m (AB) 

=tan®@ or tan[—(a—89)] 

= tan(m +0) 

= slope of BA=m of BA 

=m(BA) 

m(AB) =m(BA) 

Hence, we do not take into consideration the direction of a 
line segment while talking of its slope. 


Remarks 

1. Slope of a line is not the angle but is the tangent of the 
inclination of the line. 

2. Ifa line is parallel to X-axis, then its slope = tan0° = 0. 

3. Slope of a line parallel to Y-axis or perpendicular to X-axis is not 
defined. Whenever we say that the slope of a line is not defined. 


4. If aline is equally inclined to the axes, then it will make an angle 
of 45° or 135° with the positive direction of X-axis. Slope in this 
case will be tan 45° or tan135° i.e. + 1 


y 

A 

45° 
X«_0 X 
45° 
45° 
X’< 
YY’ 
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Ya 


45° 


45° 


X’< 


Theorem : If P(x,, y,) and QO (x2, y2) are two points ona 
line J, then the slope m of the line / is given by 


If x; =X, then m is not defined. In that case the line is 
perpendicular to X-axis. 


Y 
A 


Proof : Given P(x,,y,) and Q(x», yz) are two points on 
a line J, let line ] makes an angle 0 with positive direction 
of X-axis. Draw PL, QM perpendiculars on X-axis and 


PN LOM 


Then, PN = LM =OM -OL=x,- x, 
and ON = QM — NM = QM - PL 
=27-V1 
Also, ZQAM = ZQPN =8 
Now, in AQPN 
ee ON es Difference of ordinates 
X.—x, Difference of abscissaes 
a es yo27V1 
X2— xX 


Tl 
If x; =X, then tan8 = or8= 5 i.e. mis not defined or 


the line is perpendicular to X-axis. 


Remarks 

1. When the two lines are parallel, then their slopes are equal 
Le. mM =Mp. 

2. lf three points A B, Care collinear, then slope of AB = slope of 
BC =slope of AC. 
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Example 1. Find the inclination of the line whose 


slope is — ae 
V3 
Sol. Let o be the inclination of a line then its slope = tana 
1 
tana =— —= =— tan30° 
V3 
= tan (180° — 30°) = tan 150° 
=> a =150° 


Example 2. Find the slope of the line through the 
points (4,—6), (—2,—5). 
Sa! 


Sol. Slope of the line m = 
—=(4)-G 


Example 3. Determine A , so that 2 is the slope of 
the line through (2, 5) and (A, 3). 
Sol. Slope of the line joining (2,5) and (A, 3) 


ge Oa, TO ag (given) 
A-2 A-2 
=> -2=2.-4 
=> 2h =2 
rA=1 


Example 4. Show that the line joining the points 
(2,— 3) and (— 5,1) is parallel to the line joining (7, —1) 
and (0, 3). 


Sol. Slope of the line joining the points (2, — 3) and (— 5, 1) is 


_t=@3)_ 4 
ae 
and slope of the line joining the points (7, — 1) and (0, 3) is 
_3=(<1) 4 
OT oF 
Here, m, = M2 


Hence, lines are parallel. 


Example 5. Find whether the points 

(— a,—b),[—(s +1) a,—(s+1)b] and [(t — 1) a, (t-1)b] 

are collinear ? 
Sol. Let A =(- a,— b), B=[-—(s +1) a,-(s +1) b] and 

C =((t-1)a(t—1)b) 

—(st+1)b+b_b 
-(s+l)ata a 
(t-1)b+(s+1)b_ b 
(t-l)a+(st+l)a a 


Then, slope of AB = 


and slope of BC = 


Hence, given points are collinear. 


Example 6. For what value of k the points 
(k, 2 — 2k), (—k+1,2k) and (- 4 — k,6 — 2k) are 
collinear ? 
Sol. Let A =(k, 2— 2k), B=(—-k +1, 2k) and C =(- 4-—k,6- 2k) 
are collinear, then 
Slope of AB= Slope of AC 
2k —(2-2k) _ 6 — 2k —(2-2k) 


—k+1-k -4-k-k 

= 4k = 2 _ 4 (« # 7 OADensimiaatee x 0] 
-2k+1 —4-2k 2 

=> (4k-2)(-4-2k)=4(-2k +1) 

=> (2k-1)(-2-k)—-(-2k+1)=0 

=> (2k-1)(-2-k+1)=0 


1 


k#-, k=-1 
2 


Angle Between Two Lines 


Theorem : The acute angle 8 between the lines having 
slopes m, and m, is given by 


@=tan 


1+m my, 


Proof : Let J; and 1, be two non-perpendicular lines, 
neither of which is parallel to the Y-axis. 


X’< >X 


Let m, and m, be the slopes of two given lines 1, and 1, 
respectively. Let 8, and @, be the inclinations of these 
lines. 


m, =tan@, and m, = tan0, 


Let 6 and m — 6 be the angles between the lines (e # 4 : 


Then, 6, =0+6, or 0=60, -0, 
> tan6 = tan (0, —8@,) 
= ent tan®, — tan0, _({ Mm mm 
1+tan@, tan0, 1+mm, 
Also, tan(m —@) =— tan0 =— a ...(ii) 
1+m.m, 


From Eqs. (i) and (ii) the angle between two lines of slopes 
m, and mz, is given by 


tang =4[™ =" | 


1+m,m, 


= beta | 49. 
1+m,my, 


Hence, the acute angle between the lines J, and /, is given 
by 


m,-m 
—1| M4 2 
@=tan 


1+m,my 
Corollary 1 : If two lines, whose slopes are m, and m, are 
parallel, 
iff 6 =0° (or 2) = tanO =0 

& m, =m, 
Thus, when two lines are parallel, their slopes are equal. 


Corollary 2 : If two lines, whose slopes are m, and my, are 
perpendicular, 


v1 TU 
iff 0= or — = cot8=0 
2 2 
S&S mm,=-1 


Thus, when two lines are perpendicular, the product of 
their slopes is —1. The slope of each is the negative 
reciprocal of the slope of other i.e. ifm is the slope of a 


1 
line, then the slope of a line perpendicular to it is ——. 
m 


Example 7. Find the angle between the lines joining 
the points (0,0), (2, 3) and (2, — 2), (3, 5). 


Sol. Let the given points be A = (0,0), B= (2,3), C =(2,— 2) and 
D = (3,5). Let m, and m, be the slopes of the lines AB and 


CD respectively. 
3-0 3 5-(-—2 
m, = ——-= — and m, = ( diy 
2-0 3=2 


Let 8 be the acute angle between the lines 


| 3 _ | 
=F 


Pt | 
(7 
a} | 
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- a 
Example 8. The angle between two lines is i and the 


slope of one of them is . Find the slope of the other 


line. 
Sol. If @ be the acute angle between the lines with slopes m, and 
mp», then 
tan9 = | 7 — m | 
1+ mm, 
T 1 
Let 86=— and m=- 
4 2 
1 
n |, ™ 
then tan — =| 2 i | 
1+-- i) 
2 
- a(t 2me| 
2+ mM» | 
1=—2 
= met] 
2+ my 


Taking positive sign then, 
1-2m, =2+ m, 
a 1 
My = 
and taking negative sign then, 
1-—2m, =—-2- my 


Mm, =3 


1 
Hence, the slope of the other line is either — — or 3. 
3 


Example 9. Without using pythagoras theorem, show 
that the points A (—1, 3),B (0,5) and C (3,1) are the 
vertices of a right angled triangle. 
Sol. In A ABC, we have 
5-3 


Slope of side AB = ic =2=m, (say) 
Slope of side BC = eee My (say) 
3-0 3 
and Slope of side CA = == ~ =— =m, (say) 


1 
Clearly, mms, =2X [- | =-1 
.. AB and CA are perpendicular to each other i.e. 
Z BAC = 90° 
Hence, the given points are the vertices of a right angled 
triangle. 
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Example 10. A line passes through the points 
A (2,— 3) and B (6,3) . Find the slopes of the lines 
which are 


(i) parallel to AB (ii) perpendicular to AB 


3=(-3)_6_3 
6-2 4 2 
(i) Let m, be the slope of a line parallel to AB, then 


Sol. Let m be the slope of AB. Then m = 


_ 3 
m, =mMm= 2 
(ii) The slope of a line perpendicular to AB is 
1 1. 2 
m3. 3 
2 


Example 11. Show that the triangle which has one of 
the angles as 60°, can not have all vertices with 
integral coordinates. 


Sol. Let ABC be a triangle whose vertices are A (x,, y;),B (x2, y2) 


and C (x3, y3). Assume x}, X2, X3, V1, V2, V3 all are integers. 
Let ZBAC = 60° 


Slope of AC = 57 M1 m, (say) 
x3 — X4 
and Slope of AB= ya7 VM = My (say) 
x2 — X41 
C (x3,¥3) 


yy) A LA 80" 


Here, m, and m, are rational numbers 
(*" X1, Xo, X3, Vi, V2, V3 are integers) 


B (Yo) 


tan (ZBAC) = 21 
1+ mm, 

= Rational (°.m, and m, are rational) 
tan (ZBAC) = tan60° = V3 = Irrational 


+ Rational number # Irrational number 


But 


Which is contradiction so our assumption that the vertices 
are integers is wrong. Hence, the triangle having one angle 
of 60° can not have all vertices with integral coordinates. 


Lines Parallel to Coordinate Axes 


(i) Equation of a line parallel to Y-axis : Let ] bea 
straight line parallel to Y-axis and at a distance a from it, a 
being the directed distance of the line from the Y-axis . 
Therefore, the line lies on the right of Y-axis if a >0 and if 
a <0, then the line would lies on the left of Y-axis. 


AY / 
N P(x,Y) 
a>0 
#— 4 —+|x= |a|=a 
X’< ) . >X 
yY 
Here, ja] =a 
| AY 
a<0 
P(x,y) N 


x’ = 5 >x 
yy’ 
Here, |a| =-a 
Let P(x, y) be any point on the line J, then 
x =ais the required equation. (Here, | a| =a) 
Remarks 
1. In particular equation of Y-axis is x =0 (:a=0) 


2. Aline is parallel to Y-axis, at a distance from it and is on the 
negative side of Y-axis, then its equation is x =— a. 
(ii) Equation of a line parallel to X-axis : Let 1 be a 
straight line parallel to X-axis and at a distance b from it, b 
being the directed distance of the line from the X-axis. 
Therefore, the line lies above the X-axis, if b > 0 and if 
b <0, then the line would lie below the X-axis. 


tY b>0 


b y=|b|=b  P(xy) 


X’< ) M >X 
vy 
Here, |b|= 6 
4Y b<0 
X’< bu 


P " 
| 


Let P (x, y) be any point on the line J, then y = b is the 
required equation (Here, | b|=b). 


Remarks 

1. In particular equation of X-axis is y =0 ("bp =0) 

2. A line parallel to X-axis at a distance b from it and is on the 
negative side of X-axis, then its equation is y = — b. 


Example 12. Find the equation of the straight line 
parallel to Y-axis and at a distance (i) 3 units to the 
right (ii) 2 units to the left. 
Sol. (i) Equation of straight line parallel to Y-axis at a distance a 
units to the right is x =a. 
.. Required equation is x =3 
(ii) Equation of straight line parallel to Y-axis at a distance a 


units to the left is x = —a. 


.. Required equation is x = — 2. 


Example 13. Find the equation of the straight line 
parallel to X-axis and at a distance 


(i) 5 units above the X-axis 
(ii) 9 units below the X-axis. 


Sol. (i) Equation of a straight line parallel to X-axis at a distance 
bunits above the X-axis is y = b. 


.. Required equation is y =5 
(ii) Equation of a straight line parallel to X-axis at a 
distance b units below the X-axis is y = — b. 


*. Required equation is y = — 9 


Example 14. Find the equation of the straight line 
which passes through the point (2,— 3) and is 


(i) parallel to the X-axis 
(ii) perpendicular to the X-axis 


Sol. (i) Let equation of any line parallel to X-axis is 
y=b (i) 
Since, it passes through the point (2, —3). 
Putting y = — 3 in Eq. (i), then 
b=-3 
Hence, required equation of the line is y= —3. 
Eq. (i) Let equation of any line perpendicular to X-axis 


= Equation of any line parallel to Y-axis is 


x=a ...(ii) 
Since, it passes through the point (2, —3) putting x =2 in 
Eq. (ii) 
Then, 


Hence, required equation of the line x =2. 


2=a>a=2 


Example 15. Find the equation of a line which is 


equidistant from the lines x = — ! andx=©. 
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Sol. Since, the given (both) lines are parallel to Y-axis and the 
required line is equidistant from these lines, so it is also 
parallel to Y-axis. Let equation of any line parallel to Y-axis is 


x=a 
7 15 
—-—+ — 
e a 
2 


Hence, its equation is x =2. 


Here, a= = 2 units 


Intercepts of a Line on Axes 


If a line cuts X-axis at A(a,0) and the Y-axis at B (0, b) 
then OA and OB are known as the intercepts of the line on 
X-axis and Y-axis respectively. |a| is called the length of 
intercept of the line on X-axis. Intercept of a line on X-axis 
may be positive or negative and |b is called the length of 
intercept of the line on Y-axis. Intercept of a line on Y-axis 
may be positive or negative. 


~< 


<— x intercept —+> A(a,0) ex 


X< oO] y intercept —>| 


Remark 


If a line parallel to Y-axis, then its intercept on Y-axis is not 
defined and if a line parallel to X-axis, then its intercept on 
X-axis is not defined. 


Intercepts in Il quadrant Intercepts in | quadrant 


X“< >X X’< 


Intercept on X-axis = —a, length of 
intercept on X-axis = |a| 
Intercept on Y-axis = b, length of 
intercept on Y-axis = |b| 


Intercept on X-axis = a, length of 
intercept on X-axis = |a| 
Intercept on Y-axis = b, length of 
intercept on Y-axis = |b| 


Intercepts in III quadrant Intercepts in IV quadrant 


Y, AY 
, A(-a,0) i / a ‘A(a,0) 
X~ a O >X X~ a) >X 
b 
ede B (0,-b) 
yY 


Intercept on X-axis = —a, length of 
intercept on X-axis = |a| 
Intercept on Y-axis = —6, length of 
intercept on Y-axis = |b| 


Intercept on X-axis = a, length of 
intercept on X-axis = |a| 

Intercept on Y-axis = —6, length of 
intercept on Y-axis = |b| 
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Different Forms of the Equation of a 
Straight Line 


(i) Slope-Intercept Form 


Theorem : The equation of the straight line whose slope 
ism and which cuts an intercept c on the Y-axis is 


y=mx +e 


>X 


yy 


Proof : Let AB be a line whose slope is m and which cuts 
an intercept c on Y-axis. Let P (x, y) be any point on the 
line. Draw PL | to X-axis and QM _ to PL. 


Then, from figure, 
ZPRL= ZPQM =8,0Q0=c 
PM = PL— ML= PL-—OQ=y-c 


and OM = OL=x 
PM 
Now in APQM, tan@ = —— 
MM 
y-c 
> m= => y=mxt+c 


which is the required equation of the line. 


Remarks 
1. If the line passes through the origin, then c =0(.°0 =m0 +c 
= c =0) and hence equation of the line will become y = mx, 
2. Equation of any line may be taken as y = mx +c. 
3. If the line is parallel to X-axis, then @ = 0° 
i.e. m= tan0°® =0. Hence, equation of the line parallel to X-axis 


isy=c, 
Example 16. If the straight line y=mx+c passes 


through the points (2,4) and (—3,6) , find the values of 
mandc. 


Sol. Since, (2, 4) lies on y = mx +c 


x 4=2m+c ...(i) 
Again, (—3, 6) lies on y= mx + 

: 6=-—3m+c ...(ii) 
On solving Eqs. (i) and (ii), we get m=-— =" c= = 


Example 17. What are the inclination to the X-axis 
and intercept on Y-axis of the line 


3y= J3x +6? 
Sol. The given equation can be written as 
x 
= —+4+2 all 
ear (i) 


Now, comparing Eq. (i) with y = mx + c, then we get 


1 
m=— 


3 
Let 9 be the inclination to the X-axis, then 
tan8 = tan30° 


6=30° and c=2. 


Example 18. Find the equation of the straight line 
cutting off an intercept of 3 units on negative direction 


: ap if 3 
of Y-axis and inclined at an angle tan ) to the 
axis of x. 


Sol. Here, c=-—3and0= tan“(2) 


3 
or tanOd=—-=m 
5 


Hence, the equation of the line 


y=mxt+c 
3 
Le. y=-x-3 
5 
or 3x —5y-15=0 


Example 19. Find the equation to the straight line 
cutting off an intercept of 5 units on negative 
direction of Y-axis and being equally inclined to the 
axes. 


Sol. Here, c=-—5 


tan 135° 


m= tan45° or 


ie. m=t1 


Hence, required equation is 
y=(t1)x-5 


or y=tx-5 


Example 20. Find the equations of the bisectors of 
the angle between the coordinate axes. 


Sol. Let L, and L, be the straight lines bisecting the co-ordinate 
axes. 
Both L, and L, pass through origin 
.. Equation of line through origin is y = mx 
for Ly,m= tan 45° =1 
Ay 
Ly iy 


7 Re 


45° 


>X 


yy’ 

. Equation of line L, is y = x 

1. x-y=0 

For L,, m= tan135° =— 1 

. Equation of line L, is y= — x 

1.€; x+y=0 

Hence, equations of the bisectors of the angle between the 
coordinate axes are x t y = 0. 


(ii) The Point-Slope Form of a Line 


Theorem: The equation of the straight line which 
passes through the point (x,, y,) and has the slope ‘m’ is 


y-yi =m(x- xy) 
Proof: Let AB be a straight line whose slope is m and 


which pass through the point Q (x,, y; ). Let the line AB 
cuts X-axis at Rand ZBRX =9, then 


tan0 =m 


yA 


>X 


Let P (x, y) be any point on the line AB. Draws PL and QM 
perpendiculars from P and Q on X-axis respectively. Also 
draw QN perpendicular from Q on PL, then from figure 


ZPRL = ZPQON =9, OL=x,OM =x,, PL=y,QM =y, 
Then, ON = ML=OL-OM=x-x, 
and PN=PL—NL=PL-—QM=y-y, 


Chap 02 The Straight Lines 81 


Now, in triangle PON, 


mee ess 
x-—X, 
_y7y 
ye 
x—-xX, 
or y-y1 =m(x—-x;) 


which is the required equation of the line. 
Aliter : 


Let the equation of the required line be 


y=mxt+c ...(i) 


where, m is the slope of the line. 


Since line Eq. (i) passes through the point (x,, y,), therefore 
y, =mx, +c ...(ii) 
Subtracting (ii) form (i), we get 
y—y1 =m(x—- x) 
which is the required equation of the line. 
Corollary: If the line passes through the origin, then 
putting x, =Oand y, =Oiny—y, =m(x-x,). 
It becomes y = mx, which is the equation of the line 
passing through the origin and having slope m. 


Remark 
The equation y — y; =m (x — x,) is called point-slope form or 
one point form of the equation, 


Example 21. Find the equation of a line which 
makes an angle of 135° with the positive direction 
of X-axis and passes through the point (3,5) . 
Sol. The slope of the line = m = tan135° =-1 
Here x, =3,y, =5. 
.. The required equation of the line is 
y -5=-1(x-3) 
or x+y-8=0 


Example 22. Find the equation of the straight line 
bisecting the segment joining the points (5, 3) and (4,4) 
and making an angle of 45° with the positive direction 
of X-axis. 

Sol. Here, m= slope of the line = tan 45° = 1. 


Let A be the mid-point of (5, 3) and (4, 4). Then, the 
coordinates of A are 


5+4 34+4 : 9 7 
——,——| ie. |—,—}]. 
2 2 22 


or x-y-1=0 
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Example 23. Find the equation of the right bisector 
of the line joining (1,1) and (3, 5). 
Sol. Let m be the slope of the line joining (1, 1) and (3, 5). 
Then, m= o-1 = 4 = 
3=1. 2 
“. Slope (M) of right bisector of the join of (1, 1) 


and (3,5)=— em 


M=--— 


Mid-point of the join of (1, 1) and (3, 5) is - - - 2) 
ie. (2,3). 

Hence, equation of the right bisector passing through (2, 3) 
and having slope M=-— ; is 


il 
-3=-—-(x-2 
y 4) 
or x+2y-8=0 


(iii) The Two-Point Form of a Line 


Theorem : The equation of a line passing through two 
given points (x,, y,) and (x , y2) is given by 
y~yi (2224 x =i) 
Proof : 
Let AB be a line which passes through two points 


O(x,,y,) and R(x, y,). Let P(x, y) be any point on 
the line AB. 


>X 


Draws PL, QM and RN are perpendiculars from P,Q and R 
on X-axis respectively. Also draws QH and RK are 
perpendiculars on PL and OM respectively. Then from 
figure 


ON =x,,O0OM=x,,OL=x, RN =yy, 
QM =y, and PL=y 


then, RK = NM=OM -ON =x, - x2 

OH = ML=OL-—OM=x- x, 

OK = QM - KM=QM~-RN=y, -y, 
and PH = PL—- HL= PL-QM=y-y, 


Now, triangles PHQ and QOKR are similar, then 


PH _ QH 
OK RK 
= Y7yV1 _ xX — X41 
YVi7Y2 0 X%1 ~X2 
or yoy (22 |o@—m) 
X2— X41 


which is the required equation of the line. 

Aliter I : Let the equation of the required line be 
y=mxt+c ...(i) 

where m is the slope of the line. 


Since, line Eq. (i) passes through the points (x,, y, ) and 
(x2, Y2) therefore 


y, =mx, +c ...(ii) 
and Yo =Mx,+C ...(iii) 
Now, subtracting Eqs. (ii) from (i), we get 

y-Yi =M(x—x,) ...(iv) 
and subtracting Eqs. (ii) from (iii), we get 

Y2 —Y1 =M(X_ — xy) «A¥) 
Dividing Eqs. (iv) by (v) then, we get 

YTV _ XTM 
Y27-V¥1 X22 —-%1 
_| Y27y1 
or aa a (x — x1) 
x2 — xX) 


which is the required equation of the line. 


Aliter II : Since points, P(x, y),Q(x,,y,) and R(x», y2) 
are collinear then area of A POR =0 


x yi il x yi i 
Le. > xX, yy, A|=0 or |x, y, 1/=0 
X2 yo 1 X2 y2 | 


which is the required equation of the line. 


Example 24. Find the equation to the straight line 


joining the points fat, 2 and at, ‘ 
1 2 


Sol. The equation of the line joining the points (t, | and 


1 
a |. 
aty,— |1s 
7) 


a a(t, — ty) 


= y-4=- (x- at,) 
ty atyty(t, — ty) 
a il 

or y-—=-— (x -at,) 
qh tite 

or tit,y —at, =-— x+ at, 

or x+ttoy =a(t,+t2) 


which is the required equation of the line. 


Example 25. Let ABC be a triangle with A (-1,—5), 


B (0,0) and C (2,2) and let D be the middle point of BC. 
Find the equation of the perpendicular drawn from B to 


AD. 


Sol. :. D is the middle point of BC. 


0+2 0+2 
.. Coordinates of D are ( yt +2) 


2 


yA 
C(2,2) 


(0,0)B 


(-1,-5)A 


ie. D(1, 1) 


Slope of median AD = ae 3 
14+1 


1 
Slope of BM which is perpendicular to AD = — z 
Hence, equation of the line BM is 
1 
cae aa => x+3y=0 


which is the required equation of the line. 


Example 26. The vertices of a triangle are 
A (10,4),B (—4,9) and C (—2,-1). Find the equation of 
the altitude through A. 

-1-9 -10 


Sol. -.- Slope of BC = Soe 25 
—2+4 2 
; 1 1 
. Slope of altitude AD = -— = — 
= 5 
YA 
(-4,9)B 
A(10,4) 
D 
X’< 5 4 
(-2,-1)C 
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Hence, equation of altitude AD which passes through (0, 4) 
and having slope ; is 
24 Ge ati) 
f 5 
or x —5y+10=0 
Example 27. Find the equations of the medians of 


a triangle, the coordinates of whose vertices are 
(-1,6),(-3,-9) and (5,—8). 


Sol. Let A (-1, 6), B(—3, — 9) and C (5, —8) be the vertices of 


A ABC. Let D, E and F be the mid-points of the sides BC, CA 
and AB respectively. 


Coordinates of D = (= = Z, == "| 


2 2 
. 17 
Le. | 1,-— 
2 

5-1 <5) 


Coordinates of E = (=. 
2 2 


ie. (2,-—1) 


X’< >X 


and coordinates of F = (= = = =) 
2 2 
ie. (—2,—- 3/2) 


. Equation of the median AD = Equation of line through 


(-1, 6) and E - 7) is 


29 
=> pea eet) or 29x+4y+5=0 


Equation of median BE is 


-1+9 
yt9= 5 (x+3) or 8x-—5y-—21=0 


+3 


and equation of median CF is 


or 13x + 14y + 47 =0 
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Example 28. Find the ratio in which the line segment 
joining the points (2, 3) and (4, 5) is divided by the line 
joining (6,8) and (—3,—2). 

Sol. The equation of line passing through (6, 8) and (—3, — 2) is 


—2-8 
-8= (x - 6) 
x —3-6 
=> 9y —72= 10x — 60 
or 10x —-9y+12=0 (i) 


Let the required ratio be A : 1. 


Now, the coordinates of the point P which divide the line 
segment joining the points (2, 3) and (4, 5) in the ratio A : 1 is 
: ( +40 34 ) 


1+ 714A 
Clearly P lies on Eq. (i), then 


2+42 345A 
10 -9 +12=0 
1+AX 14+AX 


or 20+ 40A — 27 — 445A +124+12A =0 
5 

or 7A+5=0 or A=- > 
7 


5 
“. The required ratio= 1 :1=- poo 
Hence, the required ratio is 5:7 (externally). 


(iv) The Intercept Form of a Line : 


Theorem : The equation of the straight line which cuts 
off intercepts of lengths of a and b on X-axis and Y-axis 
respectively, is 


go ae 
a b 

Proof : Let QR be a line which cuts off intercepts OA =a 

and OB = b on the X-axis and Y-axis respectively, where 

a#0. The line is non vertical, because b is finite. Let 

P(x, y) be a general point on the line. 

Draws PL and PM perpendiculars on X-axis and Y-axis 

respectively. Then PL = y and OL = x also join OP. Clearly, 


Area of AOAB = Area of AOAP + Area of AOPB 


5 1 1 
=> —-OA:OB=—-OA: PL+—-OB- PM 
2 2 2 
1 1 1 
=> —-OA:OB=—-OA: PL+—-OB-OL 
2 2 2 
1 1 
or —ab=—ay+—bx 
2 2 
=> ab =ay + bx 
or Si 
a b 


which is the required equation of the line. 


Aliter I : Equation of the line through A (a, 0) and B (0, b) 
is 


b= 
=) =—— = 
(x =a) 
or —ay =bx —ab 
or bx +ay =ab 
or ey) 
a Db 


which is the required equation of the line. 

Aliter II : Points A (a,0), P (x, y) and B (0, b) are collinear, 
we have 

slope of AB = slope of AP 


b-0 —0 
=> =e = bx —ab=-ay 
O-a x-a 
> bx tay=ab = ~+2%=1 
a b 
or 
a 0 1 
x y 1/=0 
0 b 1 
> a(y—b)-0+1-(bx) =0 
or bx +ay =ab 
or are aes | 
a b 


which is the required equation of the line. 


Example 29. Find the equation of the line through 
(2, 3) so that the segment of the line intercepted 
between the axes is bisected at this point. 


Sol. Let the required line segment be AB. 
Let O be the origin and OA=a and OB = b. 


Then the coordinates of A and B are (a, 0) and (0, b) 
respectively. 


a+0 
=2 >> a=4 
2 
0+b 
and ——=3 = b=6 
2 


Hence, the equation of the required line is 


Laer eee | 
4 6 
ie. 3x + 2y = 12 


Example 30. Find the equation to the straight line 
which passes through the points (3,4) and have 
intercepts on the axes : 


(a) equal in magnitude but opposite in sign 
(b) such that their sum is 14 
Sol. (a) Let intercepts on the axes be a and —a respectively. 


“. The equation of the line in intercept form is 


ae ees or x-y=a 
aq -a 
Since, Eq. (i) passes through (3, 4), then 
3-4=a 


- a=—1 
From Eq. (i), x -y+1=0 
which is the required equation of the line. 


(b) Let the equation of the line be cara dees 


a 

This passes through (3, 4). 

3.4 

a 

It is given thata+b=14 
b=14-a 

Putting b = 14 — ain Eq. (ii), we get 
a 14-a 


Therefore 


=> 42 —3a+ 4a=14a-a’ 
=> a’ — 13a+ 42=0 

> (a—7)(a-—6)=0 
a=6,7 


Then, b=8,7 


(i) 


(ii) 


("b= 14 -a) 
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Hence, the required equations are 


~4¥=e1 and %4+2 21 
6 8 7 7 
Le. 4x+3y=24 and x+y=7 


Example 31. Find the equation of the straight line 
through the point P (a,b) parallel to the line Ay ; =1 


a 


Also find the intercepts made by it on the axes. 


Sol. Let the line ~ + % =1 


a 


meets the axes in A and B respectively. So that 
OA = a, OB=b 


Let the required parallel line meet in A’ and B’ respectively, 
so that 


OA’ =a’ (say) 
and OB’ = b’ (say) 
. Equation of required line is 

x y ; 

—+==1 sea 

an 0) 
Since, A’s OAB and OA’ B’ are similar, then 

OA’ _ OB’ 

OA OB 
Le. Cs nr (say) 

a b 
=> a =anr,b’=br 
Substituting these values in Eq. (i), then 

SS csi (ii) 

aX ba 
It passes through (a, b), then 

a b 

aX ba 

2 
> —=lorA =2 

r 


From Eq. (ii) required equation is 
cue + ae ral | 
2a 2b 


Evidently intercepts on the axes are 2a and 2b. 
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(v) The Normal Form or Perpendicular Form 
of a Line 

Theorem : The equation of the straight line upon which 
the length of perpendicular from the origin is p and this 
normal makes an angle a with the positive direction of 
X-axis is 

x cosa + y sind = p. 
Proof : Let AB be a line such that the length of 
perpendicular from O to the line be p 
Le. ON = p 
Z NOX = 
Let P (x, y) be any point on the line. Draw PL 
perpendicular from P on X-axis. 


and 


Let line AB cuts X and Y-axes at Q and R respectively. 


Now, Z NQO =90° -a 
Z LPQ =90° —(90° —a) =a 

L L 
In APLO, ee 

PL y 

LQ=y tana ..-(i) 

Also, in AONQ, cosa =—— 

OQ 
> cosa = ee 

OL + LQ 


OL cosa + LQ cosa = p 
x cosa + y tana cosa = p 
( OL=x and LO=y tana) 
xcosh+ysina=p 


YU 


which is the required equation of the line AB. 
AliterI: «* ZNOQ=a 

then Z NOR=90° —a 

0Q _ OQ 


sec 1 = —— 


Now, in AONQ, An 
Pp 


or OQ = psec a 
; OR 
Also in AONR, sec (90° — a) =—— 
ON 


OR 
=> cosec & = — 
P 
or OR = pcosec & 


Thus, AB makes intercepts psec & and p cosec & on X-axis 
and Y-axis respectively. 


y 


, ; x 
.. Equation of AB is + =1 


psecQ pcosec a 


or x cosh +y sina =p 
which is the required equation of the line AB. 


Aliter II : The points Q (psec 0,0), P(x, y) and 
R(0, pcosec ) are collinear, then 


pseca 0 1 
x y 1 |=0 
0 pcosec a 1 


or p seca (y — pcosec &) —0 +1(px cosec &) =0 
or p(y sina — p) + px cosa =0 
or xcosa+ysingd =p 


which is the required equation of the line AB. 


Remarks 

1. Here, p is always taken as positive anda is measured from 
positive direction of X-axis in anticlockwise direction between 0 
and 22 (i.e.0 <a < 27). 


2. (Coefficient of x)°+ (Coefficient of y)? =cos°a + sin’a =1 
3. cosa and cos (90° — a) are the direction cosines of ON. 
4. 


Il quadrant 


| quadrant 


cosa <0,sina>0,p>0 cosa>0,sina>0,p>0 


IV quadrant 
Ay 
Ry 


Ill quadrant 


>X 


yy 


cosa <0,sina<0,p >0 


cosa >0,sina<0,p9>0 


Corollary 1 : If =0°, then equation x cosa + y sina = p 
becomes x cos0°+ y sin0° =p 


i.e. x = p (Equation of line parallel to Y-axis) 


T 
Corollary 2 : Ifa = ey then equation x cosa +y sina =p 


1 . {7 
becomes x cos (=) +ysin (=) =p 


i.e. y = p (Equation of line parallel to X-axis). 


Corollary 3 : If =0°, p =0 then equation 
x cosa + y sina = p becomes x cos0° + y sin0° =0 
i.e. x =0 (Equation of Y-axis) 


Tl 
Corollary 4 : Ifa = 3° p =0 then equation 


: 1 . (1 
x cosa + y sind = p becomes x cos (=) +ysin @ =0 


ie. y=0 (Eq. (i) of X-axis). 


Example 32. The length of perpendicular from the 
origin to a line is 9 and the line makes an angle of 
120° with the positive direction of Y-axis. Find the 
equation of the line. 

Sol. Here, & = 60° and p = 9. 


, Equation of the required line is 


x cos60° + y sin60° =9 


or x+y 3 =18 


Example 33. Find the equation of the straight line on 
which the perpendicular from origin makes an angle of 
30° with X-axis and which forms a triangle of area 


50 . ; 
(= sq units with the coordinates axes. 


iB 


Sol. Let Z NOA = 30° 
Let ON = p>0,OA =a, OB=b 
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ON 
cos30° = — = P 


In AONA, 
a 
yA 
XxX a >X 
Yy 
> v3 _P or a= 7P 
2 a V3 
and in AONB, cos60° = OY ae 
OB Db 
P 
= ~=+ or b=2 
2 »b P 
Area of AOAB = ar = i (2) 
2 2 3 
2p? 
2p) = FL 
(2p) a 
2p° _ 50 
et iven 
V3. 3 (given) 
= p? =25 
_ te ("p> 0) 


.. Using x cosa + y sina = p, the equation of the line AB is 
x cos30° + y sin30° =5 
or xv3+ y= 10 


Reduction of General Equation to 
Standard Form 


Let Ax + By +C =0 be the general equation of a straight 
line where A and B are not both zero. 


(i) Reduction of ‘Slope-Intercept’ Form 
Given equation is Ax + By +C =0 
> By =— Ax -C 


= (se(9) 


Comparing it with y =mx +c 


(Assuming B #0) 


A__ coefficient of x 


we get slope (m) =— 


B coefficient of y 


Cc constant term 
and - 


intercept (c) =— = 
- pt(c) coefficient of y 
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Corollary 1 : Find angle between the lines 
A,x + Byy+C, =Oand A,x + Byy+C, =0. 


Slope of the line 


A 
A,x + By + Cy =0is — > =m, (say) 
1 
and slope of the line 
__ Ae 
te Ey Oye Si (say) 
2 
If @ is the angle between the two lines, then 
tan@ =|) —""2 | = = Be 
1mm] | [AL \(_ Ae 
B, B, 
_|AiBo ~ A2By| 
A, Ap + B, Bz | 
@ = tan-? (41B2 — AoB, 
| A; Az + By By 
Corollary 2 : Find the condition of (i) parallelism (ii) 
perpendicularity of the lines 
A,x+B,y+C, =0 
and A2x + Byy+C, =0 
(i) If the two lines are parallel, @ =0° 
tan®@ = tan0° =0 
- |ArBo — A2By|_ 
|A, Ap + B, By 
=> Ay B, 7 A, B, = 0 
A, B 
or t= (Remember) 
A, B, 
which is required condition of parallelism. 
(ii) If the two lines are perpendicular, 8 = 90° 
tan® = tan90° = co 
ee ee 
|A; Ap + B, By 
> A, A, + B,B, =0 (Remember) 
which is required condition of perpendicularity. 
Remark 
If two lines are coincident, then 
A, B, C 
“tote t (Remember) 


A, BG 


(i) Reduction to ‘Intercept’ Form 
Given equation is Ax + By +C =0 


> Ax +By=-C 
A B 
=> —x+——y=l Assuming C #0 
eer ( gC #0) 
> es 1 (A ing A #0, B #0) 
= ssumin , 
(-C/A)_ (-C/B) 6 


Comparing with a : =1 
a 


constant term 


we get, x-intercept (a)=— 


constant term 


Cc 

A coefficient of x 
: GC 

and y-intercept (b) =— — 


~ coefficient of y 


(iii) Reduction to ‘Normal’ Form 
Given equation is Ax + By +C =0. Let its normal form 
be x cosa +y sing = p. 


Clearly, equations Ax + By + C=0 and 
x cos + y sin& = p represent the same line. 


A B CS 
Therefore, =— = 
cosa sina —p 
A 
> cosa =— 2? 
B 
and sind mee ..-(i) 
c 


cos’ a +sin? a =1 


-a}-(4)> 


Oe. C 
or p= : 
A’ +B 
% _ Id 
(A? +B?) 
: _ ([¢ A 
From Eq. (i), cosa =— —. ; 
(A? +B?) 
ee B 
sing =— —,—————.. 
C (A? +B’) 


Putting the values of cos, sina and p in 
x cosa + y sind = p, we get 


-|Cc| A =|C B 
x : x+y : 

CAA? +B?) Co At +B?) 
_ 1c 
(A’ + B’) 

A B ‘a 
oa 
(A? + B’) (A* + B’) (A? + B’) 


This is the normal form of the line Ax + By +C =0. 

Rule : First shift the constant term on the RHS and make 
it positive, if it is not so by multiplying the whole equation 
by ‘—1’ and then divide both sides by 


coefficient of x)? + (coefficient of y)’ 
y 


Example 34. Reduce x+ /3y+4=Oto the: 

(i) Slope-intercept form and find its slope and y-intercept 
(ii) Intercept form and find its intercepts on the axes 
(iii) Normal form and find the values of p anda 


Sol. (i) Given equation is x + /3 y+ 4=0 


> V3y=-x-4 
= ee s)eC9) 


which is in the slope-intercept form y = mx +c 


1 


Where slope (m)= — and y-intercept (c) = — : 


3 v3 
(ii) Given equation is 
x+ V3y +4=0 
= x \3y =-4 
= x, VBL, 
—4 —4 
x y 
> ies =1 
-4 — 4/43 
ore : x y 
which is in the intercept form — + ; =1 
a 
é ; 4 
where x-intercept (a) = — 4 and y-intercept (b) = — is 
3 
(iii) Given equation is x + V3y + 4 =0 
= x + V3y =-4 
=> —x— By =4 (RHS made positive) 


Dividing both sides by ,/(—1)* + (-V3)? =2, we get 


C}(a}- 


Which is the normal form x cos@ + y sina = p. 
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1 
where, cosa = — — =— cos60°= cos (180° — 60°) 
2 
or cos (180° + 60°) 
a@&=120° or 240° 
3 
and ge 60° = sin (180° + 60°) 
2 
or sin (360° — 60°) 
a = 240° or 300° 
Hence, QO = 240°, p=2 


“. Required normal form is 
x cos240° + y sin240° =2 


Example 35. Find the measure of the angle of 
intersection of the lines whose equations are 
3x+4y+7=Oand 4x —- 3y+5=0. 


Sol. Given lines are 3x + 4y +7 = 0, 4x — 3y +5 =0. Comparing 
the given lines with A,x + By + C; =0, A,x + Boy + Cz, =0 
respectively, we get 

A, =3,B,=4 and A,=4,B,=-3 
A,A, + B,B, =3 x 4+ 4(-3)=0 


Hence, the given lines are perpendicular. 


Example 36. Find the angle between the lines 
(a* — ab) y=(ab+b*) x +b° 
and (ab+a*)y=(ab—b*)x+a° 
where a>b>0. 
Sol. The given equations of lines can be written as 


(ab + b”) x —(a’ — ab) y+b* =0 ...(i) 
and (ab—b’)x-(ab+a’)y+a’ =0 ...(ii) 
Comparing the given lines (i) and (ii) with the lines 

A\x+Byt+C,;=0 and A,x+By+C,=0 
respectively, we get 

A, = ab + b’, B, = —(a’ — ab) 
and <A, =ab—b’, B, =—(ab+a’) 


Let 8 be the acute angle between the lines, then 


tano = (2152 ~ A2Bi| 
|A,Ay + B,Bo| 
meee (ab + b”) x (— (ab + a*)) — (ab — b*) x (— (a” — ab)) 


(ab + b”) (ab — b®) + (a® — ab) (ab + a’) 
- —{a°b? +.a°b + ab’ + a°*b? — a®b + a’b? +. a’b? — bra} 
(ab? — b' +a‘ —a’b’) 


_|- 4a°b’ _ 4 a’b? 


| a* — b*| a=b* 


2,2 
“ O= wn ( 44 | 
a —b 


90 = Textbook of Coordinate Geometry 


Example 37. Two equal sides of an isosceles triangle 
are given by the equations 7x — y+ 3=0 and 

x+y —3=0Oand its third side passes through the 
point (1,—10). Determine the equation of the third 
side. 


Sol. Given equations 
7x—-y+3=0 
x+y-3=0 
represents two equal sides AB and AC of an isosceles 


triangle ABC. Since its third side passes through D (1, — 10) 
then its equation is 


y+10=m(x- 1) 


(i) 
...(ii) 


and 


(iii) 


f AB= AC 
Let Z ABC = Z ACB=90 
then Z ACE=1-98 
y+ 
Xx’ < 


From Eqs. (i) and (ii), slopes of AB and AC are 


m=7 and m,=-1 
respectively. 
er ee 
1+7m 
-1- 1+ 
and tan(m-—8)= —e ie 
1+(-1)m 1-—m 
=> — tan0 =— = => tanO= a 
1-—m 1-—m 
7-m _1+m 
1+7m 1-m 
> (7 —m)(1-— m)=(1+7m)(1+ m) 
=> 6m’ +16m—6=0 


or 3m* + 8m —3=0 or (3m—1)(m+3)=0 
=> m=-—,-3 
3 
Hence from Eq. (iii), the third side BC has two equations 
1 
yt aS ene Se 1) 


or x—3y-31=0 and 3x+y+7=0 


The Distance form or Symmetric form 
or Parametric form of a line 


Theorem : The equation of the straight line passing 
through (x,, y,; ) and making an angle 0 with the positive 
direction of X-axis is 

a, 2. 


cos® 


sin® 

where, r is the directed distance between the points (x, y) 
and (x,y). 

Proof : Let AB be a line which passes through the point 
Q(x ,y,) and meet X-axis at R and makes an angle 8 with 
the positive direction of X-axis. 


y+ 


(x,¥)Q 


Let P (x, y) be any point on the line at a distance r from Q. 
Draws PL and QM are perpendiculars from P and Q on 
X-axis respectively and draw QN perpendicular on PL. 
Then, 


ON = ML=OL—OM=x- x, 


and PN = PL— NL=PL—-QM=y-y, 
from APON, 
IN’ = - 
este =*7*1 gy 7 “12, ...(i) 
PQ r cos0 
PN - - 
and sin® = ao ie ia wv oy ..-(ii) 
r sin® 
From Eqs. (i) and (ii), we get 
aS at 
cos0 sin8 
Corollary 1: °. pai Pe cae 8 =r, then 
cos0 sin8 
x=x,+rcos0 
y=y, trsin@ 


parametric equations of straight line AB. 


Corollary 2 : If P point above Q then r is positive then 
coordinates of P are(x, +rcos0, y, +rsin®) and if P 
below Q then r is negative then coordinates of P are 
(x, —rcos®,y, —rsin®). 


Example 38. The slope of a straight line through 
A (3,2) is ry Find the coordinates of the points on 


the line that are 5 units away from A. 


Sol. Let straight line makes an angle 0 with positive direction of 


X-axis, 
3 
then tan8 = — 
4 
3 4 
sind=— and cos0@=— 
5. 5 


. Equation of the straight line through A (3, 2) in 
parametric form is 


ar ot ee 


cos8-_ sin® 


4 
x=3+5cos0=3+5xX —=3+4=7or-1 
5 


and y=2+5sin0=24+5x—=2+3=5or-1 


Hence, the coordinates of the points are (7,5) and(— 1, — 1). 
Example 39. Find the direction in which a straight 
line must be drawn through the point (1,2) so that 
its point of intersection with the line x+ y =4 may 


be at a distance : 6 from this point. 


Sol. Let the straight line makes an angle 0 with the positive 
direction of X-axis. 


.. Equation of the line through (1, 2) in parametric form is 


BOF a Tt ie 


cos8 ~ sin@ 3 
YA 


(0,4) \6 
3. 


X* 


>X 


=< 
~< 


v6 


6 : 
or patie oat and y=2+-— sin®@ 
3 3 


v6 


; : 6 , ; : 
Since, the point [ + v6 cos0, 2 + — unt) lies on the line 
3 3 

xty=4 


6 6 
be gigs Vay aa 
3 3 
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=> (cosa + sin®) =1 
3 48 
=> cos@ + sin®@ = —= = —= 
6 42 
> oe er ee 
a2 2 2 


(areal 
=> cos | 8 — — |=cos | — 
4 6 


TU Tt 
@-—=2nmt+—;nel 
4 6 


for n = 0, @=+—+ 
6 4 


=15°,.75° 


(“0S 0<T) 


Example 40. A line through (2, 3) makes an angle a 


with the negative direction of X-axis. Find the length of 
the line segment cut off between (2, 3) and the line 
X+y—-7=0. 
Sol. -.: Line makes an angle a with the negative direction of 
X-axis. 4 
.. Line makes an angle © with the positive direction of 
X-axis. 4 


-2 -3 
x _y _ 
. T 
cos | — sin | — 
GZ) (Z] 
Le. rr (i) 
V2 v2 
‘a r 
x=2+ and y=3+ 
a? ae 


Let the line (i) meet the line x + y-— 7 =0in P 


.. Coordinates of P (2 + a 3+ *) liesonx+y—-—7=0 


V2°° 2 
then 64540 pa 
V2 V2 
2r 
or —=2o0r r= 2 
2 
AP = 2 
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Example 41. Find the distance of the point (2, 3) 


from the line 2x — 3y +9 =O measured along the line 
2x-—2y+5=0. 


Sol. Since, slope of the line 2x — 2y + 5 = Ois 1, its makes an 


Tl é : : 
angle — with positive direction of X-axis. 
4 


The equation of the line through (2, 3) and making an angle 


Tu. . 
— in parametric form 
4 


T ; (; 1 1 
cos | — sin | — = = 
4 4 v2 2 
Coordinates of any point on this line are (2 + 3+ a} 
2 


a 


This point lies on the line 2x — 3y +9 =0 


r a 

= 2/2+-~|-3|3+—_]+9=0 
r 

> -~_+4=0 


V2 
r= 4/2 


Example 42. if the line y — V3x+3=0 cuts the 
parabola y? = x+2. at A and B, then find the value of 
PA. PB{where P = (V3, 0)}. 
Sol. Slope of line y — 3x +3=0is J3 
If line makes an angle @ with X-axis, then tan 0 = V3 
0 = 60° 


x — V3 y-0 
= =7 
cos60° —_sin60° 


YA 


ee P(V3,0) 


3 
> [8 + > if *) be a point on the parabola y” = x + 2 


3 
then, ~r? = ¥3+ 242 =3r? - 27 — 4 (24 V3) =0 
4 2 


PA: PB= rr, - ce “I 2 


Special Corollaries 


(i) Angle made by AB with positive X-axis (where 
A and B are given points) :be two points and let AB 
makes an angle 0 with the positive direction of X-axis 
and let d be the distance between A and B. Then Let 
A(x1,y1) and B(x2,y) 


6660 So tad 
d d 
y A 
Bi(Xo,Yo') 
B(Xa,Vo) 
VYo-V1) 
XYiA A = 
(Xp-X4) ay 
O 


where, d= (x, =x)" +(y.—y,)° =AB 
and x,=x,+dcos0,y, =y, +d sin® 


If AB rotates an angle & about A, then new 
coordinates of B are 


x3; =x,+dcos(0+Q), 
y> = y, +dsin(+a) 
and here, AB= AB’ =d. 


(ii) Complex number as a rotating arrow in Argand 
plane: 


Let z=r(cos@+isin0)=re”, where i= -1 _... (i) 


be a complex number representing a point P in the 
Argand plane. 


YA 
Q(ze"*) 

3 

5 Pe) 

2 

EE} Ao 

) 

O Real axis ee 

Then, OP =|z|=r and Z POX =8 


Now, consider complex number z, = ze” 


or z, =re® -e!® =p. ei (OF) 


[from Eq. (i)] 
Clearly the complex number z, represents a point Q 
in the Argand plane, when 

OQ=r and ZQOX=0+0 


Clearly multiplication of z with e” rotates the vector OP 
through angle 6 in anti-clockwise sense. Similarly _, 
multiplication of z with e~ ® will rotate the vector OP in 
clockwise sense. 


Remark 


If 2}, Z) and Zs are the affixes of the three points A Band Csuch 
that AC = AB and Z CAB =8. Therefore 


AB=2> = 2,,AC = 2, -Z 


Then ACwill be obtained by rotating AB through an angle @in 
anticlockwise sense and therefore 


C(Z3) 
B(Z,) 
8 
A(Z}) 
AC = ABe'® 
or (Z3 —2;) =(Zp»-z,) e® or (Zaz) =<" 
Zo — 2 


Example 43. The line joining the points A (2,0) and 


B (3,1) is rotated about A in the anticlockwise direction 
through an angle of 15°. Find the equation of the line 
in the new position. If B goes to C in the new position, 
what will be the coordinates of C ? 


Sol. By special corollary (i) 


Here AB = (2-3)? +(0-1)" = V2 
and slope of AB= —S =1= tan 45° 
y+ 
Cc 
B(3,1) 
; Leas: 
ame A(2,0) a 
Y¥ 
3 Z BAX = 45° 
Now line AB is rotated through an angle of 15° 
> Z CAX = 45° + 15° = 60° 
and AB = AC = 2 


Equation of line AC in parametric form is 
x =2+1r cos60° 
y =0+r sin60° 
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Since, AC =r= J2 


Put r = V2 in Eq. (i), then 
x=2+ V2: d = al v2 
2 2 
and y=72. v3 = v6 
2 2 
Equation of the line AC is 
x= 2 1 
= cot60° = 
y v3 
or x 43-y-23=0 
and coordinates of C are : = *} 


Aliter (By special corollary (ii)) 
oe A = (2,0), B= (3, 1), let C =(x, y) 
Za =2,2—p =3 +i, 2 =x + iy, wherei=~-1 


Zo 7 ZA ase Gaara 
ZRB- Za : 12 
> Zc — 2=(1+ i)(cos15° + isin15°) 
_ (v3+1,.(v3-1 
or se=2ec+0/ a “(Se } 
7 gg sett soi = V3 +13 =1 
: aJ2 22 2/2 a2 
7 1), , (v3) _4+42 (v6 
e+ )+(3) 2 “(2 
c-(24 
2 2 


and equation of AC 
y —0= tan60° (x — 2) => x V3 —- y-23 =0 


Example 44. The centre of a square is at the origin 
and one vertex is A (2,1). Find the coordinates of other 
vertices of the square. 


Sol. [By special corollary (ii)] 
A =(2,1) 
Za =2+i, wherei=-~+-1 


B 


A(2,1) 
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Now, in triangle AOB, then centre of square E = (- . | 


OA = 0B, Z AOB=90° =~ 


AES 
aa 
Zp=Zyae * =iz,=2i-1 Now, in A AEB, (EA = EB) 
: B=(-1, 2) Zp-ZE _ ice 
* Ois the mid-point of AC and BD ¥4 = Be a : 
C =(-2,-1) and D (1, —2). 1 1 
=> mat tailisie)) 
Example 45. The extremities of the diagonal of a 
square are (1,1), (-2,—1). Obtain the other two vertices Pe tea 
and the equation of the other diagonal. 22 
Sol. (By special corollary (ii)) B= (- = >| 
iy A =(1,1) a2 
Za =1+i, wherei=~V-1 then De(-1+2,-3] 
and C =(-2,-1) a = 
. Zc =-2-i or p=(3.-3) 
B 2 2 
A(1,1) Hence, equation of other diagonal BD is 
3 
90° 2” ( ; 
y-0= x+- 
3). 2 
E nae 
(-1/2,0) a. 2 
=> 6x + 4y+3=0 
C 
(-2,-1) D 


Exercise for Session 1 


1. The distance of the point (3, 5) from the line 2x + 3y —14=0 measured parallel to the line x —2y =1 


is 
7 7 
a) — b) — c) V5 d) /13 
(a) 5 (b) Ts (c) (d) 
2. The lines x cos a + y sina = p, and x cosB + y sinB = pz will be perpendicular, if 
(a)a=B (b) |a-B| =2/2 
(c)a= 12/2 (djatB=2/2 
3. If each of the points (x1, 4), (—2, y1) lies on the line joining the points (2, — 1), (5, —3), then the point P (x,, y+) lies 
on the line 
(a) 6 (x + y)- 25=0 (d) 2x + 6y + 1=0 
(c) 2x + 3y -6=0 (d)6 (x + y)+ 25=0 


4. The equation of the straight line passing through the point (4, 3) and making intercepts on the coordinate axes 
whose sum is —1 is 


(a)x+%= tand*~_+¥%=-1 (b) ~ == (and +2 3=4 
2: <3 —2 1 2 <3 —2 1 

(c)~%4+%=1and + %=1 (d) * Y —-4and~+%=1 
2 3 —2 1 2 3 -2 


10. 


11. 


12. 
13. 


14. 


15. 
16. 


17. 


18. 
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If the straight lines ax + by +c =O and x cosa + ysina =c enclose an angle x /4 between them and meet 
the straight line x sina — ycosa =O in the same point, then 
(a) a? + b? =c? (b)a? +b? =2 (c) a? + b? = 2c? (d)a? +b? =4 


The angle between the lines 2x —-y +3=Oand x +2y+3=Ois 
(a) 30° (b) 45° (c) 60° (d) 90° 


The inclination of the straight line passing through the point (—3, 6) and the mid-point of the line joining the 
points (4, -5) and (—2, 9) is 

(a) 7/4 (b) x/2 (c) 32/4 (d) x 

A square of side a lies above the X-axis and has one vertex at the origin. The side passing through the origin 


makes an angle 7/6 with the positive direction of X-axis. The equation of its diagonal not passing through the 
origin is 


(a) y (V3 - 1)— x (1-V3) = 2a (b) y (V3 + 1)+ x (1- V3) = 2a 

(c) y (V3 + 1)+ x (14+ V3) = 2a (d) y (V3 + 1+ x (V3 - 1)= 2a 

A (1,3) and C (7,5) are two opposite vertices of a square. The equation of side through A is 
(a)x + 2y—7=0 (b) x — 2y+ 5=0 

(c) 2x +y-5=0 (d) 2x -y+ 1=0 


The equation of a straight line passing through the point (—5, 4) and which cuts off an intercept of /2 units 
between the lines x + y + 1=O and x + y -1=0is 

(a) x —2y + 13=0 (b) 2x -y+ 14=0 

(c)x -y+9=0 (d)x-y+10=0 

Equation to the straight line cutting off an intercept 2 from negative direction of the axis of y and inclined at 30° 
to the positive direction of axis of x is 

(a)y+ x-V3=0 (b)y-x+2=0 

(c)y — xV3 -2=0 (d)y V3-x+ 2/3 =0 

What is the value of y so that the line through (3, y) and (2, 7) is parallel to the line through (—1, 4) and (0, 6) ? 


A straight line is drawn through the point P (2, 2) and is inclined at an angle of 30° with the X-axis. Find the 
coordinates of two points on it at a distance 4 from P on either side of P. 


If the straight line through the point P (3,4) makes an angle * with X-axis and meets the line 12x + 5y + 10 =0 
at Q, find the length of PQ. 

Find the distance of the point (2, 3) from the line 2x —3y + 9 =0 measured along the line x — y + 1=0. 

A line is such that its segment between the straight line 5x — y -4 =O and 3x + 4y —4 =Ois bisected at the 
point (1,5). Obtain the equation. 


The side AB and AC of a AABC are respectively 2x + 3y =29 and x + 2y = 16. If the mid-point of BC is (5, 6), 
then find the equation of BC. 


A straight line through A (—15, -10) meets the lines x — y -1=0,x + 2y =5 and x + 3y =7 respectively at A,B 


and C. pea ole 


=——, prove that the line passes through the origin. 
AB AC AD 


Session 2 


Position of Two Points Relative to a Given Line, 
Position of a Point Which Lies Inside a Triangle, 
Equations of Lines Parallel and Perpendicular to 
a Given Line, Distance of a Point From a Line, 
Distance Between Two Parallel Lines, 

Area of Parallelogram, 


Position of Two Points Relative .. xis negative 
to a Given Line 7 See ee 


ax, +by, + “|<c 

Theorem : The points P (x,, y,) and Q (x2, y2) lie on the 
same or opposite sides of the line ax + by + c =0 according ax, +by, +c <s 
as ax,+by, +c 

+by,+ 
Oy Te SO or<0. f(x1.91) Yi 
ax, + by, +c or y> 
Proof : Let the line PQ be divided by the line 
ax + by +c =0 in the ratio A :1 (internally) at the point R. 


xX, +Ax_ yy tAye Case II : Let P and Q are on opposite sides of the line 
tah. * 44%, ax +by+c=0 


f (X2,¥2 
where, f (x,y) =ax +by +c. 


.. The coordinates of R are [ 


The point of R lies on the line ax + by +c =0 *. R divides PQ internally. 
+H ra “. Ais positive 
then al a ee Lee) es ‘ 
+2 1+% = (te melo R Q 
=> A (ax, + by, +c) +(ax, +by; +c)=0 ax, + by, +e 
+ by, + ax, +by, +c 
=> A=- ee (+ ax, + by, +c #0) => [su tiuts 1 1 I" 
ax, +by, +c aX, + by, +c 
Case I: Let P and Q are on same side of the line a f(x1.91) - 
ax +by+c=0. f (Xo, 
*. R divides PQ externally. where, f (x,y) =ax + by +c 


- Remarks 
1. The side of the line where origin lies is known as origin side. 
Q 2. A point (a, B) will lie on origin side of the line ax + by + c =0, if 
P aa + DB + candc have same sign. 
R Pp o 3. A point (a, B) will lie on non-origin side of the line 
ax + by +c =0, ifaa + 5B + cand c have opposite sign. 


Example 46. Are the points (2,1) and (—3, 5) on the 
same or opposite side of the line 3x —-2y+1=0? 
Sol. Let f(x, y)=3x-2y+1 
f(2,1) _ 3(2)-a1)+1 5 


<0 
$5) 3)-26)41 8 
Therefore, the two points are on the opposite sides of the 
given line. 


Example 47. Is the point (2,—7) lies on origin side of 
the line 2x+ y+2=0? 


Sol. Let f(x, y)=2x+y+2 
f(2,-7)=2(2)-7+2=-1 
f(2,-7)<0 and 


Hence, the point (2, —7) lies on non-origin side. 


constant 2> 0 


Example 48. A straight canal is at a distance of 
4s km from a city and the nearest path from the city 


to the canal is in the north-east direction. Find 
whether a village which is at 3 km north and 4 km east 
from the city lies on the canal or not. If not, then on 
which side of the canal is the village situated ? 


Sol. Let O (0,0) be the given city and AB be the straight canal. 


Given, OL = > km 


>X 
East 


“. Equation of AB 
i.e. Equation of canal is 
x cos 45° + y sin 45° = : 
or xty= =e (i) 
V2 


Let V be the given village, then V = (4, 3) 
Putting x = 4 and y = 3 in Eq. (i), 


9 9 
then 4 + 3 = —, ie. 7 = —~ which is impossible. 


V2 V2 
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Hence, the given village V does not lie on the canal. 


9 
Also if f(x, y)=x+y-—= 
V2 


9 
jun [3] B=?) 
F(0,0) _#. 9 
[oro a 


Hence, the village is on that side of the canal on which 
origin or the city lies. 


Position of a Point Which Lies 
Inside a Triangle 


Let P (x1, y,) be the point and equations of the sides of a 
triangle are 


BC:a,x +byy +c, =0 
CA:a,x +byy +c, =0 


and AB:a3;x+b3y+c3 =0 


«”,y”)B 


First find the coordinates of A, B and C say, 

A=(x’,y’); B=(x’’, y’’) and C=(x’’’, y’’’) 
and if coordinates of A, B, C are given, then find equations of 
BC, CA and AB. 


If P(x,, y,) lies inside the triangle, then P and A must be 
on the same side of BC, P and B must be on the same side 
of AC, P and C must be on the same side of AB , then 


a,x,+b +c 
i DR a (i) 


a,x’ +byy' +c, 


A,X, +byy, +, 


- - >0 ...(ii) 
a,x" + boy" + Cs 
a3,x,+b +c 
and a SG iii) 
a3x °° +b3y’""+c3 


The required values of P (x1, y,) must be intersection of 
these inequalities Eqs. (i), (ii) and (iii). 
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Aliter (Best Method): First draw the exact diagram of 
the problem. If the point P (x,,y;) 
move on the line y =ax +b for all x,, then 

P=(x,,ax, +b) 
and the portion DE of the line y = ax + b (Excluding D and 
E) lies within the triangle. Now line y = ax + b cuts any 


two sides out of three sides, then find coordinates of D and 
E. 


D =(a,B) 
and E =(y,9) (say) 
then a<x,<Y 
and B<ax,+b<6 


Example 49. For what values of the parameter t 
does the point P (t,t+ 1) lies inside the triangle ABC 
where A = (0, 3),B =(—2,0) and C=(6,1). 


Sol. Equations of sides 
BC: x —-8y+2=0 
CA:x+3y-9=0 
and AB :3x —2y+6=0 
Since, P(t, t + 1) lies inside the triangle ABC, then Pand A 
must be on the same side of BC 
value of (x — 8y + 2) at P(t,t +1) 
value of (x — 8y + 2) at A (0,3) 
t-—8(t+1)+2 - 


le. : 
0-24+2 
—7t—6 
or i 
— 22 
or 7t+6>0 
a (i) 
AY 
A(0,3) 
HSS SE ages 2 SNe C(6,1) 
Ne 
B(-2,0) O 
yY 


and P, B must be on the same side of CA 
value of (x + 3y — 9) at P(t,t +1) 
value of (x + 3y — 9) at B(- 2,0) 
t+3(f+1)-9 _ 
—2+0-9 
4t—6 
—11 


Le, 0 


or >0 


or 4t -—6<0 
3 

t<- ...(ii) 
2 


and P, C must be on the same side of AB 
value of (3x — 2y + 6) at P(t,t +1) S 


0 
value of (3x — 2y + 6) atC(6, 1) 
3t—2(t+1)+6 
ig. eS, 
18-—2+6 
t+4 
or —->0 
22 
or t+4>0 
t>-4 (iii) 


From Eqs. (i), (ii) and (iii), we get 


Aliter : First draw the exact diagram of A ABC, the point 
P(t, t + 1) move on the line 


y=xt1 
for all t. 
AY 
A(0,3) 
E 
C(6,1) 
X* 320) 0 co 
vy’ 


Now, D and E are the intersection of 
y=xt+1x-8y+2=0 


and y=xtl, x+3y-9=0 
respectively. 
oe) 
a, 
and E= (3 =| 
22 


Thus, the points on the line y = x + 1 whose x-coordinates 


3 
lies between — 2 and ; lie within the triangle ABC. 


3 
Hence, --<t<-— 
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Example 50. Find A if (4,2) is an interior point of % (2.2) a 7,5) and C (5) 
A ABC formed by x+ y =4,3x—7y =8 and 3 ae 
4x—y=31. ‘: P (0, 0”) lies inside the A ABC, then 

Sol. Let P =(A, 2) (i) A and P must lie on the same side of BC 


(ii) Band P must lie on the same side of CA 
(iii) C and P must lie on the same side of AB, then 
ee 


First draw the exact diagram of A ABC, the point P (A, 2) 
move on the line y = 2 for all A. 


— 1 
AY 
4 _8 _» 0 
20 + 30° —1 
33 
=> ————>0 
20 + 30° —1 
X'< ; >X or 30.7 + 20 -1>0 
1 
=> @+[a-2)>0 
1 : 
= a €(— 7%, -1)U (; ~| ...(i) 
+ and eso 
50 — 60° — 1 
Now, D and E are the intersection of P 
> 5a — 600° —1<0 
3x -Ty=8 y=2 
and 4x —y=31,y =2 respectively. => (« = ) [« = ) >0 
3 2 
22 33 
D= (2. 2 and E = (2. 2 7  € (— 0, 1/3) U (1/2, &) (ii) 
1 2 
Thus, the points on the line y = 2 whose x-coordinates lies ats 
22 33 and 3_2__> 0 
between = and 7 lie within the A ABC. O + 20° — 3 
a4 a => a +207 -3<0 
Hence, re => (20 + 3) (a —1)<0 
i he & = From Eq. (i), Eq. (ii) and Eq. (iii), we get 
ee (-3/2,=1) u (1/2,1). 
Example 51. Determine all values of « for which the Aliter: Let P (a, a”) first draw the exact diagram of 
point (a, *) lies inside the triangle formed by the lines A ABC. 
ax+ 3y —1=0, x+ 2y —3=-Oand 5x — 6y —1-0. The point P (a, &”) move on the curve y = x? for all a. 
Sol. The coordinates of the vertices are Now, _ intersection of y = x* 
and 2x+3y-1=0 
or 2x +3x*-1=0 
x=- 1, x= 1 
3 


Let intersection points 


D=(- iayand E=(2,2) 
3 9 


; ‘ 2 
intersection of y = x 


>X and x+2y-—3=0 


or x +2x* -3=0 


” a x=1,x=-3/2 
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Let intersection points 


Fe (andGe(- 3,2) 


and intersection of y = x” and5x — 6y —-1=0 
or 5x —6x? -1=0 


1 1 
x=-,x=- 
3 2 


Let intersection points 


Thus the points on the curve y = x” whose x-coordinate 


1 
lies between —3/2 & — 1and—& 1 lies within the triangle 
2 


3 1 
—--<Qa<-1 or -<a<1l 
2 2 
; 3 1 
Le. ae|—-,-1]U]-,1 
2 2 


Equations of Lines Parallel and 
Perpendicular to a Given Line 


Theorem 1: The equation of line parallel to 
ax + by +c =0is ax + by +A =0, where A is some 
constant. 


Proof: Let the equation of any line parallel to 


ax +by+c=0 ...(i) 
be a,x+b,y+c, =0 ...(ii) 
b 
then eas te (say) 
ab 
a, =ak,b, =bk 


Then from Eq. (ii), 
akx + bky +c =0 


Dividing it by k, then 


+b ae 0 
ax T= 
et 


or ax +by+XA=0 [writing X for <| 


Hence, any line parallel to ax + by +c =0 is 
ax +by+A=0 

where A is some constant. 

Aliter : The given line is 


ax +by+c=0 ...(i) 
Its sl 
s slope =-—— 
a 


Thus, any line parallel to Eq. (i) is given by 


y=[-E) 4a, 


=> ax + by — br, =0 
=> ax +by+X=0 (writing A for — bA,) 
where, A is some constant. 
Corollary: The equation of the line parallel to 
ax + by +c =0 and passing through (x,, y,) is 
a(x —x,)+b(y—y,)=0 

Working Rule : 

(i) Keep the terms containing x and y unaltered. 

(ii) Change the constant. 


(iii) The constant A is determined from an additional 
condition given in the problem. 


Theorem 2 : The equation of the line perpendicular to the 
line ax + by +c =0 is 


bx —ay +X =0, where A is some constant. 


Proof : Let the equation of any line perpendicular to 


ax +by+c=0 . (i) 
be a,x+b,y+c, =0 ...(ii) 
then aa, + bb, =0 
or aa, =— bb, 

a, by 
=> —=—=k (say) 
b -a 


#3 a, =bk,b, =—ak 
Then, from Eq. (ii), bkx — aky +c, =0 dividing it by k, then 


c 
bx —ay+— =0 


or bx -—ay+A=0 writing X for 3 


Hence, any line perpendicular to ax + by +c =0 is 
bx -—ay+XA=0 

where, A is some constant. 

Aliter : The given line is 


ax +by+c=0 ...(i) 


Its sl ss 
Ss Slope =—- — 
Pes 


b 
Slope of perpendicular line of Eq. (i) is —. 
a 


Thus any line perpendicular to Eq. (i) is given by 


y=(2) 4a, 
a 


=> bx —ay+ah, =0 

or bx -ay+XA=0 (writing A for ad) 

where, A is some constant. 

Corollary 1 : The equation of the line through (x,, y;) 

and perpendicular to ax + by +c =0is 
b(x—x,)-a(y—y,)=0 

Corollary 2: Also equation of the line perpendicular to 

ax + by +c=0 is written as 


ae +k=0, where k is some constant. 
a 
Working Rule: 


(i) Interchange the coefficients of x and y and changing 
sign of one of these coefficients. 


(ii) Changing the constant term. 


(iii) The value of A can be determined from an additional 
condition given in the problem. 


Example 52. Find the general equation of the line 
which is parallel to 3x —4y + 5=0. Also find such line 
through the point (—1, 2) . 


Sol. Equation of any parallel to 3x — 4y +5 =0Ois 


3x -—4y+X=0 (i) 
which is general equation of the line. 
Also Eq. (i) passes through (—1, 2), then 
3(—1)-4(2)+2 =0 
rs A=11 
Then from Eq. (i) required line is 
3x —-4y+11=0 
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Example 53. Find the general equation of the line 
which is perpendicular to x+ y+4=0. Also find such 
line through the point (1,2) . 
Sol. Equation of any line perpendicular to x + y+4 =0Ois 
x-y+rA=0 ...(i) 
which is general equation of the line. 
Also Eq. (i) passes through (1, 2), then 
1-2+A=0 
i N=1 
Then from Eq. (i), required line is 


x-y+1=0 


Example 54. Show that the equation of the line 
passing through the point (acos* 6, asin’ @) and 
perpendicular to the line 
X sec 8 + y cosec 8 =a is 
x cos — y sin8 = acos20 
Sol. The given equation x sec 8 + y cosec @ = a can be written as 
x sin® + y cos® = asin® cos@ ...(i) 
. equation of perpendicular line of Eq. (i) is 
x cos8—ysinB=A ...(ii) 
Also it is pass through (a cos’, a sin® @) 
a cos*@-cos@— asin’ @-sin®@ = » 
> i = a(cos*@ — sin*@) 
=a(cos*@ + sin” @) (cos”@ — sin”@) 
=a-1-cos 20=a cos 20 
From Eq. (ii), the required equation of the line is 
x cos® — y sin® = a cos20 
Aliter : (From corollary (2) of Theorem (2) 
Equation of any line perpendicular to the line 
xsec 8 + y cosec 8 =a, is 
x 
sec me 0 e 


or x cos0— ysinOd=k ...(iii) 
Also, it pass through (a cos*, asin’ @) 
a cos*@-cos@ — asin*?@-sin® =k 

or k = a(cos*@ — sin *@) 

= a(cos’@ + sin” @) (cos @ — sin” @) 

=a-1-cos 20 

=acos 20 
From Eq. (iii), the required equation of the line is 


x cos® — y sin® = a cos 20 
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Distance of a Point From a Line 


Theorem : The length of perpendicular from a point 
(x,,Y,) to the line ax + by +c =0is 


jax, tby, +c| 
(a” +b’) 


Proof : Given line is ax +by +c =0 


=> 


P(xpY1) 


A(-c/a, 0) »y 


Let the given line intersects the X-axis and Y-axis at A and 


B respectively, then coordinates of A and B are - a 0 
a 


and [o, - <) respectively. 


Draw PM perpendicular to AB. 
Now, Area of A PAB 


Elie ee (eee +0(y; -0) 
=—l|x me eee ee = 
9 1 b . b yi Vi 


jax, +by, +c¢| ...(i) 


c 
2 e 
Let PM=p 
Also, area of A PAB 


From Eqs. (i) and (ii), we have 


<a +B) -p -;| 


: 7 | +by,+c| 
= —|| ax c 
2\a 2\ab ; “A 

_ lax, +by, +c¢| 


(a’ +b’) 


or 


Aliter I: Let PM makes an angle 0 with positive 
direction of X-axis. 


Then, equation of PM in distance form will be 


x-Xx - 
a eae (PM = p) 
Therefore coordinates of M will be 
(x, + pcos8,y, +psin®) 
Since, M lies on ax + by +c =0, then 
a(x, +pcos0)+b(y, +psin60)+c=0 
or p(acos® +b sin®) =—(ax,; + by; +c) ..-(iii) 


Since, slope of AB =-— ; 


b 
Slope of PM =— 
a 
b 
tanOd=— («PM makes an angle 0 with 
. positive direction of X-axis) 
A 
V(a2+b?) 
b 
8 
B a C 
b 
then = sin = 
(a’ +b”) 
and  cos@ =———-— 
(a’ +b’) 


Now, from Eq. (iii), 


a b? 
ite ) Te 7 =—(ax, + by, +c) 
- oa + by; +c) 

(a’ +b’) 
Since, p is positive 
_ lax, +by, +e} 
a? +5") 
Aliter II : Let Q (x, y) be any point on the line 
ax +by+c=0 


Hence, the length of perpendicular from P on AB will be 
least value of PQ. 


P(x1,Y7) 


X’< >X 


O}., A 
yY 


Let z=(PQ)’ 


=(x = x1)’ +(y-y1)? .-(iv) 


x 

d*z a a a’ _ 
; 7242 — a =2 “a? = positive 
iG 


‘ Zis minimum 


-. PQis also minimum. 


dz 
For maximum or minimum, = =0 


reap an 


or 2x-m)+207-y)(-£}=0 [-y=-£-2] 


b ob 
(4 =2) (yas) a(x —x)+0—7) 
or = = 
a b a-a+b-b 
_ (ax + by +c) —(ax, + by, +c) 
(a* +b’) 
(by law of proportion) 
0 —(ax, + by, +c) 
= a (ax + by +c=0) 
(a° +b*) 
a(ax, +by, +c 
= (x-—x,)=— ( 5 Hl ) 
(a° +b") 
aa G9 jae 
: (a? +b?) 


.. From Eq. (iv), 


ste 4b} _ ax + by; +c| 


(a? +b’)? (a ee) 


r0= fen, + by, +c) 
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* Least value of PQ is PM 

panes! + by, +c| 
(a’ +b’) 

Aliter III : Let M =(h,k) 

Since, M (h, k) lies on AB, 
ah+bk+c=0 (Vv) 

Now, AB and PM are perpendicular to each other, then 

(slope of PM ) x (slope of AB) =-1 


= Mak y aes 
x, —-h b 
as x, 7h_yirk _a(xi —h) +b(y1 ~k) 
a b a.at+b.b 
(by law of proportion) 


_ (ax, + by, +c) —(ah+bk +c) 
a +b? 
b 
a [from Eq. (v)] 
a 
(PM)? =(x -— x1)? +(y-y1)’ 


2 
| 9% + by, +c (a? +b?) 
a +h" 


*, Length of perpendicular 
(ax, + by, +c) 


PM=+ 
(a* +b?) 
Hence Pip=p se) 
(a* +b’) 


Aliter IV : Equation of AB in normal form is 


a b -—c 
x+ y= 
ilar 07). 457) iG? 487) 
2 ihe 
(a” +b’) 


>X 
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Equation of line parallel to AB and passes through (x,, y;) 
is 


a(x —x,)+b(y—y,)=0 


or ax + by =ax, +by, 
Normal form is 
a x b _ ax, +by, 
(a+b?) (az +b*) at +B? 
J(a° +b°) (a° +b°) (a° +b°) 
= goa i. 
(a” +b’) 


+ by, + 

PM=0L=00-on= 21m +e 
(a? +b’) 
Hence, required perpendicular distance 
_ lax, +by, +¢| 
(a’ +b’) 
Aliter V : The equation of line through P(x,, y,) and 
perpendicular to ax + by +c =0is 
b(x—x,)-a(y—y,)=0 

If this perpendicular meet the line ax + by +c =0in 


M (x2, yz) then (x, yz) lie on both the lines 
ax + by +c =0 and Eq. (vi), then 


...(vi) 


b(x2—x1)—a(y2 —y1) =0,axz + by, +c=0 

ax, + by, tc=a(x2—x1)+D(y2 —y,) + ax, +by, +c=0 
or b(x2 —x1)—a(y2 —y1) =0 
and 


... (vii) 
a(x, —xX,)+b(y2 —y,) =—(ax, + by, +c) ...(viii) 
On squaring and adding Eqs. (vii) and (viii), we get 
(a? +b°) (x2 — 1)” +(y2 —y1)") =(ax1 + by; +0)” 
or PM = [(x2 — x1) +2 - 1)" 
_ jax, + by, +c| 


(a’ +b’) 


Hence, length of perpendicular 
be jax, +by,; +c| 


(a* +b?) 


PM= 


Corollary 1 : The length of perpendicular from the origin 
to the line ax + by +c =O is 


|a-0+b-0+c| , |c| 
je, ——— 
(a? +b’) (a? +b?) 
Corollary 2 : The length of perpendicular from (x,, y;) to 


the line x cosa + y sina = p is 
|x; cosa+y, sina — p| 


(cos? & + sin” o) 


=|x,cosa+y, sina — p| 


Working Rule : 
(i) Put the point (x,, y,) for (x, y) on the LHS while the 
RHS is zero. 
(ii) Divide LHS after Eq. (i) by \\(a? +b”), where a and b 


are the coefficients of x and y respectively. 


Example 55. Find the sum of the abscissas of all the 
points on the line x+ y =4 that lie at a unit distance 
from the line 4x + 3y -10=0. 


Sol. Any point on the line x + y = 4 can be taken as (x,, 4 — x;). 
As it is at a unit distance from the line 4x + 3y — 10 =0, we 


get 
J4x, +3(4 = m1) — 10] _, 
(4° +3”) 
=> |x, +2)=5 > x,+2=4+5 
=> x,;=3 or —-7 


Required sum = 3— 7 =— 4. 


Example 56. If p and p’ are the length of the 


perpendiculars from the origin to the straight lines 
whose equations are x sec 8+ y cos ec 8 =a and 

x cos 8 — y sin@ = acos 28, then find the value of 
4p? +p’. 


Sol. We have, p= ial 
4{(sec* + cosec’0) 
2 a’ _ a’ sin’ @ cos”0 
sec’ 0 + cosec”0 1 
> 4p” =a’sin? 20 ..-(i) 
and p= oe =|-acos20| 
v(cos?@ + sin’ @) 


(p’)’ =a’ cos? 20 
.. Adding Eqs. (i) and (ii), we get 
4p? +p? =a 


ii) 


Example 57. If p is the length of the perpendicular 
from the origin to the line aan 7 =1, then prove that 
a 
1 1 1 


a pb _ al 
Sol. p = length of perpendicular from origin to 

a + y =1 

a b 
|O+0-1) _ 1 
1) (1) (= =) 

) +G) ere 
1 1 1 1 1 1 
or = >+— or >+—7= 


Example 58. Prove that no line can be drawn 
through the point (4,— 5) so that its distance from 
(—2, 3) will be equal to 12. 


Sol. Suppose, if possible. 
Equation of line through (4, — 5) with slope of m is 
yt+5=m(x-4) 
=> mx —-y—-4m—5=0 


Then, |m(—2)~3-4m—5|_,, 


m= +1 


=> |-6m-8|=12,\(m? +1) 


On squaring, (6m + 8)? = 144 (m? + 1) 


=> 4 (3m + 4)° =144(m* +1) 
=> (3m + 4)? =36(m? +1) 
> 27m* — 24m + 20=0 ...(i) 


Since, the discriminant of Eq. (i) is (—24)’ — 4-27-20 = —1584 
which is negative, there is no real value of m . Hence no 
such line is possible. 


Distance between Two 
Parallel Lines 


Let the two parallel lines be 

ax+by+c=0 and ax+by+c, =0 
The distance between the parallel lines is the perpendicular 
distance of any point on one line from the other line. 
Let (x,, y,) be any point on ax +by +c =0 
Now, perpendicular distance of the point (x,, y;) from the 
line ax + by +c, =Ois 


ax, +by, +c=0 


lax, +by: +¢1| a |c1 —¢| 
Va? +b?) (a? +b") 
This is required distance between the given parallel lines. 
Aliter I: 


[from Eq. (i)] 


The distance between the lines is 


r 
d =—————— 
(a? +b’) 
(i) A =|c, —c|, if both the lines are on the same side of 
the origin. 
(ii) A =| c,|+ cl], if the lines are on the opposite side of the 
origin. 
Aliter II: Find the coordinates of any point on one of 
the given lines, preferably putting x =0 or y =0. Then the 
perpendicular distance of this point from the other line is 
the required distance between the lines. 
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Example 59. Find the distance between the lines 
5x —12y+2=Oand 5x—12y —-3=0. 
Sol. The distance between the lines 
5x—12y+2=0 and 5x-12y—3=0is 
|2-(=3)|_ _ 5 
(5) +(-12)" 18 
Aliter I : The constant term in both equations are 2 and —3 


which are of opposite sign. Hence oa between them. 
2|+|-3 5 


(5)? +(-12)? 13 


.. Distance between lines is 


3 
Aliter II : Putting y =0in5x — 12y -3=0then x = 
3 : 
(2.0) i on 5x — 12y -3=0 


Hence, distance between the lines 
5x —12y +2=0and (5x — 12y —-3=0) 


3 
= Distance from (2 o to the line 5x — 12y+2=0 
5 


3 
5xX—-0+2 
2 5 


(eee 18 


Example 60. Find the equations of the line parallel to 
5x —12y + 26 =0 and at a distance of 4 units from it. 


Sol. Equation of any line parallel to 5x — 12y + 26 = 0is 


5x -12y+r=0 ...(i) 
Since, the distance between the parallel lines is 4 units, then 
| A - 26 | =4 


(5)° + (-12)" 
or |A —26/=52 or A-26=+52 
or A = 26452 . A =—26o0r 78 
Substituting the values of 4 in Eq. (i), we get 
5x — 12y — 26=0 


and 5x —12y+78=0 


Area of Parallelogram 


Theorem : Area of parallelogram ABCD whose sides 
AB, BC, CD and DA are represented by a,x +b,y +c, =0, 
a,x +boy+cy =0,a,x +by+d, =0 


and a,x+b,y+d,=0is 


Pipa |e; —d;||¢2 -d2| 
sin® | a, b, | 
a, bz 


where, p; and pz are the distances between parallel sides 
and 6 is the angle between two adjacent sides. 
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Proof : Since, p; and p,are the distances between the pairs 
of parallel sides of the parallelogram and 6 is the angle 


between two adjacent sides, then 
a;x+b,y+d,=0 


ayxt+byy+c,=0 ~._ 


a 


Area of parallelogram ABCD 
=2 x Area of A ABD 


1 
eS SEOs Pi 


= Pe xX py ¢ ind ABl,sino =F 
AB 


— PiPo (i) 


Now, p; = Distance between parallel sides AB and DC 
~ |e —dj| 
(aj +i) 


and p». = Distance between parallel sides AD and BC 


= |c2 — d>| 
(az +b3) 
= b b 
Also, tan@ =| a : = 
[1 + mm | ay ay 
b; by 
ay, 
** m, =slope of AB =— — 
by 
a2 
and m, =slope of AD =-— — 
by 
oa a,b, —azb, 
- a,ao +b,b, 
Sno |a,b, —a,b,| 


(a? +b?)(a? +b?) 


Now, substitute the values of p;, p2 and sin @ in Eq. (i) 


|c, —d,||c, —d,| 
|a,b, —ayb,| 

|c, —d,||ce, —d,| 

eal 


.. Area of parallelogram ABCD = 


a, by 


Corollaries : 
1. If py = pz, then ABCD becomes a rhombus 


Pi 

sin 8 

(cy -d,)’ 

ai + b? 


as +b 


.. Area of rhombus ABCD = 


|a,b, —azb,| 


2. Ifd, and d, are the lengths of two perpendicular 
diagonals of a rhombus, then 


1 

Area of rhombus = 5 d,d, 

3. Area of the parallelogram whose sides are y =mx +a, 
—b||c-d 
ee err er mre eae ae) 
|m — ni 

Example 61. Show that the area of the parallelogram 
formed by the lines x+ 3y —-a=0, 3x—2y+ 3a=0, 


._ 20 » 
x+3y+4a=0and sa ier sq units. 


Sol. Required area of the parallelogram 
_ |-a- 4a||3a—7a|_ 20 


2 2 
a’ sq units 
11 


Example 62. Show that the area of the parallelogram 
formed by the lines 
xcosa + ysing = p, xcosa + ysina =q, 
xcosB + ysinB=r, xcosB + ysinB =s is 
|(p — q)(r — s) cosec (& — B)|. 
Sol. The equation of sides of the parallelogram are 
xcosQ+ ysina — p=0, 
xcos b+ ysin a — q = 0, 
xcosB + ysinB —r=0, 


and xcosB + ysinB —s=0 


.. Required area of the parallelogram 
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|(—1 + 2)(-1 + 2)| 


ae Area of the rhombus = 
_lep-C@il-r-Cs) _ lp -allr—sl oe! 
cos sin & | sin(B — a)| \|2 b | 
cosB sinB es 
=|(p ~ q)(r ~ s)eosec (0. ~ B) 2 
a’b? 
Example 63. Prove that the diagonals of the ~ Pa et) 


parallelogram formed by the lines 


ae xy a ne ae oe ae Example 64. Show that the four lines ax+by +c =0 
a b ’b a ’a b boa ) 6 h Ie? 
are at right angles. Also find its area (a # b). EnEISSee moins nose ae > |ab|’ 


Sol. The distance between the parallel sides 


Sol. The given lines are 


~4%=1 and 74% =2 ax +by+c=0 ..-(i) 
a b a b wi 
a-1 i ax + by-—c=0 (ii) 
— =p; (say) ax — by+c=0 ...(iii) 
1 1 1 1 ; 
{( =e | Il rai 7] and ax — by-—c=0 ...(iv) 
ab ab Distance between the parallel lines Eqs. (i) and (ii) is 
and the distance between the parallel sides “ =p, (say) and distance between the parallel 
Lee ae | and Pete (a + b*) 
a 7 lines Eqs. (iii) and (iv) is 
=| 1 2c 
= = Pa (say) ————— = pn (say) 
i i *) i mm ‘) a? + 6°) 
ba a b fete. p=; 
ree, Pi ~ Pa *, itis a rhombus. 
“. Parallelogram is a rhombus. ae je 
But we know that diagonals of rhombus are perpendicular “. Area of rhombus = ate ee a 
to each other. | a | |—2ab|__|ab| 
[a -0 


Exercise for Session 2 


1. 


2. 


The number of lines that are parallel to2x + 6y — 7 =0 and have an intercept 10 between the coordinate axes is 
(a) 1 (b) 2 (c) 4 (d) infinitely many 
The distance between the lines 4x + 3y =11and 8x + 6y =15is 
7 4 7 9 
a)— b) —  —— dy 
(a) - (b) : (c) ‘6 (d) AG 


If the algebraic sum of the perpendicular distances from the points (2, 0), (0, 2) and (1, 1) to a variable straight 
line is zero, then the line passes through the point 


(a) (1, 1) (b) (-1, 1) (e) G1, =1) (d) (1, -1) 


If the quadrilateral formed by the lines ax + by + c=0,a’x + b’ y+ c’ =0,ax + by +c’ =0 and 
a’ x + b’y +c’ =Ohave perpendicular diagonals, then 
(a)b? +02 =b74+c% = (b)c? +.a% =c% +a” (c)a* + b* =a% +b” (d) None of these 


The area of the parallelogram formed by the lines 3x —4y + 1=0, 3x —4y +3 =0,4x —-3y —1=Oand 
4x -3y -2=0,is 
(a) 2 sq units (b) : sq units (c) 2 sq units (d) ‘ sq units 

7 7 7 7 
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6. 


10. 


11. 


12. 


13. 
14. 


15. 
16. 


17. 


18. 


Area of the parallelogram formed by the lines y = mx, y =mx + 1 y =nx and y =nx + 1equals 


qj enl ee (cy) — (a) — 


(m—n)? Im+n| |m+n| |m—n| 


The coordinates of a point on the line y = x where perpendicular distance from the line 3x + 4y =12 is 4 units, 


3.5 3:3 8 8 32 32 
a)|—,—= by |= c)| -—,-— d)| —,-— 
(2.5) (3.5) (@(-3.-3] (2-2) 

A line passes through the point (2, 2) and is perpendicular to the line 3x + y =3, then its y-intercept is 

2 2 4 4 
a)-= b)= c) -— d)_ 

(a) 5 ( 3 (c) 3 ( 3 


If the points (1, 2) and (3, 4) were to be on the opposite side of the line3x —5y + a =0, then 
(a)7<a<11 (b)a=7 (c)a=11 (d)a<7ora>11 


The lines y =mx, y + 2x =0, y =2x +k and y + mx =k form a rhombus if m equals 


(a) -1 (b) (c) 1 (d) 2 


hla 


The points on the axis of x, whose perpendicular distance from the straight line as + 7 =1isa 
a 


(a)? (at J@? + b),0) (b) = (b + (a? + b”),0) 


a 
(c)?2 (a+b, 0) ()? @+ (a? + b2), 0) 
a 


The three sides of a triangle are given by (x* — y*)(2x +3y —6) =O. If the point (-2, a) lies inside and (b,1) lies 
outside the triangle, then 


(a)ae [2 *} be(-11 (b)ae (-2 *\e é (- 3] 
(c)ae (1 *\e € (-3, 5) (d) None of these 


Are the points (3, 4) and (2, -6) on the same or opposite sides of the line3x —4y =8? 


If the points (4, 7) and (cos 6, sin6), where 0 <6 < 7, lie on the same side of the line x + y —1=0, then prove 
that 6 lies in the first quadrant. 


Find the equations of lines parallel to3x —4y —5=0 ata unit distance from it. 


Show that the area of the parallelogram formed by the lines2x —3y + a =0,3x —2y —a =0,2x —3y + 3a =0 
2 
and 3x —2y —2a=0 is 4 sq units. 


A line ‘L’ is drawn from P (4,3) to meet the lines L, :3x +4y +5=OandL»,:3x +4y + 15=O0 at point A and B 


respectively. From ‘A’ a line, perpendicular to L is drawn meeting the line L» at A,. Similarly from point ‘B’ a line, 
perpendicular to L is drawn meeting the line L, at B;. Thus a parallelogram AA,BB, is formed. Find the 
equation (s) of ‘L’ so that the area of the parallelogram AA,BB, is least. 


The vertices of a AOBC are O (0,0), B (—3, — 1), C (—1,—3). Find the equation of the line parallel to BC and 


intersecting the sides OB and OC and whose perpendicular distance from the origin is . 


Session 3 


Point of Intersection of Two Lines, Concurrent Lines 
Family of Lines, How to Find Circumcentre and 


Orthocentre by Slopes 


Points of Intersection of 
Two Lines 


Let a,x +b,y +c, =Oand a,x +b,y +c, =0 be two 
non-parallel lines. If (x,, y,) be the coordinates of their 
point of intersection, 
then a,x, +),;y, +c, =0 and a,x, +byy, +c, =0 
Solving these two by cross multiplication, then 

x4 Vi 1 


bic, —b2¢, yay — C24, a by — and, 


byCy — bye, Ca, — C24, 
weget §(x1,¥1) = ; 
a,b, —azb, ab, —azb, 
by ba |e, ey 
Cy C2) [a1 a2 
7 a, a2 a, a2 
by, ba| [by by 
Remarks 
1. Here lines are not parallel, they have unequal slopes, then, 
Abo — ab, #0 


2. In solving numerical questions, we should not be remember 


the coordinates (x,, y,) given above, but we solve the equations 


directly. 


Concurrent Lines 


The three given lines are concurrent, if they meet in a 
point. Hence to prove that three given lines are 
concurrent, we proceed as follows : 


I Method : Find the point of intersection of any two lines 
by solving them simultaneously. If this point satisfies the 


third equation also, then the given lines are concurrent. 


II Method : The three lines a,x + b;y +c; =0,i=1,2,3 are 


concurrent if 


| a, by cy | 
ay b, Co =0 
| a3 bs c3| 


III Method : The condition for the lines P=0,Q =0 and 
R=0to be concurrent is that three constants 1, m, n (not all 
zeros at the same time) can be obtained such that 


IP+mQ+nR=0 
Remarks 


1. The reader is advised to follow method | in numerical problems. 
2. For finding unknown quantity applying method II. 


Example 65. Show that the lines 
2x+3y—-8=0, x—5y+9=0 and 3x+4y-11=0 
are concurrent. 


Sol. I Method : Solving the first two equations, we see that 
their point of intersection is (1, 2) which also satisfies the 


third equation 
3xX1+4x2-11=0 


Hence the given lines are concurrent. 

a b c,| 2 3 8 
II Method: Wehave}ja, b, c,|=|1 -5 9 
a, bz; c3| |3 4 -11 


Applying C3 ~C3+C,+2C, 


2 3 90 
=|1 -5 0/=0 
3 4 =O 


Hence the given lines are concurrent. 
III Method: Suppose 


1 (2x + 3y — 8) + m(x -5y +9)+n (3x + 4y—- 11) =0 
=> x (2l+m+3n)+y(3l—5m + 4n)+(-81+9m—11n)=0 
=0-x+0-y+0 
On comparing, 
21+ m+3n=0,3l-—5m+ 4n =0,-81+9m-—11n=0 
After solving, we get 1 = 19, m=1,n =—13 
Hence, 19 (2x +3y— 8) +(x—5y+9)—13(3x + 4y — 11) =0 


Hence the given lines are concurrent. 
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Example 66. If the lines ax+ y+1=0, x+by+1=0 


and x+ y+c=0(a,b andc being distinct and 
different from 1) are concurrent, then find the value of 
1 1 1 


+ + : 
1-a 1-b 1-c 


Sol. The given lines are concurrent, then 


a 11 a 1-a 1-a 
1 b 1/=0 => ]1 b-1 0 |=0 
1. 1. -¢ 1 0 c-1 


(applying C, — C, — C, andC; > C3 — C,) 
Expanding along first row 
=> a(b-1)(c —1)—(1-a)(c —-1)-—(1-a)(b-1)=0 
> a(1-b)(1-c)+(1-a)(1-c) +(1-a)(1-b)=0 
Dividing by (1 — a)(1— b)(1-c), then 


a 1 1 
+ + 0 
1-a 1-b 1-c 
1 1 1 
=> -1+ + + =) 
1-a 1-b 1-c 
1 1 1 
Hence, + + =1 
l1-a 1-b 1-c 


Example 67. Show that the three straight lines 
2x — 3y + 5=0,3x+4y —7=0 and 9x —5y+8=0 
meet in a point. 
Sol. If we multiply these three equations by 3, 1 and —1, we have 
3 (2x —3y +5) + (3x + 4y —7)-(9x — 5y + 8)=0 
which is an identity. 


Hence, three lines meet in a point. 


Family of Lines 


Theorem : Any line through the point of intersection of 
the lines a,x + b,y +c, =O and a,x +b,y +c, =0 can be 
represented by the equation 


(a,x +byyt+c,) +A (agx +b,y +c.) =0 
where A is a parameter which depends on the other 
property of line. 
Proof : The equations of the lines are 
a,x+byy+c, =0 ...(i) 
...(ii) 
Multiplying and v in Egs. (i) and (ii) and adding, we get 


and a,x +boy +c, =0 


UW (a,x +byy+c,)+V (a,x +boy +c.) =0 
where Ll, V are any constants not both zero. 


Dividing both sides by p, then 


(ax thy +e,)+ (ax thy +62) =0 


> (ax tbyy bey) +R (ax +byy Hep) =0[ where =* | 
Ww 


It is a first degree equation in x and y. So it represents 
family of lines through the point of intersection of Eqs. (i) 
and (ii). 
Thus, the family of straight lines through the intersection 
of lines 

L, =a,x +byy+c, =0 
and L, =a,x+b.y+c, =Ois 
(a,x +b,y+c,) +A (agx +boy +c.) =0 


ie.  L, +AL, =0 


Corollaries : 


1. The equation L, + AL, =0 or WL, + VL, =0 represent 
a line passing through the intersection of the lines 
L, =0 and L, =0 which is a fixed point, where A, U,V 
are constants. 

2. For finding fixed point, the number of constants in 
family of lines are one or two. If number of constants 
more than two, then convert in two or one constant 
form. 


Example 68. Find the equation of the straight line 
passing through the point (2,1) and through the point 
of intersection of the lines x+2y =3 and 2x — 3y =4. 
Sol. Equation of any straight line passing through the 
intersection of the lines x + 2y = 3 and 2x — 3y = 4 is 
A (x + 2y — 3) + (2x -3y — 4) =0 ...(i) 
Since, it passes through the point (2, 1) 
dV (24+2-3)+(4-3-4)=0 
=> XA -3=0 
Sy XN =3 
Now, substituting this value of A in (i), we get 
3(x + 2y — 3)+ (2x -3y- 4)=0 
Le: 5x +3y—-13=0 


which is the equation of required line. 


Example 69. The family of lines 
x (a+2b)+ y (a+ 3b)=a+b passes through the point 
for all values of a and b. Find the point. 


Sol. The given equation can be written as 
a(x+y-1)+b(2x+3y-1)=0 
which is equation of a line passing through the point of 
intersection of the lines x + y—1=0and2x +3y-1=0. 
The point of intersection of these lines is (2, — 1). Hence the 
given family of lines passes through the point (2, — 1) for all 
values of a and b. 


Example 70. If 3a+2b+ 6c =0 the family of straight 
lines ax + by +c =O passes through a fixed point. Find 


the coordinates of fixed point. 
Sol. Given, 3a+2b+6c =0 


a b 
or —+—-—+c=0 


and family of straight lines is 


ax +by+c=0 ...(ii) 


Subtracting Eqs. (i) from (ii), then 


Guas 


which is equation of a line passing through the point of 
intersection of the lines 


1 1 
x--=0 and y—-—=0 
2 3 


11 
. The coordinates of fixed point are (; :|. 
23 


Example 71. If 4a? + 9b* —c* + 12ab =0, then the 


family of straight lines ax + by + c =0 is either 
concurrent at ... or at .... 
Sol. Given, 4a” +9b? —c? +12ab=0 
or (2a + 3b)” — c? =0 
or c=+(2a+ 3b) 
and family of straight lines is 
ax + by+c=0 
Substituting the value of c from Eqs. (i) in (ii), then 
ax + by + (2a + 3b)=0 
> a(x+2)+b(y+3)=0 
Taking ‘+’ sign: a(x+2)+b(y+3)=0 
which is equation of a line passing through the point of 
intersection of the lines x + 2=Qandy+3=0 
. coordinates of fixed point are (—2, —3). 
Taking ‘’ sign: a(x -—2)+b(y—3)=0 
which is equation of a line passing through the point of 
intersection of the lines 
x-2=0 and y-—3=0 


‘, coordinates of fixed point are (2, 3) 


Hence, the family of straight lines ax + by + c = 0is either 


concurrent at (—2, —3) or at (2,3). 


Example 72. Find the equation of the line passing 
through the point of intersection of the lines 
X+ 5y+7=0,3x+2y—5=0 
and (a) parallel to the line 7x +2y -5=0 
(b) perpendicular to the line 7x +2y —5=0 
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Sol. Any line passing through the point of intersection of the 


given lines is 
(x +5y+7)+A (3x +2y—5)=0 


=> x(1+3A)+ y(5+2A)+(7 —5A)=0 ...(i) 
Its slope = — daa) 
(5+ 22) 
(a) Line Eq. (i) is to be parallel to 7x + 2y -5=0 
then fe ui) 
(5+2h) 2 
=> 24+ 6A =35+142r 
> 8A = — 33 
> ea 
8 


Substituting this value of A in Eq. (i), we get the required 
equation as 7x + 2y—17 =0 


(b) Line, (i) is to be perpendicular to 7x + 2y -5=0 


~ C2 x (T= 


(5+ 2A) 2 
or 74214 =-10-4A 
es 
25 


Substituting this value of A is Eq. (i), we get the required 
equation as 


2x —7y —20=0. 
Aliter : 
The point of intersection of the given lines 
x+5y-7=0 and 3x +2y—5=0is(3,—2). 
. Equation of line through (3, — 2) is 


yt+2=m(x —-3) ...(ii) 
(a) Line (ii) is parallel to 7x + 2y —-5=0 
7 
m=-— 
2 


Hence, the equation of the required line is 
yt2=- ; (x —3) 


or 7x +2y-17=0 
(b) Line (ii) is perpendicular to 7x + 2y —5=0 


then mx{-Z) =-1 
2 


or m=— 


7 
Hence, the equation of the required line is 


y+2=2(x-3) 


or 2x —7y —20=0 
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Example 73. Find the equation of straight line which 
passes through the intersection of the straight lines 
3x—-4y+1=0 and 5x+y-1=0 
and cuts off equal intercepts from the axes. 


Solution : Equation of any line passing through the 
intersection of the given lines is 


(3x —4y+1)+A (5x +y-1)=0 
> x(3+5A)+y(-4+A)+(1-A)=0 (i) 
x y 


but given x-intercept = y-intercept 


: N-1 rA-1 
1.€. =| —— 
Gea fei 


1 1 

=> apc 

34+5A A-4 

(A #1°if = 1 then line (i) pass through origin) 
es A-4=34+5A 

or 4K =-7 
eae 
4 


Substituting the value of A in Eq. (i), we get required 
equation is 23x + 23y = 11. 
Example 74. If t; andt, are roots of the equation 
t? + At+1=0, where A is an arbitrary constant. Then 
prove that the line joining the points (at?, 2at,) and 
(at3,2at,) always passes through a fixed point. Also 
find that point. 
Sol. - t; and tz are the roots of the equation t? + At +1=0 
Be and tt, =1 (i) 
Equation of the line joining the points (at?, 2at,) and 


(at3, 2aty) is 


ty +t, =—- 


2at, — 2at, 


2 


7 (x ~ at) 
at, — at; 


y — 2at, = 


> y —2at, = (x — at?) 


2 
(tz + t) 


=> y(t, +t,)—2at,t, —2at? = 2x —2at? 


> y(t, + t,) — 2at,t, = 2x 
> y (-A) — 2a = 2x [from Eq. (i)] 
or (r+a+2(2]=0 


which is equation of a line passing through the point of 


intersection of the lines x + a =0and yu. 0. 
2 


. coordinates of fixed point are (—a, 0). 


Example 75. A variable straight line through the 


, a: 
point of intersection of the lines —+ 7 =1and 
a 


+ ed =1meets the coordinate axes in A and B. Show 
a 

that the locus of the mid-point of AB is the curve 

2xy (a+b)=ab (x+y). 


Sol. Any line through the point of intersection of given lines is 


1 A 1 A 
+—]+ +—|=(14+A 
“(; | v5 nt 
b+anr at+br 
=(14+A 
~ ab ) »( ab en 
=> * + y = 
ab(1+)) ab(1+)) 
b+anr a+br 
Ay 
B 
M(x4,V1) 
i, 7 >X 
yY 


This meets the X-axis at 


Am ab(l+h) 4 
b+anr 


and meets the Y-axis at 


pelg @™ 
a+br 


Let the mid-point of AB is M(x, y,), then 
_ ab(it+A) _ ab(1+h) 
~ 2(b+an) ~ 2(a+ bar) 
1 n 1 2(b+adr)  2(at+bra) 
xX, y, ab(1+A) ab(1t+A) 

2 


= ———_(b+ad+a+bar) 
ab(1+)) 


1 1 


2 
abt dh) th (a+ b\(1+A) 


(x, + yi) _ 2(a+ bd) 
xy ab 


=> 


=> 2x,y, (a + b) = ab(x, + y,) 
Hence, the locus of mid point of AB is 
2xy (a+ b)=ab(x+y). 


How to Find Circumcentre and 
Orthocentre by Slopes 


(i) Cireumcentre 


The circumcentre of a triangle is the point of intersection 
of the perpendicular bisectors of the sides of a triangle. It 
is the centre of the circle which passes through the 
vertices of the triangle and so its distance from the 
vertices of the triangle is the same and this distance is 
known as the circumradius of the triangle. 

AlxpY1) 


R 3 


tey28 aaa Ctr) 


Let O (x, y) be the circumcentre. 


If D, E and F are the mid points of BC, CA and AB 
respectively and OD. BC,OELCA and OF AB 


slope of OD x slope of BC =-1 
and slope of OE x slope of CA=-1 
and slope of OF x slope of AB=-1 
Solving any two, we get (x, y). 
Example 76. Find the coordinates of the 


circumcentre of the triangle whose vertices are 
A(5,-1),B (—1,5) and C (6,6) . Find its radius also. 


Sol. Let circumcentre be O’ (a, 8) and mid points of sides 


BC, CA and AB are D (: a E & 4 and F (2, 2) 
2:2 2 2 

respectively. Since O’ D_L BC. 

“. Slope of O’ D x slope of BC = — 1 


>X 
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2B -11 
7 (20-5) 
2B -—11=- 140 +35 
140. + 2B = 46 
a 74+ =23 i) 
and O’ELCA 
.. Slope of O’ E x Slope of CA =-1 


YU 


> 148 -35=-2a4+11 

20 + 148 = 46 
“ a +78 = 23 ... (ii) 
Solving Eqs. (i) and (ii), we get 


: (2 =) 
*, Circumcentre = | —, — 
8 


.. Circumradius = O’ A = O’B=O’C 
=0'C= (0-6) +(B - 6) 


(ii) Orthocentre 


The orthocentre of a triangle is the point of intersection of 
altitudes. 


Oo 
B D Cc 


Here O is the orthocentre since AD | BC, BE | CA and 
CF 1 AB, then OA L BC, OB LCA, and OC L AB 


Solving any two we can get coordinates of O. 


Remarks 

1. If any two lines out of three lines i.e. AB,BC and CAare 
perpendicular, then orthocentre is the point of intersection of 
two perpendicular lines. 

2. Firstly find the slope of lines BC, CAand AB. 
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Example 77. Find the orthocentre of the triangle 
formed by the lines xy =O and x+y =1. 


Sol. Three sides of the triangle are x = 0, y= 0 and x + y=1. The 
coordinates of the vertices are O (0,0), A(1, 0) and B (0, 1). 
The triangle OAB is a right angled triangle having right 
angle at O. Therefore O (0, 0) is the orthocentre. Since we 
know that the point of intersection of two perpendicular 
lines is the orthocentre of the triangle OAB. 


Example 78. Find the orthocentre of the triangle ABC 
whose angular points are A (1,2), B (2, 3) and C (4, 3).. 


Sol. Now, Slope of BC = = =0 


X’< ) >X 
Yy 
2-31 
Slope of CA = —— = - 
1-4 3 
and Slope of AB=-——=1 


Let orthocentre be O’(a, 8) then 
Slope of O’A x slope of BC = -1 


2- 
dio 
1-a 
0 
> =-1 
1-a 
=> 1-a=0 
ine a=1 
and Slope of OB x slope of CA = — 1 
3- 
> cel eee 
2-Qa 3 
> 3-B=3a-6 
> 3a0+B=9 
B=6 ("0 = 1) 


Hence, orthocentre of the given triangle is (1, 6) . 


Example 79. The equations of two sides of a triangle 
are 3x —2y +6=O and 4x+ 5y =20 and the 
orthocentre is (1,1). Find the equation of the third side. 
Sol. Let 3x — 2y + 6 =O and 4x + 5y = 20are the equations of the 
sides AB and AC. The point of intersection of AB and AC is 


& =) Let slope of BC is m. Since O’ AL BC 


X’< >X 
(a,B) B 

“. Slope of O’ Ax Slope of BC = -1 

Soi 
=> 23 xm=-1 

10 

eae | 

23 

61 
> —* m=-1 
=13 
13 
m=— 
61 
Let the vertex Bis (a, B). 
(a, B) lies on 3x — 2y + 6=0 

io 30. — 2B +6 =0 ...(i) 
and O’BL AC 
. Slope of O’ B x slope of AC =- 1 

a-1 5 
=> 48 —4=50-5 
=> 5a — 48 -1=0 ...(ii) 
Solving Eqs. (i) and (ii), we get 

33 
a=-13 and P=oae 


Since, third side passes through (- 13,- =) with slope 


therefore its equation is 
+ ies (x + 13) 

2 61 

=> 122y + 33 X 61 = 26x +2 X 169 

=> 26x — 122y — 1675 =0 

Aliter : The equation of line through A. ie. point of 

intersection of AB and AC is 


(3x —2y +6)+A (4x + 5y — 20) =0 ...(i) 
it passes through (1, 1), then 
(3-246) +2 (445-20) =0 
=> 7-11 =0 


aa 
rT 


From Eq. (i), (3x — 2y + 6) + “(4x + 5y — 20) =0 


=> 61x + 13y —74=0 
Slope of AD = — 2 
13 
=> Slope of BC = 2 
61 
If coordinates of B(a,B), B lies on AB 
m 30 — 2B +6=0 
and O’BLCA 
then Potx(-S)--1 
a-1 5 
=> 5a — 48 -1=0 
Solving Eggs. (ii) and (iii), we get 
a=-13 and B=-— 


.. Equation of third side i.e. BC is 
+ ae (x + 13) 

2 61 

26x — 122y — 1675=0 
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Since, AD _L BC 


~ C= 8 x(—Z)=- 
(3-b) \ 2 


=> 2-a=-6+2b 
> a+2b=8 ...(ii) 
Similarly, BEL AC, we get 

a+b=0 (iii) 
Solving Eggs. (ii) and (iii), we get 


--(ii) b=8 and a=-8 


(a, b) is (— 8, 8). 


Example 81. If the equations of the sides of a 


(iii) triangle are aq,x+b,y =1;r =1,2, 3 and the orthocentre 


is the origin, then prove that 
a,a +b,b, =a,a3 + b)bs; =a3a, + bsb,. 
Sol. The equation of the line through A, ie. the point of 
intersection of AB and AC is 
(a,x + byy —1)+ A (a3x + b3y — 1) =0 ...(i) 
It passes through (0, 0), then 


Example 80. If the orthocentre of the triangle 
formed by the lines 2x+ 3y —-1=0,x+2y -1=0, 
ax + by —1=0is at origin, then find (a,b). 
Sol. The equation of a line through A ie. the point of intersec- 
tion of AB and AC, is 
(2x + 3y —1)+A (ax + by -1)=0 ...(i) 
It passes through O (0,0), then 
-1-2A=0 


=-1 


From Eq. (i), agx + boy —1— a,x — bgy +1=0 
oe (a, — a3) x + (b, — bs) y =0 

Since, AD L BC 
“. Slope of AD x slope of BC = - 1 


= (az — a3) «(-2)=-1 
(bz — bs) b, 


From Eqs. (ii) and (iii), we get 
Ga, + bby = agaz + byb; = a3a, + b3b, 


From Eq. (i), 
2x +3y-1-ax-by+1=0 
> (2-—a)x+(3-b)y=0 


=> Qa, — a3Q, = — bb, + bb, 
> aa, + bib, = aya, + b5b, .-(ii) 
Similarly, BE CA, then we get 

aa, + bb, = aya, + byb; ...(iii) 
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Exercise for Session 3 


1. The locus of the point of intersection of lines x cosa + ysina =a and x sina — y cos a =b (a is a parameter) is 
(a) 2 (x? + y*) =a? + b? (b) x? — y? =a? — b? 
(c) x? + y? =a? +b? (d) x? - y? =a? +b? 

2. Ifa,b,c are in AP then ax + by + c =0 represents 
(a) a straight line (b) a family of concurrent lines 


(c) a family of parallel lines (d) None of these 


3. If the lines x + 2ay +a=0, x + 3by + b =Oand x + 4cy + c =O are concurrent, then a,b,c are in 


(a) AP (b) GP 
(c) HP (d) AGP 
4. The set of lines ax + by +c =0, where 3a + 2b + 4c =Ois concurrent at the point 
3 1 13 
a)} =, = b) ie 
(a) (5 5) (6) (3 ;) 
3.1 1. 3 
c)}-=,-= d)}-—,-— 
Ole; A (5 A 
5. Ifthe lines ax + y + 1=0, x + by +1=Oand x + y +c =0, (a,b andc being distinct and different from 1) are 
a b G4 
concurrent, then the value of ! ! is 


a=) b=4 621 
(a) -2 (b) -1 
(c) 1 (d) 2 
6. Ifu=a,x + by +c =Oandv =aox + boy + cp =O and al =? eed, then u + kv =0 represents 
a2 2 © 
(a)u=0 (b) a family of concurrent lines 
(c) a family of parallel lines (d) None of these 


7. The straight lines x + 2y —-9 =0, 3x + 5y -5=Oandax + by —1=O are concurrent, if the straight line 
35x —22y + 1=0 passes through the point 
(a) (@, 6) (b) (b, a) 
(c) (a, — 6) (d) (-a, b) 

8. Ifthe straight lines x + y —-2=0, 2x —y + 1=O and ax + by —c =O are concurrent, then the family of lines 
2ax + 3by + c =0(a,b,c are non-zero) is concurrent at 


(a) (2,3) (b) ( | 
ot af) 


9. The straight line through the point of intersection of ax + by + c=O anda’ x + b’ y + c’ =Oare parallel to Y-axis 

has the equation 
(a) x (ab’ — a’b) + (cb’-c’b) =0 (b) x (ab’ + a’b) + (cb’+ c’b)=0 
(c) y (ab’ —a’b) + (c’a-ca’)=0 (d) y (ab’ + a’b) + (C’a+ca’)=0 

10. Ifthe equations of three sides of a triangle are x + y =1,3x + 5y =2 and x — y =0, then the orthocentre of the 
triangle lies on the line/lines 
(a) 5x - 3y =1 (b) 5y — 3x =1 
(c) 2x - 3y =1 (d) 5x - 3y=2 


11. 


12. 


13. 


14. 


15. 


16. 


17. 


18. 


19. 


Chap 02 The Straight Lines 117 


Find the equation of the line through the intersection of 2x —3y +4=0and 3x + 4y —5=0 and perpendicular to 


6x -—7y +c=0 

(a) 199y + 120x = 125 (b) 199y — 120x = 125 

(c) 119x + 102y = 125 (d) 119x — 102y = 125 

The locus of the point of intersection of the lines ee =m, = : eal is 
a Db a bom 

(a) a circle (b) an ellipse 

(c) a hyperbola (d) a parabola 


Find the condition on a and b, such that the portion of the line ax + by —1=0, intercepted between the lines 
ax + y + 1=0and x + by =O subtends a right angled at the origin. 


If the lines (a —b —c)x + 2ay + 2a =0, 2bx + (b —c-—a)y + 2b =O and (2c + 1)x + 2cy +c-—a-—b =Oare 
concurrent, then prove that eithera +b +c=Oor(a+b+ c)* + 2a =0. 


Prove that the lines ax + by +c =0,bx +cy +a =Oandcx + ay + 6 =Oare concurrent ifa +b +c=Oor 
a+bo+c@=0ora + bw? + cw =0, where w is a complex cube root of unity. 


Find the equation of the straight line which passes through the intersection of the lines x — y -1=0O and 
2x —3y + 1=0 and is parallel to (i) X-axis (ii) Y-axis (iii) 3x + 4y =14. 


Let a,b,c be parameters. Then, the equation ax + by + c =O will represent a family of straight lines passing 
through a fixed-point, if there exists a linear relation betweena, b and c. 


Prove that the family of lines represented by x (1+ 1) + y (2—’)+5=0,A being arbitrary, pass through a fixed 
point. Also find the fixed point. 


Prove that (-a : -3) is the orthocentre of the triangle formed by the lines y =m; x + a J =12,3;3m4,Mo,m3 


I 
being the roots of the equation x? — 3x? + 2=0. 


Session 4 


Equations of Straight Lines Passing Through a Given Point 
and Making a Given Angle with a Given Line, A Line Equally 
Inclined With Two Lines, Equation of the Bisectors, Bisector 
of the Angle Containing the Origin, Equation of that Bisector 
of the Angle Between Two Lines which Contains a Given Point, 
How to Distinguish the Acute (Internal) and Obtuse (External) 


Angle Bisectors 


Equations of Straight Lines 
Passing Through a Given Point 
and Making a Given Angle with 
a Given Line 


Theorem : Prove that the equations of the straight lines 

which pass through a given point (x,, y,; ) and make a 

given angle & with the given straight line y = mx +c are 
y—y, =tan(@ ta) (x -x,) 

where, m= tané. 

Proof : Let AB be the given line which makes an angle 0 

with X-axis. 

& m= tan@ 

Let CD and EF are two required lines which make angle o 

with the given line. Let these lines meet the given line AB 

at Q and R respectively 


Z DQS = Z POR + Z ROS =(a +80) 
.. Equation of line CD is 


y-y, =tan(@+a@) (x -x,) ...(i) 
and Z FRT = Z FRB + Z BRT 
=180°-a+8 
= 180° +(8-a) 


.. Equation of line EF is 
y—y, =tan (180° +8 —a@) (x —x,) 
or y—y, =tan (09 -a) (x -x,) ...(ii) 
From Eqs. (i) and (ii), we get 
y—y1 =tan(@ £0) (x — x1) 
These are the equations of the two required lines. 
Example 82. Find the equations of the straight lines 


passing through the point (2, 3) and inclined at 1/4 
radians to the line 2x+3y=5. 


Sol. Let the line 2x + 3y = 5 make an angle 0 with positive 


X-axis. 
2 
Then tan@ = — — 
3 
T 2 
Now tan0- tan —=-—x1 
4 3 
2 
=-—#1H1 
3 


Slopes of required lines are 


tan (0 + *) and tan (0 - *) 
4 4 


tan® + tan(®) (- :) +1 
T 4 3 1 
tan (0 + )- — = 
4 


T 
tan8 — tan(®) 
and tan [e- *). 


1+ tan0 tan(®) 
4 
(-3) 
=e | | 
2 = a 
2 
1+ [- *| (1) 


. Equations of required lines are 


5 


1 
ees 2) and y-—3=-5(x-2) 
ie. %x—5y+13=0 and 5x+y-13=0 


Example 83. A vertex of an equilateral triangle is 
(2,3) and the opposite side is x+ y =2. Find the 
equations of the other sides. 


Sol. Let A (2,3) be one vertex and x + y = 2 be the opposite side 


of an equilateral triangle. Clearly remaining two sides pass 
through the point A (2,3) and make an angle 60° with 
xty=2 

Slope of x + y =2is—1 


>X 


Let tanO = —1 
6 = 135° 
. Equations of the other two sides are 
y —3= tan (135° + 60°) (x — 2) 
ie. sides are 
y —3= tan (195°) (x — 2) 
y —3= tan (180° + 15°) (x — 2) 
y —3= tan 15° (x — 2) 
y —3 =(2— V3) (x — 2) 
(2- V3) x -y=1-2v3 


and y—3= tan(75°)(x —2) 


(taking ‘+’ sign) 


Y UU 


(taking ‘—’ sign) 


Y 


y —3=cot15° (x — 2) 
y-3=(2+ 3) (x—2) 
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=> (2+ V3) x -y=1+2v3 

Hence, equations of other sides are 
(2- V3) x -— y=1-2v3 

and (2+ V3) x —y=14+ 23 


Example 84. The straight lines 3x+4y =5 and 


4x — 3y =15 intersect at a point A. On these lines, the 
points B and C are chosen so that AB= AC. Find the 
possible equations of the line BC passing through the 
point (1, 2) . 


Sol. Clearly Z BAC = 90° 


AB= AC 
Z ABC = Z BCA = 45° 
a = 45° 


3 
* Slope of 3x + 4y =5is— 4 


3 
Let tan0 = — — 
4 


So, possible equations of BC are given by 
y-—2=tan(0@+a)(x -1) 


X’« >X 
+ 
= yan (Beene Ni —y 
1+ tan0 tana 
-—+1 
= -2= 4 - 
y 5 (x=) 
ie =2/0 
Ls(-Zo) 
3+ 
=> y-2= = (x-1) 
4 ¥(-3) 
1 
— -2= x-1 taking upper sign 
y i= ) (taking upper sign) 
or x—-7y+13=0 
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a (-3 - 4) . 
and y 2 ata 


or 7x+y-9=0 


-1) 


Hence, possible equation of the line BC are x —7y + 13=0 


and7x +y—9=0 


A Line Equally Inclined with 
Two Lines 


Theorem : If two lines with slopes m, and m, be equally 


inclined to a line with slope m, then 


m,—-m |__| m,—-m 
1+mm, 1+mmy, 


Proof : Let be two lines of slopes m, and m, intersecting 


at a point P. 
Let Z CPA=Z BPC=8 


P 


1+mm, 


or tang = (= ) (“m>m,) 
1+mm, 

and tn( Bre) =| =m) 
1+m.m 

or tno =(7—™) (mz >m) 
1+m)m 


From Eqs. (i) and (ii), we get 


(taking below sign) 


m—-m, mM, —m m, My 
= or =- 
1+mm, 1+m,m 1+mm, 1+mmy, 


Remarks 


1. The above equation gives two values of m which are the slopes 
of the lines parallel to the bisectors of the angles between the 


two given lines. 
2. Sign of m in both brackets is same. 


Example 85. Find the equations to the straight lines 
passing through the point (2, 3) and equally inclined to 
the lines 3x —-4y —7=O and 12x —- 5y + 6=0. 
Sol. Let m be the slope of the required line. Then its equation is 
y-3=m(x -2) ...(i) 
It is given that line (i) is equally inclined to the lines 
3x—4y-7=0 and 12x—-5y+6=0then 


2 2 
f a! aa ae ) 


12 
and slope of 12x — 5y + 6 = Ois a 


3-—4m 12-—5m 
=> 'S=-— 
4+3m 5+12m 
=>  (3-4m)(5+12m)+(4+3m)(12—5m) =0 
=> 63m’ —32m—63=0 
> (7m —9)(9m+7)=0 
9 7 
nea>- = 
7 9 


Putting these values of m in Eq. (i) we obtain the equations 
of required lines as 9x —7y+3=0Oandx+9y-—- 41=0. 


Example 86. Two equal sides of an isosceles triangle 
are given by the equations 7x — y+ 3=0O and 

x+y -—3=Oand its third side passes through the 
point (1,— 10) . Determine the equation of the third 
side. 


Sol. Let m be the slope of BC. Since AB = AC. 
Therefore BC makes equal angles with AB and AC. 


>X 


Then [P= 0 ) 

1+7m 1+(-1)m 
(7 — m)(1— m)-—(1+7m) (1+ m)=0 
6m* + 16m —6=0 


=> 
=> 


=> 3m? +8m—-3=0 


> (3m — 1)(m+3)=0 
1 

> m=-,—-3 
3 


Equation of third side BC is y + 10 = m(x — 1) 


1 
ie. pee: ced) and y+10=-3(x-1) 


or x —3y —31=0 and 3x+y+7=0 


Equation of the Bisectors 


Theorem : Prove that the equation of the bisectors of the 
angles between the lines 


a,x+byy+c,=0 and a,x+b ,y+c, =0 
(axtbyy ter) _, (dax+boy +2) 
V(aj +7) V(az +85) 


Proof : Let the given lines be AA’ and BB’ whose 
equations are 


are given by 


a,x+byy+c, =0 ...(i) 
...(ii) 
Since bisectors of the angles between the two lines are the 


locus of a point which moves in a plane such that whose 
distance from two lines are equal. 


and a,x +boy +c, =0 


enen-e noo 


Q 


vy’ ad 
Let CC’ and DD’ be the two bisectors of the angle between 
the lines AA’ and BB’. Let P (x, y) be any point on CC’, then 
Length of the perpendicular from P on AA’ 
= length of the perpendicular from P on BB’ 
ja;x+byy+c,| _ |agx t+ boy +c4| 


(a; +07) (a; + by) 
ae (ax thy tei) _, (2x thy te) 
Vai +67) V(aj +03) 
These are the required equations of the bisectors. 
Note 


The two bisectors are perpendicular to each other. 
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Example 87. Find the equations of the bisectors of 
the angles between the straight lines 3x -4y+7=0 
and 12x+ 5y —-2=0. 
Sol. The equations of the bisectors of the angles between 
3x — 4y +7 =Oand 12x + 5y —-2=Oare 
(3x — 4y +7) ae (12x + 5y — 2) 
Vay +(-4" aay? +6 
(3x —4y +7) _ , (12x + 5y — 2) 
5 7 13 
or (39x — 52y +91) =+ (60x + 25y — 10) 
Taking the positive sign, we get 
21x +77y —101=0 
as one bisector. 


or 


Taking the negative sign, we get 99x — 77y + 81=0 
as the second bisector. 


Bisector of the Angle Containing 
the Origin 


Let equations of lines be 
a,x+b,y+c, =0 ...(i) 
a,x + boy +c, =0 ...(ii) 
where c, and c, are positive. 


Let P (x, y) be taken on the bisector of the angle which 
contains the origin. 


e-----___/ 


Ps 


a 


ty 


(i) Let P (x, y) lies on DD’ ,then either O(0,0) and P (x, y) 
will lie on the same side of the two lines Eqs. (i) and (ii), 


then 
a;yx+by+c, 


>0 
0+0+¢,; 
a,xt+b,y+c 
and el 
0+0+¢C, 
or a,x+b,y+c, >0 
and a,x t+boy +c, >0 (C1, C2. >0) 
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If the origin O (0,0) and P (x, y) lie on the opposite side of 
the two lines Egs. (i) and (ii), then 


ayx+byy+cy a,x +boy+Co 


<0 and <0 
0+0+¢, 0+0+C, 
or a,xtbyy+c,<0 and a,x+b.ytc, <0 
(".°.C1, C2 >0) 


Then equation of bisectors will be 
ja;x+biy+e,|_ |a,xt+b,y+cp| 
(aj +i) (az +2) 
CaselI: Ifa,x+b,y+c, >0 and a,x+b,y+c, >0 
(a;x+byyt+ec,) (a,x+boy +c) 


(aj +i) (a) +3) 


then 


Case II: If ajx+b,yt+c, <0 and a,x +b.y+c, <0 


in (ax thy t+e1) — (a2x + boy +c) 
(a; +i) (a; +b2) 
ie (ax +biyte,) _ (a,x + boy +¢2) 
(aj +b) (az + b3) 


Thus is both cases equation of the bisector containing the 
origin, when c, and c, are positive is 


(a,xt+bytc,) (a,xt+by +c.) 


(a; +7) (az +2) 


and equation of the bisector of the angle between the lines 
a,xt+byy+c,=0 and a,x+b,yt+c, =0 
which does not contain the origin when c, and c, are 
positive is 
(a,xt+byytc,) (agax thoy +c) 


(aj +i) (a3 + b;) 


Working Rule: 
(i) First re-write the equations of the two lines so that 
their constant terms are positive. 
(ii) The bisector of the angle containing the origin and 
does not containing the origin, then taking +ve 
and — ve sign in 
(a,x +by+c,) _ 4 (a,x + boy +2) 


(a? +b?) (a? +3) 


Example 88. Find the equations of angular bisector 
bisecting the angle containing the origin and not 
containing the origin of the lines 4x+ 3y -6=0 and 
5xX+12y+9=0. 


respectively. 


Sol. Firstly make the constant terms (cj, c,) positive, then 


— 4x -3y+6=0 and5x+12y+9=0 


. The equation of the bisector bisecting the angle 
containing origin is 
(—4x—3y+6) _ (5x +12y+9) 


V(- 47) +(—3)? (5)? + (12)? 


—4x—-3y+6 5x +12y+9 
- ( x — 3y +6) _ (5x + 12y 
5 13 
=> — 52x — 39y + 78 = 25x + 60y + 45 
> 77x + 99y —33=0 or 7x+9y-3=0 


and the equation of the bisector bisecting the angle not 
containing origin is 
(—4x-3y+6) _  (6x+12y+9) 


v(- 4" +(—3)?) (5?) + (12? 


(= sna ty te) _ (Sts?) 
5 13 


— 52x — 39y + 78 = — 25x — 60y — 45 
27x — 21y —123=0 or9x -—7y—- 41=0 


Y 


=> 
=> 


Equation of that Bisector of the 
Angle between Two Lines which 
Contains a Given Point 


Let the equations of the two lines be 
a,x+b,y+c, =0 ...(i) 
...(ii) 
The equation of the bisector of the angle between the two 
lines containing the points (h, k) will be 
(a,xt+byytc,) (a,x +b,y tcp) 


(ai +52) (ai +03) 
(aqxtbhyter) _— (ajx+by +e2) 
(a; +63) (ai +03) 


according as a,h+b,k+c, anda,h+b,k +c, are of the 
same sign or opposite sign. 


and a,x +boy+cz =0 


or 


Example 89. Find the bisector of the angle between 
the lines 2x ++ y -6 =O and 2x —4y +7=0 which 
contains the point (1, 2). 
Sol. Value of 2x + y — 6at (1, 2) is - 2 (negative) 
and value of 2x — 4y +7 at (1, 2) is 1 (positive) 
i.e. opposite sign. 
Equation of bisector containing the point (1, 2) is 
(2x+y—-6)_ (2x — 4y +7) 
{erty OP aeay 
=> 2(2x + y —6)+(2x — 4y+7)=0 
or 6x —2y-5=0 


How to Distinguish the Acute 
(Internal) and Obtuse (External) 
Angle Bisectors? 


Let the equations of the two lines be 
a,x+byy+c, =0 ...(i) 
and a,x +boy +c, =0 ...(ii) 
where, c; >0,c2 >0. 
‘Equations of bisectors are 
(axtbiyter) _, (ax tboy +e) 


(iii) 
Vai +07) Vai +83) 
when Eq. (iii) be simplified, let the bisectors be 
Pixtqytn =0 ...(iv) 
and Pox t+qoy th =0 (Vv) 


Since the two bisectors are at right angles, the angle 
between the acute (internal ) bisector and any one of the 
given lines must lie between 0 and 45° ie. O<Q@< 45°. 


0<tana <1 


Ifm, and mz, are the slopes of Eqs. (i) and (iii) respectively. 


Then, m, ooo! and my, = 
1 q1 
tan 0 = 17MM | 
[1 +m, m,| 
= by Gi J | _ |409s — bi py 
big, + ap; 


beCRES 


Hence, if0 < tana <1,p,;x+q,:y +7 =0 is the acute 
(internal) bisector and if tana >1, pox +qo2y +™ =0 is the 
obtuse (external ) bisector. 


Shortcut Method for finding Acute 
(Internal) and Obtuse (External) Angle 
Bisectors 


Let the equations of the two lines be 
a,x +b,y+c, =0 
a,x +boy +c, =0 

Taking Cc; >0,c. >0 and a,b, #ayb, 


Then equations of the bisectors are 
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(axtbiy ter) _, (a, eth, y ter) 


V(ai +7) V(az +5) 
Conditions Acute angle bisector | Obtuse angle bisector 
a2 + bb, >0 - + 
aa, + bb, <0 + = 
Remarks 
1. Bisectors are perpendiculars to each other. 


2. ‘+' sign gives the bisector of the angle containing origin. 
3. If aa + bb) >0 then the origin lies in obtuse angle and if 
4a + bjbo <0, then the origin lies in acute angle. 
Explanation: Equations of given lines in normal form 
will be respectively 


= — =~ by _ = (cc, >0) 
(a? +0?) (a? +02 ) \(a? + bi) 
b 
ad aa = ay = &2 (cy) >0) 
(az +b2) (az +02) (ad +03) 
If cos of = —- “1. then ie 
(aj +b?) (aj +b?) 
b 
and cos B = - ——2-— then sin B = - __—*_ 
(a2 + b2) (a3 +3) 


Now, cos(a—f)=cosacosB+sina sinB 
= (4a, + byb2) 
Vai + bi) (ai +83) 
cos(a—-B)>0 or <0 


according as (& —B) is acute or obtuse. 
Le. a,a,+b,b,>0 or <0 


Hence, bisector of the angle between the lines will be 
the bisector of the acute or obtuse angle according as 
origin lies in the acute or obtuse angle according as 
a,a, +b,b, <0 or >0. 


Example 90. Find the equation of the bisector of 
the obtuse angle between the lines 3x —4y +7=0 and 
12x + 5y —2=0. 
Sol. Firstly make the constant terms (c,, c,) positive 
3x—-4y+7=0 and —12x—-5y+2=0 
+ aya, + bib, = (3) (— 12) + (— 4) (—5) = — 36 + 20 = — 16 
aa, + bb, <0 


” 


Hence “—” sign gives the obtuse bisector. 
. Obtuse bisector is 
Gxa4ye7)  . (= lee =sy42) 
Ver +C4ay 12) +5) 
> 13 (3x — 4y +7) =—5(- 12x —5y + 2) 
=> 21x + 77y — 101 = 0is the obtuse angle bisector. 
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Example 91. Find the bisector of acute angle 
between the lines x+ y-3=0and7x—y+5=0. 


Sol. Firstly, make the constant terms (c,, c,) positive then 
—x-—y+t+3=0and7x-y+5=0 
aa, + bb, =(— 1)(7)+(— 1) (-1)=-74+1=-6 
ie. aa, +b,b, <0 
Hence “+” sign gives the acute bisector. 
—x-yt3 7x -yt+5 
=+ 
Var +e1yr 7 +1 
—x-yt3_7x-yt5 
V2 5 V2 
=> —5x-Sy+15=7x-yt5 
12x+4y-10=0 or 6x+2y-—5=0 


is the acute angle bisector. 


Acute bisector is 


=> 


Example 92. Find the coordinates of incentre of the 
triangle. The equation of whose sides are 


AB: X + y-1=0,BC:7x —y -15=0 
and CA:x-y-1=0. 


Sol. Firstly, make the constant terms (c,, cz, and c;) positive 


ie. AB:—x-y+1=0 (i) 
BC:-7x+y+15=0 ...(ii) 
CA:-—x+y+1=0 ... (iii) 


*: The incentre of triangle is the point of intersection of 
internal or acute angle bisectors. 


Internal bisector of AB and BC: 
—x-y+t+1=0 
-—7x+y+15=0 


Exercise for Session 4 


aa2 + bb. = (— 1)(— 7) + (— 1) (1) = 6 > 0 
Acute or internal bisector is 
(-x-yt1) _ (= ier y 15) 
Vr +(e (-7)? +0) 
(=s=948)_ (yee 15) 


= de 52 
=> ~5x oy Plax — yrs 
or 12x + 4y —20=0 
or 3x+y-5=0 


Internal bisector of BC and CA: 
—7x+yt+15=0 
—x+y+t+1=0 
* aya, + byby = (—7)(—1) + (1) (1) = 8 > 0 
+: Acute or internal bisector is 
(-7x+yt+15)_ (-xt+y+1) 
V7 +a f(-1)? +)? 
—7x+y+15_(x-y-1) 


~ 5v2 2 

=> —7x+yt+15=5x-5y-5 
or 12x — 6y — 20=0 

or 6x —3y -10=0 


Finally, solve Eqs. (iv) and (v), we get 


5 
x =—andy=0 
3 


. . 3) 
Hence coordinates of incentre are (: < o} 
3 


1. The straight lines 2x + 11y —5 =0, 24x + 7y —-20 =O and 4x —3y —2=0 


(a) form a triangle 
(b) are only concurrent 


(c) are concurrent with one line bisecting the angle between the other two 


(d) None of the above 


2. The line x + 3y —2=0 bisects the angle between a pair of straight lines of which one has the equation 


x —7y +5=0. The equation of other line is 
(a) 3x + 3y- 1=0 (b) x -3y+ 2=0 


(c) 5x + 5y+ 3=0 (d) 5x + 5y-3=0 


..(iv) 


3. Pisa point on either of the two lines y — V3 | x |=2 at a distance of 5 units from their point of intersection. The 
coordinates of the foot of the perpendicular from P on the bisector of the angle between them are 


(a) [0 zs +38) or [0 e: 38) depending on which the point P is taken 


wa =) (a4 3) 


10. 


11. 


12. 


13. 


14. 


15. 
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In a triangle ABC, the bisectors of angles B and C lie along the lines x = y andy =0. If Ais (1, 2), then the 
equation of line BC is 
(a) 2x+y=1 (b) 3x-y=5 (c)x-2y=3 (d)x+3y=1 


In AABC, the coordinates of the vertex A are (4, —1) and lines x — y -1=0 and 2x —y =3 are the internal 
bisecters of angles B and C. Then, the radius of the incircle of triangle ABC is 


5 3 6 7 
a) — b) — cc) —— d) — 
(a) 5 (b) 5 (c) i (d) 5 
The equation of the straight line which bisects the intercepts made by the axes on the lines x + y =2 and 
2x + 3y =6is 
(a) 2x =3 (b) y=1 (c) 2y =3 (d) x =1 


The equation of the bisector of the acute angle between the lines2x —- y +4 =O and x —2y =1 is 
(a)x+y+5=0 (b)x -y+ 1=0 (c)x -y=5 (d)x-y+5=0 


The equation of the bisector of that angle between the lines x + y =3 and 2x — y =2 which contains the point 
(1, 1) is 

(a) (V5 - 2/2)x + (V5 + V2)y = 35 - 2 V2 (b) (V5 + 2/2) x + (V5 -V2)y =3J5 +4 2/2 

(c) 3x = 10 (d) 3x -5y+ 2=0 


Find the equations of the two straight lines through (7, 9) and making an angle of 60° with the line 


x — V3y —2 3 =0. 
Equation of the base of an equilateral triangle is3x + 4y =9 and its vertex is at the point (1, 2). Find the 
equations of the other sides and the length of each side of the triangle. 


Find the coordinates of those points on the line 3x + 2y =5 which are equidistant from the lines4x + 3y —7 =0 
and 2y —5=0. 

Two sides of rhombus ABCD are parallel to the lines y = x + 2 and y =7x + 3. If the diagonal of the rhombus 
intersect at the point (1, 2) and the vertex A lies on Y-axis, find the possible coordinates of A. 


The bisector of two lines L; and Lz are given by 3x? —8xy —3y? + 10x + 20y — 25 =0. If the line L; passes 
through origin, find the equation of line Lo. 


Find the equation of the bisector of the angle between the lines x + 2y —11=0 and 3x —6y —5 =0 which 
contains the point (1, —3). 


Find the equation of the bisector of the angle between the lines2x —3y —5=0 and 6x —4y + 7 =0 which is the 
supplement of the angle containing the point (2, —1). 


Session 5 


The Foot of Perpendicular Drawn from the 

Point (x,, y,) to the Line ax + by + c = 0, Image or 
Reflection of a Point (x,, y,;) about a Line Mirror, 
Image or Reflection of a Point In Different Cases, 
Use of Image or Reflection 


The Foot of Perpendicular Aliter II : Let the coordinates of M are (x, y2) 
Drawn from the Point (x,,y,) —~ PM ARS 

° and M lies on ax +by+c=0 
to the Line AX + by Oe 0 ie. ax, + by, +c=0 ...(iii) 
Let P =(x,,y,) and let M be the foot of perpendicular dad ya Vu ly [- 2 i (-: PM L RS) 
drawn from P onax + by +c=0. X_o—-Xy b 
In order to find the coordinates of M, find the equation of X,—-X, Voy 
the line PM which is perpendicular to RS and passes Of Pa 


through P(x,,y,), ie. bx -—ay=bx, -ay, 


ee X2-%X1 _Yo2-—V1 _ AX2 — 1) + W(y2 - 1) 
or b(x —x,)-—a(y—y,) =0 and solving it with or . °° ee (a? +b?) 
ax + by +c =0, then we get coordinates of M. 
(By ratio proportion method) 


_(axy + by2) (ax; + by) 
a’ +b’ 
=¢= +b 
aay) [from Eq. (iii)] 
2, 42 
a’ +b 
Xa 7X1 _Ya7yi __ (ax1 + bys +0) 


a b (a? +b?) 


or 


Example 93. Find the coordinates of the foot of the 
perpendicular drawn from the point (2, 3) to the line 


Aliter I: Let the coordinates of M are (x2, y2) then y =3x+4. 


M(x», yz) lies on ax + by +c =0 
: Sol. Given line is 
> ax, +by, +c=0 ...(i) 


3x-y+4=0 ..-(i) 
and =~ PML RS Let Eq. P =(2,3). 
then (Slope of PM) (Slope of RS)=-1 Let, M be the foot of perpendicular drawn from P on RS. 
(2 -y; ) “| Then equation of PM passes through P (2, 3) and 
> =, [| ae [Se perpendicular to RS is 
Xo—-Xy b 


. x+3y—-(2+3x3)=0 
or bx — ayz = bx, —ay, --(ii) Le. x+3y—-11=0 ii) 
Solving Eggs. (i) and (ii), we get (x, y2). 


X’< >X 


yY 


Solving Eggs. (i) and (ii), we get 


Aliter I : Let the coordinates of M be (x., y2) then 
M (x, y2) lies on3x -y+4=0 
> 3x. -y2t+4=0 ... (iii) 
and -. PML RS 
“. (Slope of PM ) x (Slope of RS)=-1 


=> (22=2) x (3)=-1 
X_o—-2 
or X_ +3y, -11=0 ...(iv) 
Solving Eggs. (iii) and (iv), we get 
i. 
x2 = Ts y2= to 


Aliter II : By Ratio Proportion Method : 
%y=2_ y2—-3_ (32-344) 


3 -1 37 + (-1)° 
-2 -3 
as X2 _ 2 sl 
3 -1 10 
37 
X» =—-—and y, = 
2 ya 10 


Image or Reflection of a Point 
(x,, y;) About a Line Mirror 


Let Q =(x2, y2) be the image of P=(x,,y,) then find 
coordinates of the foot of perpendicular M drawn from the 
point P(x, y,) on RS and use fact that M is the mid- point 
PandQ. 


Le. 
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+ + 
wa(%! we V4 22 


2 2 


Aliter I : Ratio Proportion Method : 


or 


or 


or 


PQ LRS 
(Slope of PQ) x (Slope of RS)=-1 


yo27)1 x(-2]=-1 
X_—-X b 


(x2 —%1) _ (2 —y1) 
a b 
Age. Vai _ A(X2 —x1)+D(y2-y1) 
a b ate 
_a2x =x) —x,)+b(2y—-y, -y1) 
a +b" 


.* M(x, y) is mid-point of P andQ 
". X, =2x—x, andy, =2y-y, 
_ —2ax, —2by, +2 (ax + by) 


a’ +b’ 
= 2ax, ie 2(—c) ee eipecid) 
a’ +b 
_. =2(ax, + by; +c) 
(a? +b?) 
X27 %X1 _Ya7yi __ 2(ax, + by, +0) 
a b (a° +b*) 


Aliter II : By Distance form or Symmetric form or 
parametric form : 


Slope of RS = = 


Slope of PQ = z 
a 
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b 
Let tan8 =— 
a 
b 
sin 8 = ———_— 
(a” +b’) 
and cos 9 = en eee 
(a* +b?) 


Put the equation of the mirror line such that the 
coefficient of y becomes negative. 


Suppose if b>0 
then ax +by+c=0 
becomes —ax —by-—c=0 


and p=PM =Directed distance from P(x,,y,) on 
—ax —by—c=0 (ie. p +ve or —ve) 


—ax,—by,-c 


(a” +b’) 


= —by, — 
PQ =2PM =2p=2| —2 4 * [Lp 
(a? +b’) 


=> Required image has the coordinates 
(x, +rcos0, y, +rsin®). 


Example 94. Find the image of the point (4, — 13) 


with respect to the line mirror 5x+ y+6=0. 


Sol. Let, P = (4, — 13) and Let, Q = (x2, y,) be mirror image P 
with respect to line mirror 5x + y+ 6=0. 


Let, M (a, 8) be the foot of perpendicular from P (4, — 13) on 


the line mirror 5x + y + 6 =0, then 
a-4 B+13_ —-(5x4-13+6) 
5 1 5 +1’ 


or 


ie. Q=(-1,- 14) 
Aliter I: 


By Ratio Proportion Method: Let, Q (x., y2) the image 
of P (4, — 13) with respect to line mirror 5x + y +6=0, then 


X2-4  y, +13 &5xX4-134+6)_ 


-1 
5 1 5 +1? 


or X,-4=-5 and y,+13=-1 
2, X,=-1 and y,=-14 
Hence Q = (— 1,- 14). 


Aliter II: 


By distance form or Symmetric form or Parametric 
form : Let, P = (4, — 13) and Q be the image of P with 
respect to line mirror (RS) 5x +y+6=0 


Slope of RS =—5 


26 


5 


Slope of PQ = : = tan0 


sin® = 7 and cos® = ie 
Now, put the equation of the mirror line such that the 
coefficient of y becomes negative. 
Then, 5x + y + 6=0 becomes — 5x — y—6=Oand 
p = + Directed distance from P (4, — 13) on 
(—5x —-y—-6=0) 
-5xX4+13-6 13 


“especie Re 


PQ =r = 2p =— = 26 


Hence, required image has the coordinates 
Q =(4 — V26 cos 0, — 13— V26 sin®) 
5 1 
ie 4-26 x F-,~19- 26x 5) 
[ 26 126 
ie. (4-5,-13-1) 
Hence, Q =(-1,- 14) 


Image or Reflection of a Point 
in Different Cases 


(i) The image or reflection of a point with 
respect to X-axis 


Let P(a, 8) be any point and Q (x, y) be its image about 
X-axis, then ( M is the mid-point of P and Q) 


AY 
P(a,B) 
X’< O M >X 
Q(y) 
yy’ 


x= andy=-B 
Q=(a,—B) 


ie. sign change of ordinate. 


Remark 

The image of the line ax + by + c =0 about X-axis is 

ax —by+c=0 
(ii) The image or reflection of a point with 
respect to Y-axis 
Let P (a, B) be any point and Q (x, y) be its image about 
Y-axis, then ( M is the mid-point of PQ ) 
AY 


P(a,B) 


YY 
x=-Q@ and y=B 


Q=(—a, 6) 


i.e. sign change of abscissae. 


Remark 

The image of the line ax + by + c =0 about Y-axis is 

-axt+ by+c=0 
(iii) The image or reflection of a point with 
respect to origin 


Let P (o,f) be any point and Q (x, y) be its image about 
the origin (O is the mid point of PQ ), then 


Ay 
P(a,B) 
xX’< 0 >X 
Q(%y) yy 


x=-Q@ and y=-B 


Q=(—a,-B) 


i.e. sign change of abscissae and ordinate. 


Remark 

The image of the line ax + by + c =0 about origin is 

-—ax-—by+c=0. 

(iv) The image or reflection of a point with respect 
to the line x =a 
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AY A 
M 
(a,B)P tt  Q(,y) 
X’< >X 
O x=a 
yY Y 


Let P (a, B) be any point and Q (x, y) be its image 
about the line x =a, then y =B 


.. Coordinates of M are (a, B) 
Mis the mid-point of PQ 
“. Q=(2a-a,f) 


Remark 
The image of the line ax + by + c =0 about the line x = Ais 
a(2A—x)+ by+c=0 
(v) The image or reflection of a point with 
respect to the line y =b 


Let P (a, 8) be any point and Q (x, y) be its image about 
the line y =b, then x =a 


7% 
Y — Q«y) 
=b 
~< wey > 
P(a.,B) 
X’< >X 
O 
yY 


.. Co-ordinates of M are (a, b) 
‘: Mis the mid-point of PQ .. Q =(a, 2b —B) 


Remark 
The image of the line ax + by + c =0 about the line y =p is 
ax+ 6(2u-y)+c=0. 

(vi) The image or reflection of a point with 
respect to the line y = x 
Let P (o,f) be any point and Q (x,, y,) be its image about 
the line y = x (RS), then PQ L RS 
AY 


P(a,B) 


Q(K1,Y1) 
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.. (Slope of PQ) x (Slope of RS) =—1 


or =P. x1=-1 
x, —-Q 
or x,-Qa=B-y, ..-(i) 


and mid--point of PQ lie on y =x 


coe 


or x,+a=B+y, ..(ii) 


Solving Eqs. (i) and (ii), we get x, =B andy, =a 
“. Q=(B,Q) ie. interchange of x and y. 


Remark 
The image of the line ax + by + c =0 about the line y =x is 
ay + bx+c=0. 


(vii) The image or reflection of a point with 
respect to the line y = x tan® 
Let P (a, 8) be any point and Q (x,, y,) be its image about 
the line y = x tan@ (RS), then PO L RS 

“. (Slope of PQ) x (Slope of RS) =—1 


or VioP agen 
x, —Q 
> y, ~-B=(a—-x,)cotO ...(i) 


and mid-point of PQ lie on y = x tan® 


ie. (2 PY -(21*9) tang 
2 2 


AY 


or y, +B =(x, +) tand ..-(ii) 
Solving Eggs. (i) and (ii), we get 

x, =Qcos20 +f sin20 

y, = sin20 —B cos 20 

Q =(0 cos 20 + B sin 20, a sin 20 — B cos 20) 


and 


Example 95. The point P (a, 8) undergoes a reflection 


in the X-axis followed by a reflection in the Y-axis. 
Show that their combined effect is the same as the 
single reflection of P (a,B) in the origin when a, B> 0. 


Sol. Let P, (x;, y,) be the image of (a, 8) after reflection in the 
X-axis. Then 


x,=Q and y,=-8 ...(i) 
Now, let P:(x2,y2) be the image of P(x, y,) in the Y-axis. 
Then 
AY 
aP(a,B) 
X' An : >x 
Fan ane | 
Po XaYo2) P4 (4,94) 
yy 
x2 =— Xp Ya = V1 
=> X,=-O,y,=-f8 [from Eq. (i)] ...(ii) 
further let P; (x3, y3) be the image of P (a, B) in the origin 
O. Then 


x3=-0,y3=-f ...(iii) 
From Eqs. (ii) and (iii) ,we get 

x3 =x, andy; =ypo. 
Hence the image of P, of P after successive reflection in 
their X-axis and Y-axis is the same as the single reflection 
of P in the origin. 


Example 96. Find the image of the point (—2,—7) 
under the transformations (x, y)—> (x -2y,-3x+y). 
Sol. Let (x,, y,) be the image of the point (x, y) under the given 

transformation. Then 

x, =x —-2y=(-2)-2(-7)=12 

x,=12 and y,=-3x+y=-3(-2)-7=-1 
: W=71 
Hence, the image is (12, — 1). 


Example 97. The image of the point A(1,2) by the line 
mirror y =x is the point B and the image of B by the 
line mirror y =O is the point (a, 8). Find o and B. 
Sol. Let (x,, y;) be the image of the point (1, 2) about the line 
y=x. 


Then x,=2,y,=1 ...(i) 


Also given image of B(x,, y,) by the line mirror y = 0 is 
(a, B). Then & = x, =2 


and B=-y,=-1 [from Eq. (i)] 


Hence, a=2 and B=-1 


Example 98. The point (4,1) undergoes the following 
three transformations successively : 
(i) Reflection about the line y =x . 


(ii) Translation through a distance 2 units along the 
positive direction of X-axis. 


(iii) Rotation through an angle x /4 about the origin in 
the anticlockwise direction. 


Then, find the coordinates of the final position. 
Sol. Let Q (x;, y,) be the reflection of P about the line y = x. 


Then 
xy= i 
y=4 
.. Coordinates of Q is (1, 4). 


Given that Q move 2 units along the positive direction of 
X-axis. 


>X 


“. Coordinates of R is (x, + 2, y;) 
or R(3, 4) 
If OR makes an angle 8, then 


tan 0 = 


sin 80 = 


WIE oo fap 


3 
and cos0==— 
5 


. Tl a c , 
After rotation of — let new position of Ris R’ and 
4 


OR = OR’ = 3° + 4° =5 


OR’ makes an angle (1 / 4 + 8) with X-axis. 


Coordinates of R’ [ow cos ( + 0} OR’ sin (= + a) 


1 1} 
ie. R’ | OR’ | —= cos 9 —- —=sin 8], 


1 1 
OR’ sin | — cos 8 + —= sin® 


= = [ & . =a} & ‘ =) 


=> R (- - mi) 
2 v2 
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Aliter (Use of complex number) : 

Let Q be the reflection of P (4, 1) about the line y = x, then 
Q =(1, 4) 

*“Q move 2 units along the +ve direction of X-axis, if new 
point is ,R then R = (3, 4). 


If R(3, 4) = R(z) 
when z, =(3+ 4i) 
then = RR’ (x, y) = R’ (zp) 
Beer" (- ZROR’ = *) 


F TT .. 
(+ 4){ cos % + isin 2 
4 4 


norte bee 


Hence, new coordinates are 


ea) 


Use of Image or Reflection 


To make problems simpler and easier use Image or 
reflection. 


Types of problems : (i) If vertex of a A ABC and 
equations of perpendicular bisectors of AB and AC are 
given, then B and C are the images or reflections of A 
about the perpendicular bisectors of AB and AC 
(where M and Nare the mid-points of AB and AC). 


A 


B Cc 


Example 99. The base of a triangle passes through a 
fixed point (f, g) and its sides are respectively bisected 
at right angles by the lines y+ x=0 and y —9x=0. 
Determine the locus of its vertex. 


Sol. Let A = (a, B) the image of A (a, ) about y + x =0is B, 


then B =(— 8, —@) and if image of A (a, 8) about y — 9x =0 
is C (xX, yz), then 
X2-Q _ y2—-B _ -2(B - 90) 
-9 1 1+ 81 
_9B-400 4, 0B +9 
41 41 


X2 
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> 


c=(* — 400 el 


41 41 


A(o.,B) 


>X 


Hence, B, D, C are collinear, then 


|-8  -2 

e| f £ 1|=0 

168 — 400 40B + 90 1| 
41 41 | 


=> 4(a°+B*)+(4g+5f)a+(4f —5g)B =0 
Hence, locus of vertex is 
4(x? +y")+(4g +5f)x+(4f —5g) y=0 
(ii) The images or reflections of vertex A of a A ABC 
about the angular bisectors of angles B and C lie on 
the side BC. (By congruence) A, and A, are the 
images of A about the angle bisectors BE and CF 


respectively, where M and Nare the mid-points of 
AA, and AA). 


Example 100. Find the equations of the sides of the 
triangle having (3,—1) as a vertex, x —4y +10=0 and 
6x + 10y — 59 =0 being the equations of an angle 
bisector and a median respectively drawn from 
different vertices. 

Sol. Let BE be the angle bisector and CF be the median. Given 


equations of BE and CF are x — 4y + 10=0and 
6x + 10y — 59 =0 respectively. 


Since, image of A with respect to BE lie on BC . If image of 
A is L(h, k). 


h=3._ 61-2074 E10)... 


then 
-4 4+ (-4) 
ie. h=1,k=7 
L=(1,7) 


* F be the mid-point of AB. 


AY 


Let F=(a,8) 
then B= (20 — 3,28 +1) 


*: Blie on BE, then 


(20 — 3) — 4(28 +1) +10=0 


ie. 20 — 88 +3=0 
and F lie on CF, then 

6% + 108 — 59 =0 
Solving Eqs. (i) and (ii), we get 


13 
a=—,p=2 
aoe 
then re(2.2] 
2 
and B=(10,5) 
Equation of AB is 
2+1 
+1= = 
ia (x — 3) 
2% 
2 
6 
=> yt1=—(x -3) 
or 6x —7y -—25=0 
Equation of BC is 
7-5 
-—5= x—10 
y ae ) 
2 
=> y -5=-—(x-10) 
9 
or 2x + 9y -65=0 


*: CA is the family of 


then (2x +9y—65)+A (6x + 10y —59)=0 


lines of CB and CF 


it pass through A (3, — 1) 
then (6—9-65)+A (18-10-59) =0 


| 
3 


(i) 


..(ii) 


(iii) 


From Eq. (iii), we get equation of AC is 
18x + 13y — 41=0 


(ii) Optimization (Minimization or Maximization) 


(a) Minimization : Let A and B are two given points on 
the same side of ax + by +c =0. Suppose we want to 
determine a point P on ax + by +c =0 such that 
PA+ PB is minimum. Then find the image of A or B 
about the line ax + by +c =0 (say A’ or B’) then join 
B’ with A or A’ with B wherever it intersects 
ax + by +c =0 is the required point. 


ee PA + PB = PA + PB’ 
or PA+ PB = PA’ + PB 


Remark 

By triangle in equality 

Sum of two sides of a triangle > Third side 
i.e.|PA+ PB| =|PA+ PB’| =| AB’| (minimum value). 


Example 101. Find a point R on the X-axis such that 
PR+RQ is the minimum, when P = (1,1) and Q = (3,2). 
Sol. Since Pand Q lie on the same side of X-axis. 
The image of Q (3, 2) about X-axis is Q’ (3, — 2) then the 
equation of line PQ’ is 


=2=4 
-1= x= 1 
y aoq 
=> 3x +2y-5=0 
A 
: 1Q (3.2) 


x< >X 


a 
1 
' 
' 
1 
' 
fl 
' 
' 
i 
i 
i 
' 
i 
i 
' 
' 
i 
1 
i 
! 


Q' (3,-2) 


This line meets X-axis at R (3, o which is the required 
point. 3 
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(b) Maximization : Let A and B are two given points on 


the same side of ax + by +c =0. Suppose we want to 
determine a point P on ax + by +c =0 such that 

| PA — PB| is maximum, then find the equation of line 
AB wherever it intersects ax + by +c =O is the 
required point. 


Remark 
By triangle inequality 
Difference of two sides of a triangle < Third side 


i.e. 


|PA— PB| =| AB| (maximum value) 


Example 102. Find a point P on the line 
3X +2y+10=0 such that |PA — PB| is maximum where 
A is (4, 2) and B is (2, 4). 


Sol. Let, L(x, y)=3x+2y+10 


” L (4,2)= 12+ 4+ 10 = 26 
and = L (2,4)=6+8+10=24 
A and B lie on the same side of the line 


3x + 2y+10=0 ...(i) 
Equation of line AB is 
4-2 
-2= x-4 
y Fee uae 
or x+y-6=0 ...(ii) 


This line Eq. (ii) meets Eq. (i) at P = (— 22, 28) which is the 
required point. 


Aliter 
Let P be (xj, y,;) and Z APB = 0 

2 2 2 
then cos 8 = i ich Als ea 

2PA - PB 
ty 
A 
P (x, 
Y'« 5 V1) -X 
yY 
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since cos@<1 i.e. P lies on the line AB as well as on the given line. 

2 2 2 : : p 

(PA)" + (PB)" — (AB) é4 . Equation of AB is 7 
2PA - PB = Cm: 
- (PA — PB)? < (AB)? oar B 
= |PA — PB|<|AB| = | Sania 
= |PA — PB|< 2v2 => . . xt+y=6 ...(i) 
and given line 

Maximum value of | PA — PB| is 2/2 3x +2y +10=0 Set) 
when, 0 = 0. Solving Eqs. (i) and (ii), we get P (— 22, 28). 


Exercise for Session 5 


1. The coordinates of the foot of the perpendicular from (2, 3) to the line 3x + 4y —6 =O are 


14. 27 14 17 
(@)(-4-2) (3-2) 
25 25 25 25 
14 17 14 27 
@(- 37) @) (7) 
25 25 25 25 
2. If the foot of the perpendicular from the origin to a straight line is at the point (3, —4). Then the equation of the 
line is 
(a) 3x — 4y = 25 (b) 3x - 4y + 25=0 
(c) 4x + 3y — 25=0 (d) 4x - 3y + 25=0 


3. The coordinates of the foot of the perpendicular from (a, 0) on the line y = mx + ad are 
m 


(2) fag) vfs) “(ad 


4. \fthe equation of the locus of a point equidistant from the points (a,, b;) and (a2, b>) is 
(a, — a2) X + (b; —b2) y +c =O, then the value ofc is 
(a)ap — a3 + bf — b3 (b) (a? + bf — a} — bs 
1 1 
() 5 @f + a3 + bf + b2) (d) 5 (@2 + b2 — af — b7) 
5. The image of the point (3, 8) in the line x + 3y =Tis 
(a) (1, 4) (b) (4, 1) (c) (-1-4) (d) (-4,- 1) 


6. The image of the point (4, —3) with respect to the line y = x is 


(a) (-4,- 3) (b) (3, 4) (c) (-4, 3) (d) (-3, 4) 
7. The coordinates of the image of the origin O with respect to the straight line x + y+1=Oare 
1 1 
a|-a-s b) (-2,-2 
(@)(-3.-3] (b) (-2,-2) 


(c) (1, 1) (d) (-1, - 1) 
8. If (—2, 6) is the image of the point (4, 2) with respect to the lineL =0, thenL = 
) 
) 


(a) 6x - 4y -7=0 (b) 2x - 3y -5=0 
(c) 3x - 2y + 5=0 (d) 3x - 2y + 10=0 


10. 


11. 


12. 


13. 


14. 


15. 


16. 
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The image of P (a,b) on the line y = — x is Q and the image of Q on the line y = x is R. Then the mid-point of 
PR is 


a+b b+2 
(a) (a+ b,a+b) ()( 5 5 } 
(c) (@-b,b —a) (d) (0, 0) 


The nearest point on the line 3x —4y =25 from the origin is 
(a) (3, 4) (b) (3, - 4) (c) (3, 5) (d) (-3, 5) 


Consider the points A (0, 1) and B (2,0), P be a point on the line 4x + 3y + 9 =0. The coordinates of P such that 
| PA —PB |is maximum are 
12 17 84 13 6 17 

| eee | (ee c)[-=,— d) (0-3 
@)(-2. 2) (o)(- 2) @(-2.2) (d) (0-3) 
Consider the points A (3, 4) and B (7, 13). If P is a point on the line y = x such that PA+ PB is minimum, then the 
coordinates of P are 

12 12 13 13 31 31 
a)| —, — b) |=], c) |.—, — d) (0, 0 
@(22) (22) (22) (d) (0,0) 
The image of a point P(2, 3) in the line mirror y = x is the point Q and the image of Qin the line mirror y =0 is 
the point R(x, y). Find the coordinates of R. 


The equations of perpendicular bisector of the sides AB and AC of a AABC are x -y +5=Oand x + 2y =0 
respectively. If the point Ais (1, —2), find the equation of line BC. 


Ina AABC, the equation of the perpendicular bisector of AC is 3x —2y + 8 =0. If the coordinates of the point A 
and B are (1, —1) and (3, 1) respectively, find the equation of the line BC and the centre of the circumcircle of 

A ABC. 

Is there a real value of 2 for which the image of the point (A, A — 1) by the line mirror 3x + y =6A is the point 
(2 + 1, A)? If so find A. 


Session 6 


Reflection of Light, Refraction of Light, Conditions of 
Collinearity if Three Given Points be in Cyclic Order 


Reflection of Light 


When a ray of light falls on a smooth polished surface 
(Mirror) separating two media, a part of it is reflected back 
into the first medium. 


a 

2) 
S 
) 
Ze) 


P Reflecting surface 


IP is the incident ray and PR is the reflected ray. A 
perpendicular drawn to the surface, at the point of 
incidence P is called the normal. Hence PN is the normal. 
The angle between the incident ray and the normal 

(Z IPN) is called the angle of incidence which is 
represented by Z i 

i.e. Z IPN = Zi= Angle of incidence and the angle 
between the reflected ray and the normal (Z JPR) is called 
the angle of reflection which is represented by Zr. 


ie. ZIPR= Zr =Angle of reflection. 


Laws of Reflection : 


(i) The incident ray, normal and the reflected ray to a 
surface at the point of incidence all lie in the same 
plane. 


(ii) The angle of incidence = angle of reflection 
ie. Zi=Zr 


Example 103. A ray of light is sent along the line 
x —2y — 3=0. Upon reaching the line 3x — 2y — 5=0, 
the ray is reflected from it. Find the equation of the 
line containing the reflected ray. 
Sol. To get coordinates of point P, we solve the given equation 
of lines together as 
x-2y-3=0 


3x —-2y-5=0 
25 x=ly=-1 
.. Coordinates of P are (1, — 1). 
AY 
R 
a 
X'< ~£18.0) 


Ua 
xy 


YY 
Let slope of reflected ray be m. 
Since, slope of line mirror is 3/2. 
Slope of PN = — 2/3 and 
slope of IP = 1/2, line PNis equally inclined to IP and PR, 


then 
2 1 2 
m—|-—= Sell 2/2 
ye ee eee 
2 a 2 
‘onl 1+3(-2) 
3m +2 7 
=> 222: 
3-—2m 4 
=> 12m+8=-21+14m 
2m = 29 
29 
=> m=— 
2 


29 
Equation of reflected ray y+1= = (x - 1) 


=> 2y +2= 29x — 29 
=> 29x — 2y —31=0. 
Aliter (Image method): Take A (3, 0) be any point on IP 
and if A’ (a, B) be the image of A about the mirror line 
3x — 2y —5=0, then 
a-3 B-0 -2(9-0-5) 
3 —2 9+4 
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15 16 ° e 
=~ and B=— 
a Refraction of Light 
,_ (15 16 
~ (=. | When a ray of light falls on the boundary separating the 


. Equation of A’ P is the equation of the reflected ray then ss ansparent media, there ea change in direction of 
its equation is, ray. This phenomenon is called refraction. 


16 + 7 o : 
yti1= E (x -1) E 
& _ 7 |» Angle of incidence 
13 
29 Medium 1 ! 
> ri eed) or 29x — 2y —31=0 Medium 2 NN Boundary 
o> Deviation 
Example 104. A light beam, emanating from the point a 
(3, 10) reflects from the straight line 2x+ y - 6 =O and, Angle of refraction | eo ON, 
then passes through the point (7, 2). Find the 3 
equations of the incident and reflected beams. 
Sol. Let images of A and B about the line 2x + y —-6=Oare Laws of Refraction 


A’ (a, B) and B’(y, 5) respectively. 


-3 B-10 —2(6+10-6) (i) The incident ray, normal and the refracted ray to the 


Then, surface separating the two transparent media all lie in 


2 2 
z : ars the same plane. 
—— (ii) The ratio of sine of angle of incidence to the sine of 
a=—5,B=6 the angle of refraction is constant for the two given 


Le. A’ =(—5,6) media. The constant is called the refractive index of 
medium 2 with respect to medium 1. 


sin i 


i.e. ihz =— 
sinr 
Example 105. A ray of light is sent along the line 
x —6y =8. After refracting across the line x+ y =1it 
enters the opposite side after turning by 15° away from 


the line x+ y =1. Find the equation of the line along 
which the refracted ray travels. 


Sol. The point of intersection of x — 6y = 8 and x + y=1is 
A = (2, — 1). Let the required ray have the slope = m, then 


ies 
- —-2 —2(14+2-6 
and ieee — ( a 
2 1 +1 
y=-16=-2 
ie. B’ =(-1,- 2). sy 
. Equation of incident ray AB’ is 
10+2 
yt2= (x+1) or 3x-y+1=0 
3+1 
and equation of reflected ray A’ B is 
2-6 
~6=—— (x45 
z: 745! ) 
1 
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=> 2-v3=+ (= = ) 
m+6 
6m—-1 
then, =2- 3 or V3 -2 
m+ 
70 — 373 
> ma 
13 
373 — 70 
or m= ——— 
61 
Let the angle between x + y = 1 and the line through 
A(2, — 1) with the slope 0-313 be a, then 
70 - 373 _ Gn 
13 83 — 37V3 
tan =| = 
| ya | 02 37V3 | |37V3 —57| 
| Z| 
_ 83-3743 
37V3 - 57 
and if angle between x + y = 1 and the line through 
A (2, — 1) with the slope Ste be B, then 
a7 = 10 A 
61 |_37v3 -9 | 
tan B =| = 
|, (37¥3 = 70) | |131 — 373| 
| ot | 
_ 37V3-9 
131 — 373 
Here tana > tanB,..a> 6 
therefore the slope of the refracted ray = = 
. The equation of the refracted ray is 
ppc) 25 
13 
=> 13y + 13 = (70 — 37V3) x — 140 + 74V3 


or (70 — 373) x — 13y — 153 + 743 =0 


Conditions of Collinearity if 
Three given points are in 
Cyclic Order 


Let the three given points 
A=(f(a), g(a), B= (f(b), g()) 
and C#(f(c), g(c)) lie on the line 


Ix +my+n=0, where l,m and nare constants. 


Then If(t) +m g(t) +n=0 ...(i) 
where, t=a,b,c 
ie. a, b,c are the roots of the Eq. (i). 


In this case Eq. (i) must be cubic in t. 


At? + Bt? +Ct+D=0 (say) 
B Cc 
then at+b+c=—-—,ab+bce+ca=— 
A A 
and abc = — — 


which are the required conditions. 


Example 106. If the points 
[= = 3\ be ba] [< = 
and : are 


a-1 a-1 }|b-1' b-1 c-1 c-1 
collinear for three distinct values a,b,c and different 
from 1, then show that 
abc — (bc + ca+ ab)+ 3(a+b+c)=0. 

Sol. Let the three given points lie on the line 


Ix+my+n=0, where |, m and n are constants. 


3 2 
then, (2) +f ‘Jen=c 
t-1 t-1 


> It? + mt? + nt —(3m+n)=0 


fort =a,b,c 
ie. a, b, care the roots of 


It? + mt? + nt —3m—n=0 


then atbtc=——,ab+ be +ea=— 


and abc = ea ") 


Now, abe — (be + ca+ ab)+3(at+b+c) 


3m+n n 3m 
= --- =0 
ena 


Hence, abc — (be + ca+ ab) +3(at+b+c)=0 


Example 107. If t,,f2 andt; are distinct, the points 
(t,,2at, + at; ), (ty, 2at, + at3) and (t;,2at; + at?) are 
collinear, then prove that t; +t, +t; =0. 


Sol. Let the three given points lie on the line Ix + my +n =0, 
where |, m and n are constants. Then, 
1(t)+ m(2at + at*?)+n=0 
> (am) t? + (2am+1l)t+n=0 ...(i) 
for t = t,, tz, ty 
i.e. t,, ty, tz are the roots of Eq. (i), then 
tp tt, +t, =0 
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Exercise for Session 6 


1. 


10. 


11. 


12. 


A ray of light passing through the point (1, 2) is reflected on the X-axis at a point P and passes through the 
point (5, 3). The abscissae of the point P is 


(a) 3 (b) 13 (c) 48 (a) 23 


3 5 4 
The equation of the line segment AB is y = x. If Aand B lie on the same side of the line mirror 2x — y = 1, then 
the image of AB has the equation 
(a)x+y=2 (b) 8x + y=9 (c) 7x -y=6 (d) None of these 
A ray of light travelling along the line x + y =1is incident on the X-axis and after refraction it enters the other 


side of the X-axis by turning 1/6 away from the X-axis. The equation of the line along which the refracted ray 
travels is 


(a) x + (2-./3) y =1 (b) x (2+ V3)+y=2+ V3 

(c) (2—V3)x+y=1 (d) x + (2+ 3)y = (2+ V3) 

All the points lying inside the triangle formed by the points (0, 4), (2, 5) and (6, 2) satisfy 

(a) 3x + 2y + 820 (b) 2x + y- 1020 

(c) 2x — 3y — 112 0 (d)-2x + y-320 

Let O be the origin and let A(1, 0), B(0, 1) be two points. If P(x, y) is a point such that xy >O0 and x + y <1then 
(a) P lies either inside in AOAB or in third quadrant (b) P cannot be inside in AOAB 

(c) P lies inside the AOAB (d) None of these 


A ray of light coming along the line 3x + 4y —5 =0 gets reflected from the line ax + by -1=0 and goes along 
the line 5x —12y —10 =0 then 


(aya= 84, = 112 ejgeo Ph pe © 
115 15 115 115 
G42. pa (d)a=- 64 pa 


1511 115° «115 


Two sides of a triangle have the joint equation x" 2xy 3y? + 8y —4=0. The third side, which is variable, 


always passes through the point(—5,—1). Find the range of values of the slope of the third side, so that the origin 
is an interior point of the triangle. 


Determine the range of values of 6 € [0, 27] for which (cos 8, sin@) lies inside the triangle formed by the lines 
xX +y-2=0,x —y —1=Oand6x + 2y — V10 =0. 


Let P(sin®, cos 6), where 0 <0 <2z be a point and let OAB be a triangle with vertices (0, 0), [3 o| and [o, a 


Find 0 if P lies inside the A OAB. 


Find all values of @ for which the point (sin? 6, sin®) lies inside the square formed by the line xy =0 and 

4xy -2x -2y +1=0. 

Determine whether the point (—3, 2) lies inside or outside the triangle whose sides are given by the equations 
x+y-—4=0,3x -7y +8=0,4x -y -31=0. 


A ray of light is sent along the line x —2y + 5 =0, upon reaching the line 3x —2y + 7 =O, the ray is reflected 
from it. Find the equation of the line containing the reflected ray. 
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Shortcuts and Important Results to Remember 


. Area of parallelogram formed by the lines 
ax + DY +C;, =0, x + by +d, =0,ax+by+C.=Oand 
AX + boy+do =Ois 


|C1 —C2||d1 -de| 
lea 


a bp 


. Area of parallelogram formed by the lines 
Y =MX + Cy, Y=MoX +04, Y=MX+Co and y=Mox +d 
is 
| Cy —C2 | |d4 — a2 | 
| mM — Me | 
. IFA=(x%, y1), B= (Xo, yo) and C = (x3, y3) are the vertices of 
aA ABC, then angle Ais acute or obtuse according as 
(X1 — Xo) (Xi — X3) + (V1 — Yo) (Vi 
Similarly, for Z B 
(X2 — X3) (Xo — X1) + (Y2 — ¥3)(Y2 -Yi)>O or <0 
and for ZC 
(x3 — Xi) (X3 — Xo) + (¥3 — Vi) (Ya —Y2)>O or <0 
. lf the origin lies in the acute angle or obtuse angle 
between the lines 
ax+ by+c,=0 
and AX + boy +Co=0 


y3)>0 or <O 


according as (@jaz + bibs)Cyo <O or >0. 


. IFA=(%, y1), B= (Xo, yo) and C = (x3, y3) are the vertices of 


a A ABC then the equations of the right bisectors 
(perpendicular bisectors) of the sides BC, CA and AB are 


xe — x§ 2_ 2 
Y(Ye~ Ya) x0 ¥0)=[ 2 3). [2 4), 


2 2 
A 
QR é 
B H O H C 
® 9 2 2 
x3 — ¥3—M 
X (X3 — Xi) = 
y (Y3 — Y4) (X3 -( 5 5 
2 3x2 2,2 
andy (Vs — Yo) + X (x w-(5 aii 


respectively. Where O is the circumcentre of A ABC. 


6. 


If A=(X, ys), B = (Xo, Yo) and C = (x3, y3) are the vertices of 
a A ABC then the equations of medians AD, BE and CF are 


y (Xq + Xg -2%) — X (Yo + Y3 -2Y1) 
= Yi (Xp + X3)— X (Y2 + Ys); 

y (X3 + X; 2X2) — X (¥3 + Vy — 2Yo) 
= Yo (X3 + X1) — Xe (Y3 + YA) 


and y (x + Xz — 2X3) — x (Yj + Yo —2Y3) = Ya (xX + X2) 
— X3 (y; + Yo) respectively. 
A 


B 5 C 


Where, G is the centroid of AABC. 


. LA=(%, ¥),B = (Xe, Yo) and C = (x3, y3) are the vertices of 


a A ABC then the equations of the altitudes AL, BM and 
CN are 


Y (Y2 — ¥3) + X (Xo — X3) = Ya (Y2 — V3) + Xt (X2 — Xs); 
VY (V3 — Ya) + X (X3 — X41) = Vo (V3 — Yi) + Xo (X3 — 1) 


B 


H 
r Cc 

and y (Yi — Yo) + X (% — Xo) = ¥3 (X — Xz) + Xg (x1 — Xa) 
respectively. Where O is the orthocentre of A ABC. 


If sides of a triangle ABC are represented by 
BC :ax + by +c; =0, 


CA: aX + boy +Co =0 


and AB:a3x + bsy+cC3 =0 
then |BC|:|CA|:| AB 


2 2, ,\@2 42 
= (a? + 
(a en bl 
. Fez Sl). ee a (a 5 
: (as + 65) | | : (a3 + 63) | | 
a b, @ bp 


JEE Type Solved Examples : 
Single Option Correct Type Questions 


= This section contains 10 multiple choice examples. Each 
example has four choices (a), (b), (c) and (d) out of which 
ONLY ONE is correct. 


Ex. 1 A rectangle ABCD has its side AB parallel to y = x 


and vertices A, B and D lie ony =1, x =2 and x =—2 
respectively, then locus of vertex C is 


(a)x =5 (b)x -y=5 
(c)y=5 (d)xty=5 
Sol. (c) Since AB is parallel to y = x. 
Equation of ABisy =x+a (say) 
A lies ony =1 
A=(1-a,1) 


Again, B lies on x =2 
B=(2,2+a) 
= Equation of AD is 
y -1=-[x-(1-a)] or y=2-x-a 


Dlies on x = —2 
D=(-2,4-a) 
Let C =(h,k) 


Diagonals of rectangle bisects to each other 
h+1-a=2-2>5a=1+th 
k+1=2+at+4-a 
=> k=5 

Locus of C is y =5 


and 


» Ex. 2 The line(A +1)" x + Ay — 2A? — 2 =0 passes 
through a point regardless of the value X. Which of the 
following is the line with slope 2 passing through the point? 


(a)y =2x -8 (b) y=2x -5 

(c)y=2x-4 (d)y=2x +8 
Sol. (a) 

. (A +1)°x + Ay —20°-2=0 


or (7 +204 1)x + Ay —247-2=0 
or (7 + 1)(x —2) + A(2x + y)=0 
For fixed point 


x—-2=Oand2x+y=0 
Fixed point is (2, — 4) 
Equation of required line is y + 4 =2(x — 2) 
or y=2x-8 


» Ex. 3 A man starts from the point P(—3, 4) and reaches 
point Q(0,1) touching X-axis at R such that PR + RQ is 
minimum, then the point R is 


3 3 2 
(a) (2 o (b) (-2 9 (c) (-2 o (d) (—2, 0) 


Sol. (b) Let R =(a, 0) 


For PR + PQ to be minimum it should be the path of light and 
thus we have 


P(-8, 4) 
Q(0, 1) 
8AA9 
< m B B >X 
(-3,0) (40) (0,0) 
AAPR ~ ABQR 
AR PA a+3 4 3 
=> > > a 
RB QB 0O-a 1 ) 
Hence, R= (-2, 0 


Ex. 4 If the point P(a,a’) lies inside the triangle formed 
by the lines x =0, y =0 and x + y = 2, then exhaustive range 
of a’ is 


(a) (0, 1) (b) (1, V2) 

() (V2 - 4,1) (d) (v2 - 1,2) 
Sol. (a) Since the point P(a, a”) lies on y = x* 

Solving, y=x 

and x+y =2, we get 

x? +x-2=0 

> (x + 2)(x -1)=0 

=> x<=-2,1 

It is clear from figure, 


A =(1, 1) 
also a > 0 for I quadrant. 
a €(0, 1) 
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Ex. 5 [f5a+ 4b + 20c =t, then the value of t for which the 
line ax + by +c —1=0 always passes through a fixed point is 


(a) 0 (b) 20 
(c) 30 (d) None of these 
Sol. (b) Equation of line ~— + < +1=0 has two independent 
cH (i 


parameters. It can pass through a fixed point if it contains 
only one independent parameter. Now there must be one 


and 
c=l1 c= 


relation between 


independent of a, b and c so 


a 
that 


can be expressed in terms of and straight line 


c-1 eral 

contains only one independent parameter. Now that given 
4b _ t—20e 

e=1, s¢=1 


RHS is independent of c if t = 20. 


relation can be expressed as 7 
c= 1 


Ex. 6 If the straight lines, ax + amy +1=0, 
bx +(m+1)by +1=0 and cx +(m+ 2)cy +1=0, m #0 are 
concurrent, then a, b,c are in 
(a) AP only for m=1 (b) AP for all m 
(c) GP for all m (d) HP for all m 
Sol. (d) The three lines are concurrent if 
la am 1 | 


b m+1 = 1}/=0 
c (m+2)c 1 
Applying C; — C, — mC,, then 
a 0 1 
b b 1}=0 
lc 2c 1| 


or a(b —2c)—0+ 1(2bce — bc) = 0 


2ac 
or b= 
a+c 


, which is independent of m. 


a, b, c are in HP for all m. 


Ex. 7 If a ray travelling the line x =1 gets reflected the 


line x + y =1, then the equation of the line along which the 
reflected ray travels is 


(a)y =0 (b)x -y=1 
(c) x =0 (d) None of these 
Sol. (a) Reflected ray is X-axis. 


Y, 


“. Equation y = 0 


Ex. 8 Through the point P(a,B), when af > 0, the straight 


x 
line~ + ~ =1 is drawn so as to form with 
a 


coordinate axes a triangle of area A. If ab >0, then the least 
value of A is 


(a) op (b) 208 
(c) 408 (d) 806 
Sol. (b) Given line is 
A OS ; 
a + : 1 sai(1) 
A =(a, 0), B =(0, b) 
% 
B(O, b) 
P(a. B) 
xX'< an 
“ A(a, 0) 


Area of (AAOB) = A 
slab =A => ab=2A 


Since, the line (i) passes through the point P(q, ). 


a8, a, BL (1 ="4) 
a b a 2A a 
> o.B — 2aA + 2Aa =0 
ais real 
D20 
> 4’ — 48 (2Aa)>0 or A>208 


. Least value of A is 2a. 


Ex. 9 The coordinates of the point P on the line 

2x +3y +1=0, such that|PA — PB| is maximum, 

where A is (2, 0) and B is (0, 2) is 
(a) (5, - 3) (b)(7,—5) 
(c)(9,-7) (d)(114,—9) 

Sol. (b) | PA — PB| <| AB| 
Maximum value of | PA — PB| is | AB|, which is possible only 
when P, A, B are collinear 
if P(x, y), then equation AB is 


x,y, 
2 2 

> x+y=2 ...(i) 
Now solving Eq. (i) 

and 2x+3y+1=0 s(t) 
Then, we get, 

x=7,y=-5 
P =(7, -5) 


Ex. 10 Equation of the straight line which belongs to the 
system of straight lines a(2x + y —3) +b(3x + 2y —5) =0 
and is farthest from the point (4, —3) is 

(a) 4x + lly —15=0 (b) 3x - 4y +1=0 
(c)7x +y-8=0 (d) None of these 
Sol. (b) The system of straight lines 
a(2x + y —3) + b@x + 2y —5) =0) passes through the point 
of intersection of the lines 2x + y —-3 =0 and3x + 2y —-5=0 
ie. (1, 1) 
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The line of this family which is farthest from (4, —3) is the line 
through (1, 1) and perpendicular to the line joining (1, 1) and 
(4, 7 3) 
.. The required line is 
) 
-1=—(x-1 
y Fc, 


or 3x-4y+1=0 


More than One Correct Option Type Questions 


= This section contains 5 multiple choice examples. Each 
example has four choices (a), (b), (c) and (d) out of which 
MORE THAN ONE may be correct. 


Ex. 11 The vertices of a square inscribed in the triangle 
with vertices A(0,0), B(2,1) and C(3,0), given that two of its 
vertices are on the side AC, are 


3 a 3 9 3 9 
oe G2) G2) o4 


Sol. (a, b, c, d) 
Let PQRS be a square inscribed in AABC and 


PQ =QR=RS=SP=iA (say) 
Let P =(a, 0), 
Q=(a+A,A),R=(a+A, A)andS =(a, dr) 
% 
B(2, 1) 
S R 
*AYO, 0) Pp. Q 080°” 
Yy 
Now equation of AB is 
x—2y=0 ...(i) 
and equation of BC is 
x+y-3=0 ...(ii) 
*s S lies on AB, then 
a-2i=0 ...(iii) 
and R lies on BC, then 
a+X+A-3=0 or a+2A-3=0 ...(iv) 
From Eqs. (iii) and (iv), we get a = > N= . 


Hence, P= (3. 0} Q= (2. 0}, 
2 4 


Ex. 12 Line~ + r =1 cuts the coordinate axes at A(a, 0) 
a 


and B(0, b) and the line~ + a =-—1at A’(-a’,0) and 
a 


B’(0,—b’ ). If the points A, B, A’, B’ are concyclic, then the 
orthocentre of the triangle ABA’ is 


(a) (0, 0) (b) (0, b’) 
() 0, —aa (d) (« bb 
b a 
Sol. (b, c) 
‘: A, B, A’, B’ are concyclic then, 
ue 
B(0, b) 
Xa, 0) O Ala, 0) * 
B'(0,-b’) 
vy 
OA: OA’ = OB- OB’ 
or (a)-(-a’) =(b)-(-b’) 
or aa’ =bb’ (i) 


The equation of altitude through A’ is 
a 
—-0=-(x+a 
y b! ) 
It intersects the altitude 


aa 
x=Oaty= 


, 


aa 
or (0, b’ 
“| ( ) 


.. Orthocentre is (0 [from Eq. (i)] 
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Ex. 13 Two straight lines u =0 andv =0 passes through 


(7 
the origin and angle between them is tan (2) . If the ratio 


9 
of the slope ofv =0 andu=0 is ra then their equations are 


Sol. (a, b, c, d) 
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(a) y = 3x and 3y = 2x 
(b) 2y = 3x and3y =x 
(c)y +3x =Oand 3y + 2x =0 
(d) 2y +3x =Oand3y+ x =0 


9 
Let the slope of u = 0 be m, then the slope of v = 0 is > 


9m : 

| Whee 2 | 7 Coordinates of A and C are (V3, 1) and (1, v3) in I quadrant and 
Therefore, | Om| = 9 in II quadrant are (—V3, —1) and (-1, — V3) 

ee 2 | Hence, coordinates of B are (V3 + 1, V3 + 1) and 
- | ~7m les (xe 1-48 4) 

|2+9m7| 9 
=3 om? +9m+2=0 or 9m? —-9m+2=0 Ex. 15 A and B are two fixed points whose coordinates 
= ips tic aay are (3, 2) and (5, 4) respectively. The coordinates of a point P, 
4 as if ABP is an equilateral triangle are 
Therefore, the equation of lines are (a)(4- V3,3 + V3) (b) (4+ ¥3,3- V3) 
(i) 2x + 3y =Oand3x+ y=0 (c) (3 — V3, 4 + v3) (d) (3 + V3, 4 — V3) 
(ii) x + 3y =O and3x + 2y =0 Sol. (a, b) 
(iii) 2x =3y and3x =y F AB = AP = BP =2\2 
Meo) od ey . Coordinates of P are (3 + 2V2 cos105°, 2 + 2/2sin105°) 
Ex. 14 Two sides of a rhombus OABC (lying entirely in P 


the first or third quadrant) of are equal to 2 sq units are 


a 
a 


y= 3x. Then the possible coordinates of B is/are 
B(5, 4) 


(O being the origin) 


Sol. 


(a) (1+ V3, 1+ V3) (b) (-1- v3, -1- V3) 


(c) (3 + v3,3 + V3) (d) (V3 — 1, V3 -1) 
(a, b) lf 45° »x 


Here, ZCOA = 30° AG) 
Let OA = AB = BC =CO=x or (3—(V3 —1),2 +43 +1) 
*: Area of rhombus OABC 
‘ or (4- 3,3 + 3) 
— 7 ° 
en 2 AXA eS If P below AB, then coordinates of P are 
Pe (3 + 2V2 cos15°, 2 — 2V2sin15°) 
=. 22 i 
2 ierren!| or (e443 412-63 =) 
x=2 or (4+ ¥3,3 —-3) 


JEE Type Solved Examples : 
Paragraph Based Questions 


= This section contains 2 solved paragraphs based upon 
each of the paragraph 3 multiple choice questions have 
to be answered. Each of these question has four choices 
(a), (b), (c) and (d) out of which ONLY ONE is correct. 


Paragraph | 
(Q. Nos. 16 to18) 
Let d(P, OA) < min: {d(P, AB), d(P, BC),d(P, OC)}, where d 
denotes the distance from the point to the corresponding the 
line and R be the region consisting of all those points P inside 
the rectangle OABC such that O =(0,0), A = (3,0), B =(3, 2) 
and C =(0, 2). Let M be the peak of region R. 
16. Length of the perpendicular from M to OA is 
(a) 4 (b) 3 (c) 2 (d) 1 
17. If A be the perimeter of region R, then A is 
(a)4—VJ2 (b)44+V2 (c)4+2V2 (d)10 
18. If A be the area of region R, then A is 
(a) 2 (b) 4 (c) 6 (d) 8 
Sol. Let P =(x, y) 
d(P, OA) < min - {d(P, AB), d(P, BC), d(P, OC)} 


Yh 
(0,2) C B(3, 2) 
°P (x,y) 
4 > 
aaa A(3, 0) X 
Y 
y! 
= |y| $ min {[3 — x], 2 — y|, |x|} 
As the rectangle OABC lies in I quadrant, 
a y Smin- [3—x,2-y.x] 
We draw the graph of 
y=3-xy=2-y,y=x 
or x+y=3,y=ly=x 
AY py 
Sveti Vv 
A yf 
OP Y 
(1,1) EL sD (2, 1)y=1 
x’ an x x 
a a» 
vyY 


E =(1,1) and D =(2, 1) 
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16. (d)*. M lie ony =1 
.. Length of 1 from M to OA is 1. 
17. (c) A = Perimeter of region R 
=OA+ AD + DE + EO 
=3+/2+1+ 42 
=44 2,2 
18. (a) A= Area of region R 


= (0A + ED) x1 


1 
=-(34+1)=2 
Z 


Paragraph Il 

(Q. Nos. 19 to 21) 
A variable straight line ‘L’ is drawn through O(0,0) to meet 
this lines L;:y — x -10=0 andL, :y — x — 20 =0 at the 
points A and B respectively. 
1 | 


19. A point P is taken on ‘L’ such that es —, 

OP OA’ OB 

then the locus of P is 
(a)3x + 3y - 40=0 
(c)3x —3y — 40=0 


(b) 3x +3y + 40=0 

(d) 3x —3y + 40=0 

20. A point P is taken on ‘L’ such that (OP)? =OA- OB, 
then the locus of P is 
(a)(y — x)° = 25 
(0)(y - x)? = 100 


(b)(y = x)? = 50 
(d)(y — x)? = 200 
21. A point P is taken on ‘L’ such that 
1 1 
(OP)* (OA)? 
(a) (y = x)? =32 (b) (y = x)? = 64 
()(y — x)? =80 (d) (y = x)? = 100 
Sol. Let the equation of line ‘L’ through origin is 
cos® —sin® 
: P =(rcos8, rsin®) 
Let OA =, and OB =r 


A = (7, cos, 7, sin®) 


1 
+ , then locus of P is 
(0B)? 


x—-0 


and B =(ncos8, msin®) 
A lies on L:y-x-10=0 
7, sin® —7, cos6 —10 = 0 
10 
=> ...(i) 


(= —— 
sin® — cos0 
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= BliesonL,:y—x-—20=0 ae Bx rsin® — rcos® ‘. rsin® — rcos® 
10 20 
VE 
10 20 
“. Locus of Pis3x —3y + 40=0 
20. (d)-. (OP)? =OA-OB 


or 2= 


[. P =(rcos, rsin8)] 


> r=hen 
fae [from Eqs. (0) and (i) 
(sin® — cos@) (sin® — cos) 
or (rsin® — rcos@)” = 200 


Locus of P is(y — x)? = 200 


21. (vy e+ 
(OP)” (OA)° (OB) 
= Lee ee 
rsin8 — r, cos8 — 20 = 0 ro one 
> n= et (ii) a 1 _ (sin® — cos0)* _ (sin — cos@)” 
sin® — cos 2 a6 | ano 
2 1 1 2 1 1 ‘ 2 : 2 
19. (d) = + => —=—4 or 400 = 4(rsin® — rcos@)* + (rsin®@ — rcos®@) 
OP OA _ OB rh th _ £Pis( \? =80 
sie ee ocus of Pis(y — x)" = 
= 2 _ sin® — cos sin® — cos@ fmomEga (andl 


r 10 20 


JEE Type Solved Examples : 
Single Integer Answer Type Questions 


= This section contains 2 examples. The answer to each example is a single digit integer, ranging from 0 to 9 
(both inclusive). 


> Ex. 22 P(x,y) is called a natural point if x, y € N. The Ex. 23 The distance of the point(x, y) from the origin is 
total number of points lying inside the quadrilateral formed defined as d = max: {| x|,|y|}. Then the distance of the 
by the lines 2x +y =2, x =0,y =Oandx +y =5 is common point for the family of lines 
Sol. (6) First, we construct the graph of the given quadrilateral. x(1+A)+Ay+2+A=0(A being parameter) from the 
ay origin Is 
Sol. (2) Given family of lines is 
x1+A)+Ay+24+2A=0 


ee > (x+2)+A(xt+y+1)=0 
Lae a>. for common point or fixed point 
x+2=0 
and x+yt+1=0 
a ae ce ae or x=-2,y=1 


x x Common point is (—2, 1) 
i ee or d = max(|-2, 1) 
Y=2 = max{2, 1} =2 


It is clear from the graph that there are six points lying inside 
the quadrilateral. 


JEE Type Solved Examples : 
Matching Type Questions 


= This section contains 2 examples. Examples 24 and 25 
has four statements (A, B, C and D) given in Column I 
and four statements (p, q, r and s) in Column II. Any 
given statement in Column I can have correct matching 


with one or more statement(s) given in Column II. 


® Ex. 24 Consider the following linear equations x and y 


ax +by +c=0 
bx +cy+a=0 
cx +ay+b=0 


Column | Column II 


(A) a+b+c#0and 


a’ +b? +c? =ab+ be+ca 
(B) a+b+c=0and (q) Lines are different and 
a’ +b? +c? #ab+ bet ca concurrent 
(C) at+b+c#0and (r) Number of pair (x, y) satisfying 
a’ +b? +c? #ab+be+ca the equations are infinite 
(D) a+b+c=0and (s) | Lines are identical 
a’ +b? +c? =ab+ be+ca 


(p) Lines are sides of a triangle 


Sol. (A) > (r,s); (B) > (q); (C) > (p); 0) > ©) 
(A) ifat+ b+c#0anda’? +b? +c? =ab+ be + ca 


or 7a b)? +(b —c)* +(c—a)*}=0 
or a-—b=0,b-c=0,c-—a=0 
or a=b=c= All the lines an identical 


and number of pair (x, y) are infinite. 
(B) Ifa+b+c=0anda’ +b? +c #ab+ be +ca 
=>a+b+c=0, buta, b,c are not simultaneously equal. 
Hence, lines are different and concurrent. 
(C) Ifa+b+c#0anda’ +b? +c? #ab+be+ca 

la b c| 


=>A=\|b c a 


c a b 
Lines are sides of a triangle. 
(D) Ifa+b+c=O0anda’ +b? +c? =ab+be+ca 


>A=Oanda=b=c 
.. Equations are satisfied for any (x, y). 


# 0 anda, b, c are not all simultaneously equal. 
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» Ex. 25 The equation of the sides of a triangle are 
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x+2y +1=0, 2x +y +2=0 and px + qy +1=0 and area of 


triangle is A. 


Column | Column II 
(A) p=2,q =3, then 8A is divisible by (p) 3 
(B) p=3,q =2, then 8A is divisible by (q) 4 
(C) p=3,q=4, then 10A is divisible by (r) 6 
(D) p=4,q =3, then 20A is divisible by (s) 9 


Sol. (A) > (p); (B) > (p, 4.7); (C) > (p, 7); (D) > (P. s) 


D 

A = ————_—_, where 
2) Cy Cy C5 | 
1 2 1] 

D=|2 1 2|=3(p—1) 
Ip q 


and C,, Cj, C3 are co-factors of third column, then 
C, =2q — p,C, =2p—g,C3 =—3 


a(p = 1)’ 

2l2q — pli2p — al 
(A) for p=2, q =3 
3 
> == 
8 
8A =3 
(B) for p=3, q=2 
=> Aes 
2 
8A =12 
(C) for p=3, q=4 
> as? 
10 
d 10A =6 
(D) for p=4, q=3 
27 
> =— 
20 
20A =27 
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JEE Type Solved Examples : 
Statement | and Il Type Questions 


= Directions (Ex. Nos. 26 and 27) are Assertion-Reason Sol. (b) Let L, =3x + 4y =0, 
type examples. Each of these examples contains two Ly =5x—-12y=0 and L,=y-15=0 
statements. 3432 


Statement I (Assertion) and Statement II (Reason) Tenge hee : 
Each of these examples also has four alternative choices. et ae eae [5 — 96 -7 
Only one of which is the correct answer. You have to select ‘ 13 

the correct choice as given below. [8 — 15] 

(a) Statement I is true, statement II is true; statement IT and Length of | from P tol, =———"=7 


is a correct explanation for statement I. 


(b) Statement I is true, statement II is true; statement II 
is not a correct explanation for statement I. 


(c) Statement I is true, statement II is false. 
(d) Statement I is false, statement II is true. 


Statement II is true 


Ex. 26 Consider the lines, L, : = + a =1;L, re a y =1 
3.4 4 3 


x x 
L3 ~~ 4% <2 andl, are ay 
3.4 4 3 
Statement I : The quadrilateral formed by these four lines is a 
rhombus. 
Statement II : If diagonals of a quadrilateral formed by any 
four lines are unequal and intersect at right angle, then it is a Y’ 
rhombus. 1 
Sol. (c) «- L, Ly are parallel. Also, Area of AOPA = 5 x OA X7 
.. Distance between L, and L; = — 7 = and ae x39x7=A, 
(5 ° a 1 
eae Area of AOPB = ~ x OB x7 
L,, Ly are parallel. 2 
1 12 =+x25x7=A 
.. Distance between L, and Ly = ———————. = - = X29 X71 = Dg 
i. 
ee 3 
16 9 and aaa ia eal 
.. Distance between L, and L; = Distance between L, and Ly. 1 
“. Quadrilateral formed by L,, Lz, L3, Ly is a rhombus. = 2 x56 x7 =A; 


Hence, statement I is true and statement II is false. 7 
A, + Ag Page ee Terran) 
Ex. 27 

Statement I : Incentre of the triangle formed by the lines 


whose sides are 3x + 4y = 0;5x —12y =O and y — 15 = Ois the 
point P whose coordinates are (1, 8). 


x120 1 
am = | x56 x 15 = Area of AAOB 


=> P inside the triangle. 


Hence, both statements are true and statement II is not correct 


Statement II : Point P equidistant from the three lines ; 
explanation of statement I. 


forming the triangle. 


Subjective Type Examples 


= In this section, there are 15 subjective solved examples. 


Ex. 28. If x-coordinates of two points B and C are the 
roots of equation x? + 4x +3 =0 and their y-coordinates are 
the roots of equation x* — x — 6 =0. If x-coordinate of B is 
less than x-coordinate of C and y-coordinate of B is greater 
than the y-coordinate of C and coordinates of a third point 
A be (3, —5). Find the length of the bisector of the interior 
angle atA. 

Sol. -- x 4+4x+3=0 > x=-1,-3 


and x? 


x-6=0=> xo —2,3 


Also given that x and y-coordinates of B are respectively less 
than and greater than the corresponding coordinates of C. 


B=(-3,3) and C#=(-1,-2) 


Now AB = (3 +3)’ + (—5 - 3)” =10 
and AC = (3 +1)? + (—5 +2)" =5 
AB _2 
AC 1 
AY 
B(-3,3) 
X’< > X 


Let AD be the bisector of Z BAC, then 


BD _ AB _2 
DC AC 1 
Thus D divides BC internally in the ratio 2: 1 
D= 2(-1)+1(—3) 2(—2)+1(3) 
> 2+1 "241 
Thus, p=(-2,-4) 
3 3 
5\2 1? 
Now, AD = ae a (eee 
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Ex. 29. Let the sides of a parallelogram be 
u=p,u=q,v=r andv=s where, u=lx +my +nand 
v=l’x+m’y +n’. Show that the equation of the diagonal 
through the point of intersection of u= p andv =r andu=q 

uv i 


andv = s, is given by | p r 1/=0 
lq s 1 


Sol. Equation of the line through point of intersection D of lines 
u-—p=0andv—-r=0is 
(u-p) + A(v—r)=0 i) 
it is also passing through u = q and v =s, then Eq. (i) becomes 
(q-p)+A(s—r)=0 
4 = 47?) 
(s —r) 


...(ii) 


From Eqs. (i) and (ii), we get 
(q- Pp) 


(up) TE w-r)=0 
= u(s—r)—p(s—-r)-v(q—p)+r(q-p)=9 
> u(r —s)—v(p—q)+ ps—qr=0 
uv ii 
=> pr 1}=0 
lq s 1| 


Ex. 30. The vertices B and C of a triangle ABC lie on the 
lines 3y = 4x andy =0 respectively and the side BC passes 


2 2 
through the point Z. 2) If ABOC is a rhombus, O being 


the origin, find the equation of the line BC and the 
coordinates of A. 


Sol. Let the side of the rhombus be a 
OB = BA = AC =CO=a 


4 
Co-ordinates of A is (a eX &) 


(0B)? 


(BA)? =(AC)* =(CO)* = a? = (OB)’ =a? 
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16x7 25x; 5 
=> qe Sg a ey SS ye 
9 9 3 
es (=. 0}, Az & “4 
a 3 
4 
B= (x: ) O =(0, 0) 
3 
Yy 
4x1 
a 3) i 
wy 
Y, 
oy 
X’< > xX 
O |*—— 4——>C{a,0) 
vyY 


4x, 
—-0 
3 5X 
5X, 3 
x4 — 
3 
10 
=> y=-axt (1) 
wee ’ 22 
it is passing through aah then 
2 4 10x, 
—=——+ 
3 3 3 
10x, 
> 2=— 
3 
3 
5 oe 
‘5 
Hence, coordinates are 
8 4 
cnt.o, a2(8 2) 
5 5 


From Eq. (i), equation of BC is 
y=-2xt+2 
=> axty=2 


Ex. 31 The ends AB of a straight line segment of constant 
length c_ slide upon the fixed rectangular axes OX and OY 
respectively. If the rectangle OAPB be completed, then show 
that the locus of the foot of perpendicular drawn from P to 
AB is x28 428 = 628, 


Sol. Let A =(a, 0), B =(0, b) then P =(a, b) 


Since AB=c 

ja’ +b? =c 
or a+bh=c ...(i) 
and let OQ =(%, y1) 


y 
(0,6)B P(a,b) 
Q 
a O AGO 
. 


PQLAB 
Slope of PQ x Slope of AB =—1 


a-x, 0-a 
> ax, — by, =a’ —b? ...(ii) 
y 


x 
Equation of ABis — + —=1 
a 


But Q lies on AB then at - =1 
a 


> bx, + ay, =ab ...(iii) 
From Egg. (ii) and (iii), we get 
2 a 7 b3 
wee ata 
2/3 2/3 (a* + b’) 
yO FY = 2 2\2/3 
(a° + b*) 


=(a’ +4 pb?) =23 


Now, 


[from Eq. (i)] 


Hence, required locus is x”? + y*? = c?”’, 


Aliter : 
Since, AB=c 
Let ZBAO=8 
OA=ccos® and OB=csin0 
OB = PA =c sin® 
Y 
(0,b)B P(a,b) 
Q 
— O Aa) * 
y’ 
In APOA, is ao 
PA csin®@ 
QA =c sin’ 0 
Now, in AQAM, — sin® = aM. gM 
QA csin*@ 
OM =c sin? 
and cos = ame = = 
QA csin* 0 


=> MA =c sin’0 cos0 


If coordinates of Q be (x, y;) 


then x, = OM =OA — MA =c cos —c sin* 0 cos 
x, =c cos 0 ...(i) 
and y, = MQ=c sin*@ ...(ii) 


From Eqs. (i) and (ii), 
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Ex. 33 Ina A ABC, A =(,), B =(1, 2), C =(2,3) and 
point A lies on the line y =2x +3, wherea, Be I. If the area 
of A ABC be such that[ A] = 2, where [.] denotes the greatest 
integer function, find all possible coordinates of A. 

Sol. -- (a, B) lies on y =2x +3 


x23 i ils = ¢23 cos?0 + c23 sin? @= 022 
2/3 2/3 _ 2/3 
> xy ty =c 


Hence, locus of Q is x7? + y?3 =¢7 


Ex. 32 A square lies above the X-axis and has one vertex 
at the origin. The side passing through the origin makes an 
angle & (0 <a <1 / 4) with the positive direction of the 
X-axis. Prove that the equation of its diagonals are 

y (cos a — sina) = x (sina + Cos a) 
and y (sina +cos &) + x (Cosa —sina)=a 
where, is the length of each side of the square. 
Sol. Here, OA = AB = BC =CO=a 


then B =2a +3 
Thus ,the coordinates of A are (o, 20 + 3) 
1 | 20 + 3| [2 2| |2 3 | 
A=- | + + | 
2|]1 2 | |2 3] ja 2043} 
=|20 —20, -3+3-4+ 40 +6—3a| 
1 
A=—|a +2| 
2 
[1 i] ; 
But [A] =} —|a + 2|)=2 (given) 
Le 
+2 
2</ les 
2 
> 4<|a+2|<6 
=> 4<@+2<60r-6<Q@+2< 
=> 2<a<40r-8<a<—6 
fs a =2,3,-—7,—-6 
then 6B =7,9,-11, -9 


Hence, coordinates of A are (2, 7), (3, 9),(—7, — 11) and 


(-6,-9). 


>X 


Equation of OB is y — 0 = tan (= + «| (x — 0) 


Ex. 34 Find the values of non-negative real numbers 
4,42,A3,U1,H2,l3 such that the algebraic sum of the 
perpendiculars drawn from points 
(1,4), (2-255), (23,—3),(2sHr)sBsf42) and (7,413) on a 
variable line passing through (2,1) is zero. 

Sol. Let the equation of the variable line be ax + by +c = 0. It is 


Tl ; T 
=> ycos(%+a1}=xsin{= +a] 
4 4 


=> y(cosa —sina) = x (cosa + sin ) 
Hence, equation of diagonal OB is 
x (cos @ + sin) + y (sin @ — cosa) =0 
Coordinates of A are (a cos G, a sin O) 
Diagonal AC is perpendicular to the diagonal OB, 
1 
slope of OB 


1 (3 
= =- cot + Ol 
Tt 4 
tan [ + a_| 
4 


Hence, equation of diagonal AC is 


Slope of AC =— 


: v1 
y-asina =~ cot {* a(x a cos Q) 


cos & —sing 


=> y-asing = ( 


Jo a cos ) 


cos & + sina 
> y (cos + sin) —asin & cos & —asin’?o 
=~—x(cos & —sinQ@) + a cos’@ — asin & cos & 


> x (cos @ —sin@)+ y (cosa + sina) =a 


given that 


(ad, + 4b +c) é (ad. + 5b +c) 


(a? + b’) (a? + b”) 


r (ad, —3b +c) 


(2a + bu, + c) 


(a? + b*) (a? + b”) 
, Gat bi. +c) (7a + bus tc) _ 
(a? + b*) (a? + b*) 
=> a(Ay +Agt+Az4+12)+ bu, +. +H3 +6) + 6c =0 


on g(MAMAB ee), (mtb tn ss 


6 6 
But the line passes through (2,1), therefore 
2a+b+c=0 


From Eqs. (i) and (ii), we get 


Ay +A. Ast 12 _, ig ti tHe ts +6 _ 


tc=0 ...(i) 


...(ii) 


1 


6 6 
=> ,+A,+A3=O0andy, +l, +h; =0 
=> h, =A, =A; and pW, =H, =p3 [Aj UW; = 0 for alli] 
A, =A, =A3 =O (say) 
and Hy =e =Hs =B (say) 


where o > 0 andf > 0. 
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Ex. 35 The three sides of a triangle are 
L, =xcos0, +y sin®, — p, =0, where r= 1,2,3. Show that 
the orthocentre is given by 
L, cos (8, —93) =L, cos (0; —8,) =L; cos (0, —8,). 


Sol. 


The given lines are 


L, = x cos0, + y sin®, — p, =0 


L, = x cos0, + y sin®, — p, = 0 
L, = x cos0; + y sinO; — p; = 0 
Now, equation of AD is L, + AL; =0 


...() 


=> (x cos@, + y sin®, — p,) + A (x cosO, + y sin®; — p;) =0 
=> x (cos®, + A cosO3) + y (sinO, + A sin83) —(p. + Ap3) =0 


(cos0, + A cosO3) 


Slope of AD= 
(sin®, + A sin®;) 
and Slope of BC=— Eee 
sin®, 


Since, ADL BC 
Slope of BC x slope of AD =-1 
cos0, [ (cos8, +A cos0;) | 


=> x = 
sin, (sin®, + A sin®3) 
> cos®, cos®, + A cosO; cos, 
=—sinO, sin, —A sin®, sin®, 
> cos (8, — 9) + A cos (8; —8,) = 0 
__ cos (0; — 95) 
cos (0; —8,) 
Now from Eq. (i), 
_ cos (0, — 92) i= 
cos (0, —8,) 


L, cos (03 — 9,) = L; cos (0; — 82) 
Similarly, we can obtain equation of altitude BE as 
Ls cos (8, — 82) = L, cos @2 — 93) 
From Eqs. (ii) and (iii), we get 


(ii) 


(iii) 


L, cos (0, — 83) = L, cos (03 —9,) = L; cos(®; — 82) 


Ex. 36 Let (h, k) be a fixed point, where h > 0, k >0. 
A straight line passing through this point cuts the positive 
direction of the co-ordinate axes at the points P and Q. Find 
the minimum area of the triangle OPQ ,O being the origin. 
Sol. Equation of any line passing through the fixed point (h, k) 


and having slope m can be taken as 


y-—k=m(x—h) 


> y i h or x J =h ud 
mm m m 
=> - y k =1 
(3) n(e-F) 
m m 
e Ey" err - 
(n+) (k — mh) 
m 
Yo. 


> X 


oo=a® and OP =k—mh 


m 


Area of triangle OPQ = 7 OQ. OP = > (a “| (k — mh) 
m 


2 
= -1 [anu mh? ‘) 
2 m 
mh? ke? 
— A (m) = hk — —— - — .. (il 
(m) 5 be (ii) 
To minimise, — = 0 
m 
2 2 
> 0 h + i =0 >m=t 
2 2m? 
dm? 2m? 
2 3 
= ela (. h>0,k > 0) 
dm |n--rm * 
k ee k, 7 
Hence Semi 9 he) is HES PURE 5 ME (ii), 


we get minimum area. 


= Minimum area of AOPQ = hk + “ + “ =2hk 


Ex. 37 The distance between two parallel lines is unity. A 
point P lies between the lines at a distance a from one of 
them. Find the length of a side of an eqilateral triangle PQR, 
vertex Q of which lies on one of the parallel lines and vertex 
R lies on the other line. 


Sol. Let PQ=QR=RP=r 
and ZPQL=80 
then Z XQR =6 + 60° 
Given PL =a and RN = 1 unit 


Y 
N 
R(,0+60°) 
60° P(;6) 
(Xo h 
i" a 
X<“oola N L x 
Y 
y’ 
In APOL 
sin 8 = eae = 
Por 
# a=rsin0 (i) 
and in AORN, 


rsin (0 + ee 
QR r 


sin (0 + 60°) =1 
(sin® cos 60° + cos@ sin60°) =1 


> r sin® + a cos] =1 


2 
—s ‘xte 2x} ae [from Eq. (i)] 
=> 2423 Fa a1 
=> 8 le a’) =1 ; 


2 


22 
or (r“ —a°)=14 a 
4 4 
=> 3r° —3a" =4+ a" —4a 
> 3r? = 4(a* —a +1) 
2 2 
r=— -a+l 
5 


Ex. 38 A ray of light travelling along the line OA 
(O being origin) is reflected by the line mirror x — y +1=0, 
is the point of incidence being A (1, 2) the reflected ray, 
travelling along AB is again reflected by the line mirror 
x —y =2, the point of incidence being B. If this reflected ray 
moves along BC, find the equation of the line BC. 
Sol. Since, slope of OA = — =2=m, (say) 
and slope of normal to x —- y + 1 = 0is 
—1=m, (say) 
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Now, let slope of AB is m 


yy? 
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* OA and AB are equally inclined to normal of x-—y+1=0 


then, 
(ro) Oa 
1+ mm, 7 1+ mm, 
= aca) -Girea] 
1+ 2(-1) 1+m(-1) 
as 3(1—-m)=m+1 
1 
or m=-— 
2 
Equation of AB is 
1 
Peeled) 
or x—-2y+3=0 
Now, solving x —2y +3 =0 
and x—y=2 
then, we get x =7, y =5 
ie. B=(7,5) 
BC is parallel to OA 
Equation of BC is 
y -5=m,(x-7) 
=> y —5=2(x-7) 
Le. 2x-y—-9=0 
Aliter : 


If image of A (1, 2) with respect to line mirror x — y =2 be 
A’ (x, y1), then 
x-1  y,-2 2(1-—2-2) 
1 -1 141 


or xy =4y,=-1 

Le. A’ =(4, -1) 

*: BC is parallel to OA 

then equation of BC = equation of A’C is 
y—y =2(x— m1) 

> y+1=2(x-4) 

or 2x-y—-9=0 
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Ex. 39 Consider two lines L, = x — y =0 andL, =x +y =0 
and a moving point P (x, y). Letd (P,L; ),i=1, 2 represents the 
distance of the point ‘P’ from L;. If point ‘P’ moves in certain 


2 
region ‘R’ insuchaway X& d(P,L;)€[2, 4]. 


1=1 


Find the area of region ‘R’. 


2 
Sol. «: Given X d(P, L;) € [2, 4] 
i=1 


2 
> 2<L d(P,L)<4 
=> 2<d(P,L,)+d(P,L,)<4 
Ix-yl | |x+yI 
=> 2< + <4 
V2 V2 
> 2/2 <|x-y|+|xt+y| < 4v2 


CaseI: Ifx-y>0,x+y>0 
then 2/2 <(x-y)+ (x+y) <4v2 
> 22 <2x<4V2 or V2 <x <2V2 


CaselII: Ifx—-y>0,.x+y<0 


then 2/2 <(x —y)—-(x + y)$4V2 
= 2/2 <—2y $42 
or —~ V2 >y 2-22 or—2V2 <y <- V2 


Case III: Ifx—-y<0,x+y>0 
then 2/2 < —(x-y)+(x+y)<4v2 
_ 2/2 <2y < 42 or V2 <y <2V2 
CaseIV: If x-y<0.x+y<0 


then 2/2 <—(x-y)—-(x+ y) <4v2 
=> 2/2 <—2x < 4/2 
Y 
A 5S 
) 
B 22 A 
” ¢ >X 
-2\2 2v2 
ty 
Cc -22 DXA 
O 
vy 
or —J2>x>-2V2 
or —2/2<x<- 2 


Combining all cases, we get 

x €[-2v2, — V2] u [v2, 2v2] 
and y €[-2Vv2, — V2] U [v2, 2v2] 
Hence, area of the required region 

=(4v2)’ — (v2)? 


= 32 —8 =24sq units. 


Ex. 40 A rectangle PQRS has its side PQ parallel to the 
line y =mx and vertices P,Q and S on the lines y =a, x =b 
and x =— b respectively. Find the locus of the vertex R. 

Sol. «.. PQ is parallel to y = mx 
.. Equation of PQ is y =mx+ 2 ..(i) 
. Diagonals bisect to each other 


“. x-coordinate of P is —h. 
Suppose y-coordinate of Q and S are A, and A, respectively. 
‘Eq. (i) pass through P (— h, a) 


then a=-mh+xz 
X=a+mh 
> y=mx+a+mh 


Qalso lie on it, then 
A, =mb+a+mh 
ae Q =(b, mb + a + mh) 
Also, slope of PQ x slope of QR = —1 
(k —(mb + a + mh)) 


(h—b) 
=> mk —m’b —am—m’h=—h+b 
> (m? —1)h—mk + b(m? +1) + am=0 


.. Locus of R is 


2 2 


1) x-—my + b(m* +1)+am=0 


(m 


Ex. 41. For points P=(x,,y,) and Q =(x2,y2) of the 
coordinate plane, a new distance d (P, Q) is defined by 
d (P,Q) =|x1 —X2|+|y1 —y2|. Let O =(0,0) and A =(3, 2). 
Prove that the set of the points in the first quadrant which 
are equidistant (with respect to the new distance) from O and 
A consists of the union of a line segment of finite length and 
an infinite ray. Sketch this set in a labelled diagram. 
Sol. Let P (x, y) be any point in the first quadrant, we have 


x>0,y>0 

d (P,Q) =|x—0|+|y—0|=|x|+|yl=x+y 
and d(P, A)=|x-3|+|y -2| 
Given, d (P, Q) =d (P, A) 


x+y=|x-3|+|y-2| ...(i) 


CaseI: 05 x<3,0Sy<2 
then Eq. (i) becomes 
x+y=3-x+2-y 
or xty=5/2 
Case ll: 0<x<3,y 22 
then Eq. (i) becomes 
x+y=3-x+y-2 
or x=- 
2 
Case III: x23,0Sy<2 
then Eq. (i) becomes 
x+y=x-3+2-y 
1 


=> y=- : (Impossible) 
CaseIV: x23,y 22 

x+y=x-3+y-2 
> 0=-5 (Impossible) 


Combining all cases, then 
xt+y=5/2;05x<3,0Sy<2 


1 
and sl i a 


>X 


y’ 


The labelled diagram is given in adjoining figure. 
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Ex. 42. A line through the variable point A (k +1, 2k) 
meets the lines7x + y —16=0,5x —-y —8=0,x —5y +8 =0 
at B, C, D respectively, prove that AC, AB, AD are in HP. 


Sol. Given lines are 


7x+y—16=0 : (i) 
5x—y—8=0 ...(ii) 
x—5y+8=0 (iii) 


Let the equation of line passing through A (k + 1, 2k) making 
an angle 0 with the + ve direction of X-axis, be 
x—(k+1)_y—2k 
sin 8 
B=[(k+1)+¥% cos 0, 2k + 7 sin 0] 
C=[(k +1)+ 7 cos 0, 2k + 7 sin 0] 
D=([(k + 1)+ 7 cos 9, 2k + 7; sin 8] 
Points B, C, D satisfying Eqs. (i), (ii) and (iii) respectively 


(Gif AB=n, AC =m, AD =15) 


Hh hk 
cos 8 


ink ayers ee 
7 cos8 + sin ® 
3(1—k) 
bh = 
5 cos 8 —sin 8 
son 9(1—-k) 


35 sin @ — cos 0 
1 a 1 _(Scos@—sin®) | Gsin 6 —cos@) 


hw 3(1—k) 9(1-—k) 
_ 15 cos® —3sin 9 + 5 sin® — cos9 
9(1-k) 
_14cos0+2sin0 2 
9(1—k) A 


Hence 7, 4, 7 are in HP 
i.e. AC, AB, AD are in HP. 


= This section contains 30 multiple choice questions. 
Each question has four choices (a), (b), (c), (d) out of which 


The Straight Lines Exercise 1: 
Single Option Correct Type Questions 


ONLY ONE is correct. 


1. 


. If 


The straight line y = x — 2 rotates about a point where it 
cuts X-axis and becomes perpendicular on the straight 
line ax + by + c =0, then its equation is 
(a) ax + by + 2a=0 (b) ay — bx + 2b =0 
(c) ax + by + 2b=0 (d) None of these 

2 2 1 2m 

+ + = 

1!9! 317! 515! nn! 
triangle having sides x - y+1=0,x+y+3=0and 
2x + 5y—2=O0is 
(a) (2m — 2n, m — n) 
(c) (2m —n, m+ n) 


, then orthocentre of the 


(b) (2m — 2n, n — m) 
(d) (2m — n, m — n) 


. If f(x+y)= f(x)f(y)V x, ye Rand f(1) =2, then area 


enclosed by 3| x| + 2| y|< 8is 
(a) #(4) sq units (b) : fe) sq units 


(c) . f() sq units (d) ; (5) sq units 


. The graph of the function 


y = cos x cos(x + 2) — cos*(x + 1)is 

(a) a straight line passing through (0, — sin”1) with slope 2 

(b) a straight line passing through (0, 0) 

(c) a parabola with vertex (1, —sin”1) 

(d) a straight line passing through the point (. —sin’ 7 are 
parallel to the X-axis. 2 


. A line passing through the point (2, 2) and the axes 


enclose an area i. The intercepts on the axes made by 
the line are given by the two roots of 

(a) x’ -2)A|x+|A]=0 (b) x? +/Alx+2A|=0 

(c) x°-|A|x+2|4|=0 (d) None of these 


. The set of value of ‘b’ for which the origin and the point 


(1, 1) lie on the same side of the straight line 
a’x +aby+1=0Vae R,b>Oare 

(a) b € (2, 4) (b) b € (0, 2) 

(c) b €[0, 2] (d) None of these 


. Line L has intercepts a and b on the co-ordinates axes, 


when the axes are rotated through a given angle; 
keeping the origin fixed, the same line has intercepts p 
and q, then 


(aa? +b? =p?4+q° teats 
a q 
1 1 il. 1 
oetp=b+qd d) += 4+ 
(c)a° + p q ()- , PF @ 


8. 


10. 


11. 


12. 


If the distance of any point (x, y) from the origin is 
defined as d(x, y) = max {| x|,|y|}, d(x, y) = anon-zero 
constant, then the locus is 

(b) a straight line 

(d) a triangle 


(a) a circle 
(c) a square 


. If py, P2, p3 be the perpendiculars from the points 


(m?,2m),(mm’,m +m’) and(m’” ,2m’ ) respectively on 


ee 

the line x cos + ysin@ + soi 0, then p;, Po, p3 
cos O 

are in 

(a) AP (b) GP 

(c) HP (d) None of these 


ABCD is a square whose vertices A, B,C and D are (0, 0), 
(2, 0), (2, 2) and (0, 2) respectively. This square is rotated 
in the xy plane with an angle of 30° in anti-clockwise 
direction about an axis passing through the vertex A the 
equation of the diagonal BD of this rotated square is ...... 
. If Eis the centre of the square, the equation of the 
circumcircle of the triangle ABE is 

(a) V3x + (1—V3)y =V3,x° + y? =4 

(b) (1 + V3)x -—(1— V2)y =2,x° + y*=9 

(c) (2—v3)x + y =2(V3 -1), x? + y® — xV3 —y =0 

(d) None of the above 


The point (4, 1) undergoes the following three successive 
transformations 
(i) reflection about the line y = x —1. 


(ii) translation through a distance 1 unit along the positive 
direction of X-axis. 


Tl 
(iii) rotation through an angle — about the origin in the 
anti-clockwise direction 


Then, the coordinates of the final point are 
7 7 
4,3 b)} -, — 
(a) (4,3) (b) (2 2) 
(c) (0, 3V2) (d) (3, 4) 
If the square ABCD, where A(0, 0), B(2, 0), C(2, 2) and 


D(0, 2) undergoes the following three transformations 
successively 

(i) fis y) > (Y, x) 

(ii) fol y) > (x + 3y, y) 

saa x Pa 
Gi) fox y) > (75%, 222) 

2 2 

then the final figure is a 
(a) square (b) parallelogram 


(c) rhombus (d) None of these 


13. The line x + y =a meets the axes of x and y at A and B 
respectively. A triangle AMN is inscribed in the triangle 
OAB, O being the origin, with right angle at N, M and N 
lie respectively on OB and AB. If the area of the triangle 


AMN is a of the area of the triangle OAB, then ~ is 
8 


equal to 
(a) 1 (b) 2 (c)3 (d) 4 
14. If P(1,0), Q(—1,0) and R(2, 0) are three given points, then 
the locus of point S satisfying the relation 
(SQ)? + (SR)* =2(SP)? is 
a) a straight line parallel to X-axis 
b) a circle through the origin 


c) a circle with centre at the origin 
d) a straight line parallel to Y-axis 


( 
( 
( 
( 


15. ira( 8 -1, cohen | and B(1, 1), € [—1, 1] are two 
3 2 


points on the same side of the line 3x — 2y + 1=0, then 
belongs to the interval 
(a) (x, 2) U ( r) (b) [-, 7] 
(c) > (d) None of these 

16. The line x + y =1meets X-axis at A and Y-axis at B, P is 
the mid-point of AB. P, is the foot of the perpendicular 
from P to OA; M, is that of P, from OP; P, is that of M, 
from OA ; M, is that of P, from OP; P; is that of M, 
from OA and so on. If P, denotes the nth foot of the 
perpendicular on OA form M,, _, then OP, is equal to 


1 1 
(a) iy (b) ” 
(c) 2” -1 (d) 2" +3 


17. The line x =c cuts the triangle with corners (0, 0); (1, 1) 
and (9, 1) into two regions. For the area of the two 
regions to be the same, then c must be equal to 


5 

(a) (b) 3 

(c) z (d) 3 or 15 
2 


18. If the straight lines x + 2y =9, 3x —5y =5andax + by=1 
are concurrent, then the straight line 5x + 2y = 1, passes 


through the point 
(a) (a, —b) (b) (-a, b) 
(c) (a, b) (d) (—a, —b) 


19. The ends of the base of the isosceles triangle are at (2, 0) 


and (0, 1) and the equation of one side is x = 2, then the 
orthocentre of the triangle is 


3 3 5 
ot) (53) 
3 
(c) (=. 7 
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20. Suppose that a ray of light leaves the point (3, 4), reflects 
off the Y-axis towards the X-axis, reflects off the X-axis, 
and finally arrives at the point (8, 2). The value of x is 


Y 
(3, 4) 
(y) ee) 
O (x, 0) me 
1 1 2 1 


21. m,nare two integers with 0< n< m. A is the point (m, n) 


on the cartessian plane. Bis the reflection of A in the 
line y = x. C is the reflection of Bin the Y-axis, D is the 
reflection of C in the X-axis and E is the reflection of D 
in the Y-axis. The area of the pentagon ABCDE is 

(a) 2m(m + n) (b) m(m + 3n) 

(c) m(2m + 3n) (d) 2m(m + 3n) 


22. A straight line L with negative slope passes through the 
point (8, 2) and cuts the positive coordinates axes at 
points P and Q. As L varies, the absolute minimum value 
of OP + OQ is (O is origin) 


(a) 10 (b) 18 (c) 16 (d) 12 


23. Drawn from origin are two mutually perpendicular lines 
forming an isosceles triangle together with the straight 


line 2x + y =a, then the area of this triangle is 
2 2 


(a) ae sq units (b) a sq units 
2 3 
2 

(c) = sq units (d) None of these 

24, The number of integral values of m for which the 
x-coordinate of the point of intersection of the lines 
3x + 4y =9 and y = mx + 1is also an integer is 
(a) 2 (b) 0 (c) 4 (d)1 


25. A ray of light coming from the point (1, 2) is reflected at 
a point A on the X-axis and then passes through the 
point (5, 3). The coordinates of the point A are 


13 5 
at) Ole 
(d) None of these 


26. Consider the family of lines 
5x +3y—24+A(3x —y— 4) =Oand 
x—y+1+ (2x — y — 2) =0. Equation of straight line 
that belong to both families is ax + by —7 =0, then 
a+ bis 
(a) 1 (b) 3 (c) 5 (d) 7 
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27. In AABC equation of the right bisectors of the sides AB 30. In the adjacent figure combined equation of the incident 
and AC are x + y=Oand x — y =Orespectively. If and refracted ray is 
A =(5,7), then equation of side BC is y 
(a) 7y =5x (b) 5x =y + 
(c) 5y =7x (d) 5y = x 


28. Two particles start from the point (2, —1), one moving 2 
units along the line x + y=1and the other 5 units along 
the line x — 2y = 4. If the particles move towards 
increasing y, then their new positions are 
(a) (2 — V2, V2 — 1); (2v2 + 2, V5 -1) 

(b) (2V2 + 2, V5 — 1); (2V2, V2 + 1) 
(c) (2 + V2, V2 + 1); (2V2 + 2, V5 +1) 
(d) (2 — V2, V5 — 1); (V2 —1, 2V2 + 2) 


>X 


4 

29. Let P be (5,3) and a point Ron y = x and Q on the X-axis v3 
be such that PQ + QR+ RP is minimum, then the (b) (x —2)? + y? 2 (x —2)y =0 
coordinates of Q are v3 
(a) & 0} (b) (4. 0} (c) (x2)? + y? 4 AG 2) =0 

17 2 2_Y = 
(c) (2. 0| (d) (17, 0) (d) (x -2)" + y a 2)=0 
The Straight Lines Exercise 2 : 
More than One Correct Option Type Questions 
= The section contains 15 multiple choice questions. 34, If the lines x — 2y -6=0,3x + y— 4 =0and 


Each question has four choices (a), (b), (c), and (d) out of 


Ax + 4y+ X? =Oare concurrent, then 
which MORE THAN ONE may be correct. 


(a)A=2 (b)AH=-3 (c)A=4  (d)AH=-4 


31. The point of intersection of the lines 7+ - = land 35. Equation of a straight line passing through the point of 
‘9 ‘ intersection of x —-y+1=0and3x + y—5=Oare 
—+-=l1lies on perpendicular to one of them is 
. a = (a)x+y+3=0 (b)x+y-3=0 
hymen eee (c) x -3y —-5=0 (d) x -3y +5 =0 
(c) (Ix + my)(a + b) =(1 + m)ab 36. If one vertex of an equilateral triangle of side a lies at the 
(d) (Ix — my)(a + b) =(I — m)ab origin and the other lies on the line x — 3y = 0, the 


32. The equations (b—c)x + (c — a)y +a—b=Oand coordinates of the third vertex are 


(b> —c*)x+(c*® —a*)y+a?® —b*® =0will represent the (a) (0, a) (b) (ee =) (c) (0, —a) @ (4) 
same line, if 
(a)b=c (b)c=a 37. If the line ax + by +c =0, bx + cy +a=Oand 
(c)a=b (dja+b+c=0 cx + ay + b=Oare concurrent (a+ b+c #0) then 
33. The area of a triangle is 5. Two of its vertices are (2, 1) (a)a° + b* +. c> —3abe =0 (b)a=b 
and (3, —2). The third vertex lies on y= x +3. The (c)la=b=c (d) a? +b? +c? —be—ca—ab =0 
coordinates of the third vertex cannot be . . 
eg —_ 38. A(1,3) and C(7, 5) are two opposite vertices of a square. 
(a) & ;] (b) & = The equation of a side through A is 


(a)x+2y -7=0 (b) x -2y +5=0 
@(h.2) @(22) (c)2x+y—-5=0 (d)2x-y+1=0 


39. 


40. 


41. 


42. 


If6a* —3b* —c? +7ab—ac + 4bc =0, then the family of 
lines ax + by +c =Ois concurrent at 

(a) (—2, -3) (b) GB, -1) 

(c) 2, 3) (d) (-3, 1) 

Consider the straight lines x + 2y + 4=0and 

4x +2y —1=0. The line 6x + 6y +7 =Ois 

(a) bisector of the angle including origin 

(b) bisector of acute angle 


(c) bisector of obtuse angle 
(d) None of the above 


Two roads are represented by the equations y — x =6 
and x + y =8 An inspection bungalow has to be so 
constructed that it is at a distance of 100 from each of 
the roads. Possible location of the bungalow is given by 
(a) (1002 + 1,7) (b) (1 — 100-2, 7) 

(c) (1,7 + 100/2) (d) (1,7 — 100-/2) 


If (a, b) be an end of a diagonal of a square and the other 
diagonal has the equation x — y =a, then another vertex 
of the square can be 
(a) (a — b, a) 

(c) (0, —a) 


(b) (a, 0) 
(d) (a + b, b) 


The Straight Lines Exercise 3 : 


Paragraph Based Questions 


= The section contains 5 Paragraphs based upon each of 
the paragraphs 3 multiple choice questions have to be 
answered. Each of these questions has four choices (a), (b), 
(c), and (d) out of which ONLY ONE is correct. 


Paragraph I 
(Q. Nos. 46 to 48) 


For points P = (x,, y, )and Q = (x2, y2 ) of the coordinate 
plane, a new distance d(P,Q) is defined by 

d(P,Q)= |x —x2|+ |v — yal 

LetO = (0,0) 4 =(, 2) B= (2,3) and C = (4, 3) are four 
fixed points on x- y plane. 


46. 


47. 


Let R(x, y), such that Ris equidistant from the point O 
and A with respect to new distance and if0< x <1and 
0< y<2, then Rlie on a line segment whose equation is 
(a)x+y=3 (b) x + 2y =3 

(c)2x+y =3 (d) 2x + 2y =3 

Let S(x, y), such that S is equidistant from points O and B 


with respect to new distance and if x =>2and0< y<3, 
then locus of S is 


43. 


44. 


45. 


48. 
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Consider the equation y — y, = m(x — x;). If mand x, 


are fixed and different lines are drawn for different 
values of y,, then 

(a) the lines will pass through a fixed point 

(b) there will be a set of parallel lines 

(c) all the lines intersect the line x = xj 

(d) all the lines will be parallel to the line y = x, 


Let L; =ax + by+a¥Vb =0and L, = bx —ay+b¥a=0 
be two straight lines. The equations of the bisectors of 
the angle formed by the foci whose equations are 

A,L; —A2L, =OandaA,L, +A,L, =0,A, and, being 
non-zero real numbers, are given by 

(a), =0 (b) L, =0 

(c) A, + ApL, = 0 (d) Aol, — Ail, = 0 


The equation of the bisectors of the angles between the 
: : : x-3 yts x=3) yrs 
two intersecting lines = and = are 
cos@ sin® cosd@ sing 
-3 yt5 -3  yt5 
id a2 and ad wed , then 
cos® sing B y 
(a) a = a (b) B = —sina 
(c) Y = cosa (d) B = sina 


(a) a line segment of finite length 
(b) a line of infinite length 

(c) a ray of finite length 

(d) a ray of infinite length 


Let T(x, y), such that T is equidistant from point O and C 


with respect to new distance and if T lie in first quadrant, 
then T consists of the union of a line segment of finite 
length and an infinite ray whose labelled diagram is 
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Paragraph II 
(Q. Nos. 49 to 51) 


Ina triangle ABC, if the equation of sides AB, BC and CA are 
2x- y+4=0 x-2y-1=0and x+ 3y-3= Orespectively. 
49. Tangent of internal angle A is equal to 
(a) -7 (b) -3 
1 
= d)7 
(c) 5 (d) 
50. The equation of external bisector of angle B is 


(a)x-y-1=0 (b)x -y+1=0 
(c)x+y—-5=0 (d)x+y+5=0 


51. The image of point B w.r.t the side CA is 


Paragraph III 
(Q. Nos. 52 to 54) 


A (1,3) and - : ; 2) are the vertices of a triangle ABC and 


the equation of the angle bisector of ZABC is x+ y=2 
52. Equation of BC is 
(a)7x+3y-—4=0 
(c)7x -3y + 4=0 


(b) 7x +3y + 4=0 
(d) 7x -3y —-4=0 


53. Coordinates of vertex B are 


3 17 17 3 

ee b)| 2. 2. 
a(t ) (i m) 

5 9 
©(-35) 
54. Equation of ABis 

(a) 3x + 7y =24 
(b) 3x + 7y + 24=0 
(c) 13x +7y+8=0 
(d) 13x —7y +8 =0 


Paragraph IV 
(Q. Nos. 55 to 57) 


Let S’ = Obe the image or reflection of the curve S = Oabout 
line mirror L= 0. Suppose P be any point on the curve S = 0 
and Q be the image or reflection about the line mirror L= 0, 


then Q will lie on S’ =0. 


How to find the image or reflection of a curve? 


L=0 
TIITTITITTITITI77 
:M 


Let the given curve be S': f(x, y)= Oand line mirror 
L:ax+ by+c=0, We take a point P on the given curve in 
parametric form. Suppose O be the image or reflection of point 
P about line mirror L= 0, which again contains the same 
parameter, Let O = (0(t), W(t)), where t is parameter. Now let 
x= O(t)and y= W(t) 
Eliminating t, we get the equation of the reflected curve S’. 
59. The image of the line 3x — y = 2in the line y= x-1is 
(a) x +3y =2 (b)3x+ y =2 
(c)x —3y =2 (d)x+y=2 
56. The image of the circle x” + y* =4 in the line x + y=2 
is 
(a) x°+y?-2x-2y=0 § (b) x? + y?-4x-4y +6=0 
(c) x°+y?-2x-2y+2=0 (d)x*?+y?—4x-4y+4=0 


57. The image of the parabola x” = 4y in the line x + y =ais 
(a) (x — a)” = 4(a — y) (b) (y — a)’ = 4(a — x) 
(c) (x —a)’ = 4(a + y) (d) (y — a)" = 4(a + x) 
Paragraph V 
(Q. Nos. 58 to 60) 


In a AABC, the equation of the side BC is 2x — y =3 and its 
circumcentre and orhtocentre are (2, 4) and (1, 2) respectively. 


58. Circumradius of AABC is 
61 51 41 43 
(a) 5 (b) 7 (c), 3 (d) 7 


59. sin B-sinC = 


9 9 9 9 
Ora Pana OT Ona 
60. The distance of orthocentre from vertex A is 
1 6 3 2 
(a) Ve (b) Ve (c) Vs (d) Ve 


= The section contains 10 questions. The answer to eaeh 


The Straight Lines Exercise 4: 
Single Integer Answer Type Questions 


question is a single digit integer, ranging from 0 to 9 
(both inclusive). 


61. 


62. 


63. 


64. 


65. 


The number of possible straight lines passing through 
(2, 3) and forming a triangle with the coordinate axes, 
whose area is 12 sq units, is 


The portion of the line ax + 3y — 1=0, intercepted 
between the lines ax + y+ 1=0and x + 3y =Osubtend a 
right angle at origin, then the value of | a] is 

Let ABC be a triangle and A = (1,2), y = x be the 


perpendicular bisector of AB and x — 2y + 1=0be the 
angle bisector of ZC. If the equation of BC is given by 
ax + by —5=0, then the value of a — 2b is 


A lattice point in a plane is a point for which both 
coordinates are integers. If n be the number of lattice 
points inside the triangle whose sides are x = 0, y=0 and 
9x + 223y = 2007, then tens place digit in n is 


The number of triangles that the four lines y = x + 3, 
y=2x+3,y=3x+2andy+ x =3 form is 


The Straight Lines Exercise 5: 


Matching Type Questions 


= The section contains 5 questions. Questions 1, 2 and 3 
have four statement (A, B, C and D) given in Column I 
and four statements (p, q, r and s) in Column II and 
questions 74 and 75 have three statements (A, B and C) 
given in Column I and five statements (p, q, r, s and t) in 
Column II. Any given statement in Column I can have 
correct matching with one or more statement (s) given in 
Column II. 


71. 


Let L,, L,, L3 be three straight lines a plane and n be the 


number of circles touching all the lines. 


Column I Column II 
(A) The lines are concurrent, thenn + lisa (p) natural number 
(B) The lines are parallel, then2n+3isa | (q) prime number 
(C) Two lines are parallel, thenn + 2 is a (r) composite number 


(D) The lines are neither concurrent nor 
parallel, thenn + 2 isa 


(s) perfect number 


66. 


67. 


68. 


69. 


70. 


72. 
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In a plane there are two families of lines : y= x + n, 
y=-—x+n, where ne {0, 1,2, 3, 4}. The number of squares 
of the diagonal of length 2 formed by these lines is 


Given A(0, 0) and B(x, y) with x € (0,1) and y> 0. Let the 
slope of line AB be m,. Point C lies on line x = 1 such 
that the slope of BC is equal to m,, where 0< m, < m,. 
If the area of triangle ABC can be expressed as 

(m, — m,) f(x) and the largest possible value of f(x) is 


X, then the value of - is 


If(A, A +1) is an interior point of AABC, where A = (0, 3), 
B=(-2,0) and C = (6, 1), then the number of integral 
values of A is 


For all real values of a and b, lines 
(2a + b)x + (a+ 3b)y + (b— 3a) =Oand Ax + 2y +6=0and 
Ax + 2y + 6=Oare concurrent, then the value of | A is 


If from point (4, 4) perpendiculars to the straight lines 
3x + 4y+5=0and y= mx +7 meet at Q and Rand area 
of triangle PQR is maximum, then the value of 3m is 


Match the Columns 


Column I Column II 


(A) Lines x —-2y-—6=0,3x+ y—4=0 and (p) 2 
Ax + 4y + 2? = 0 are concurrent, then the 


value of | A| is 


(B) The variable straight lines (q) 3 
3x(a+1)+ 4y(a—1)—- 3(a—-1)=0 for 
different value of ‘a’ passes through a fixed 
point (p,q) if A = p — q, then the value of 4|A| 


If the line x + y-1- | x = 0 passing through (r) - 
2 


the intersection of x —y + 1=0 and 
3x + y—5=0, is perpendicular to one of 
them, then the value of| A + 1| is 


(D) Ifthe line y— x —1+ A= 0 is equidistant from  (s) 5 
the points (1, — 2) and (3, 4), then the value of 
| A| is 
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73. Consider the triangle formed by the lines y + 3x +2=0, 
3y —2x -5=Oand 4y+x-14=0 


Column I Column II 
(A) If (0, A) lies inside the triangle, then (p) 4 
integral values are less than|3A| 
(B) | If (1, A) lies inside the triangle, then (q) 5 
integral values are less than|3A| 
(C) If (A, 2) lies inside the triangle, then (r) 6 
integral values of |6A| are 
(D) If (A,7 /2) lies inside the triangle, then (s) 7 
integral value of |6A| are 
74. Match the following 
Column I Column II 
(A) The area bounded by the curve (p) 0 
max. {| x|,|y|}=1is 
(B) If the point (a, a) lies between the lines (q) 1 
|x + y| = 6, then [|a| ] is (where [. ] 
denotes the greatest integer function) 
(C) Number of integral values of bfor which —(r) 2 


the origin and the point (1, 1) lie on the 
same side of the st. line a’x + aby +1=0 
for allae R~ {0} is 


75. Match the following 


Column I Column II 


(A) Ifthe distance of any point (x, y) 
from origin is defined as 
d(x, y)=2|x|+ 3|y|. If perimeter 
and area of figure bounded by 
d(x, y) = 6 are A unit and sq units 
respectively, then 


(p) (A, W) lies on x = 3y 


(B) If the vertices of a triangle are (6, 0), (q) (A, |) lies on 
(0, 6) and (6, 6). If distance between x? y? = 64 
circumcentre and orthocentre and 
distance between circumcentre and 
centroid are A unit and unit 
respectively, then 


(C) The ends of the hypotenuse of a (r) (A, W) lies on 
right angled triangle are (6, 0) and x’ +y*—6x-6y=0 
(0, 6). If the third vertex is (A, 1), 


then 


(s) (A, WL) lies on 
x’ —16y =16 


(t) (A,w) lies on 


x*-y’=16 


The Straight Lines Exercise 6: 


Statement | and II Type Questions 


= Directions (Q. Nos 76 to 83) are Assertion-Reason type 
questions. Each of these question contains two statements. 
Statement I (Assertion) and 
Statement II (Reason) 
Each of these questions has four alternative choices, only 
one of which is the correct answer. 
You have to select the correct choice. 


(a) Statement I is true, statement II is true; statement II 
is a correct explanation for statement I 


(b) Statement I is true, statement II is true; statement II 
is not a correct explanation for statement I 


(c) Statement I is true, statement II is false 
(d) Statement I is false, statement II is true 
76. Statement I The lines x(a + 2b) + y(a+ 3b) =a+ bare 
concurrent at the point (2, — 1) 
Statement II The lines x + y—1=0and 2x +3y—-1=0 
intersect at the point (2, — 1) 
77. Statement I The points (3, 2) and (1, 4) lie on opposite 
side of the line 3x — 2y —1=0 


Statement II The algebraic perpendicular distance 
from the given point to the line have opposite sign. 


78. Statement I If sum of algebraic distances from points 
A(1, 2), B(2, 3), C(6, 1) is zero on the line ax + by +c =0, 
then 2a+ 3b+c =0 


Statement II The centroid of the triangle is (3, 2) 
79. Statement I Let A =(0,1) and B=(2,0) and P be a point 
on the line 4x +3y + 9 =0, then the co-ordinates of P 


12 1 
such that | PA — PB| is maximum is (- —, 2) 
a1 2D 


Statement II | PA — PB|<| AB| 
80. Statement I The incentre of a triangle formed by the 


TT . {1 
line x cos{ =] + ysin( =I, 
9 9 
(=) (=) 
x cos| — |+ ysin} — 
9 9 
=T and x cos + ysin( 3) = Tis (0, 0). 
9 9 


Statement II Any point equidistant from the given 
three non-concurrent straight lines in the plane is the 
incentre of the triangle. 


81. 


82. 


The Straight Lines Exercise 7 : 


Statement I Reflection of the point (5, 1) in the line 
x+y =O0is(—1,—5). 
Statement II Reflection of a point P(q, B) in the line 


ax + by +0018 Q(0",B")if( 22" BoB Jes on 
: 2 2 
the line. 


Statement I The internal angle bisector of angle C of a 
triangle ABC with sides AB, AC and BC as y =0, 

3x + 2y =0, and 2x + 3y + 6 =0, respectively, is 

9x + 5y+6=0. 


Subjective Type Questions 


= In this section, there are 15 subjective questions. 


84, 


85. 


86. 


87. 


88. 


89. 


If A(x,,y1), B(x2, yz) and C (x3, y3) are the vertices 
of a triangle, then show that the equation of the line 
joining A and the circumcentre is given by 


x yi i x yi il 
(sin2B)}x, y, 1/+(sin2C)|x, y, 1/=0 
X2 Yo 1 x3 y3 1 


Find the coordinates of the point at unit distance from 
the lines 


3x —4y+1=0,8x+6y+1=0. 
A variable line makes intercepts on the coordinate axes, 
the sum of whose squares is constant and equal to k”. 
Show that the locus of the foot of the perpendicular 
from the origin to this line is 
(x? +y?)? (x? +y*)=k’, 
A variable line intersects n lines 
y= mx,(m=1,2,3,...,n) in the points 
Ay, Az, A3,...., A, respectively. 
n 
If x — c (constant). Show that line passes through 
p=10A, 
a fixed point. Find the coordinates of this fixed point 
(O being origin). 
Given n straight lines and a fixed point O. A straight line 
is drawn through O meeting these lines in the points 


R,, Ro, R3,...., R, and a point Ris taken on it such that 
ea. ee 
OR r=10OR 


Prove that the locus of R is a straight line. 
Prove that all lines represented by the equation 


(2 cos @ +3 sin 8) x +(3 cos 8 —5sin 8) y 
=5cos0-—2sin0 


83. 


90. 


91. 


92. 


93. 


94. 


Chap 02 The Straight Lines 163 


Statement II The image of point A with respect to 
5x+5y +6=Olies on the side BC of the triangle. 


Statement I If the point (2a — 5, a” ) is on the same side of 
the line x + y —3=0as that of the origin, then a€é (2, 4). 


Statement II The point (x,, y,) and (x,, y,) lie on the 
same or opposite sides of the line ax + by + c =0, as 
ax, + by, +c and ax, + by, +c have the same or 
opposite signs. 


pass through a fixed point for all 8. What are the 
coordinates of this fixed point and its reflection in the 
line x + y = V2? Prove that all lines through reflection 
point can be represented by equation 


(2 cos 8 +3sin 8) x +(3 cos 8 —5sin®) y 
= (V2 —1)(5 cos @ — 2sin @) 


Pis any point on the line x — a=0.If A is the point (a, 0) 
and PQ, the bisector of the angle OPA, meets the X-axis 
in Q. Prove that the locus of the foot of the 
perpendicular from Q on OP is 


(x—a)? (x? +y?)=a"y’. 


Having given the bases and the sum of the areas of a 
number of triangles is constant, which have a common 
vertex. Show that the locus of this vertex is a straight 
line. 


A (3,0) and B(6, 0) are two fixed points and U (0,8) is a 
variable point on the plane. AU and BU meet the y-axis 
at Cand D respectively and AD meets OU at V. Prove 
that CV passes through (2, 0) for any position of U in the 
plane. 


A variable line is drawn through O to cut two fixed 
straight lines L, and L, in Rand S. A point P is chosen 
m+n om on 

=— + —.Show 
OP OR OS 
that the locus of Pis a straight line passing through the 


point of intersection of L, and Ly. 


A line through A (— 5, — 4) meets the lines 
x+3y+2=0,2x+y+4=O0and x—y—5=Oat the 
points B, C and D respectively, if 


(22) +(2) -(S) 


find the equation of the line. 


on the variable line such that 


164 


95. 


96. 
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Two fixed straight lines X-axis and y = mx are cut by a 
variable line in the points A (a, 0) and B(b, mb) 
respectively. P and Q are the feet of the perpendiculars 
drawn from A and B upon the lines y = mx and X-axis. 
Show that, if AB passes through a fixed point (h, k), then 
PQ will also pass through a fixed point. Find the fixed 
point. 


Find the equation of straight lines passing through point 
(2,3) and having an intercept of length 2 units between 
the straight lines 2x + y=3,2x+y=5. 


The Straight Lines Exercise 8 : 


97. 


98. 


Let O (0,0), A (2,0) and B ( es be the vertices of a 
triangle. Let R be the region Sorat of all those 
points P inside AOAB which satisfy 

d(P, OA) min {d (P, OB), d(P, AB)} 

where d denotes the distance from the point to the 
corresponding line. Sketch the region R and find its area. 
Two triangles ABC and PQR are such that the 


perpendiculars from A to QR, B to RP and C to PQ are 
concurrent. Show that the perpendicular from P to BC,Q 
to CA and Rto ABare also concurrent. 


Questions Asked in Previous 13 Year's Exams 


= This section contains questions asked in IIT-JEE, ATEEEF, 
JEE Main & JEE Advanced from year 2005 to 2017. 


99. 


100. 


101. 


102. 


The line parallel to the X-axis and passing through the 
intersection of the lines ax + 2by + 3b=0 and 
bx — 2ay — 3a =0, where (a, b) #(0,0)is | [AIEEE 2005, 3M] 


eS] 
(a) below the X-axis at a distance of — from it 
2 
2 
(b) below the X-axis at a distance ary from it 
: F 3 . 
(c) above the X-axis at a distance of — from it 
2 
2 
(d) above the X-axis at a distance of 5 from it 


A straight line through the point A(3, 4) is such that its 


intercept between the axes is bisected at A. Its equation 
is [AIEEE 2006, 4.5M] 
(a)x+y=7 (b) 3x —4y +7=0 

(c) 4x + 3y =24 (d) 3x + 4y =25 


If (a, a”) falls inside the angle made by the lines y = = 


x>Oand y =3x, x>0, then a belong to 
1 
(a) (0 ;| (b) (3, °°) 


1 1 
(c) (: 7 (d) (-s -*) 


Lines L, :y— x =0Oand L, :2x + y =0 intersect the line 
L,:y+2=0at Pand Q respectively. The bisector of the 
acute angle between L, and L, intersects L3at R 

[IIT-JEE 2007, 3M] 


[AIEEE 2006, 6M] 


Statement I The ratio PR: RQ equals 22 : J/5 because 


Statement II In any triangle, bisector of an angle 
divides the triangle into two similar triangles. 


103. 


104. 


105. 


(a) Statement I is true, statement II is true; statement II is not 
a correct explanation for statement I 

(b) Statement I is true, statement II is true; statement II is not 
a correct explanation for statement I 

(c) Statement I is true, statement II is false 

(d) Statement I is false, statement II is true 


Let P =(-1,0), Q =(0,0) and R = (3, 3V3) be three point. 
The equation of the bisector of the angle PQR is 
[AIEEE 2007, 3M] 


(a) “x+y =0 (b) x + V3 y =0 
(c) v3x+ y =0 @x+By=0 


Consider the lines given by 
L,:x+3y—-5=0 
L, :3x-—ky-1=0 
Lz :5x +2y—12=0 
Match the statements/Expressions in Column I with the 
statements/Expressions in Column II 


Column I Column II 
(A) L,, Lz, L3are concurrent, if (p) k=-9 
(B) one of L,, L», Ls is parallel to at (q) ko 6 
least one of the other two, if 5 
(C) L,, Lz, L3 form a triangle, if (r) ie 5D 
6 
(D) L,, Lz, L3 do not form a triangle, if  (s) k=5 


[IIT-JEE 2008, 6M] 


The perpendicular bisector of the line segment joining 

P (1, 4) and Q(k, 3) has y-intercept —4. Then a possible 
[AIEEE 2008, 3M] 

(d) —4 


value of k is 


(a)1 (b) 2 (c) -2 


106. 


107. 


108. 


109. 


110. 


The lines p(p* +1)x-—y+q=Oand 
(p? +1)? x+(p’ +1)y + 2q =Oare perpendicular to a 
[AIEEE 2009, 4M] 


(b) exactly two values of p 
(c) more than two values of p (d) no value of p 


common line for 


(a) exactly one values of p 


The line L given by 2a ; = 1 passes through the point 
n) 


(13, 32). The line K is parallel to L and has the equation 


ss + i 1. Then the distance between L and K is 


‘ 3 [AIEEE 2010, 4M] 
17 
(a) V17 (b) Vis 
23 23 
(c) iy (d) Vis 


A straight line L through the point (3, — 2) is inclined at 
an angle 60° to the line /3x + y =1. If L also intersects 
the X-axis, then the equation of L is [IIT-JEE 2011, 3M] 
(a) y + ¥3x+2—3V3 =0 (b)y —V3x+2+3V3 =0 

(c) V3y —x+3+2V3 =0 (d) v3y + x-3 + 2y3 =0 


The lines L; : y— x =Oand L, :2x + y =Ointersect the 
line L, : y+2=0Oat P and Q respectively. The bisector of 
the acute angle between L, and L, intersects L, at R. 
[AIEEE 2011, 4M] 
Statement I : The ratio PR: RO equals 22 : V5 


Statement II : In any triangle, bisector of an angle 
divides the triangle into two similar triangles. 


(a) Statement I is true, statement II is true; statement II is not 
a correct explanation for statement I. 

(b) Statement I is true, statement II is false. 

(c) Statement I is false, statement II is true. 

(d) Statement I is true, statement II is true; statement II is a 


correct explanation for statement I 


If the line 2x + y = k passes through the point which 
divides the line segment joining the points (1, 1) and 


(2, 4) in the ratio 3 : 2, then k equals [AIEEE 2012, 4M] 


29 
(a) = (b) 5 
(c) 6 = 


(d) - 


11, 


112. 


173, 


114. 


115. 


116. 


117. 
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A ray of light along x + V3y = V3 gets reflected upon 


reaching X-axis, the equation of the reflected ray is 
[JEE Main 2013, 4M] 


(a)y=x4+ V3 (b) VBy = x — V3 
(c) y = v3x — v3 (d) V3y =x-1 


For a> b>c>0, the distance between (1, 1) and the 


point of intersection of the lines ax + by + c =O and 
bx + ay +c =0is less than 2V2. Then 
[JEE Advanced 2013, 3M] 
(b)a-—b+c<0 
(d)a+b-c<0 


(ajat+b-c>0 
(c)a-b+c>0 
Let PS be the median of the triangle with vertices P(2, 2), 
Q(6, — 1) and R(7, 3). The equation of the line passing 
through (1, —1) and parallel to PSis | [JEE Main 2014, 4M] 
(a) 4x+7y+3=0 (b) 2x —9y -11=0 
(c) 4x -7y -11=0 (d)2x+ 9y+7=0 
Let a, b, c and d be non-zero numbers. If the point of 
intersection of the lines 4ax + 2ay + c =O and 
5bx + 2by + d=Olies in the fourth quadrant and is 
equidistant from the two axes, then [JEE Main 2014, 4M] 
(a) 3bc — 2ad = 0 (b) 3bc + 2ad = 0 
(c) 2be —3ad =0 (d) 2be + 3ad =0 
For a point P in the plane, let d,(P) and d,(P) be the 
distance of the point P from the lines x — y =O and 
x + y=O0respectively. The area of the region R 
consisting of all points P lying in the first quadrant of 
the plane and satisfying 2< d,(P)+d,(P)S 4, is 

[JEE Advanced 2014, 3M] 


The number of points, having both co-ordinates as 
integers, that lie in the interior of the triangle with 
vertices (0, 0), (0, 41) and (41, 0) is 

[JEE Advanced 2015, 4M] 
(a) 820 
(c) 901 


(b) 780 
(d) 861 
Two sides of a rhombus are along the lines, x — y+1=0 


and7x — y—5=0. If its diagonals intersect at (—1, — 2), 
then which one of the following is a vertex of this 


rhombus? [JEE Main 2016, 4M] 
1 8 10 7 

(a) (2 -2) (b) [-2. 1) 

(c) (3, -9) (d) (-3, -8) 
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Answers 


Exercise for Session 1 
l(c) 2. (b) 3. (b) 4. (d) 5. (b) 
6.(d) 7. (c) 8. (d) 9. (a,d) 10. (c) 

11.(d) 12, y=9 13. (2 + 2V3, 4) and (2 —2 3, 0) 
132 : 
14. PO = 15. 4/2 
O Thee 5. 4./2 units 
16. 83x — 35y + 92=0 


17.x+ y-11=0 


Exercise for Session 2 
1. (b) 2. (c) 3. (a) 4. (c) 5. (b) 6. (d) 
7.(c,d) 8. (d) 9. (d) 10.(d) 11. (b) = -12. (d) 
13. The two points are on the opposite side of the given line. 
15. 3x — 4y = Oand 3x - 4y-10=0 
17.7x+ y-31=0 18.2x+2y+/2=0 


Exercise for Session 3 


l(c) 2. (b) 3. (c) 4.(a)  5.(d) 6. (a) 
7.(a)  8.(c) 9.(a)  10.(a,b) I1.(c) 12. (c) 
13.2a+ b°+b=0 16. (i) y=3(ii)x=4, (iii) 3x + 4y = 24 


18.(3, =) 
3° 3 
Exercise for Session 4 
l(c) 2.(d) 3. (b) 4. (b) 5. (c) 6. (b) 


7. (c) 8. (a) 9.x= 7andx+ V3y=7+ 9V3 
10. x (4V3 + 3) + 3(4- 3V3)=11- 2V3 and 


y (4+ 3V3) x (4V3 y=i+ 23, 28 


yeas | ech 
14 28 16 32 


12.(0, > and (0,0 13.x+ 2y-6=0 


14. 3x =19 15. 10x- 10y-3=0 


Exercise for Session 5 
1.(d) 2. (a) 3. (b) 4. (d) 5. (c) 
6.(d) 7. (d) 8. (c) 9.(d) 10. (b) 
11.(b) 12. (c) 13. (3, —2) 14. 14x + 23 y- 40 =0 


15. 4x — y+ 6=0,[ 4 16. (2) 


Exercise for Session 6 


1. (c) 2. (c) 3. (a,b) 4. (a) 5. (a) 


6. (c) 7.meé [-1 ;| 
5 


8.06 (0, 5% — tan" 3] 9.0¢(0, X)u(52, 2) 

6 12 12°32 
10.0¢ { U (2, 2nn + = uf U [2m + =, 2mm} 
11. Outside 12. 29x — 2y + 33 =0 


Chapter Exercises 
1.(b) 2. (a) 3. (c) 4. (d) 5. (c) 6. (b) 
7.(b) 8. (b) 9.(b) 10.(c) I11.(c) 12. (b) 
13.(c) 14. (da) 15. (a) 16.(b)  17.(b) 18. (c) 
19.(b) 20. (b) 21.(b) 22. (b) ~—-23.(c)_~—-24. (a) 
25.(a) 26. (b) 27.(a)  28.(a) 29. (b)— 30. (a) 


31. (a,b,c,d) 32. (a,b,c,d) 33. (a,c) 34. (a,d) 
35. (b,d) 36. (a,b,c,d) 37. (a,c,d) 38. (a,d) 39. (a,b) 40. (a,b) 
41. (a,b,c,d) 42.(b,d) 43. (a,b,c) 44. (a,b) 45. (a,b,c) 


46.(d) 47. (d) 48.(a)  49.(a) 50.(d) 51. (a) 
52.(b) 53. (c) 54.(a)  55.(c) 56.(d) 57. (b) 
58. (a) 59. (a) 60.(b)  61.(3) 62.(6) 63. (5) 
64.(8) 65. (3) 66.(9) — 67.(8) 68. (2) «69. (2) 
70. (4) 71. (A) > (p); (B) > (p,q); (©) > (p,r) (D) > (p.1,8) 
72. (A) > (p.r); (B) > (q); (C) > (4,8) (D) > (P) 
73. (A) > (p,q); (B) > (p, q,1,8); (C) > (p,4,1,8); (D) > (p,4,1,) 
74. (A) > (1); (B) > (p,4.1); (C) > (8) 
75. (A) > (q,8); (B) > (ps (C) > () 76.(a) 77. (a) 
78.(d) 79. (d) 80.(c)  81.(b) 82.(b) 83. (d) 
6 =} 2 =), ( 3) (2 3) 
85. | —, — |, : .{0=))—, 
5 10 5 10 2) \5 10 
n 1 n Pp 
+ + 
7 aera Rey 
Cc (e: 


94. 2x+ 3y+22=0 


95. 96. 3x+ 4y—-18 = Oandx-—2=0 


h+mk mh- *] 
lt m?” 14m? 

97. (2—V/3)sq units. 99.(a) 100.(c) 101.(c) 102. (c) 103. (c) 
103. (c) 104. (A) > (8); (B) > (p,q); (C) > (1); (D) > (p.4q,8) 
105.(a) 106. (a) 107.(c) 108.(b) 109.(b) 110. (c) 111. (b) 
112.(a) =: 113. (d) 114.(a)  115.(6) 116.(b) 117. (a) 


Solutions 


1. Equation of line passing through (2, 0) and perpendicular to 
ax + by+c=0 


Then, required equation is 
b 
y —-0=-(x -2) 
a 


ay =bx —2b 
> ay — bx +2b=0 
2 2 1 2" 
2. par + + = 
119! 317! 515! nn! 
1 [Pee 2x10! | == 
10! 1!9! 317! 5!5! 


m 


1 2 
=> fa Cp OC. op MON = 
10! n! 


1 WO 4 WE 4 WE 4 WE 4 100 a2 
{C4 34 54 74 of = 
10! n! 


1 “2 
= =e 1_ 
10! n! 


m=9 andn=10 


Hence, x —-y +1=0and x + y + 3 = Oare perpendicular to 
each other, then orthocentre is the point of intersection which 
is (—2, —1) 


2=2m-—2n and -1=m-n 


.. Point is (2m — 2n, m — n). 
3. .. Required area 


1(8 64 2° 
=4x—-|—x4/=— =— (i) 
3. 3 


f(x ty) = fx) fy) 


f(2) = ff) =2° 
fG) = f+ 2) = fa) f2) =2° 


4. We have, y = cosxcos(x + 2) — cos*(x + 1) 


1 
y= ioees xcos(x + 2) —2cos*(x + 1)} 

1 

7 soe +2) + cos2 — 1 -cos(2x + 2)} 
1 

= —(cos2 — 1) 
2 
1 2 

= —(1 —2sin“1—1) 
2 

=-sin?1 


which is a straight line passing through (A, —sin?1); V A € R 
and parallel to the X-axis. 


5. Letline ~ + =1 ...(i) 


a b 
Its passes through (2, 2), then 
2 2 
ab 
> 2(a + b) =ab (ii) 


1 


00, b) 8 


v ial 
oats aoa °° 


y’ 
** Area of AAOB = swab =|A| (given) 
Fa ab =2|A| 
from Eq. (ii), a+b=|A| 
Hence, required equation is 

x? —(a+ b)x + ab =0 


or x? —|A|x + 2|A| =0 


2 
6. Value of (a°x + aby + 1) at (1,1) an 


Value of (a°x aby + 1) at (0, 0) 


or a” = 50 Va R 

or a’ +ab+1>0;VaeR 
D<0 

> b°-4<0 

> —2<b<2butb>0 
0<b<2 


Le. b €(0, 2) 
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Equation of L is = + 3 =1and let the axis be rotated through 


an angle @ and let (X, Y) be the new coordinates of any point 
P(x, y) in the plane, then 

x = X cos — Ysin®, y = Xsin® + Y cos8, the equation of the 
line with reference to original coordinates is 


*,% 


+-—=1 
a b 
. Xcos8—YsinO Xsin®@ + Ycos0 : 
ie. + =1 ..-(i) 
a b 
and with reference to new coordinates is 
xX Y oe 
—+-—=1 ...(ii) 
P 4 
Comparing Eqs. (i) and (ii), we get 
cos®8_ sin® _ 1 (iii) 
a b p 
and a + os = 2 ...(iv) 
a b q 
Squaring and adding Eqs. (iii) and (iv), we get 
1.4% 4 
oF pg 
8. d(x, y) = maxt|x|,|y} Ai) 
but d(x,y)=a ...(ii) 


10. 


. PB. =|m’ cosa + 2msina + 


From Eqs. (i) and (ii), we get 


a = max{| x], |y|} 


if |x| >|y|, then a =| x| 
2 x=ta 
and if |y| >|x|, then a =|y| 


a y=ta 
Therefore locus represents a straight line. 


(mcosa + sina)’ 


“2 
sin’ 


cosa 


|cosa| 
| no 
, ae sin“ 0 
p2 =|mm cos & + (m+ m’)sina + —— 
| cos | 


_ |(mcosa@ + sina)||m’ cosa + sing| 


|cosQ| 


sin’ 


and p3 =|m’ cosa + 2m’ sina. + 


cosa 


(m cosa + sina)? 


|cosQ| 
P2 = PiPs 
Hence, p;, p2, p3 are in GP. 
Side of the square = 2 unit 


Coordinates of B, C and D are (V3, 1), (V3 - 1, V3 +1) and 
(-1, V3) respectively. 


11. 


12.8 


Slope of BD = v3 =1 _ 3-3-1) _ 5 2 


-1- 3 -2 


>X 


Equation of BD is 
y —1=(V3 -2)(x - V3) 
> (2—~V3)x + y =2(V3 -1) 


and equation of the circumcircle of the triangle ABE 
(Apply diametric form as AB is diameter) 


(x — 0)(x — V3) + (y — Oy 
> x+y? — x3 -y=0 


1)=0 


If (a, B) be the image of (4, 1) w.r.t y = x —1, then (a, B) = (2, 3), 
say point Q 


>< 


Rt 


>X 


O| (1, 0) 

After translation through a distance 1 unit along the positive 
direction of X-axis at the point whose coordinate are R = (3, 3). 
After rotation through are angle . about the origin in the 
anticlockwise direction, then R goes toR’ such that 


OR = OR’ =32 
.. The coordinates of the final point are (0, 3V2). 


A =(0, 0); B =(2, 0);C =(2, 2); D =(0, 2) 
(i) f(x y) > (y, x), then 
A =(0, 0); B =(0, 2);C =(2, 2), D =(2, 0) 


(ii) fax, y) > (x + 3y, y), then 
A =(0, 0); B =(6, 2); C =(8, 2), D =(2, 0) 


(iii) fax, y) > (7 : yo x+y) then 


A =(0, 0); B =(2, 4); C 


(3, 5), D =(1, 1) 


Now, AB = DC =2V5, AD = BC = 2 
and AC = V34, BD = J10 


Le. AC # BD 
.. Final figure is a parallelogram. 


ie Sh 
BN 


Then, coordinate of N are 2 ; Gh 
1+A 14+A 


Slope of AB =—1 


% 
B(0, a) 
N 
xX+y=a 
i 
a) Aa.) 


Slope of MN =1 
Equation on MN is 


ar a 1-Az 
=x =>x-y=a 
1+KX 1+2X A+1 


So, the coordinates of M are | 0,a ( ie *| 
A+1 


y 


Therefore, area of AAMN = ; area of AOAB 


=> dA HIN =" aie 
8 2 
1 fadv2 av2|_3 1 

=> . . — . a: 
2|1+A 14+Al 8 2 

an 7 


31 
(+A)? 8 2 
1 
X=3 or K=- 
3 
1 
For A = 3 then M lies outside the segment OB and hence the 


required value of A =3. 
14. Let S =(x, y), given (SQ)’ + (SR)* =2(SP)’ 
=> (x4 1) : y? +(x 2)? ! y? =2[(x -17) + y?] 


> ax? + 2y? —2x 45 =2(x? + y? —2x +1) 
3 
> Se SP eg 


A straight line parallel to Y-axis. 
15. Value of (3x —2y + 1) atA ff 
Value of 8x —2y +1) at B 
= (sina — 3) —(cosa —2)+1 . 
(3-2+1) 


0 


=> sin& —cosa>0 => sina > cosa 
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It is clear from the figure 


een) 


16. -.: Equation of AB is x + y =1, then coordinates of A and B are 
(1, 0) and (0, 1) respectively. 


11 
Coordinates of P are (2 ;| 


PP, is perpendicular to OA 


Equation of OP is y = x 


1 
Then, OP, = PP, =5 
We have, (OM,-1)” =(OP,)* + (P:My—1)° 
= 2(OP,)’ fy = 
= 201; (say) 
Also, (OP, _ 1)? = (OM, -1)° a (Pg Maa) 
1 
On —1 = 20 + —Oln 
2 
1 
> =a _, =202 
2 
1 
> 0, =—Oy-4 
2 
1 
OP, =A, =—Ay-1 
2 
=! =! 
eon? = On-3 


Area of AOAB == x8 x1=4 


It is clear that1 <c<9 


and M =(c,1)and N= [« <) 
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(given) 
=> 
or (9 —c)? =36 
or 9-c=1t6 > c=3o0rl5 
but 1<c<9 
c=3 
18. The three lines are concurrent if 

1 2 +9 

3 =-5 —-5/=0 

a b -1 
or 5at+2b=1 


which is three of the line 5x + 2y =1 passes through (a, b). 
19, “BC =AC 


=> 2? 4(4-17 = 
=> 4='-(A-1)° 
= (24 —1)(1) 
r=5 
2 
C 
(2, A) 
B 
(0, 1) 
D 
O A\(2, 0) 
=2 


1 
+: Equation. of AB is : +2 = 1,D= (. | (mid-point of AB) 
1 


.. Equation of CDis2x —y =U 
. CD pass through D, thus 


2 : orp : 
——=porp == 
2 2 
: ; 3 ; 
.. EquationofCDis 2x-y= ‘ (i) 


and Eq. (i) of line | to AC and pass through B is y =1 
from Eqs. (i) and (ii), we get 


...(ii) 


5 
Orthocentre = (=. 7 


20. 


21. 


22. 


23. 


Let A =(@3, 4), B =(0, y), C =(x, 0), D=(8, 2) 
. Slope of AB =— Slope of BC 
as | a en (la 
0-3 x0 
or 4x —xy =3y (i) 


and slope of BC = — slope of CD 


= (t)--(29) 


or 2x+ xy =8y (ii) 
adding Eqs. (i) and (ii), we get 
6x =1ly ..-(iii) 
from Eqs. (ii) and (iii), we get 
13 dL 
x=—=4— 
3 3 
A uy * 
(<n, m) C B (n,m) 
A (m,n) 
X’< a) >X 
D (-n, -m) E (n,-m) 
MZ 


Area of rectangle BCDE = (2n)(2m) 


= 4mn 
1 
and area = x 2m X(m—n) 
=m(m-—n) 
Area of pentagon = 4mn + m(m — n) 
= m(m + 3n) 

The equation of the line L, be y —2 = m(x —8),m<0 

2 
coordinates of P and Q are als --, and Q(0, 2 — 8m). 

m 


So, QP 400 =3=— 428m 
m 


2 


10+2 oF eet aa) >18 
(-m) 


So, absolute minimum value of OP + OQ = 18 


Let the two perpendiculars through the origin intersect 
2x + y =aat Aand B so that the triangle OAB is isosceles. 


OM = length of perpendicular from O to 


a 
AB, OM = —~. 
V5 


24. 


25. 


26. 


2 


1 2a a 


=—-—=:—= =— sq units 
a5 /5 5" 
Solving given equations, we get 
5 
+ a— 
3+ 4m 


x is an integer, if3 + 4m =1,—1,5,—-5 


—2 -4 2 -8 
or m=—,—,-,— 
4 4 4 4 
1 1 
or m=——,-1,-,-2 
2 2 


Hence, m has two integral values. 


Let the coordinates of A be (a, 0). Then the slope of the 
reflected ray is 

3-0 

5-a 


= tan0 


(say) ...(i) 


Then the slope of the incident ray 
= 2" 2 iene 0) 
1l-a 
From Eqs. (i) and (ii), we get 
tan® + tan(z — 8) =0 


3 2 
> + =0 
s=—@ L=a 
> 3-—3a+10-2a=0 
13 
a=— 
5 


Thus, the coordinate of A is (2. 0| 


Lines 5x + 3y —2 + Ax —y — 4) = Oare concurrent at (1, —1) 
and lines 


x-—y+1+ p(x —y —2) =0are concurrent at (3, 4). 
Thus equation of line common to both family is 
4+1 


yti1= (x -1) 
or 5x —2y-7=0 
a=5,b=-2>5a+b=3 
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27. *. Bis the reflection of A(5, 7) w.r.t the line x + y=0 
B=(-7, -5) 
and C is the reflection of A(5, 7) w.r.t the line x — y = 0 


C =(7,5) 


55 
Equation of BC is y + 5 = faa +7) or7y =5x 


28. Let P =(2,-1) 


P(2, —1) goes 2 units along x + y =1 upto A and 5 units along 
x —2y = 4 upto B. 


Now, slope of x + y =—1lis —1 = tan® (say) 
8 = 135° 
and slope x — 2y = 4is ; = tang (say) 


sind = wa cos = = 
The coordinates of A 
ie. (2 + 2cos135°, —1 + 2sin135°) 
or (2 — V2, /2 -1) 
The coordinates of B 
ie. (2 + 5cos, —1 + 5sing) or (2 + 2V5, V5 —1) 
29. -- P =(5,3) 
Let P’ and P” be the images of P w.r.t y = x and y = 0 (X-axis) 
respectively, then P’ = (3,5) and P” =(5, —3) 
PQ + QR + RP is minimum 
P’, R,Q, P’’ are collinear. 


Yj A 


X'< >X 
P’(5, -3) 
YW 
Equation of P’ P’’ is 
5+3 
+3=|-—=\(x-5 
y ( = 2 ) 
or 4x+y=17 
17 : 
Q= (z. 0| (." Q on Y-axis) 
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31. 


32. 


33. 


34, 
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Equation of incident ray is 
y — 0= tan(90° + 60°)(x — 2) 


or y =e -2) 
or (x —2) + yv3 =0 


and equation of refracted ray is 

y —0=-—tan60°(x — 2) 
or y=- 3(x —2) 
or (x —2)+  =0 


V3 


Combined equation is 


[(x-2) + ys((e-2) + +) =0 


V3 
ie (x2)? + y?+ st 7 2)y =0 
V3 
Point of intersection of = + Ye 1 and = : a= lis 
a 


pl 8". | ic poine P satiehesahemnatss (0), (he) 
at+batb 


and (d). 


The two lines will be identical if their exists some real number 


k such that 
b> —c? =k(b —c), c? —a® =k(c — a) anda’ — b? =k(a — b) 


> b-c=0orb’ +c? +be=k 


c-a=0ore’ +a’ +ca=k 


and a-—b=0ora’ +b’ +ab=k 
> a=borb=corc=a 

or be +c? +be=c’ +a’ +ca 
=> b=corc=a 

or a=borat+b+c=0 


As the third vertex lies on the line y = x + 3, its coordinates 


are of the form (x, x + 3). The area of the triangle with vertices 
(2, 1), (3, -2) and (x, x + 3) is given by 


Be. Se as | 
1 : 
= 2 1 1||=|2x —2| =5 (given) 
[3 -2 1| 
-3.7 
2x-2=t5>5>x=—,- 
2 2 


13 
Thus, the coordinates of the third vertex are (z %) or 


|1 -2 -6| 

3 1 -4/=0 

IA 4 2 | 

=> +24 -8=0 
ss (A + 4)(A —2) =0 
—s XN =-4,2 


35. 


36. 


37. 


38. 


Equation of any line through the point of intersection of the 
given lines is (3x + y —5) + A(x-y +1)=0. 
Since this line is perpendicular to one of the given lines 


3+ 1 
=—-lor— 
A-1 3 
= =-1or—5, therefore the required straight line is 
x+y-3=0 
or x—-3y+5=0 


If B lies on Y-axis, then coordinates of B are (0, a) or (0, —a) 


If third vertex in IV quadrant or in II quadrant, then its 
coordinates are (acos30°, —asin30°) and (—acos30°, asin30°) 


. [= s) ( av3 | 
ie. ‘ and sh 
2 2 2 2 


Since, ax + by +c =0,bx + cy +a=Oandcx + ay + b=Oare 


concurrent 
la b c| 
|e c a|=0 
lc a b| 
> 3abe — a? —b* —c*® =0 
=> -(a+b+c)(a’ +b? +c? —ab—be —ca) =0 
a+b+c#0 
a’ +b*? +c? —ab—be—ca=0 
7a BY £0 +e —0)'=0 
As a, b, c are real numbers 
b-—c=0,c-a=0,a—b=0 
> a=b=c 
. E=(4, 4) 
OZ =7 + 5i, zp = 44 4i 
Now, (in ABEC) 
1 
te te 8, 
2c —ZE 
=> zp —4-41 =i (7 + 51-4 —4i) 


or Zp =34+7i 


39. 


40. 


41. 


B =(3, 7), then D =(5, 1) 


B C (7, 5) 
A(1, 3) D 
Equation of AB is 
7 — 
3= x —1)or2x +1=0 
sea y 
and equation of AD is 
L=3 
y-3= (x -1)orx+2y —-7=0 
5-1 
Given, 
6a” —3b? —c? + Jab — ac + 4be = 0 
=> 6a° + (7b —c)a — (3b? — 4bc +c”) = 0 


pata (7b — c)? + 24 (3b? — 4be + c?) 


12 
= 12a + 7b —c =+(11b —5c) 
> 12a — 4b + 4c =0 
or 12a + 18b —6c =0 
> 3a-b+c=0 
or —2a-3b+c=0 


Hence (3, — 1) or (—2, —3) lies on the line ax + by +c =0, 


x+2y+4=0and4x+2y—-1=0 
=> x+2y+4=0 
and —4x -—2y +1=0 


(1)(-4) + (2)(-2) =—8 < 0 
..Bisector of the angle including the acute angle bisectors and 
origin is 


Here, 


xt+2y+4_ (-4x-2y +1) 
V5 2v5 
=> 6x+6y+7=0 


Let position of bunglow is P(x, y,), then PM = 100 and 
PN = 100 


4+ yi —8 
———— =+ 100 
V2 
~y, +6 
and ATM? = +100 
V2 


42. 


43. 


44. 


45. 
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After solving, we get 
x, =1+100V2,1 


and yy, =7,7 + 100V2 
Hence, (1 + 100-72, 7), (1 — 100-/2, 7), 
(1,7 + 1002), (1, 7 — 10072) 
Equation of the other diagonal is x + y = A which pass 


through (a, b), then 
a+b=izr 
.. Equation of other diagonal is 


x+y=at+b 


i.e. then centre of the square is the point of intersection of 


x-y=aandx ty=a+bis|a+4 3 , then vertex 


bb 
B (a+ 53) 
Ala, b) 
6) 
Cc 
C=(2a+ b-a,b—-b) 
af C =(a + b, 0) 
If Bz=z 
( b °) 
C= eS] BO i= 
Then, a —— = e* =i (*« BO= AO) 
bib AO 
(a+ ib)-|a+-+— 
2 2 
( b 4 & °) ib b 
=> Zz at t = t 
2 2 2 2 
z=a 
a B=(a, 0) 
then, D=(a+b,b) 


Hence, other vertices are (a + b, 0), (a, 0) and(a + b, b). 
(y —y;) — m(x — x,) = 0 is family of lines 

i y-y=0,x-x =0 

Then, y=y,andx =x, 

Given lines L, = 0 and L, = 0 are perpendicular and given 
bisectors are A,L, — A,L, =O and A,L, + AL, =0 

.. bisectors are perpendicular to each other. 


Hence, bisectors of A,L, — A,L, =0 and A,L, + AL, = 0 are 
L, = 0and L, = 0. 


.. One bisector makes an angle (24) with X-axis, then 


+o 


) 
other bisector makes an angle 90° + (2) with X-axis. 
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Equations of bisectors are 


KIA3 +5 : 
0+0)_ 79 +0 --i) 
cof °**) sin( °* 2) 
2 2 
and <— = y we 
cos 2 + ~8) sin( 2 t = 
2 2 2 2 
x—-3 yt5 : 
= = di) 
sin(® = ®) cos ° = ®) 
2 2 
But given bisector are 2 — 2 
cosa = sina 
oe - Y snd ad «eae Reha) 
B= -sin( : ®) = —sind [from Eq. (ii)] 
and = cos( ; ®) = cosa 
46. --OR=AR 
> |x —0|+|y —0|=|x-1| + |y —2| 
aa |x| + |yl =|x—-1+|y — 2 
O0<x<land0<y<2 
: x+y =-(x-1)-(y -2) 
> 2x + 2y =3 
47. OS = BS 
=> |x-O+ ly — 0 =|x -2| + ly -3| 
uA 
infinte ray 
T t >X 
si 1 2 


= |x| +lyl=lx—2] + |y —3| 

" x22 and 0<y<3 
: x+y=x-2+3-y 
> ay =1 


y=) 


48. -- OT =CT 
> |x-0|+|y - 0 =|x- 4] +|y -3| 
x20,y20 
> xty=|x-4 + ly -3| 


Casel:If0<x<4and0<y <3 
x+y=4-x+3-y 

=> eye 

2 

Case II: If0 <x <4andy 23 


x+y=4-x+y-3 


> x=- 
2 
Case III: If x>4 and0<y <3 
x+y=x-4+3-y 
y=-1/2 


Case IV: If x24 andy 23 
x+y=x-4+y-3 
> 0=-7 


Combining all cases, we get 


7 
EY = 1 See Sanen sy Ss 


1 
se i 


and 


Sol. (Q. Nos. 49 to 51) 
AB :2x—-y+4=0, 
BC:x—-2y—-1=0 


and CA:x+3y—-3=0 


and 


m > Mm, > ms; 


(impossible) 


(impossible) 


49. -- ZA is obtuse 


m; —m 
tanA =——__- 
1+mm 


50. For external bisector of B 
AB:2x-y+4=0 
BC:-x+2y+1=0 
(2)(-1) + (-1)@) =-4 <0 

External bisector of B is 


Pe )--Catyed 
v5 V5 


or x+y+5=0 


51. Let (@, B) be the image of B(—3, —2) w.r.t. the line 
x + 3y —3=0, then 


a+3 B+2  -%-3-6-3) 
1 3 14+9 
a+3 +2 12 
ss ae 
1 3 5 
3 26 
or pS 


5 
3 26 
Required image is (-2. *) 


Sol. (Q. Nos. 52 to 54) 


Let Bs(A,2-A) 
Slope of line AB = m, = Ah 
1-2 
and Slope of line BC = m, = neu 
—5i -2 
_12—5A 
2+5r 
Let slope of bisector (x + y =2)=m, =—-1 
Now; mM; —Mm — M2, — M, 
1l+mm 1+mm 
1+A 12-5A 
+1 
- 1-A _ 2+5A 
14+2X 1 12-—5A 
1-X 2+5r 
—2 14 
or —= 
—2X -10+10A 
or 144 =-10+ 10A 
— 
2 
52. Equation of BC is 
2 
——-(2-)) 
y-@-A)=— (x) 


(." Blies on x + y =2) 


53. 


54. 


95. 


56. 
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2 9 
5_ 65 2/ ;) 
or y-2 = x + 
2 5 
2 oe? 2 
5 2 
or 7x +3y+4=0 


Coordinates of vertex B are (A, 2 — A) 
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[from Eq. (i)] 


2-9 
A =(1,3)and B= (2 >) 
.. Equation of AB is 
9 
eet 
y -3=4—(x-1) 
—i-1 
2 
or 3x + 7y =24 
Any point on the line 3x — y =2 is (t, 3t — 2), t being parameter. 


If (x, y) be image of the point (f, 3t — 2) in the line y = x — lor 


x-—y-1=0, then 
x-t_ y—(t—2) 


1 -1 
_ 2¢-3t + 2-1) 
1+1 
=4 a nea ee 
1 — 
or x—-t=2t-1 
=> x+1=3t 
and y -3t+2=-2t+1 
=> ytl=t 


From Eqs. (i) and (ii), we get 
x+1=3(y +1) 
> x—3y =2 


...(ii) 


Any point on the circle x” + y” = 4 is (2cos0, 2sin0),0 being 


parameter. 
If (x, y) be image of the point (2 cos8, 2sin9), in the line 
x+y =2, then 

x—2cos® _ y —2sin0 


1 1 
_ —2(2cos® + 2sin® — 2) 
1+1 

or x —2cos0 = y — 2sin® 

= —2cos0 — 2sinO + 2 
or x —2cos0 =—2cos® — 2sin0 + 2 
> x —2=—2sin0 
and y —2sin® =—2cos0 — 2sin® + 2 
> y —2=-—2cos0 


From Eqs. (i) and (ii), 
(x 2)’ +(y -2)"=4 


=> x +y?—4x-4y+4=0 


...(i) 
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57. Any point on the parabola x” = 4y is (2t, t”), t being parameter. 


If (x, y) be image of the point (2, t”) in the x+ y =a, then 


x —2t -¢ 
Ab YE, 


1 1 
—2(2t + t? — a) 
= ok ct el 
=-2t-+a 
or x—2t=-2t-t?+a 
=> x-a=-t* ...(i) 
and y-t? =-2t- +a 
> y-a=-2t ...(ii) 
From Eqs. (i) and (ii) we get 
(y —a)’ =4t? =-4(x —a) 
or (y — a)? = 4(a- x) 
Sol. (Q. Nos. 58 to 60) 
Given orthocentre O =(1, 2) 
and circumcentre 
O =(2, 4) 
Slope of OO’ = Slope of (2x — y =3) 
3: 
and OD=O'M= aE 
Let R be the circumradius 
O’M = RcosA 
=> RcosA J ...(i) 


V5 


58. R = AO’ =./(AO)* + (00’)* 


=,/(2Rcos A) +5 


[from Eq. (i)] 


59. -.- OD =2RcosBcosC 


3 
2RcosBcosC = — 


V5 


= RcosA [from Eq. (i)] ...(ii) 


60. 


61. 


62. 


= cosA =2cosBcosC 
= -—cos(B + C) =2cosBcosC 
= -—(cosBcosC — sin BsinC) =2cosBcosC 


(“A+ B+C=T) 


or sin BsinC =3cosBcosC 


3 
— x ———= 
2RV5 
9 61 
=", R= |= 
2V61 2) 
** AO =2RcosA 
3 
=2x— from Eq. (i 
= [ q- (i)] 
a8 
V5 


The equation of straight line through (2, 3) with slope m is 
y —3 =m(x —2) 


or mx —y =2m—3 
or = + y =1 
(=) (3 — 2m) 
m 
2m —3 
Here, OA = a or OB =3—2m 
m 


*: The area of AOAB = 12 


1 

> [E x04 xo8|=12 
1({2m-3 

or & Je 2m) =+ 12 
2 m 

or (2m —3)? =+24m 


Taking positive sign, we get 4m” — 36m + 9 = 0 


Here D > 0, This is a quadratic in m which given two value of 
m, and taking negative sign, we get (2m + 3)’ = 0. 


—3 
This gives one line of mas ae 
Hence, three straight lines are possible. 


* Point of intersection of ax + 3y -1=Oandax+y+1=0is 


2 
a(-2, : and point of intersection of ax + 3y —1=0and 
a 


1 1 
x+3y =O0isB a 

a-1 3a-1) 
> Slope of OA is mo, = = 
; 1 
and Slope of OB is mpg = a 
Moa X Mog = —1 

a 1 
ee eee | 

2 3 
or a=—6 

|a|=6 


63. Here, B is the image of A w.r.t line y = x 
B =(2, 1) and C is the image of A w.r.t line x —2y +1 =0if 


C =(a, B), then 
a@-1 B-2_ -21-4+1) 
1 =2 1+4 

or ie oad BS 

5 5 

c(t 
55 
=> Equation of BC is 

- 

eA. 

>_< (x —2) 


or 3x-y-5=0 (.. Eq. of BC is ax + by —5 = 0) 
Here, a=3,b=-1 
a-—2b=5 


64. On the line y =1, the number of lattice points is 
[ 2007 — 223 | 


= 198 
% 
(0, 9)B 
2 
0 — 
(223, 0) 


Hence, the total number of points 
_ 3 [ 2007 — 223y | 
[9 | 


ysl 


=198 + 173 + 148 + 123 + 99 + 74+ 49 + 24 = 888 


Hence, tens place digit is 8. 


65. A rough sketch of the lines is given. 
There are three triangle namely ABC, BCD and ABD 
A 


xX >X 
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66. Let a be the length of side of square 
3 ata =2? > a=V2 
i.e. distance between parallel lines is V2 


Now, let two lines of family y = x + narey =x +n, and 
y =x +n, where 


Mm, Ny € {0, 1, 2, 3, 4} 


|m — M2] _ 
Int = Ja 


or |n, —n,| =2 

=> {n,n} are {0, 2}, {1, 3} and {2, 4} 

Hence, both the family have three such pairs. So, the number 
of squares possible is 3 x 3 =9. 


67. Let the coordinate of C be (1, c), then 


eo 

eee 
1-x 
c— mx 

or m, = ———— (.. slope of AB = m) 
Lx 

> m,(1— x) =c — mx 

or c =(m, —m,)x + m, 


1 
Now, the area of AABC is Pld -y| 


1 
= Pa — M)x + M)x — m,x| (. y = mx) 
= sm —m)(x—x*) fm, >m, and x €(0,1)] 
Hence, f(x)= AG — x’) 
BEY Ta 9g) 
dx 2 
2 
and oN 27.2% 
dx 
For maximum of 
fo, FO <0 = x= 
dx 
Lii 61 
f( Mee (3 a *) 
—_ nr (given) 
3 & 
1 
=> —=8 
rn 
68. Equation of AB is3x —2y +6 =0 
YA 
A (0, 3) 
C (6, 1) 
X'< B ro) >X 
(-2, 0) 
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69. 


70. 
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Equation of BC is x —8y + 2=0, 

Equation of CA is x + 3y -9=0 

Let P=(A,’ +1) 

+: Band P lie on one side of AC, then 
A+3(A+1)-9 - 


0 
—2+0-9 
or 4-6 <0 
3 
or <= (i) 
2 


and C and P lie on one side of AB, then 
3 ais 
rn aA +1) +6 9 
18 -2+6 
or A+4>0 
or A>-4 


Finally, A and P lie on one side of BC, then 
A=8(A +1) +2 | 


...(ii) 


0 
0-24+2 
or -7X -6<0 
6 daa 
or A>-- (iii) 
7 
From Eqs. (i), (ii) and (iii), we get 
6 3 
—-<A<= 
7 2 


Integral values of A are 0 and 1. 

Hence, number of integral values of A is 2. 

Lines 
(2a + b)x + (a+ 3b)y + b-3a=0 

or a(ax+ y —3)+ b(x+3y+1)=0 

are concurrent at the point of intersection of lines 

2x +y—3=0and x + 3y + 1=0 which is (2, —1). 

Now, line Ax + 2y + 6 = 0 must pass through (2, —1), therefore, 
2. -2+6o0rA =-2 

ee |A| =2 

Since, PQ is of fixed length. 


Area of APOR = | PO|| RP|sin® 


This will be maximum, if sin® = 1 and RP is maximum. 


—__ 
Q_ 3x+4y+5=0 


Since, line y = mx + 7 rotates about (0, 7), if PR’ is 
perpendicular to the line than PR’ is maximum value of PR. 


4-0 4 
m=-—]|—]=—- 
4-7 3 


Hence, 3m=4 


Ti, 


72. 


(A) 
Ly 
a | 
L3 


In this case no circle 
n=0>5 n+1=1 


(B) 


In this case no circle 
n=0 > 2n+3=3 


(C) 7 


In this case two circle which are touching all three lines 
n=2>5n+2=4 


(D) 


In this case four circle which are touching all three lines 
n=4>5n+2=6 


(A) The given lines an concurrent. So, 


1 -2 -6 
3 1 —4/=0 
A 4 
or + 24-8 =0 
or A =2,-4 
a |A| =2, 4 
(B) Given family is 
3x(a + 1) + 4y(a —1) -3(a-1) =0 
or a(3x + 4y —3)+ Bx -4y +3)=0 


for fixed point= 
3x + 4y -3=0 


and 3x—4y+3=0 
0 3 

x=0, — 

sf 4 


3 
Fixed point is (02), 


73. 


3 
Here a aaa 


4|Al = 4|p -q|=3 


(C) The point of intersection of x — y + 1 = 0 and 
3x + y —5 =0is (1, 2). It lies on the line 


eB 
|2| 
[2| 
=> 1+2-1-|l=0 
[2 
or |AJ=4 or A=-4,4 


2 A+1=-3,5 or |A4+ 1) =3,5 

(D) The mid-point of (1, —2) and (3, 4) will satisfy 
y-x-1+A=0 

or 1-2-1+A=0 
AX =2 or |Al=2 


Y 


wa 
B 
A 
a 
~ 


\ 
oO 


X“< 


xX 


(A) The points on the line x = 0, whose y-coordinate lies 


5 
between 4 and ; inside the triangle ABC. 


5 
ened or 5<3%.<105 
3 2 
; 3A| =6, 7, 8,9, 10 
(B) *.. C =(2, 3) 
The points on the line x = 1, whose y-coordinate lies between 
8 ‘ 
5 ( put x =1lin3y —2x -—5 =0) 
13 : 
and 3 (put x =1in 4y + x-14=0) 
8 13 
—<A<— or8<3A <975 
3 4 
BA| =9 
(C)*. B=(-1, 1) 
The point on the line y = 2, whose x-coordinate lies between 
—4 
7 (put y =2iny +3x+2=0) 
1 F 
and - (put y =2in3y —2x -5 =0) 


74, 
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4 hx) arse <eh <3 
3 2 
Integral values of 6A are 
7, —6, —5, —4, —3, -2, -1, 0, 1, 2 
6A| = 7, 6, 5, 4, 3, 2, 1, 0 


(D)-- A =(-2, 4) 


: F 7 : : 
The points on the line y = > whose x-coordinates lies between 


7 
0 a a a 
-11 7 
and a Duly es 2 =) 
-11 
—<i<0 
6 
or -11<6A <0 
Integral value of 6A are 
10, = 9, =3,—7,—6,.—3; —2; —1 
6A] = 10, 9, 8, 7, 6, 5, 4, 3, 2, 1 
(A) max.{|x{,]y|}=1 


If |x|=1landif|y|=1 
then x =+1 andy=+1 


Ay=1 
Xa >X 
x=- O x=1 
yw 


Required area = 2 X 2= 4 sq units 
(B) The line y = x cuts the lines|x + y| =6 


Le. xt+y=16 
at x=4t3,y=+3 
or (—3, —3) and (3, 3) 
then —3<a<3 
0s|al <3 

[jal] =0,1,2 
(C) Since (0, 0) and (1, 1) lie on the same side. 
So, a’? +ab+1>0 


‘ Coefficient of a” is > 0 


D<0 
b?-4<0 or -2<b<2 
=> b= -1,0,1 


.. Number of values of b is 3. 
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75. (A) *- d(x, y) =2|x| + 3|y| =6 (given) 
It, ble, 
3 2 
% 


«Perimeter, A = 4/13 


1 
and area, i a 


2 
then —-p= 
16 e 
and  -—? =64 
Hence, locus of (A, [L) are 
x’ —l6y =16 
and x’ —y* =64 
(B) It is clear that orthocentre is (6, 6) 
O' =(6, 6), 
Circumcentre is C’ = (3, 3) and centroid is G’ = (4, 4) 
% 
B (6,6 
(0,6) C A} 
xX 
O A(6,0) 
N=OC =,/(0-3)’ + (6-3) 
= 9+9 =3V2 
and w=C’G =,(4-3) + (4-3) 
=/14+1= 2 


Vw? =16 and A=3p 
Hence, locus of (A, [L) are 


x’ —y” =16and x =3y 


16,.% 


77. 


78. 


(C) .. Slope of AC x slope of BC =—-1 


Y 
A 
CA, B) 
(0, 6) B 
) AG.) * 
=> Hee se Pe? a 
A -6 r-0 
=> uw? —6u =-2" + 6A 
or V+? 6A —6 =0 


Hence, locus of (A, LL) is 

x +y? —6x-—6y =0 

x(a + 2b) + y(a+3b)=a+b 

> a(x+y—1)+ b(2x+3y—-1)=0 

then x+y-—1=0and2x+3y-1=0 

.. point of intersection is (2, — 1) 

Hence, both statement are true and statement II is correct 
explanation for statement I. 

* Algebraic perpendicular from (3, 2) to the line 
9-441, 6 _ 

Ie 7a) ie. ia pi (say) 


and algebraic perpendicular distance from (1, 4) to the line 
3x —2y +1=0is 


3x —2y+1=0is 


ks ee a 
aa saa o 


oe eee ee 
cae Cae Came 
Hence, both statements are true and statement II is a correct 
explanation for statement I. 
Sum of algebraic distances from points A(1, 2), B(2, 3), C(@, 1) to 
the line ax + by + c = 0 is zero (given), then 
at+2bt+c | (2a+3b+c) | (6a+b+e)_) 
Va?+b*) fa’ +?) fa’ +b’) 
> 9a +6b+3c=0 
or 3a+2b+c=0 
.. Statement I is false. 


Also, centroid of AABC is ( 


14+2+6 anes 
a) 


ie. (3, 2) 
.. Statement II is true. 


79. 


80. 


81. 


82. 


83. 


Equation of AB is 
1 7 0) > x+2y—-2=0 
= x | = 
y 2-0 y 
| PA — PB| <| AB) 


=>|PA — PB| to be maximum, then A, B and P must be 
collinear. 


Solving x+2y—-2=0 
and 4x+3y+9=0, 
24 1 
we get, P= (= 2) 
5 5 


Hence, Statement I is false and Statement II is obviously true. 


Statement II is false as the point satisfying such a property can 
be the excentre of the triangle. 


T 
Let L= xeos( =) + ysin{ =) —-T=0, 


81 
L,=xeo( =] ty 


and P =(0, 0) 
Length | from P to L, =Length of | from P to L, = Length of L 
from P to L,; = 7 and P lies inside the triangle. 


..P(0, 0) is incentre of triangle. 

Hence, statement I is true and statement II is false. 

*: Mid-point of (5, 1) and (—1, —5) ie. (2, —2) lies on x + y =0 
and (slope of x + y = 0) x (slope of line joining (5, 1) 


and =a et x2 


.. Statement I is true. 
Statement II is also true. 


Hence, both statements are true but statement II is not correct 
explanation of statement I. 


Equation of AC and BC are 3x + 2y = 0 and2x + 3y +6=0 
+" (3)(2) + (2)(3) =12 > 0 
.. Internal angle bisector of C is 
(==")- 2x + 3y 6) 
V13 ( V13 


or 5x+5y+6=0 


=> Statement I is true. 


Also, the image of A about the angle bisectors of angle B and C 
lie on the side BC. (by congruence). 


.. Statement II is true. 
Both statements are true and statement II is not correct 
explanation of statement I. 
** Points (x, y,) and (x, yz) lie on the same or opposite sides of 
the line 

ax + by +c=0,as 

ax, + by, 


c 
———— > 0or<0 
ax, + byz,+e¢ 


Statement II is true. 
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Also, (2a — 5, a”) and (0, 0) on the same side of x + y—-3=0, 
then 


2a-5+a’*-3 
“~~ s0 
0+0-3 
=> a’ +2a-8<0 
or (a+ 4)(a-2)<0 
a € (—4, 2) 


= Statement I is false 


Hence, statement I is false and statement II is true. 


84. In AOBD, ia oe ...(i) 
sin(t-—2C) sin@ 
In AODC, meh ee ...(ii) 
sin(t —2B)  sin(m—8®) 
BD _ sin2C 


From Eqs. (i) and (ii), 


DC sin2B 


.. Coordinates of D are 
x, sin2B+x3;sin2C y,.sin2B+ y3sin2C 
sin 2B + sin2C sin 2B + sin 2C 


Let (x, y) be any point on AD, then equation of AD is 


x y 1 | 
Xx; Vy 1;=0 
x,sin2B+x3sin2C y,sin2B+y3sin2C 1 
sin 2B + sin2C sin 2B + sin2C 


x y 
or x, yi 


x, sin2B+x3;sin2C y,sin2B+ y3sin2C 


1 | 
1 =0 
sin 2B + sin2C 
| x y 1 | 
or | xX Vy 1 | 
|x,sin2B y,sin2B sin2B| 
x y 1 
+ xX V1 1 =0 


|x sin2C y3sin2C_ sin 2¢c| 


Ix y 1 |x y 1 
or (sin2B)|x, y, 1| + (sin 2C) x VW 1|=0 
Ix. yo 1| Ix3 ys 1| 
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85. Let (x, y,) be the coordinates of a point at unit distance from 


86. 


each of the given lines. 
Bx, — 4y1 +1) _ 1 and 8x, + 6y1 + 1 _ 


= =1 
=> 3x, —4y, +1=+5 and 8x, + 6y; +1=+10 
=> 3x, — 4y, -4=0 
or 3x, — 4y, + 6=0 
8x, + by, —9=0 
or 8x, 6y; 11=0 
(1) 1 (3) 
= x, /60=y,/-5 =1/50, 
6 1 
XX, =|-,-— 
(x, Yi) (: 4 
(1) 7 (4) 
= x, /-20=y, /-65 =1/50, 
2 13 
XX; =|--,-— 
(x91) ( 5 3) 
(2) 1 (3) 
= x, /0=y,/75 =1/50,.-. (x, 1) =(0, 3/2) 
(2) 7 (4) 
=> /-80=y,/15 =1/50,-. ( )-(-2.2 
xf = _ Me Xi =|-——,— 
1 Vt vy Vi on 


Hence, the required four points have the coordinates 


(¢ =| (-2 = (a2}(-22) 
5 wl 5 tol 2/\ 5°10) 


Let ZOAB = 


OA = AB cosa and OB = AB sing 
(OA)? + (OB)? =k? 


>X 


ie. (AB)? (cos + sin?) =k? 


or AB=k 
then OA=kcosq@ and OB=ksina 
. Equation of AB is as =1 
cosa ksina 
or a + a k 
cosa sing 


Let P be the foot of perpendicular from O on AB. 


AOPTV3) 


i) 


. Equation of OPis y = x tan (90° — a) 


or cot 0 = ug 
x 
sinQ® = — 
(x +y°) 
and cos & = a ...(ii) 
(x +y°) 


Substituting the values of sin & and cos o& from Eq. (i) in (i) 
then we get the required locus of P 


x y = 


yl? +y?) xs a(x? + y’) 
> (x? + y?) J(x? + y?) =kxy 


Squaring both sides, we get 
(x? + y2)? (x? + y?) = ex2y? 


or (x? + yy (x? + y”) =k’ 


» Let the equation of variable line be 


ax + by =1. Then the coordinates of A, will be 


re 
a+ bp a+ bp 


Given, 


[from Eq. (1)] 


eee ee ee ee Pe 
ae Lal acs) 


or a/t tb|+ 


88. 


So, line always passes through a fixed point whose coordinates 


are 
oe oe ee ae 
pati p?) P= ty + p’) 
c ; c 
Let the equation of given n lines be 


y=m,x+e, 
PH42, 3. wash 
Let equation of line through origin O is 


where 


y=mx 


Let 
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ee, 
then y = == “1 5 [from Eq. (iv)] 
(x1 + yi) 
1 4 ce VM 
x 
= n=ay, + bx, 


Hence, locus of point Ris bx + ay =n. 


89. First equation can be expressed as 
(2x + 3y —5) cos 8 + (3x —5y + 2) sin® =0 


(i) > (2x + 3y —5) + (3x —5y + 2) tan®8 =0 
It is clear that these lines will pass through the point of 
...(ii) intersection of the lines 
2x+3y-5=0 : 
= e() 
3x -S5y+2=0 
for all values of 0. 
Solving the system of Eq. (i), we get (1, 1). 
Hence, the fixed point is P (1, 1). Let Q (, B) be the reflection of 
P (1, 1) in the line x + y = V2. 
aa. 1 B-1_ SIS. , 
1 1 Tb a 
o = 2 -1,B =V72-1 
ie. OQ =(V2 -1, V2 -1) 
If the required family of lines is 
(2 cos8 + 3sin8@) x+ (3 cos8—5sin@)y=A 
in order that each member of the family pass through Q, we 
have 
dX =(V2 —1)(2 cos @ + 3 sin ® + 3 cos @ —5 sin @) 
2d = (V2 -1) (5 cos 6 —2 sin ®) 
Hence, equation of required family is 
(2 cos8 + 3 sin ®) x + (3 cos ®@ —5 sin ®) y 
= (V2 -1) (5 cos @ —2 sin @). 
90. Let R (h, k) be the foot of perpendicular from Q on OP. 
... (iii) Let equation of OP be 
Yu A 
..(iv) 


a m2 (e2}]+ 3 (#2) 
(1 alr: m’) rel C, ral Cc, 
1 then k=mh 
= (ma + b) k 
(1 +m’) or m= : ...(i) 
{shee a= 7 E : and b = x [= "| and coordinates of P =(a, ma) 
ret C, r=1 C; 
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PQ is the bisector of OPA 
ZAPQ = ZRPQ 
and ZPAQ = ZORP =90° 
PA = PR 
then |ma| = (h — a)’ + (k — ma)’ 
From Eq. (i), |ak| i a)’ ¢ “ny 
| A | h 


=> a|k| =|(h — a)| (h? + k*) 


Hence, required locus is 
(xa)? (x? + y?) = ay’ 
Let the coordinates of the vertex be (h, k) and equations of the 
bases be 
x cosa, +ysina,—p,=0 wherer =1,2,3,....,n 
and their lengths be respectively ],, I», 1, ...., In. 


+: Length of perpendicular from (h, k) on 
x cosa, + y sind, — p, = Ois 
|h cosa, + k sina, — p,| 


> 


(cos*a + sin?a) 


ie. |h cosa, + k sina, — p,| 


Given, sum of areas of all triangles = constant 


“1 
x aoe cosa, + k sina, — p,|=C’ 


r=1 


, 


.L.(£(h cosa, + k sina, — p,)) =C 


ayer i. 
= 2 


= Ah+ Bk=-C 
.. Required locus is 

Ax + By+C=0 
where A, B, C are constants. 


The equation of BU is 


a a a 


So that the coordinates of D are C #.| 
—O 


AY 


> xX 


93. 


Similarly, the coordinates of C are (« 2 
—a 
Now, the equation of AD is 
x, 6-0) 
) 6p 
and the equation of OU is 
Bx =ay 
Solving Eqs. (i) and (ii), we get 
60 6B 


6260" 


y=l1 wali) 


...(ii) 


6 
Hence, coordinates of V are = : 6p 
6+Q 64+0 


Then, the equation of CV is 


6B 3B 
3B  6+a 3-4 
ee 6a (x — 0) 
6+ 
mn , 3B = -9a8 : 
3-Qa 60(3-a) 
_ 36 2% 
= areal 4] 


which pass through the point (2, 0) for all values of (a, f). 
Let the equation of the variable line through ‘O' be 
MY 
cos®@ sin® 


and let OR = 17, OS = 1% and OP =r; 


Lo ay 


Then coordinates of R, Sand Pare: 

R (yj, cos 9, 7, sin 8), S (7% cos 9, 7 sin 8), P (73 cos 9, 7; sin 0) 
R lies on L, and S lies on Ly. 
Let L=y-—c=0 


and L, =ax + by -1=0 


7Asin@=c and ar cos0+ br sin®=1 
c 1 
,=- and n= - 
sin 8 acos§@+ bsin® 


From the given condition 
m+n om on 
=—+ 


B q io) 


m+n msin®@ 
=> — 
rs c 


+ n(acos@+ bsin8@) ...(i) 


94. 


95. 


Let the coordinates of P be (h, k), then 
h=r; cos0,k =r, sin ® 


mr; sin 8 


From Eq. (i), m+n= +n(ar, cos ® + br; sin 9) 


c 


= Lary eee 
(e4 


Locus of Pis n (ax + by) + a“ =(m+n) 
c 


=> n(ax + by -1)+ =(y—c) =0 
c 
m 
> (ax + by -1)+—(y-c)=0 
ne 
m 
> L, + AL, =0 [ wher, N= =) 
ne 
Hence, locus of P is a point of intersection of L, and Ly. 
The given lines are 
x+3y+2=0 (i) 
2ax+y+4=0 (ii) 
x-y-5=0 ...(iii) 


Equation of the line passing through A (— 5, — 4) and making 
an angle 0 with the positive direction of X-axis is 
x+5 yr4 
= =P 


(AB, AC, AD) ...(iv) 


cos@ sin® 


*, Points (—5 + AB cos 0, — 4+ AB sin 8), 

(—5 + AC cos 0, — 4+ AC sin ®) and 

(—5+ AD cos 0, — 4+ AD sin 8) lie on Eqs. (i), (ii) and (iii) 
respectively. 


(—5 + AB cos 8) + 3(—4+ ABsin8)+2=0 


=> AB (cos 8 + 3 sin 8) =15 
15 

> —=cos@+3sin@ 
AB 

_ 10 

Similarly,  —~=2cos0@+sin9 
AC 
6 : 

and — =cos@-sin®@ 
AD 


From given condition 


Coole 


we get (cos 6 + 3 sin 6)” + (2 cos @ + sin 0)” =(cos @ — sin 0)’ 


= 4 cos’ + 9 sin?@ + 12 sin 8 cos 0 =0 
=> (2 cos @ +3 sin @)* =0 
2 
tan 8 =-—— 
3 


Hence the equation of the line from Eq. (iv) is 


2 
yt+4= (x+5) => 2x+3y +22=0 


3 
*s A, Rand B are collinear 
Ren. k-0_mb—-0 
h-a b-a 
a : 
Tae aa (i) 
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Let P =(a, B) 


re) 60Q Aan 


vy’ 


* P be the foot of perpendicular from A on y = mx, then 
a-a_ B-0_ —(0—ma) 


—m 1 (1 + m’) 
==" _ am 
1+m 1+ m 
ie. ps\-* 
1+m 1+m 
.. Equation of PQ is 
am 
l+m : 
y~0=——™ — (xb) 
4 =) 
1+m 
> 7 ~ mx) + am —(1 + m*) y =0 ...(ii) 
Adding Eqs. (i) and (ii), then 
a 


7 OF — ma + k) + (mh — k (1+ m*) y)=0 


> (mh—k—-(1+ m’)y)+A(y —mx+k)=0 


[wher N= <) 
b 


Hence PQ pass through a fixed point. 
For fixed point 
mh—k—(1+m’)y=0,y—-mx+k=0 


_ mh—-k xa Pp timk 

e (1+ m’) (1+ m’?) 
Hence, fixed point is ns | 

Ll+m” 1+m 


96. Given lines are parallel and distance between them < 2 

Given lines are 
axt+y=3 eal) 
axt+y=5 ...(ii) 
Equation of any line through Eqs. (ii) and (iii) is 


and 


y -3=m(x-2) 
or y=mx-—2m+3 (iii) 
Let line (iii) cut lines (i) and (ii) at A and B respectively. 


Solving Eqs. (i) and (iii), we get 


2 6- 
Az|2m_ Som 
m+2 m+2 
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and solving Eqs. (ii) and (iii), we get 
B= 2m + a m+6 
m+2 m+2 


According to question AB = 2 


=> (AB) = 4 
2 2 
2 2m 
=> + =4 
m+2 m+2 
> 1+m =m’ +4mt+4 


.. (iv) 


CaseI: When mis finite (line is not perpendicular to X-axis) 


then from Eq. (iv). 


1=4m+ 4 
3 
m=-— 
4 


Case II: When mis infinite (line is perpendicular to X-axis) 


then from Eq. (iv), 
1 4 + 
s+1=1+—4 
m m om 
0+1=1+0+70 


1 =1 which is true 


Hence m > acceptable. 


Hence, equation of the required lines are 
3 
—3=-—(x-2) 
# 4 


-—3 
and y =x-2 >x-2=0 


co 
ie. 3x+4y=18 and x-2=0 
Aliter I: 


2x + y =3 cuts Y-axis at (0, 3) and line 2x + y =5 cuts 


Y-axis at (0, 5) 


y V2x+y=3 


Therefore intercept on Y-axis is 2. 
Also, AM = distance between parallel lines 
=| a3). 2 


foe & 


Also tan0 =—2 
Now, equation of required lines are 
y —3=tan(@+Q) (x —2) 


tanO + tana 
> y—-3= (x — 2) 


1+ tanO tana 


(-2) += 
> y—-3= (x—2) 


(es) 


> = 2 
ree seeay 
= 1 
=> (1F(-1)(y 3)=(-22 2) @ 2) 
3 
> x-2=0 and a aa 
ie. x-2=0 and 3x+ 4y-18=0 


Aliter II: Any line through (2, 3) is 
K-22). Yo3 
= =r 


cos sin8 | 
Suppose this line cuts 2x + y =5and2x+ y =3at DandC 
respectively but given DC =2 
then D=(2+r cos0,3 + rsin®@) 
and C =(2+(r + 2) cos0, 3 + (r + 2) sin®) 
* DandC lies on 
2x+y=5 and 2x+y=3 


then 2(2+rcos0) + (3+ rsin@) =5 . (v) 
and 2 (2+ (r+ 2) cos8) + (3+ (r + 2) sinO) =3 _... (vi) 


Subtracting Eq. (v) from Eq. (vi), then 
4 cos0 + 2 sin® =—2 
or 2 cosO + sin® =—1 


3 
tanOd=co or —— 
4 


Required lines are 
y —3 =00(x —2) 
and y-3=—2 (x2) 


Le. x-2=0 
and 3x+4y—-18=0 


(slope of 2x + y =5) 


97. If I be the incentre of AOAB. 


If inradius =r 
then ID=IE=IF=r 
AY 


If P at I,then 

d (P, OA) = d (P, OB)=d (P, AB) =r 
But = _d (P,OA) < min{d (P, OB), d (P, AB)} 
which is possible only when P lies in the AOIA. 


ID +r 
tan15° = —- =— 
OD 1 
=> r=(2- 3) 
1 


.. Required area = —-2-r =r =(2 — V3) sq units. 


i) 


98. Let A =(x, y,), B =(x», yo) and C =(x3, y3) are the vertices of 


a triangle ABC and P =(a,, b), Q = (dy, b2) and R = (a3, bs) are 
the vertices of triangle POR. 
Equation of perpendicular from A to QR is 


= (a, — a3) 
ae sl (by —b,) %) 
or (a, — 43) x + (by — bs) y — x (@z — a3) — yy(bz — b3) = 0...) 


Similarly, equations of perpendiculars from B to RP and C to 
PQ are respectively, 

(a3 — a,) x + (bs — by) y — X2 (a3 — a1) — Yo (ds 
and (a, — az) x + (b, — bz) y — x3 (a — a2) — y3 (H 
Given that lines (i), (ii) and (iii) are concurrent, then adding, 
we get 


(x2 — x3) a + (x3 — x1) ag +(%1 — X2) a3 + (V2 — 3) 4 
(v3 — yi )b2 + (V1 — Ya) bs = 0 

Now, equation of perpendicular from P to BC is 

(x2 — X53) x-a) 


(v2 — ys) 
or (x2 — %3) x + (¥2 -—y3) V — 


y-bh= 


(x2 — x3) — (yz — y3) = 0 ...(v) 


Similarly, equations of perpendiculars from Q to CA and R to 
AB are respectively, 


(x3 — 1) x + (¥3 — Mi) Y — a2 
(x3 — x1) — by (v3 — yi) = 0 ...(vi) 
and (x1 — X2) x + (Vi — 2) ¥ — a3 
(x1 — Xz) — bs (1 — y2) = 0 ...(vii) 


Adding Eqs. (v), (vi) and (vii), we get 
LHS = 0 (identically) 

Hence perpendiculars from P to BC, Q to CA and R to AB are 
concurrent. 


b,) =0 ...(i) 
by) = 0...(iii) 


.. (iv) 


[ from Eq. (iv)] 
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99. The line passing through the intersection of lines 
ax + 2by + 3b = 0 and bx — 2ay — 3a = 0is 


ax + 2by + 3b + A(bx — 2ay —3a) =0 
=> (a+ bd)x + (2b — 2ad)y + 3b -3Aa =0 
As this line is parallel to X-axis. 


a+ Ph=0 > h=-7 


> ax + aby + 3a ~ "(bx — 2ay ~ 3a) = 0 


2a” 3a” 
=> ax t+ 2by + 3b-ax +4 yt =0 
b b 
2 2 
ip ape 26 
b b 
2b’ +2a°) (3b? +3a° 
> b 
_ -3(a’ + b*) 3 


ab? +a’) 2 
sie yaks ‘ 
So, it is . units below X-axis. 


100. y 


O 


: Ais the mid-point of PQ, therefore 
+0 O+b 
a =3; =4 
2 2 
=> a=6,b=8 


.. Equation of line is a + : =1 


or 4x + 3y =24 
101. Clearly for point P, 


y y=3x 


>X 


a’ 3a <O anda’ —5>0 


1 
> —<a<3 
2 
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102. Point of intersection of L, and L, is A(0, 0). 
Also P(—2, —2), Q(1, —2) 


*: AR is the bisector of ZPAQ, therefore R divides PQ in the 
same ratio as AP: AQ. 


Thus PR: RO = AP: AQ=2V2: V5 
Statement I is true. 
Statement II is clearly false. 
103. Given : The coordinates of points P, Q, R are (—1, 0), (0, 0), 
(3, 3./3) respectively. 


A 
R (3,3V3) 
M 
, 2n/3 1/3 
549 lao» 
Vy 
Slope of equation QR = Yo M 3v3 
X_— Xy 3 
1 
> tand =/3 > 0= 
=> ZROX = 
27 


v1 
ZROP =% —- —=— 
2 3 3 
Let QM bisects the ZPOR, 
Slope of the line QM = tans =—/3 


Equation of line QM is (y — 0) = —/3(x — 0) 


> y =-v3x = V3x+y=0 
104, (A) -.: L,, Ly, L, are concurrent, then 
di- 3 5 
3 k 1/=05k=5 
a 2. 12 
(B) slope of (L,) = slope of (Lz) 
1.3 
> —-=— .. k=-9 
3 k 
and slope of (L;) = slope of (L,) 
5 3 6 
> —-=-— . k=-- 
2 =k 3) 


(C) Lines are not concurrent or not parallel, then 
6 
el ala 


5 
k== 
6 
(D) The given lines do not form a triangle if they are 
concurrent or any two of them are parallel. 


ey ee 
5 


3-4 —1 
105. Slope of PQ = ——— = —— 
ie Si 

.. Slope of perpendicular bisector of PQ =(k —1) 


Also mid-point of PQ (2) 


Equation of perpendicular bisector is 


k 
yl atk v(s ty 


> 2y —7 = Ak —1)x —(k? -1) 
=> 2(k —1)x—2y + (8—k*) =0 
_p2 
Chico - =—4 
=> 8—-k? =-8 or ? =16 >k=+4 


106. If the line p(p? + 1)x -y + q=0 
and (p? + 1)?x + (p’ + 1)y + 2q =0 
are perpendicular to a common line, then these lines must be 
parallel to each other, 
pip? +1) __ (p? +1) 
-1 p +1 


m =m > 


=> (p? + 1)(p+1)=0 
=> p=-1 
..p can have exactly one value. 


107. Slope of line L = -" 


Slope of line K = a 
c 


Line L is parallel to line K. 


b 3 
> —=— 5 de=15 
5 ¢ 
(13, 32) is a point on L. 
13. 32 32 
+“s15—5 
5 b b 
3 
> b=-20 > c=-— 
4 
Equation of K : y — 4x =3 
> 4x-y+3=0 
52—-32+3 
Distance between L and K = pes 
V17 
_ 23 
V17 


108. Let the slope of line L be m. 


109. 


110. 


m+ v3 
Then aan =/3 

% 

>X 
=> m+ V3 =+(v3 —3m) 
=> 4m = 0 or 2m = 23 
> m=0orm=~v3 
‘s Lintersects X-axis, 
m= 3 

..Equation of L is y + 2 = V3(x —3) 
or 3x —y —(2 + 3V3) =0 


L:y—x=0, lL,:2x+y=0, L,:y+2=0 

On solving the equation of lines L, and L,, we get their point of 
intersection (0, 0) ie. origin O. 
On solving the equation of lines L, and L;, 
P =(-2, —2) 
Q=(-1, —2) 
We know that bisector of an angle of a triangle, divide the 
opposite side the triangle in the ratio of the sides including the 
angle [Angle Bisector Theorem of a Triangle] 

PR OP _ \(-2)? +(-2)? _ 2V2 

RQ 09 (1)? +(-2)? V5 


Let the joining points be A(1, 1) and B(2, 4). 


we get 


Similarly, we get 


Let point C divides line AB in the ratio 3 : 2. So, by section 
formula we have 


c= (ets sxasdxt) (2 ) 


3+2 3+2 55 
: ; 8 14 
Since Line 2x + y =k passes through C pe 


..C satisfies the equation 2x + y =k. 
2+8 14 

=> + —=k>k=6 
bi 5 


112. The intersection point of two lines is 
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111. Suppose B(0, 1) be any point on given line and coordinate of A 


is (V3, 0). So, equation of 


(0, 1) 


B 
“A (3,0) 
* B’ (0, -1) 
x “1-0. y=0 
Reflected ray is 4 
. 0-3 x — v3 
= v3y =x —V3 


—c —c 
a+b a+b 


Distance between (1, 1) anal wl ; ec <2V2 


at+ba+t+b 
2 
c 
= 2)1+ <8 
at+b 
c 
=> 1+ <2 
at+b 
> a+b-c>0 


113. Let P, Q, R, be the vertices of APQR 


P (2, 2) 


Q6-1) S ae 


Since, PS is the median, S is mid-point of QR 


Sie s=(4*,24)-(24) 
2 2 2 


Now, slope of PS = ieee 
13 9 

ea 

2 


Since, required line is parallel to PS therefore slope of required 
line = slope of PS Now, eqn of line passing through (1, — 1) and 


having slope se is 
2 
—(-1)=-“(x-1 
ma ees a 
9y+9=-2x+2 


=> 2x+9y+7=0 
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114. Given lines are 
4ax + 2ay +c=0 
5bx + 2by +d =0 
The point of intersection will be 
x _ = 2 1 
2ad —2be 4ad—5be 8ab—10ab 
_ 2ad —be) _ be —ad 


=> 
—2ab ab 
5bc-—4ad 4ad —5bc 
= = = 
—2ab 2ab 


*: Point of intersection is in fourth quadrant so x is positive 
and y is negative. 
Also distance from axes is same 
So x= -y (. distance from X-axis is —y as y is 
negative) 
be—ad _ 5be — 4ad 
ab 2ab 


115. Let the point P be (x, y) 


= 3bc—2ad =0 


Then air) =P a7 2 and dr = 


For P lying in first quadrant x > 0, y > 0. 
Also 2<d,(P)+d,/P)<4 
x~yf,|x+y 


V2 V2 


> 2< <4 


If x > y, then 
= + + 
2 cg ora sx <22 


V2 


If x < y, then 


—. + Fo Bs 
2<° A" * < dor va Sy S2v2 


The required region is the shaded region in the figure given 
below. 


.. Required area = (2/2)* — (V2)? =8 —2 =6 sq units 


116. Total number of integral points inside the square OABC 
= 40 x 40 = 1600 
Number of integral points on AC 
= Number of integral points on OB 
= 40 [namely (1, 1), (2, 2) ... (40, 40)] 


A» 
(0, 41) Cc Che 
O Ain. 
(0, 0) (41, 0) 


Number of integral points inside the AOAC 


1600 — 40 
= —— =780 


117. xy+1=0 


x-y+A=0 


Let other two sides of rhombus are 
x-y+A=0 

and 7x-y+uWw=0 

then O is equidistant from AB and DC and from AD and BC 
|-14+2+1|=|-14+2+A| > A=-3 


and |-7+2-5|=|-7+2+u) => w=15 
Other two sides are 

x-y-3=0 
and 7x-y+15=0 


On solving the equation of sides pairwise, we get the vertices 


1 -8 —7 —4 
as (2 =}, qd, 2), (=. =} (- =3) —6) 
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Session 1 


Introduction, Homogeneous Equation in 


Two Variables 


Introduction 


Let the equation of two lines be 


ax +by+c=0 ...(i) 
and a,x+byy+c, =0 ...(ii) 


Hence, (ax + by +c) (a,x +b,y +c,) =0 is called the joint 
equation of lines Eqs. (i) and (ii) and conversely, if joint 
equation of two lines be 

(ax + by +c) (a,x +byy +c) =0, 
then their separate equations will be 


ax+by+c=0 and a,x+b,y+c, =0 


Remark 


In order to find the joint equation of two lines, make RHS of two 
lines equal to zero and then multiply the two equations. 


Example 1 Find the joint equation of lines y = x and 
y=-x. 
Sol. The given lines can be rewritten as 
x-y=0 and x+y=0 
“. Joint equation of lines is (x — y)(x + y)=0 
or x? — y? =0 
Wrong process: Since, the lines are 
y=x and y=-x 
y=-x 
=> x? + y? =0 


Then joint equation is 


This process is wrong, since RHS of two equations are not 
equal to zero. 


Remark 


In order to find the separate equations of two lines when their joint 
equation is given, first of all make RHS equal to zero and then 


resolve LHS into two linear factors or use Shri Dharacharya method. 


The two factors equated to zero will give the separate equations of 
lines. 


Example 2 Find the separate equation of lines 
represented by the equation x* —6xy + 8y7 =O. 


Sol. Separate equation of lines represented by the equation 


x* — 6xy + 8y® =0 


ie. (x — 4y)(x -2y)=0 
=> x«-4y=0 and x-2y=0 
Aliter : 

We have, x* —6xy + 8y? =0 


6y + J(- by) — 4-8y? 
By Shri Dharacharya method, x = yt vi _ ss 
=> x =3yt yJ(9 - 8) 


x=3yty 


Af x=4y and x=2y 
Hence, the lines are 
x—4y=0 and x-2y=0. 


Homogeneous Equation in 
Two Variables 


An equation of the form 
agy” +ayy" | x+any" 7? x? +....4a,x" =0 — ...(i) 
in which the sum of the powers of x and yin every term 


is the same (here n), is called a homogeneous equation 
(of degree n). 


We will prove that Eq. (i) represents n straight lines 
passing through the origin. 


agy" +a,y" ‘x +ay" 7x? +....+a,x" =0 


Dividing each term by x", we get 


n n-1 n-2 
ao (2) +a, [) +A (2) +...+a, =0 
x x x 


Above is an equation of nth degree in » Let the roots of 
x 


this equation be m,,m,,™m3,..., Mp. 


Then, the above equation will be identical with 


a a ge ea 


=> ao (y—m, x)(y—m, x)(y—ms; x)....(y—m, x) =0 


Hence, Eq. (i) represents n straight lines 
y-m, x =0,y-m, x =0, 
y-m3;x=0,....y—m, x =0 

all of which clearly pass through the origin. 


Corollary: Since, ax’ +2hxy + by” =0 is a homogeneous 
equation of second degree, it represents two straight lines 
through origin. The given equation is 


ax? +2hxy + by? =0 ...(i) 
Dividing by x”, we get 


als 


2 
= 6(”) +2h [2 }+a=0 (ii) 
x x 
Putting ba =m 
x 
then, bm? +2hm+a=0 ...(iii) 


If m, and m, be two roots, then 
2h coefficient of xy 
m,+m,=-—=- - 
b coefficient of y 


Roe 2 
a coefficient of x 


and mM, = 


b coefficient of e 


jm, —m,| =m, +m,)° — 4mm; } 
a 
|D| 
Thus, y =m,x and y =m,x are two straight lines which 
are given by Eq. (i). Also, from Eq. (iii), 


—2h+2,\(h? — ab) 


~ 2b 


(h” —ab) 


x 


b 
by ={-h+(h? —ab) }x 
by = {-h—(h® —ab)}x 


are two lines represented by Eq. (i). 
(i) The lines are real and distinct, if h? — ab >0. 
(ii) The lines are coincident, if h” — ab =0. 
(iii) The lines are imaginary, if h? — ab <0. 


_ =hty(h’ -ab) _y [m=] 


and 


Remarks 
1. In further discussions, we will consider only real cases. 
2. Two very useful identities When lines represented by 
ax? + 2hxy + by? =0 
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pass through the origin, let their equations be 
y = mx and y = Mox 
then, (y—™,x) and (y — 5x) 
must be factors of ax* + 2hxy + by? =0 
then ax? 4 2hxy 4 by? =Dy MX) (Y = MX) 
[Making coefficient of y? equal on both sides] 


Now, comparing both sides, we get 
2h=—b(m + mM) anda=bm,m, 


2h a 
i cas EL Maes 


Example 3 Find the condition that the slope of one 
of the lines represented by ax? + 2hxy + by* =0 should 
be n times the slope of the other. 
Sol. Let the lines represented by 
ax” + 2hxy + by* =0 arey=mx and y=mpyx. 


Therefore, m, +m, =— . ...(i) 
and mm, = a ...(ii) 
b 

Given, My, =nm, 
‘ 2h 
From Eq. (i), m, +nm, =— 
pose ...(iii) 
b(1+n) 
and from Eq. (ii), m,(nm,) = ; 
a 
nm = 7 
2 
> nv— zh =4 [from Eq. (iii)] 
b(1 + n) b 
4nh® a 
= iguanas Bh 
b’(i+n) b 
> 4nh? = ab(1+n) ...(iv) 


This is the required condition. 
Corollary: If slope of one line is double of the other, then 
put n = 2 in Eq. (iv), we have 


8h? =9ab. 


Example 4 If the slope of one of the lines 
represented by ax* + 2hxy + by* =0 be the nth power 
1 1 


of the other, prove that, (ab")"*! + (a” b)"*! + 2h=0. 
Sol. Let m and m” be the slopes of the lines represented by 


ax” + 2hxy + by? =0 


then mt+m =-— ...(i) 
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a 
and m:-m oe = 


a \(n +1) 
=> m=)— 
(] 


Substituting the value of m from Eq. (ii) in Eq. (i), then 


(z)°"? +() n+1 __ 2h 
b b b 


1 n n 1 


=> at tl.pett a gt tl. ptt ts onago 


...(ii) 


Corollary: If slope of one line is square of the other, then 
put n = 2, then 
1 1 


(ab”)3 + (ab)3 =—2h 
On cubing both sides, we get 


1 1 1 1 
ab’ +.a’b +3 (ab’)3 (a*b)3 [iy + wo =- sh? 


> ab (a+b) +3ab(— 2h) =- 8h? 


(a+b) 8h’ 
+ =6, 
h ab 


Example 5 Find the product of the perpendiculars 
drawn from the point (x;, y;) on the lines 
ax? + 2hxy +by* =0. 


Sol. Let the lines represented by ax? + 2hxy + by? =Obe 
y=mx andy=my, x. 
Therefore, m, + m, =— : and mm, = ; 


The lengths of the perpendiculars from (x,, y,) on these 
lines are 


ly — 7™m4X)| and ly = M24] 


ajl+ my yl+ m3 
V1 — Mx; x ly — m2x)| 
afl + m? Ji + m3 
(V1 = 4X1) (V1 — M2X1)| 
(1 + m2) (1+ m3) 


2 2 
yi — (mm + mz) xy, + mmx; | 


Their product = 


Jit m? + m2 +m? m 


2 2 
lyr — (mm + m2) xy) + mm, x; | 


Ji +(m, + m2)" — 2mm, + (mm) 


4h? 2a a 
1+— -—+— 
YP b Pp 


_ |ax? + 2hxy, + by; | 


4 (a— b)’ + 4h? } 


Example 6 Find the condition that one of the lines 
given by ax? + 2hxy +by* =0 
may be perpendicular to one of the lines given by 
a’ x? +2h’ xy +b’ y* =0. 
Sol. Since, both pair are passing through origin, let y = mx be 
one of the lines represented by 
ax” + 2hxy + by? =0 
then, ax? + 2hx(mx)+ b(mx)* =0 


> bm? + 2hm+a=0 ...(i) 
1 
then, y = — —x be one of the line represented by 
m 
a’ x’ +2h’xy + b’y’ =0 
[ 


y=- ae is perpendicular to | 
m 


y = mx and passing through origin 


m m 


2 
then a’ x” + 2h’ x (- = *] +b’ (- = x] =0 
> am —2h’m+b’ =0 ...(ii) 
On solving Eqs. (i) and (ii), by cross-multiplication rule i.e. 

m m 1 m m 
b 2h a b- 2h 
a -2h’ b’ a —-2h’ 
2 


m _ m _ 1 
2hb’+2h’a aa’ —bb’ —-—2h’ b-2a’h 
oe (hb’ +A’ a) 8 (bb’ — aa’) 

(h’ b+a’h) 2(a’ h+h’ b) 


On eliminating m, we obtain 
4 (ha’ +h’ b)(h’ a+ hb’) + (bb’ — aa’)’ =0. 


Example 7 Show that the centroid (x’, y’) of the 
triangle with sides ax* + 2hxy + by? =0 and 


Ix+ my =1,is given by 
, , 2 


bl-hm am—hl  3(am2—2hlm+bl2) 


Sol. Let the lines represented by 


ax” + 2hxy + by? =0 


be y=mx 


> X 


2h 


Therefore, 
b 


m, + mM, =— 


a 
and mM, = : 
Coordinates of A and B are 


m 1 My 


re eal 


1+mm, 1+mm, 
Since, centroid = (x’, y’), 
1 1 ) 
+0 
1+mm, | 


then, x’ = E+ mim, 
3 
21 + m(m, + ma) 


307 + ml(m, + m,) + m m, —| 


1+ mm, 1+ mm, 


(bl — hm) 
(am? — 2hlm + bl?) 


{ 
2 
as 


m 49 


—Ee mi | 


and y= 


rs 


I(m, + m2.) + 2mmm, 
3 1? + 1m (m, + my) + m*>mm,) } 
f _ 2h 2ma ) 
-| +—| 
2 
p[e-3 ohm. m ‘| 
b 
2. (am — hl) 


a (am? — 2hlm + bl”) 

From Eqs. (i) and (ii), we get 
y 

am — hl 


2 
3(am* — 2hlm + bl*) 


, 
x 


bl - 


Example 8 show that the area of the triangle formed 


by the sie ax? +2hxy+by*=0 and Ix+my+n= 
2 /(h* - ab) 
S 
|(am* —2hlm + bl?)| 


Sol. Let equation of lines represented by 


ax? + 2hxy + by* =0 be y=mxand y=m,x 


therefore, m, +m, =—— and mm, =— 
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0 ic 
Coordinates of A and B are 
—n —nm —n —nm, 


| 


respectively. 


} 


—nm 


and é 
) i, +mm, 1+mm, 


) (es) (=n 


if coordinates are (0,0), (x;, y,)and, 


1+ mm, 1+mm, 
Then, required area 


lel 


2 
Ls 


—nmy, —n 


1+ mm, 1+ mm, )\l+mm, 


1 
(x2, Y2), then aoa |xW2 - X2% |] 


| n® (m, — m,) | 


(i) 2 |? +1Im(m, + m,)+ m’mm,| 
—1 n?|(m, +m)? — 4mm, 
2 li? + 1m (m, + mz) + m*mym,| 
ne |[4he _ 4a 
1 be ob 
2 2 2hlm m*a 
b b 
_ n®\(h? = ab) 
\(am” — 2hlm + bl”)} 
Example 9 show that the two straight lines 
...(ii) x? (tan? 6+ cos” 6) — 2xy tan@+ y? sin? @=0 


move with the axis of x angles such that the difference 
of their tangents is 2. 


Sol. Given equation is 


x* (tan” @ + cos” @) — 2xy tan@+y’ sin? @=0 _ ...(i) 
and homogeneous equation of second degree 
re) ax® + 2hxy + by? =0 ...(ii) 


On comparing Eqs. (i) and (ii), we get 
a= tan’ 0+ cos’ 0 
h=-— tan® 

b=sin’ 0 


Let separate lines of Eq. (ii) are 


and 


y=m,x 


and y=mMx 
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where, m,=tan®, and m,=tan0, 2 


therefore, m, + m, =—-— — 


and 


a=; tan’ @ — sin’ 0 (tan” @ + cos” 0) 
2h = 2 tan 9 sin’ 0 


b sin’? @ 2sin 0 
; = “ (sec? 6 — tan”® — cos” 0) 
a tan’ @+ cos’ 0 sin” 0 
mM,:M, =—= 
b sin” @ 2 sin0 2 
=—,—~ y(1— cos” 8) 
mM, ~ M2 = Vom, + m,)° — 4mm, sin’ 0 
2, 
4tan’@ 4(tan’@+ cos’@) = —— sin@=2 


> ln) ~tan 8,= 


7 5 sin 
sin’ 0 sin“ 0 


Exercise for Session 1 


1. 


The lines given by the equation (2y? + 3xy =92x*) (x + y —1)=0 form a triangle which is 


(a) equilateral (b) isosceles 

(c) right angled (d) obtuse angled 
Area of the triangle formed by the lines y* —9xy + 18x? =O and y =9 is 
(a) 27/4 (b) 0 

(c) 9/4 (d) 27 


The equation 3x24 2hxy + 3y? =O represents a pair of straight lines passing through the origin. The two lines 
are 
(a) real and distinct, ifh? > 3 (b) real and distinct, ifh? > 9 


(c) real and coincident, ifh? = 3 (d) real and coincident, ifh? > 3 

If one of the lines of the pair ax? + 2hxy + by? =0 bisects the angle between positive directions of the axes, 
then a, b, h satisfy the relation 

(aja+b=2\h| (b)a+b=-2h 

(c)a—b =2|h| (d) (a—b)* = 4h? 


If the slope of one of the lines given by a2 x* + 2hxy + b” y* =O be three times of the other, then h is equal to 


(a) 2./3ab (b) — 2/3ab 
2 2 
Oa SS eer aad 


Find the separate equations of two straight lines whose joint equation isab (x? — y2)+ (a2 —b*) xy =0. 
Find the coordinates of the centroid of the triangle whose sides are 12x? — 20xy + Ty? =Oand2x -3y +4=0. 


If the lines ax? + 2hxy + by? =0 be two sides of a parallelogram and the line/x + my =1be one of its diagonal, 
show that the equation of the other diagonal is y (b/ —hm) = x (am — Al). 


Find the condition that one of the lines given by ax? + 2hxy + by? =0 may coincide with one of the lines given 
by a’ x? + 2h’ xy +b’ y? =0. 


Session 2 


Angle between the Pair of Lines ax2 + 2hxy + by? 


Angle between the Pair of 
Lines ax? +2hxy + by? 


Theorem The angle 0 between the pair of lines 
represented by ax” +2hxy + by® =0 


2 Mr? 2 


is given by este! Vee! 


Proof Let y =m,x and y =m, x be the lines represented by 


ax” +2hxy + by’ =0. 


Then, 
b 


Since, 8 be the angle between the lines 


a 
my, +My, a ha a =. 


y=m,x and y=mpx. 


> X 


_|m =m, |_ v(m, +m,)° — 4mm, 


Then, tan 0 = 
|1+m,m, | l1+m,m,| 
=2hy (a 
b b} 24(h? —ab) 
7 | a ao |a+b| 
1+— 
|b 
_, |2y(h? - ab) 
6 = tan Sa 
|a+b| 
Remark 


easin'| 2 yf — ab 
( 


a-b)°? + 4h? 


Corollary 1 Condition for the lines to be perpendicular. 


The lines are perpendicular if the angle between them is 


2 
Tl 
ie @=— 
2 
TU 
=> cot 8 =cot — 
2 
=> cot8=0 
|a+b| 
=> =0 => at+b=0 


2,|(h? — ab) 
ie. Coefficient of x° + Coefficient of y? =0 


Hence, the lines represented by ax” + 2hxy + by” =0 are 
perpendicular, iffa+b=0 ie. coefficient of x? + 


coefficient of y? =0. 


Remark 
Pair of any two perpendicular lines through the origin. 
“: Lines represented by ax? + 2hxy + by? =0 


be perpendicular, thena+b=0 orb=-a 
Hence, the equation becomes ax? + 2hxy — ay? =0 


> 0+ (B)ay-y?=0 
a 


> x? + pxy-y? =0, (Remember) 


where, p is any constant. 


Corollary 2 Pair of lines perpendicular to the lines 
represented by 


ax” + 2hxy + by” =0 
and through origin. 
Let lines represented by 
ax? +2hxy + by” =0 bey=m,x andy=m,x 
2h 


mM, +Ms, = a 


b 


then 


a 
and MM, = b 
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lines perpendiculars to y=m,x 
and y=m,x 


and passing through origin are 


1 
b Aira 
mM, 
1 
and y= xX 
mM 


re x x 
then, pair is [> | [y+ ]-0 
mM, My 


=> x’ +xy(m, +m,)+m,m, y? =0 
2h 

a. pa? =, 

b b 


bx? —2hxy +ay” =0 


> x 


Aid to memory For perpendicular pairs interchange the 
coefficients of x’ and y’and change the sign of xy. 
Corollary 3 Condition for the lines to be coincident. 


The lines are coincident, if the angle between them is 
0° (or 7) 


ie. 6 =0(or 7) 
tan8 =0° 
2./(h? — ab) 
— ——_———_—=() 
|a+b| 
=> h? —ab=0 
= h? =ab 


Hence, the lines represented by ax” + 2hxy + by? =0 
are coincident, iff h* = ab, then ax* +2hxy + by’ 


is a perfect square. 


Remark 


The parallel lines will be coincident only as both pass through a 
point. 


Example 10 Find the angle between the lines 
(x* + y*)sin? a =(xcos B— y sin B)?. 
Sol. Given equation is 
(x? + y?) sin? a =(x cos B — y sin B)’ 


=> x” (sin? & — cos” 8) + 2xy sin B cos B 


+y? (sin? a — sin? B)=0_ ...(i) 


The homogeneous equation of second degree is 


ax” + 2hxy + by® =0 


(ii) 


On comparing Eqs. (i) and (ii), we get 
a=sin’o — cos’, h =sin B cos B, 
b=sin’o —sin’B 
Let the angle between the lines representing by Eq. (i) is 0. 
h? — ab 
la+ DI 


sin? B cos’ B — (sin? @ — cos’ B) (sin? a — sin’ B) 


*. tan@=2 


=2 


|sin’& — cos’ B + sin’ @ — sin’ B| 
fsin’B cos’B — sin*a +sin’a sin’ 
| + sin’ cos’B —sin’B cos’ B} 
(2 sin’ o — 1)| 


2% ,/sin*@ (1 — sin? @) 


|— cos 2a] 


_ 2sin @ cos O 
|— cos 204| 
0= 20 


= tan 20 


Example 11 Show that the angle between the lines 
given by (a+ 2hm+bm?) x?+2{(b-a)m—(m?—-1)h} 
xy + (am? —2hm+b)y* =Ois the same whatever be 
the value of m. 
Sol. Given equation is 
(a+ 2hm + bm’)x* +2 {(b—a)m—(m? —1)h }xy + 
(am’ — 2hm + b)y? =0 ...(i) 
The homogeneous equation of second degree 
Ax” + 2Hxy + By’ =0 ...(ii) 
On comparing Eqs. (i) and (ii), we get 
A=a+2hm+ bm’, H =(b-—a)m—(m? —1)h, 
B=am* —2hm+b 
Let the angle between the lines representing by Eq. (i) is 0. 
2,/(H® — AB) 
|A + B 


tan = 


(am? — 2hm + b) 
|a+2hm + bm’ + am? — 2hm + D 
_2y(m? +1)? (h? - ab) _ 2y{(h? - ab) 
|a + b|(m? +1) |at+b| 


=> ota =" 


A a) m—(m?* —1)h}’ —(a+2hm + bm’) 


|ja+ b| 


which is independent of m. Hence, the angle between the 
lines representing by Eq. (i) is same for all values of m. 
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Example 12 Show that the straight lines 
x? +4xy+y?=Oand the line x— y =4 form an 


equilateral triangle. 


Example 13 Show that the condition that two of a 
three lines represented by ax* + bx’y + cxy* + dy* = 


may be at right angles is a? + ac+bd+d* =0. 


Sol. Equation 


x? +4xy+y’ =0 ..(i) 
is a homogeneous equation of second degree in x and y. 
Therefore, it represents two lines OP and OQ through the 
origin. 
Equation, x-y=4 ...(ii) 
represent the line PQ. 


re 


xX’ < 


a 


ae. 
a 
aS) 
ae 
24 
g 
~ 


\\ 
oO 


Ty 
Let ZPOQ = 0. 
2,/[(2)? — 1-1 
then, tan® = eye tT V3 
j1+1| 
&. 6 = 60° 
From Eq. (i), x? +4xy+y’ =0 


= ee 


7 y_~44V4'-4) ag 


¥ 2 
> y =(-2+ v3) x 
ie. OP: y + (2-3) x =0 
and OO: y +(2+ V3) x =0 


Slope of PQ=1 and Slope of OP = —(2- V3). 
If ZOPO = a 
we 2+3)|_| 3- v3 l_- 8 
1-2+3 | |-1+3| 
a = 60° 
Hence, ZOQP = 180° — (60° + 60°) = 60° 
Hence, AOPQ is an equilateral triangle. 


then tan © = 


Sol. The given equation being homogeneous of third degree 


represents three straight lines through the origin. Since, 
two of these lines are to be at right angles. 


Let pair of these lines be (x* + pxy — y*), p is constant and 

the other factor is (ax — dy). 

Hence, ax* + bx’y + cxy? + dy? =(x" + pxy—y’*)(ax — dy) 

Comparing the coefficients of similar terms, we get 
b=ap-d ...(i) 
c=-pd-a ...(ii) 

Multiplying Eq. (i) by d and Eq. (ii) by a and adding, we get 

bd +ac=-d?-@’ 
=> a’ +ac+bd+d’ =0 
Aliter : 


Let y = m,x, y = m2x and y = mx be the lines represented 
by the equation 


ax? + bx’y + cxy’ + dy’ =0. 
Then 
ax? + bx*y + exy’ + dy’? =d(y— mx) 
(y — m,x)(y — msx) --(i) 
On equating the coefficients of x*, x°y and xy” on both 


sides, we get 
_ ¢ 
m, +m, + m3 =- — 
d 
mm, + mzm3 + m3m, = — 


a 


and mmm; = — a ...(ii) 

Let the perpendicular lines be y = m,x and y = mpx, then 
mm, =— 1 

From Eq. (ii), m3 = S (iii) 


On putting y = m3x in a , we get 


ax® + bm3x*? + cm3x?+dmix* =0 


=> dm} + cm; + bm; +a=0 
a) ay a 
> d +c +b +a=0 from Eq. (iii 
) a G owe 
Hence, a’ +ac+bd+d’ =0 
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Exercise for Session 2 


1. 


10. 


The angle between the pair of straight lines y? sin? 6 — xy sin? @ + x2(cos? 6 — 1) =Ois 


(a) (b) a (c) S (d) a 


ala 


The angle between the lines given by the equation ay” — (1+ 47) xy — ax* =O is same as the angle between 
the lines 


(a) 5x? + 2xy — 3y? =0 (b) x? — 2xy - 3y? =0 
(c) x* — y? = 100 (d) xy =0 

Which of the following pair of straight lines intersect at right angles ? 

(a) 2x* = y (x + 2y) (b) (x + y= x (y + 3x) 
(c) 2y (x + y)=xy (d) y = ¥ 2x 

Ifh? =ab, then the lines represented by ax? + 2hxy + by” =O are 

(a) parallel (b) perpendicular 

(c) coincident (d) None of these 


Equation ax? - 9x*y = xy? + 4y® =0 represents three straight lines. If the two of the lines are perpendicular, 
then a is equal to 

(a)-5 (b) 5 

(c)-4 (d) 4 


Find the angle between the lines whose joint equation is2x? — 3xy + y? =0. 


Show that the lines (1—cos @ tana) y? —(2 cos @ + sin? 6 tana.) xy + cos 6 (cos @ + tana.) x? =0 
include an angle « between them. 


Find the angle between the lines represented by the equation a 2pxy + y* =0. 
Show that the lines x? —Axy + y? =O and x + y =1form an equilateral triangle and find its area. 


Prove that the triangle formed by the lines ax? + 2hxy + by? =0and/x + my =1is isosceles, 
ifh (I? —m?)=(a —b)m. 


Session 3 


Bisectors of the Angle between the Lines 
Given by a Homogeneous Equation 


Bisectors of the Angle 
between the Lines Given by a 
Homogeneous Equation 


Theorem The joint equation of the bisectors of the angles 
between the lines represented by the equation 
22 
ax’? +2hxy +by’? =0 is aie 
a—b h 


Session- 


Proof Let the lines represented by ax® + 2hxy + 


be y —m,x =0 and y —m,x =0, then 
: 2h q a 
m,+m,=—-— and mm, =— 
1 2 ; Lee 


Since, the bisectors of the angles between the lin 
locus of a point which is equidistant from the tw 
lines. 


> xX 


Let P (h, k) be a point on a bisector of the angle between 
the given lines. Then, PM = PN 


|k—m,h| _ |k—mh 
\tm?) (+m?) 
(k—myh) _, (k—mph) 
Jatm?) (1+) 
Hence, the locus of a P (h, k) is 


=> 


(y—mx) _, (y-mx) 


atm?) (+m) 


.. The pair of bisectors is 


gee mee med) 
atm?) Ja+m3) }| a+m?)  Ja+m?) 
(y—m,x)? _(y—m,x)? 


= 2 2 =i 
(1+m;) (1+m;) 


(1 +m) (y? +m? x? —2m,xy) 
—(1+m7)(y’ +m3x? —2myxy) =0 
mi )y” —(m3 —mj)x? 
+2xy(m, —m,) —2m,m,(m, —m,)xy =0 


+m, ) (y? — x?) +2xy —2m,m, xy =0 


4 2h 
mM, ra 
rh an(g) PN 
m,M, =— 
x? =" xy 
=— [b #0] 
a-—b h 


Aliter : 

Let the equation ax? + 2hxy + by” =0 represent two lines 
L,OM, and L,0M, making angles 0, and @, with the 
positive direction of X-axis. 

If slopes of L;OM, and L,OM, are m, and mp, then 


m,=tan@, and m, =tan@, 
q rn 2h a (i) 
an m, +m, =-—,m,m, =— wi 
1 2 es oe 
Let NON, and KOK, are the required bisectors, 
0, —0 
Since ZNOL, = Z NOL, = a 
0, -6, 0, +6, 


Z NOX =8, + = 
2 2 


Since, 2Z NOK =* 
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Nim,"Y &K; 


+ 
£Kox=2 + znox=% 4[%%%2) 


6, +0 
Equation of bisectors arey = x tan (2) 


(* | 
=> y-xtan =0 
and yaxtan( = +92) 

2 2 

(* 4 
=> y =- xcot} ——— 

2 
6, +9, 

=> yt x cot — =0 


Pair of bisectors 


(® +0, 
y—x tan 7 


6, +0 6, +6 
= y? =x? +2y[oot{ 1 +) -tan{ = 2) J-o 
6, +8 
1-tan’(°129) 
=> x? —-y’ =xy ? 
[Az*s | 
tan 
2, 2 2 
=> x" - =x re 
sf (aaa 
= Cay oy 1—tan6, tan®, 
tan®@, +tan@, 
1-— 
=> x? ay" =2xy (| 
mM, +My 
3 1-—a/b 
=> -y? =2 
_ oer 
(x? -y") _ xy 


Remark 

wey? ox 
a-b h 

hx? —(a—b) xy — hy? =0 


i.e. coefficient of x° + coefficient of y? =0. 


The joint equation of the bisectors is 


or 


Hence, the bisectors of the angle between the lines are always 
perpendicular to each other. 


Corollaries 
1. Ifa =, the bisectors are x” — y” =0 
Le. x—-y=0,x+y=0 
2. If h =0, the bisectors are xy =0 


Le. x =0,y =0 
. Example 14 Find the equation of the bisectors of the 
--i) angle between the lines represented by 
3x? —5xy + Ay? =0. 
Sol. Given equation is 
3x” —5xy + 4y” =0 ...(i) 
Comparing it with the equation 
ax” + 2hxy + by® =0 ...(ii) 
_..(iii) 


then p23h=— hs 
2 


Hence, the equation of bisectors of the angle between the 
pair of the lines (i) is 


2 2 
AY 


_ xy 
3-4 —5/2 
2 2 
- 2 
- xo ay" _ 2xy 
-1 5 


5x? — axy — Sy" =0 


Example 15 Show that the line y = mx bisects the 
angle between the lines 
ax? —2hxy + by? =0, 
if h(1—m*)+m(a—b)=0. 
Sol. Equation of pair of bisectors of angles between lines 
ax” — 2hxy + by® =0is 
gay xy 
a—b —-h 
—h(x? -—y’?)=(a—b) xy ..-(i) 
But y= mx is one of these lines, then it will satisfy 
it. Substituting y = mx in Eq. (i), 
-h (x? = 
Dividing by x”, h(1— m?)+m(a-—b)=0 


=> 


m?x*)=(a— b)x-mx 


Example 16 If pairs of straight lines 

x? —2pxy — y* =0 and x* —2gxy — y? =O be such 
that each pair bisects the angle between the other 
pair, then prove that pq=-—1. 


Sol. According to the question, the equation of the bisectors of 
the angle between the lines 


x? —2pxy — y? =0 ...(i) 
..-(ii) 
. The equation of bisectors of the angle between the lines 


(i) is 


is x* —2qxy —y* =0 


ee 
cia res a 
1-(-1) -p 
=> — px” —2xy + py? =0 ..-(iii) 


Since, Eqs. (ii) and (iii) are identical, comparing Eqs. (ii) and 
(iii), we get 


: = 729 _71 => pq=-1 


Remark 


By taking the bisectors of the angles between the pair of lines (ii), 
we will get the same result. 


Example 17 Prove that the angle between one of the 
lines given by ax* + 2hxy + by* =O and one of the 


lines ax? + 2hxy + by* + (x? + y’)=Ois equal to 
angle between other two lines of the system. 
Sol. The equation of the bisectors of the angle between the lines 


ax” + 2hxy + by? =0 ...(i) 
2 12 
is xy? ay 
a—b h 


and the equation of bisectors of the angle between the lines 
ax” + 2hxy + by? + A(x? + y’)=0 (ii) 
> (a+ A)x* + 2hxy +(b+A)y” =0 
_ x?-y? xy 
(a+2A)—-(b+A) Ah a-—b h 


*, Bisectors of angles between lines given by Eqs. (i) and 
(ii) are the same. Hence the result. 


2 2 
x 7y xy 


Example 18 Show that the pair of lines given by 
a*x? + 2h(a+ b)xy + b*y? =0 is equally inclined to the 
pair given by ax? +2hxy +by? =0. 
Sol. Given pair of lines are 
a’x” + 2h(a + b)xy + b’y? =0 ...(i) 
and ax” + 2hxy + by? =0 
Equation of bisectors of first pair is 
x? = y? xy 
a-—b 7 h 


2 2 
x TY XY 


a’ —b’ h(a+b) 
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which are also the bisectors of the second pair. 

Let P’ OP, Q’ OQ, R’ OR, S’ OS be the lines of the Eqs. (i) and 
(ii) pairs respectively and A’OA and B’ OB be their 
bisectors. We have, 


ZROA = Z SOA 
and Z POA = ZQOA 
=> ZROA— ZPOA= ZSOA — ZQOA 
=> ZROP = ZSOQ 


Hence the result. 


Example 19 If the lines represented by 
x? —2pxy — y* =Oare rotated about the origin 


through an angle @ , one in clockwise direction and the 
other in anti-clockwise direction, then find the 
equation of the bisectors of the angle between the 
lines in the new position. 


Sol. Since, lines represented by x” — 2pxy — y* =0 


are perpendicular to each other. The bisectors of the angles 
between the lines in new position are same as the bisectors 
of the angles between their old positions. i.e. 

OC, OD ; OA, OB be the old and new pairs respectively and 
OE and OF be their bisectors, we have 


ZCOE = Z DOE 


and ZCOA = ZDOB=8 [given] 
Yy 

= ZCOE- ZCOA = ZDOE — Z DOB 

=> Z AOE = Z BOE 


xi n-y _ oxy 
1-(-1) -p 


Therefore, the required equation is 


ie. px? +2xy— py*® =0. 
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Exercise for Session 3 


1. If coordinate axes are the angle bisectors of the pair of lines ax” + 2hxy + by =0, then 
(aja=b (b)h=0 
(c)a* +b =0 (d)a+b*=0 


2. Ifthe line y =™mx is one of the bisector of the lines x* + 4xy — y* =O, then the value of m is 


J5-1 V5 +1 
a) —_—_ b 
(a) 5 (b) 5 

J5+1 V5 - 1 
c)= d)- 
@-(44 @-(4-) 
3. If one of the lines of my? + (1- m7”) xy — mx? =0is a bisector of the angle between the lines xy =0, then 

cos~'(m)is 
(a) 0 (b) x/2 
(c) (d) 32/2 


4. The bisectors of the angles between the lines (ax + by)? =c (bx —ay eo >0 are respectively parallel and 
perpendicular to the line 


(a) bx -ay+u=0 (b)ax + by+2XA=0 
(c)ax —by+v=0 (d)bx +ay+t=0 


5. If the pairs of straight lines ax? + 2hxy - ay” =0 and bx” + 2gxy — by” =0 be such that each bisects the angles 
between the other, then prove thathg + ab =0. 


6. Prove that the lines 2x? + 6xy + y? =0 are equally inclined to the lines 4x? + 18xy + y? =0. 


7. Show that the lines bisecting the angle between the bisectors of the angles between the lines 
ax” + 2hxy + by” =O are given by(a —b) (x? — y*) + 4hxy =0. 


8. Prove that the bisectors of the angle between the lines ax* + acxy + cy? =O and 
(3 + 4 x? 4 xy+ (3 + 1\y? =0 are always the same. 
Cc a 


9. The lines represented by x* + 2Axy + 2y* =O and the lines represented by (1+ 1)x? —8xy + y” =O are equally 
inclined, find the values of 2. 


Session 4 


General Equation of Second Degree, 


Important Theorems 


General Equation of Second 
Degree 


The equation ax” + 2hxy + by” +2gx +2fy+c=0 


is the general equation of second degree and represents a 
conics (pair of straight lines, circle, parabola, ellipse, 
hyperbola). It contains six constants a, b,c, f, g, h. 


ie. a= coefficient of x*, b= coefficient of y’, 


c=constantterm, g=half the coefficient of x, 
f = half the coefficient of y, 
h=half the coefficient of xy. 
Theorem The necessary and sufficient condition for 
ax” +2hxy + by’ +2gx +2fy+c=0 
to represent a pair of straight lines is that 
ah g 
abe +2 fgh—af® —bg? —ch’ =0 or |h bf |=0. 
gfe 
Proof Necessary condition: Let the equation be 
ax” +2hxy + by’ +2gx +2fy+c=0 ..-(i) 
represent a pair of lines. Assuming that these lines are not 
parallel, we suppose further that their point of intersection 
is (x,, y, ). Shifting the origin at (x,, y, ) without rotating 
the coordinate axes, we have the Eq. (i) transforms to 


a(X + x1)? +2h(X +x, )(¥ +y,) +b +y1)° 
+29(X+x,)+2f(¥t+y,)+c=0 ...(ii) 
Now this Eq. (ii) represents a pair of lines through the new 
origin and consequently, it is homogeneous in X and Y. 
Hence, the coefficients of X and Y and the constant term 
in Eq. (ii) must vanish separately. 


ie. coefficient of X = coefficient of Y = constant term =0 


=> ax, thy, +g=0 ...(iii) 
hx, +by, + f =0 ...(iv) 
and ax? +2hx,y, +by? +2gx, +2fy,; +c =0 ..(Vv) 


Now, ax? +2hx1y1 + by; +29x, +2fy; tc=0 
=> x,(ax, +hy, +g) +y (hx, + by, + f) 
+(gx, + fy; +c) =0 

=> x, :0+y, 0+9x,+ fy; +c=0 

[from Eqs. (iii) and (iv)] 
> ox, + fy; +c=0 (Vi) 
On eliminating x,, y, from Eqs. (iii), (iv) and (vi), we get 
the determinant 


ah eg 
h bf \=0 
gfe 


. abe +2 fgh— af” — bg? — ch? =0, 
as the required condition. 


Remarks 
1. Without using determinant On solving Eqs. (ili) and (iv), 


we get 
hf—bg gh-—af 
4K) = 
= =. ab — fF 


and then substituting the values of x, and y, in Eqs. (vi), we 


obtain 
hf -— bg gh - af 
g +f +c=0 
(=) [soa 
> abc + 2fgh - af® -— bg* -— ch? =0 
2. Bymaking ax? + 2hxy + by? + 29x + 2fy+c=0 


homogeneous with the help of a new variable z, i.e. 

ax® + 2hxy + by? + 2gxz + 2fyz + cz* =0 

Let f(x, y,z) = ax? + 2hxy + by? + 2gxz + 2fyz + cz? =0 
of = cay + 2hy + 297 =0 
ox 


of _ oy + Oby + 2f7 =0 
oy 


of — 96x + 2fy + 2cz =0 
az 
and finally putting z = 1, we obtain equations 
ax + hy +g =0,hx + by+f=0,9x+ fy+c=0 
which are same as Eas. (iii), (iv) and (vi), respectively. 
3. Ifab— 1h? =0, the lines given by Eq. (i) are parallel. In this 


case, the method followed in the above proof fails and we 
follow the following method. 
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Aliter I : (Proof) 
Let the lines represented by 
ax” +2hxy + by® +2gx +2fy+c=0 ..-(i) 
be Ix+my+n=0 and I’x+m'y+n'=0 
then ax? +2hxy + by? +29x +2fy+e 
=(Ix+my+n)(I'x+m’y+n’) _ ...(ii) 
Comparing the coefficients of similar terms in both sides 
of Eq. (ii), we get 


ll’ =a,mm’ =b, nn’ =c 
Im’ + I'm =2h, In’ +l’n=2g, ...(iii) 


mn’ +m’ n=2f 


We now eliminate I, m, n,l’,m’ and n’ from these equations, 


l Il Oo ’ 1 0 

we have m m 0\|x|m’ m_ 0|=0 
nn 0} |n’ n 0 

[each determinant =0] 

2il’ Im’+l’m In’ +I'n 

=> |ml’+m'l 2mm’ mn’ +m’n|=0 

nl’ +n'l nm’ +n'm 2nn’ 

2a 2h 2g 

=> 2h 2b 2f|=0 
2g 2f 2c 
ah g 

=> A=|h bf |=0 
gfe 


A =abe + 2fgh—af’ —bg* —ch’ =0, 


which is the required necessary condition. 


Remark 
Without using determinant 


Now, (/m7’ + /’m) (In + I’n) (mn’ + m’n) = 2h- 2g -2f 


72 n°) 


=> 2il’mm' nr’ + Il’ (mr? +m 
+ mm (nl? +n! 1?) + nn! (1?m? +1 m?) =8fgh 
=> 2il’mm’ nn’ +il’{(mn’ + m’n)? — 2mm’ nr’} 
+ mm’ {(nl’ + 01)? = 2nr'll’} + ne {lm + I’m)? = 2il’mm’} 
=8fgh [from Eq. (iii)] 
= 2abe + A4f? —4bc) + b(4g? — 4ca) + c(4h® — 4ab) = 8fgh 
ae abc + 2fgh—af® — bg® — ch® =0, 
which is the required necessary condition. 
Aliter II : (Proof) 
Given equation is 


ax” +2hxy + by® +2gx +2fy+c=0 ..-(i) 


CaselI Ifa+0, then writing Eq. (i) as a quadratic 
equation in x, we get 


ax” +2x (hy +g) + by’ +2fy+c=0 
Solving, we have 


—2hy + g) + (hy +g)” — 4a(by” +2fy +c) 
C= 
2a 


en hy +8) EV (HP — ab)y? +2(gh—af)y +(g* —ae)} 


Eq. (i), will represent two straight lines, if LHS of Eq. (i), 
can be resolved into two linear factors, therefore the 
expression under the square root should be a perfect 
square. 


[ Ax? + Bx +C =0 is a perfect 
square > B” — 4AC =0] 
Hence, 4(gh— af)’ — 4(h” — ab)(g? — ac) =0 
or abc + 2.fgh — af’ — bg” — ch’ =0 
Ths is called discriminant of the Eq. (i). 


(ii) 


Case II Ifa=0,b #0, then writing Eq. (i) as a quadratic 
equation in y 


Le. by? +2y(hx + f) +2ex +c¢=0 
and proceeding above we get the condition 
2 fgh — bg? — ch? =0 
which is condition obtained by putting a =0 in Eq. (ii). 
Case III Ifa=0,b=0 but h<0, then Eq. (i) becomes 
2hxy +2gx +2fy+c=0 


h 
Multiplying by 5 [h#0] 
. ch 
=> aah ara 
ch 
= (hx + f) (hy +8) =fE—— 


Above equation represents two straight lines, if 
h 
fe->=0 => 2fgh—ch’ =0 


which is condition obtained by putting a =0, b =0 in 
Eq. (ii). 
Hence in each case, the condition that 
ax” + 2hxy + by” +2gx +2fy+c=0 
represents two straight lines is 
abc +2 fgh— af” — bg? — ch? =0 


which is the required necessary condition. 


Sufficient condition (Conversely) 


Here, we have to show that the equation 
ax” +2hxy + by® +2gx +2 fy +c =0 represents a pair of 
straight lines. 


ah g 
h b f |=0 
gfe 
ie. linesax +hy+g=0,hx+by+f=0, gx+fy+c=0 


are concurrent. 


Let the point of concurrency be (x,, y; ). 


Then, ax, thy, +g=0 ...(iii) 
hx, +by, + f =0 ...(iv) 
and gx, + fy; +c=0 ...(v) 


Now, shifting the origin at (x,, y, ) without rotating the 
coordinate axes the equation 


ax” +2hxy + by? +2gx +2 fy +c =0 reduces to 
a(X +x,)° +2h(X+x,)(Y+y1) +b 
(Y+y,)? +2g(X+x,) +2f(Yt+y,)+ce=0 
=> aX’? +2hXY +bY? +2X (ax, thy, +g) 
+2Y (hx, +by, + f)+x,;(ax, thy, +g) 
+y (hx, + by, +f) +(gx1 + fyi +c) =0 
=> aX? +2hXY+bY’? +0+0+0+0+0=0 
[from Eggs. (iii), (iv) and (v)] 
ie. aX* +2hXY +bY* =0 


It is homogeneous equation of second degree. So, it 
represents a pair of straight lines through the new origin. 
Hence, the equation ax? + 2hxy + by? +2gx +2fy +c =0 
represents a pair of straight lines, if 
abc +2 fgh— af” — bg? —ch? =0. 

Some useful identities Ify=m,x+c,;,y=m,x +c, be 
lines represented by Eq. (i). Then, 
ax” +2hxy + by” +29x +2fy+c 

=b(y—m,x—c) (y—mx —e2) 

=b(y* —(m, +m,)xy +m,m,x* 

+(mycz +myzc1)x —(cy +¢2)y +¢4C2) 


On equating coefficients, we get 


+ — + 28 
mM, TM: =——_,MM2 =—,M,C2 TM2C, = > 
b b b 
2 c 
Ci +Cyq =-2L ove, 3 


These five relations are very useful to solve many problems. 
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Important Theorems 


Theorem 1 The angle between the lines represented 
by 
ax® +2hxy + by” +2gx +2fy+c=0 


_ |2\ (a? — ab) 


|a+b| 


is given by 


@=tan 


Proof Let y=m,x+c, 
and Y=M,X+Cy 
be the lines represented by 


ax” + 2hxy + by” +2g¢x +2fy+c=0 


ty 
where, m, =tand,m, =tanB 
Then, ax” +2hxy + by? +2gx +2fy te 

=(y —m,x —c;)(y—m,x — cy) 
Comparing coefficients of like powers, we obtain 


2h a 
my, +My, se eda =) 


Now, if 6 be the acute angle between the lines 
y=m,x +c, andy =mx + Cy, then 


tan@ = - 
|1 +m ,m,| |1+m,m,| 
any (4 
VU 6 b} 2(h* —ab) 
7 | a 7 |a+b| 
i 
b 
Gear 2,|(h? — ab) 
7 |a+b| 


Corollary 1. The angle between the lines represented by 
ax” + 2hxy + by” +2gx +2fy +c=0 
is the same as the angle between the lines represented by 


ax? +2hxy + by” =0 
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Corollary 2. The lines represented by 

ax” +2hxy + by’ +2gx +2fy+c=0 
are perpendicular iff a + b =0 and parallel iff h? = ab. 
Theorem 2 The lines represented by 

ax” +2hxy + by® +2gx +2fy+c=0 
will be coincident, if h? — ab =0, g —ac=0 
and f? —be=0. 
Proof Let the lines represented by 

ax” +2hxy + by” +2g¢x +2fy+c=0 

be Ix+my+n=0 and I’x+m’y+n'=0 
then ax? +2hxy +by? +2gx +2fy+c 


=(Ix+my+n)(Il’x+m’y+n’) 


Comparing the coefficients of similar terms in both sides, 


we get 


ll’ =a,mm’ =b,nn’ =c 
Im’ + I’m =2h, In’ +l’n=2g 
mn’ +m’ n=2f 


*s Lines lx +my +n=0andl’x +m’ y+n’ =0are 


lm on 
coincident, then ry =—+=—. 


n 


Taking the ratios in pairs, then 
lm’ —I'm=0,mn’ —m’n=0, ln’ -—l’n=0 


> (im +I'm)*? —4ll’/mm’ =0, 


(mn +m’ n)’ —4mm’‘ nn’ =0 


and (in’ + Un)? —4ll’nn’ =0 


ie. (4h? = 4ab) =0, J(4f? — 4bc) =0 
and (4g? — 4ac) =0 
ie. h? — ab =0, f? — be =0, g” —ac =0 


Theorem 3 The point of intersection of the lines 
represented by 


ax” +2hxy + by’ +2gx +2fy+c=0is 


a ca) ae bg —hf aa 
h? —ab } \\ hb? —ab h? —ab h? —ab) 


Proof Let the lines represented by 


ax” + 2hxy + by” +2gx +2fy+c=0 


be Ix+my+n=0 and I’x+m’y+n'=0 


then ax? +2hxy + by? +29x +2fy+c 
=(Ix+my +n) (I’x+m'y+n’) 


Comparing the coefficients of similar terms in both sides 


then ll’ =a,mm’=b,nn’ =c 
Im’ +l’m=2h, In’ +l’n=2g,mn’ +m’ n=2f 
=> (Im -U'm)=\{(Im' +m)? — ll mm’ =2\(h — ab) 


=> (nl’ =n’ 1) = (In’ +n)? All nn’ =2.y(g° —ac) 


and (mn’—m’n)= mn’ +m’n)? —4mm’ nn’ 


=2\(f? — be) 


Now, solving Ix +my +n=0and I’x+m’y+n’=0 
= y = 1 
(mn’—m’n) (nl’—n'l) (Im’-I’m) 


x y 1 
> => = 
al(f? —be) 2{(g?-ac) 2,/(h? — ab) 


om (SES) 


Also, «(6 =) vr — be) (h? — ab) 
h? —ab (h =a) 


then 


\ fh? —abf? — beh? +b (abc) 
7 (h? — ab) 
_ A f?h? —abf? — bch? +b (af? + bg? + ch? — 2 fgh) 
7 (h? — ab) 
[abe +2 fgh — af” — bg® — ch’ =0] 


_ (fir? +b? 9? -2bfgh) _ (bg hf’ 


(h? —ab) (h* —ab) 
_| bg —hf 
h? —ab 
—gh 
Similarly, y= af g 
h* —ab 
bg -—h — gh 
Hence, (x,y)= 2 ue 8 . 
h* —ab h° —ab 


Remembering Method (For second point) 
ah g 

A=|h b f 
gfe 


Since, 


taking first two rows (repeat first column) 
a h £ a 
pespes fon 

> ab —h’ hf — bg, gh—af 

=> h? — ab, bg —hf,af — gh 


f bg —hf af —gh 


ph? —ab h® —ab 
be—-h —gh 
Hence, point of intersection is s f af 8 : 
h° —ab h* —ab 
OR 
Cofactors of third column are C13, Cy3, C33 
b 
137 f =hf — bg 
. ah | h f 
23 = =Nng — a 
, 
ah 9 
and C= =ab—-h 
h b 
Point of intersection is Ga 1.e. 
33 C33 
(t's “e-f| (ea af —hg 
ab—h? ab—h? h? —ab h? —ab 


Remembering Mehod (For first point) 


Cofactors of leading diagonal are 


Cy, Co2, C33 
Bs of] 

Ci =be — f?, 
11 fz e= 7 
q 2 
Coz = =ac— § 

& 
a 2 
and Css =|, =ab—-h 


-. Point of intersection are 


[ice 


" [[é aah 
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Theorem 4 The pair of bisectors of the lines 
represented by 


ax” + 2hxy + by” +2gx +2fy+c=0, 
(x -a)" ~(x-B)’ _(x-@) (y-B) 
(a—b) h 


where (0,8) be the point of intersection of the pair of 
straight lines represented by Eq. (i). 


is 


Proof Since (a,B) be the point of intersection of the lines 
represented by 


ax” + 2hxy + by” +2g¢x +2fy+c=0 ..-(i) 


Shifting the origin at (a, B) without rotating the coordinate 
axes, the Eq. (i) reduces to 


a(X +0)* +2h(X +a) (Y +B) 
+ b(Y +B)? +29(X +0) +2f(Y +B) +c=0 
[x =X +aand y=Y +B] 
=> (aX* +2hXY + bY*)+2X(aa+hB + g) 
+ 2Y(ha + bB + f) 
+ aa” + 2haB + bB’ +2g0 +2f8 +c =0...(ii) 


This equation represents a pair of straight lines passing 
through the new origin. So, it must be homogeneous 
equation of second degree in X and Y. 


aa +hB+g=0 ...(iii) 
ha + bB + f =0 ....(iv) 
and aa” +2hoB + bB? +290 +2fB +c=0 ...(v) 


Now, from Eq. (ii), aX” +2hXY + bY’ =0 ...(vi) 


The equation of the bisectors of the angles between the 
lines given by Eq. (vi) is 
x? -y? _xy 
a—b h 


[with reference to new origin] 


...(vii) 


Replacing X by x —-a andY by y —f in Eq. (vii), then 


(x -0)’ ~(y-B)’ _ (x -0) (y -B) 
(a—b) h 


[with reference to old origin] 


which is the required equation of the bisectors of the 
angles between the lines given by Eq. (i). 


Remark 
If ax® + Qhxy + by? + 2gx + 2fy +c =0 


represents two straight lines, then the equation of lines through 
the origin and parallel to them is axe + 2hxy + by® =0. 
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Example 20 For what value of 4 does the To find the angle between the lines 
equation 2x? — 10xy + 2y 24x Sy+ x =0 If @ be the angle between the lines, then 
: ‘ : : ; ‘ 2 
represent a pair of straight lines? Find their equations tang = 2 — 2 
and the angle between them. |a + DI 
Sol. Comparing the given equation with the equation 2,/25-24 1 
ax” + 2hxy + by” + 2gx + 2fy +c =0, 7 |12 + 2| 7 
11 5] 
ee ee ae a a = e=tan~(2} 
If the given equation represents a pair of straight lines, then 
abe + 2fgh — af* — bg’ — ch” =0 Example 21 Prove that the equation 
5) 1 25 8x* + 8xy +2y*+26x+ 13y +15=0 represents a pair 
=> 12x2xrX+2x]-—|x—x(-5)-12x — . . ‘ 
2) 2 4 of parallel straight lines. Also, find the 
121 perpendicular distance between them. 
=a e NKao= 0 Sol. Given equation is 
 =2, also h? — ab=25-24=1>0 8x° + 8xy + 2y? + 26x + 13y +15=0 ...(i) 
:. The given equation will represent a pair of straight lines, Writing Eq. (i) as quadratic equation in x, we get 
if = 2, 8x” + 2x (4y +13) + 2y? + 13y +15=0 
Teen ero nnee ~2(4y +13) + 4/4 (4y + 13)? — 32( 2y? + 13y + 15) 
First method x= “ 
Substituting 1 = 2 in the given equation, we get F = ; 
= + _ 
12x? —10xy+2y*+11x—5y+2=0 _ ...(i) fp ty a) 
8 
Since, 12x? — 10xy + 2y” = 2(3x — y)(2x — y) _ = (4y +13) £7 
factors of Eq. (i) can be taken as am 8 
2(3x — y + 1) (2x — y + m) => 8x=—4y-13+7, ie. 4x+2y+3=0 
= 12x" — 10xy + 2y” + 2 (21 + 3m)x +2(-1- m)y+2lm and 8x=—4y-13-7, ie. 2xt+y+5=0 
Oncomparen etm = pi = on ie. the given Eq. (i) represents two straight lines 
2 2 2x+y+5=0 
Solving, we get 1 =2, m= 2 and ey - = 
a 1G, 2x+y+-=0 
Thus, the factors of Eq. (i) are 2 


1 both lines are parallel. 
23x —-yt+2)}2x-yt+—|=0 3 
2 5=— 
2 7 


or (3x —y+2)(4x -2y+1)=0. .. Distance between them = ———— = —— 
Pye 25 


.. The two straight lines represented by the given equation 


are 13 
Aliter: Here, A=8x2x15+2x—x13x4 
3x-y+2=0 and 4x-2y+1=0. 2 


Second Method 13)" ; : 
Writing Eq. (i) as quadratic equation in x, we get —8x (=) — 2x (13)" - 15x (4)" =0 
12x? +(-—10y + 11)x +2y? —5y+2=0 ana h? = (4)? =16=8x2=ab 


cr ; ; “. Given equation 
ee Loy + 11) + of (-10y + 11)? - 48 (2y? — 5y +2) 8x? + 8xy + 2y? + 26x + 13y +15=0 ...(i) 


ae represents two parallel straight lines. 
ice. 24x =(10y — 11) + (4y? + 20y + 25) Sines: 8x? + 8xy + 2y” = A2ax + y) 
= (10y — 11) + (2y +5) factors of Eq. (i) can be taken as 
24x =12y—6, Le. 4x-—2y+1=0 A2x +y+1)\(2x+y+m) 


and 24x =8y— 16, ie. 3x-y+2=0 = 8x? + 8xy + 2y” + 22m + 2l)x +2(m+4+1)y+2lm 
are the required lines. 


13 15 
On comparing, we get] +m=— and Im=— 
2 2 


Distance between them 


l=) +m)? - 4m 
ie #4) V5 
169 _ 60 
4 2 7 
V5 2/5 


Remark 
For comparing coefficients write equation in form 


coefficient of xis 2m + 2/ , cofficient of yis/ + mand coefficients 
of constant term is /m. 


i.e. /+m=—,/lm=— 
2 


Example 22 Find the combined equation of the 
straight lines passing through the point (1, 1) and 
parallel to the lines represented by the equation 
x? — 5xy +4y*+x+2y -2=0. 
Sol. Given equation of lines is 
x* —5xy + 4y*+x+2y-2=0. (i) 
Since, x” —5xy + 4y” =(x — 4y)(x— y) 
Factors of Eq. (i) taken as(x — 4y +1)(x-y+m). 
Now, equation of line through (1, 1) and parallel to 
x-4y+l=0is x-4y+A=0 


ie. 1-4+2A=0 
a A =3 
then line is x - 4y+3=0 (ii) 


and equation of line through (1, 1) and parallel to 
x-y+m=0 is x-y+u=0 
ie. 1-1+p=0 
“ wu =0 
then line is x-y=0 ... (iii) 
Hence, equation of lines Eqs. (ii) and (iii) is 
(x — 4y +3)(x-y)=0 
ie. x? —5xy + 4y” + 3x —3y=0 


Example 23 If ax* + 2hxy +by’? +2gx+2fy+c=0 

represents a pair of lines, prove that the area of 

the triangle formed by their bisectors and axis of x 

(a—b)? + 4h? 
[2h] 


ca—g? 
ab —h2/ 
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Sol. Given ax’ + 2hxy + by® + 2gx +2fy+c=0 ..-(i) 


The point of intersection of the lines given by Eq. (i) are 


_ f’ —be _ g’-—ca 
. (é =| - (é =2) 


Hence, equation of the bisectors of the lines given by Eq. (i) 
is 


(x —a)’ —(y-B)? | (x -a) (y -B) 
a-—b h 
For X-axis, y = 0. 
(x-a)* -B* _ —B(x-a@) 
a—b h 
or h(x -0)? +B (x-—a) (a—b)—hB*? =0 (ii) 


Eq. (ii) is a quadratic in (x — &) and let two values of x be x, 
and x,, so that its roots are 


x,-O and x,-Q 
(x, — @) + (x2 — @) = Sum of roots = 


~B(a—b) 
h 


(x, — ) (x. — @) = Products of roots = — B” 
Ix2 7 x,| = |(x2 — &)- (x, — O)| 


= y[(x2 — @) + (x, - a) P = 4 (x, — 0) (x, - 0) 


X_,—-x |= [eee ce : y +4 } 
= 5 y(a-b)? + 4h? 


. Area of AABC= ; BC) |AM| 


1 
= 5| x2 ~ al /B| 
; E la- by? + 4h? x [B| 
_ \(a— by’ + 4h? B2 


2h 
_ yla- b)? + 4h? ca — rae 
| 2n| ab—h? 
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Exercise for Session 4 


1. 


10. 


If Ax? + 10xy + 3y? —15x —21y + 18 =0 represents a pair of straight lines. Then, the value of A is 
(a)-3 (b) 3 (c) 4 (d)-4 


The point of intersection of the straight lines given by the equation 3y? — 8xy — 3x? —29x + 3y -18=0 is 


of) meg) ERS) 8-8 


If the equation 12x? 4 7Xy py” 18x + gy +6 =O represents two perpendicular lines, then the value of p and 


q are 


(a) 12,1 (b) 12, —1 (c) 12, 23 (d) 12, -= 


If the angle between the two lines represented by2x? + 5xy + 3y? +7y+4=0is tan” '(m), then m is equal to 


3 
(a) - : (b) (c) - . Gy 


ol a 


The equation of second degree xe 4 2/2xy 4 ay" + 4x + 4./2 y + 1=0 represents a pair of straight lines, the 
distance between them is 
(a) 2 (b) 2/3 (c) 4 (d) 4/3 


Find the area of the parallelogram formed by the lines 
2x? + 5xy + 3y” =O and 2x? + 5xy + 3y7 4+ 3x +4y +1=0. 


Find the locus of the incentre of the triangle formed by 
xy -4x -4y+16=0 and x+y=a (a>4,a #4,2 and ais the parameter). 


If the equation 2hxy + 2gx + 2fy +c =O represents two straight lines, then show that they form a rectangle of 


area a with the coordinate axes. 
Find the area of the triangle formed by the lines represented by ax +2hxy + by? + 29x + 2fy +c =0 and axis 
of x. 


Find the equations of the straight lines passing through the point (1, 1) and parallel to the lines represented by 
the equation x” —5xy +4y? + x + 2y -2=0. 


Session 5 


To Find the Point of Intersection of Lines 
Represented by ax2 + 2hxy + by2 + 2gx+ 2fy +c =0 
with the Help of Partial Differentiation, Removal 
of First Degree Terms, Equation of the Lines 
Joining the Origin to the Points of Intersection 
of a Given Line and a Given Curve 


To Find the Point of Intersection tio sirst wo sows 
of Lines Represented by ah g > axthy+g=0 
2 2 and hb f = hx+by+f =0and then solve. 
ax’ + 2hxy + by* +29x | ian een 
Example 24 Find the point of intersection of lines 
a 2fy +C= 0 represented by 2x* —7xy —4y*— x+22y -10=0. 


Let (x, y) =ax? +2hxy + by’ +2gx +2fy+c=0 Sol. Let 9 =2x" —7xy — 4y’— x + 22y-10=0 


cc) 


. eo =4x-7y-1=0 
oo 2ax +2hy +2 [treating y as constant] ax 
x 


i and a 


) 
and ayo 2hx +2by +2f [treating x as constant] dy 
then, the point of intersection is (x, y) = (2, 1). 


a ao 


For point of intersection —=0 and 
ox dy 


we obtain ax+hy+g=0 and hx +by+f=0 


=0, 


Removal of First Degree Terms 


Sei diem x y 1 Let point of intersection of lines represented by 
fh—-bg gh-af ab—h? ax’ + 2hxy + by’ + 2gx + 2fy+c=0 (i) 
Geax hae a oD) ae 
xY)=|5 a g— fh af-sg 
= = Here, (o, B) = : 
h’ —ab h* —ab f (a=2 a8) 
Working rule In practice, therefore, the general equation of For removal of first degree terms, shift the origin to 
second degree o =0, represents a pair of straight lines, we (a, B). 
) ) : : : 
solve its partial derivatives ad =0, oo =0 for their intersecting ie. Replacing x by (X +) and y be (Y + B) in Eq. (i). 
ox oy Aliter : Direct equation after removal of first degree 
point (x, y) =(a, B). essa is ; 
Remembering Method (without use of partial derivatives) ee ee lewd eee 
ah gg where, a= et 
=a 
Since, A=|h b f 
fic and B= af = gh 
& h? — ab 
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Example 25 Find the new equation of curve 
12x? + 7xy — 12y? — 17x — 3ly -7 =O after removing 
the first degree terms. 


Sol. Let $=12x" +7xy—12y* —17x —3ly -7 =0 ..(i) 
a) 
— =24x+7y—-17=0 
ox 


and ee 
dy 


Their point of intersection is (x, y) = (1, — 1) 

Here, a=1p=-1 

Shift the origin to (1, — 1) then replacing x = X + 1 and 

y =Y —1in Eq. (i) the required equation is 

12(X + 1)? +7(X + 1)(¥ -1)- 12(Y - 1) -17(X +1) 
-~31(Y —1)-7=0 

ie. 12X°+7XY —12Y" =0 


Aliter : 
Here, a=1landp=-1 
17 31 
and =-—,f=-—,c=-7 
. 2 f 2 
1 31 
gut fB+e=-—x1-—x-1-7=0 


.. Removed equation is 
aX? + 2nxY + by? +(ga+ fB +c)=0 
12X* +7XY —12Y* +0=0 
12X° +7XY —12Y’ =0. 


Example 26 Transform the equation x? + 4xy + y? 
y’2 x” 


Soe Ee Se 
be a’ 


—2x+2y+4=Ointo the form 


Sol. To remove the first degree terms, we shift the origin to the 


point (a, B). 

Then, es eae (a a lS 
h? —ab 4-1x1 

ua ee at Ce on cy 
h? —ab 4-1x1 


then, the transformed equation is 
X*+4XY+Y’+(ga+ fB +c)=0 
=> X?4+4xXY +Y* +(-1x(-1)+1x14+4)=0 
X?+4XY +Y?+6=0 ...i) 


Now, to remove the XY term from Eq. (i), we rotate the axes 
through an angle 0 given by 


cot20 = cae =0 ['. here a= }] 
2h 
=> cot20 =0 
> 20 = — or a 
=> gu gee 


Taking 0= x ee can also take 0 = 3 
4 L 4 | 
1 1 

=> cos§ = —=, sin® = — 
V2 V2 


Now, if (X’, Y’) be the coordinates of the point when the 


Tv 
axes are rotated through 0 = —, we have 
4 


x’-yY’ X’+Y’ 
X= a 
V2 V2 
then Eq. (i) becomes 
y’? D6 ye Xt? 
-o-=1> --—=1 
6 2 b2 a 


where, a’ =2and b’ =6. 


Equation of the Lines Joining 
the Origin to the Points of 
Intersection of a Given Line 
and a Given Curve 


Theorem The combined equation of the straight lines 
joining the origin to the points of intersection of a second 
degree curve 

ax® +2hxy + by” +2gx +2fy+c=0 


and a straight line x + my +n=0Ois: 


“mY ).op(* *m) 


=n =n 


Ix +my \° 
te (ae) =0 
—n 
Proof The equation of the curve (PAQ) is 
ax” + 2hxy + by” +2gx +2fy+c=0 ..-(i) 


l 
ax” + 2hxy + by’ +26 is 


and the equation of the line PQ be 


(ii) 


Ix +my +n=0 


> X 


From the equation of the line Eq. (ii), find the value of ‘1’ 
in terms of x and y, 


Ix + 
jie: aa Si iii) 
=11 


Now, the Eq. (i) can be written as 
or ax’ +2hxy + by® +(2gx +2fy)(1) + c(1)? =0 
Ix +my 


+c (==) =0_...(iv) 


—n 


or ax’ +2hxy +by* +(2gx +269) 


L 
[replacing 1 by ik from Eq. (iii)] 


Hence, the Eq. (iv) is homogeneous equation of second 
degree. Above Eq. (iv) on simplification will be of the form 
Ax* +2Hxy + By’ =0 and will represent the required 
straight lines. If @ be the angle between them, then 


_, | 2V(H* — AB) 


@=tan 
|A+B| 


Hence, the equation of pairs of straight lines passing 
through the origin and the points of intersection of a 
curve and a line is obtained by making the curve 
homogeneous with the help of the line. 


Example 27 Prove that the angle between the lines 
joining the origin to the points of intersection of the 
straight line y = 3x +2 with the curve 

22 


x? +2xy + By? +4x+8y—11=0 is tan” (2) 


Sol. Equation of curve is x” + 2xy + 3y” + 4x +8y—11=0...(i) 
y-3x _ 


and line y=3xt2> 1 ...(ii) 


Making Eq. (i) homogeneous with the help of Eq. (ii), then 


0. y—3x 
+8 
| 2 
2 
“1 (22% ) 0 
2 


=> x? + 2xy+ By" + 2xy — 6x? + 4y’ — 12xy 


=3 
x? + axy + 3y° + ax(2 
2 


11 ; 
-—-—(y-3x)° =0 
7 ) 


11 
=> — 5x? — 8xy + 7y” — —(y’ - 6xy + 9x”) =0 
4 
=> — 20x? —32xy + 28y* — 11y* + 66xy — 99x* =0 
=> 119x? —34xy —17y” =0 
=> 7x” —2xy-y’ =0 (iii) 


This is the equation of lines joining the origin to the points 

of intersection of Eqs. (i) and (ii). 

Comparing Eq. (iii) with ax? + 2hxy + by* =0 
a=7,h=-1,b=-1 
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If@ is the acute angle between pair of lines of Eq. (iii), then 


Seat 2h? -—ab _ 2/(1+7)_ 2v8 42 _ 22 


la+o| l7-il 6 6 3 


@= tan (22) 


3 


Example 28 Find the condition that the pair of 
straight lines joining the origin to the intersections of 
the line y=mx+c and the circle x? + y* =a may be 


at right angles. 
Sol. The equations of the line and the circle are 
y=mx+ce (i) 
and r+y=a (ii) 
The pair of straight lines joining the origin to the 
intersections of Eqs. (i) and (ii), is obtained by making 
homogeneous Eq. (ii) with the help of Eq. (i). 


y= mx _, 


y=mx+e > 
c 
2 
x? +y? =a’ (1) > xv+y=a’ (=| 
c 


=> x?(c? —a’m ) + 2ma?xy + y*(c? — a?) =0 


..-(iii) 
The lines given by Eq. (iii), are at right angles, then 
coefficient of x” + coefficient of y* = 0 


=> c?-a’m’? +c? -a’ =0 
2c? =a’ (1+ m’) 
which is the required condition. 
Example 29 Prove that the pair of lines joining the 
2 2 


sas Xx 
origin to the intersection of the curve —+ a =1by 
a 


the line Ix + my + n=0 are coincident, if a 


a7? +b*m? =n’. 
2 2 
Sol. The given curve is 2 + c =1 ..-(i) 
and line Ix+my+n=0 
> Ix+my=-n 
= REP TBY 224 (ii) 
—n 


Making Eq. (i) homogeneous with the help of Eq. (ii), then 
xy Ix + my : 
ea 


—n 
n?x? ny? 7 
=> pT EX + my” + 2lmxy 
a b 
n° 2 2 n? 2 2 
=> (E— ). =a + (B= \y =0 .. (iti) 


216 


Textbook of Coordinate Geometry 


This is of the form Ax” + 2Hxy + By* =0, Example 30 Show that the straight lines joining the 
ny origin to the points of intersection of curves 
then caer ik aoa ax* + 2hxy + by* +2gx =0 
F ny and a’ x? +2h’ xy+b’y?+29’x=0 
an = => 71 + . , -, 3 
b? are at right angles, if g’(a+b)= g(a’ +b’). 
The lines given by Eq. (iii) will be coincident, if Sol. The two curves meet in two points and the required lines 
H?— AB=0 = H2= AB joining the origin to these points will be obtained by making 
’ ‘ one equation homogeneous with the help of the other. 
=> Pm -[2-"| [rm ax” + 2hxy + by” + 2gx =0 (i) 
2 . a’x? + 2h’ xy + b’y? +2g’x =0 (ii) 
= Pm - n! _ n’m® _ Ln? 42m? Multiplying Eq. (i) by g’ and Eq. (ii) by g and subtracting, 
a’b? a’ b? we get (ag’ — a’ g)x” + (2hg’ — 2h’ g)xy + (bg’ — b’g)y’ =0 
n* 7 nem n2I? If the lines are at right angles, then coefficient of 
* 222 eer x’ + coefficient of y” =0 
a°b a b y 
> n?=b'm +a°l? => ag’ —a’g+bg’—b’g =0 
= oP pet =a a (at b)g’ =(a’ + b’)g. 


Exercise for Session 5 


1. 


10. 


If the straight lines joining origin to the points of intersection of the line x + y =1with the curve 

x? 4 y? + x —2y —m =Oare perpendicular to each other, then the value of m should be 

ayaa b) 0 c) — d) 1 

(a) , (b) (c) 5 (d) 

The pair of straight lines joining the origin to the common points of x24 7 =4and y =3x + care 
perpendicular, if c? is equal to 

(a) -1 (b) 6 (c) 13 (d) 20 

Mixed term xy is to be removed from the general equation of second degree 

ax? + 2hxy + by? + 2gx + 2fy +c =0, one should rotate the axes through an angle 9, then tan 20 is equal to 
a —b) (b) 2h a+b) 


( ( 
(@) 2h (a+b) (©) 2h (a-b) 


The lines joining the origin to the points of intersection of 2x? + 3xy —4x + 1=0 and 3x + y =1are given by 

(a) x? -y?-5xy=0 = (b) x* - y? + 5xy =0 (c) x? + y? — 5xy =0 (d) x? + y? + 5xy =0 

The equation of the line joining the origin to the point of intersection of the lines 2x? + xy — y2 + 5x-—y +2=Ois 
(a)x+y=0 (b)x -y=0 (c) x -2y=0 (d)2x+ y=0 

Find the equation of the lines joining the origin to the points of intersection of 3x —2y =1with 

3x? + 5xy —3y” + 2x + 3y =0 and show that they are at right angles. 


If the straight line joining the origin and the points of intersection of y =mx + 1and x? 4 ue = 1be perpendicular 
to each other, then find the value of m. 


Prove that the straight lines joining the origin to the points of intersection of the straight line kx + hy =2hk with 
the curve (x —h)* +(y —k)* =c? are at right angles, ifh? + k? =c?. 


Show that for all values of 4, the lines joining the origin to the points common to x? + 2hxy — y? + gx + fy =0 
and fx — gy = are at right angles. 


Find the equations of the straight lines joining the origin to the points of intersection of x? + y? -—4x -2y=0 
and x? + y* —2x —4y =4. 


Shortcuts and Important Results to Remember 


If slope of one of the lines represented by 

ax° + 2hxy + by® = 0 should be n times the slope of the 
other, then 4nh® = ab(1+n)’. 

If the slope of one of the lines represented by 

ax” + 2hxy + by® = 0 be the nth power of the other, then 
ory" Ae alpyinn| +2h=0 

If two of the three lines represented by 

ax? + bx*y +cxy* +dy? = 0 may be at right angles, then 
a’ +ac+bd+d* =0 

If pairs of straight lines x? +2m,xy — y? = 0 and 

x? + 2mpoxy — y* =0 be such that each pair bisects the 

angle between the other pair, then myn. =—-1 


5 


If the equation ax* + 2hxy + by? + 29x +2fy+c =0 
represents a pair of parallel lines, then 

(i) h? =ab, bg? =af*. 

2 — 
(ii) the distance between them =2 ier a0) 
a(a+ b) 
If ax® + 2hxy + by* + 2gx + 2fy+c =O and 
ax® + 2hxy + by® —29x —2fy +c = 0 each represent a pair 
of lines, then the area of the parallelogram enclosed by 
2lc| 
(h? —ab) 


them is 


JEE Type Solved Examples : 
Single Option Correct Type Questions 


= This section contains 6 multiple choice examples. Each 
example has four choices (a), (b), (c) and (d) out of which 
ONLY ONE is correct. 


Ex. 1 If the pairs of lines x? +2xy +Ay* =0 and 

Ax? +2xy +y* =0 have exactly one line in common, then 
the joint equation of the other two lines is given by 

(a)3x° +8xy —3y? =0 (b)3x? +10xy + 3y” =0 

(c) x? + 2xy -3y7=0 = (d) 3x? + 2xy -y” =0 
Sol. (b) Let y = mx, be a line common to the given pairs of lines, 

then 

Am? +2m+1=O0and m? +2m+A=0 
m m 1 


AA-1) (1-22) AAI) 


— m? =1and m= ~~ (2. +1) 


=> (Ati =4 > A41=2,-2 
A=1or-3 
But for 4 = 1, the two pairs have both the lines common. 


So, A = — 3 and the slope m of the line common to both the 
pairs is 1. Now, 


x? +2xy + Ay? =x? +2xy - 3y’ =(x — y)(x + 3y) 
and Ax? + 2xy + y? =—3x* +2xy +y*=—-(x-y)(3x+y) 


Hence, the joint equation of other two lines is 
(x + 3y) (3x + y) =Oor3x? + 10xy +3y” =0. 


» Ex. 2 The combined equation of the lines l, and |, is 
2x”? +6xy +y? =0 and that of the lines m, and m, is 
4x? +18xy ty’ =0. If the angle between |, and my iso, 
then the angle between l, and m, will be 

(a) 7 —a (b) 7 +0 (a (d) 201 
Sol. (c) The combined equation of the bisectors of the angles 
between the lines of the first pair is 
2 2 
x 7y xy 2 2_1 
== => x -y =-x 
2>1 3 . 3 of 


and the combined equation of the bisectors of the angles 
between the lines of the second pair is 
9 
- 1 
ie, ead 
4-1 9 3 


It is clear that the two pairs are equally inclined to each 
other. 


Hence, the angle between /, and m, is a. 


Ex. 3 The pair of lines V3x* — 4xy +V3y? =0 are 
rotated about the origin by © jin the anti-clockwise sense. 
6 


The equation of the pair in the new position is 


(a) x” — V3xy =0 (b) y? —V3xy =0 
(c) V3x? — xy =0 (d) V3y? —xy =0 


Sol. (c) The given equation of pair of straight lines can be written 


as 
(V3x — y)(x — V3y) =0 
1 
> y = ¥3x and y = =x 
V3 
> y =x tan 60° and y = x tan 30° 
After rotation, the separate equations are 


y =x tan 90° and y = x tan 60° 


> x =Oand y =xv3 

Hence, the combined equation in the new position is 
x(v3x - y)=0 

or 3x? —xy =0. 


Ex. 4 If the pair of lines ax” —2xy +by* =0 and 
bx* —2xy tay” =0 be such that each pair bisects the angle 


between the other pair, then|a — b| equals to 


(a) 1 (b) 2 
(c) 3 (d) 4 


Sol. (b) According to the example, the equation of the bisectors of 


the angle between the lines 
ax” —2xy + by? =0 ...(i) 
is bx? —2xy + ay’ =0 ...(ii) 


.. The equation of bisectors of the angle between the lines 
Eq. (i) is 


2_ 2 
x —y xy 
a-—b =1 
> x* +(a-b)xy -—y? =0 ...(iii) 


Since, Eqs. (ii) and (iii) are identical, comparing Eqs. (ii) and 
(iii), we get 


ee 

1 a-b -1 
= (a-—b)b=-2 
and (a-—b)a=2 
(a—b) =4 
or |a—b|=2 


» Ex. 5 The equation of line which is parallel to the line 


common to the pair of lines given by 3x* + xy — 4y* =0 and 
6x? +11xy +4y? =0 and at a distance of 2 units from it is 


(a)3x — 4y =- 10 
(c)3x + 4y =10 


(b)x -y=2 
(d) 2x +y=-2 


Sol. (c) We have, 3x” + xy —4y’ =0 


or (x- y)(3x + 4y)=0 

and 6x? +11xy + 4y” =0 

or (2x + y) (3x + 4y)=0 

Equation of line common to Eggs. (i) and (ii) is 

3x + 4y=0 
Equation of any line parallel to Eq. (iii) is 
3x+4y=A 

Since, its distance from Eq. (iii) is 2, we have 
a -o| 
(3? + 47) 


=2orXA =+10 


Hence, required lines are 3x + 4y = +10. 


» Ex. 6 The lines joining the origin to the points of 


intersection of x? + y? +2gx +c =0 and 


x? +y* +2 fy —c=0 are at right angles, if 


JEE Type Solved Examples : 
More than One Correct Option Type Questions 


Ex. 7 The lines joining the origin to the point of 


mG) 


...(ii) 


...(iii) 


This section contains 3 multiple choice examples. Each 
example has four choices (a), (b), (c) and (d) out of which 
MORE THAN ONE may be correct. 


intersection of 3x° +mxy —4x +1=0 and 2x + y -1=0 are 


at right angles. Which of the following is/are possible value 
of m? 


(a)— 4 (b) 3 (c)4 (d)7 


Sol. (a,b,c,d) Given line is 2x + y =1 


and curve is 3x” +mxy -4x+1=0 

Homogenising Eq. (ii) with the help of Eq. (i), then 
3x" + mxy — 4x(2x + y) + (2x + y)? =0 

or —x’+mxyt+y* =0 


the lines are at right angles as a+ b = 0, when h’ > ab 


m 
1.e. —+1>0 
4 


which is true for all me R. 


...(ii) 
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(Ne =f" =e 
(d) g? + f? =0? 


fag? + f° =c 
(c)g* -f* = 2c 


Sol. (c) Given, 


x? +y? +2gx+c=0 

and x+y? +2fy-c=0 
On subtracting Eq. (ii) from Eq. (i), we get 

2ex —2fyt+2c =0 


fy- sx _, 
Cc 


or 
On adding Eqs. (i) and (ii), we get 
Ax? + y? + gx + fy)=0 
or x+y? +gx+ fy=0 
Homogenising Eq. (iv) with the help of Eq. (iii), then 
x’ ty! +(gx + 6(2 — =| =0 
c 


.. The lines will be at right angles, when 


ea ae 


Ex. 8 The lines (lx + my)* —3(mx —ly)* =0 and 
lx +my +n=0 form 


(a) an isosceles triangle (b) a right angled triangle 


(c) an equilateral triangle (d) None of these 


Sol. (a,c) (lx + my)” —3(mx - ly)’ =0 


=> (1? —3m’)x? + 8mlxy +(m? - 317)y* =0 
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...(i) 
(ii) 


(iii) 


...(iv) 


= {(1 + mV3)x + (m — LV3)y} {(l —V3m)x + (m +v3l)y} =0 
Let slope of (J + m3)x +(m — 1/3)y = 0 be m, and slope of 


(1 — mV3)x +(m+ 1y3)y = 0 be m, and slope of 


Ix + my +n =0is mg. 


l 1+ m3 
Now, tan 0, = Ws le ms 
1+ mm, 1 (1+mv3 
ie oe 

m \m-I3 

2 2 

= ae 2 ae 
(l° + m*) 


=> 8, = 60° 


220 


Textbook of Coordinate Geometry 


Similarly, tan 0, = sks ah he PY 
1+ mm, 
=> 0, =60° 


Hence, an equilateral triangle is formed which is also an 
isosceles one. 


© Ex. 9 If the equationax? —6xy +y* +bx +cy +d =0 
represents a pair of lines whose slopes are m and m? , then 
the value(s) of a is/are 
(a) — 27 
(c) 8 


(b) -8 
(d) 27 


JEE Type Solved Examples : 
Paragraph Based Questions 


= This section contains one solved paragraph based upon 
each paragraph 2 multiple choice questions have to be 
answered. Each of these questions has four choices (a), (b), 
(c) and (d) out of which ONLY ONE is correct. 


Paragraph 
(Q. Nos. 10 to11) 

Consider the equation of a pair of straight lines as 
Axy — 8x+9y-12=0 
10. The value of A is 

(a) 0 

(c)4 
11. The point of intersection of lines is (a, fh), then the 


(b) 2 
(d) 6 


equation whose roots are ©, B, is 
(a) 4x? +x-8=0 (b)6x* + x —12=0 
(c) 4x* -x -8 =0 (d) 6x? —x —12=0 
Sol. Given equation is, 

Axy — 8x +9y -12=0 


Here, a=0,b=0,c=-12, 


9 x 
=—,9g=-4andh=— 
f 28 2 


Sol. (a,c): mand m’ are the roots of the equation 


[2] -6(2}+4=0 


m+m* =6andm-m’* =a ...(i) 
Now, (m+ m’)> =(6)° 


=m? +m° +3m-m* (m+ m*) = 216 


=> ata’ +3a(6) = 216 [from Eq. (i)] 
= a’ + 19a - 216 =0 
=> (a + 27)(a—8)=0 

a=-— 27,8 


10. (d) For A =0, 


9 x nr? 
0+2x2x-4x%-0-0412x — =0 
2 2 4 


=> 3° — 18A =0 
X= 0,6 
Hence, XN =6 ['. for A = 0, it will give an 


equation of first degree] 


11. (b) Let f(x,y) =6xy —8x + 9y -12 [. A = 6] 


OF ai sand Lox 49 


ox y 
For point of intersection of =0and of = 0, we get 
x y 
gantpalt 
27° 3 
3 
a =--= and B=— 
: B 


JEE Type Solved Examples : 
Single Integer Answer Type Questions 


= This section contains 2 examples. The answer to each 
example is a single digit integer, ranging from 0 to 9 
(both inclusive). 


© Ex. 12 If the sum of the slopes of the lines given by 
x? —2cxy —7y? =0 is four times their product, then the 
value of c is 
Sol. (2) Given, m, +m, = 4mm, 
2h a 
=> =4. 
b 
-c=-2x1>5c=2 


=> h=-2a 


JEE Type Solved Examples : 
Matching Type Questions 


= This section contains one solved example. This example 
has four statements (A, B, C and D) is Column I and four 
statements (p, q, r and s) in Column II. Any given 
statements in Column I can have correct matching with 
one or more statement(s) given in Column II. 


© Ex. 14 Match the following 


Column | Column II 
(A) Ifthe slope of one of the lines represented by | (p) | Odd prime 
ax’ +2hxy + by’ = Ois the square of the number 
2 
other, then ae + ay isa 
ab 
(B) | The product of perpendiculars drawn from | (q) | Composite 
the point (1, 2) to the pair of lines number 


x’ + 4xy + y” =0is A units, then [A] isa 
(where [-] denotes the greatest integer 
function). 


(C) Distance between two lines represented by | (r) | Even prime 


the line pairx” — 4xy + 4y? +x-2y-6=0 number 
is A unit, then [A] is a (where [-] denotes the 
greatest integer function). 
(D) If the pairs a,x? + 2hxy + by” =0and (s) | Perfect 
number 


yx? + 2hoxy + boy? = 0 have one line 
(ab, - ayb,)° 


common, then isa 
(Djhy — bohy) (aah, — ayhy) 


Sol. (A) > (q, s); (B) > (p); (C) > (1); (D) > (q) 


(A) Let mand m’ be the slopes of the lines represented by 
ax® + 2hxy + by” =0, then 
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© Ex. 13 If one of the lines given by 6x” —xy +4cy? =0 is 
3x + 4y =0, then the value of |c| is 
Sol. (3) «« 3x + 4y =0 is one of the lines given by 

6x? —xy +4cy" = 0, then 


2 
6x? x *2 | +40( =) =0 fey=- | 
4 4 4 


3. 9¢ 
— 6+—+—=0; + c=-3 
4 
Hence, |c|=3 
2 2h : 
m+m° =-— ml 
; (i) 
and mm? =" (ii) 
b 
3 
2h 
From Eq. (i), (m +m’) = (- =) 
3 6 2 2 8h° 
=>m +m PTE EI 


2 3 
=> ; a = + . ( 2) = = [from Eqs. (i) and (ii)] 


3 
=> oe ee eee 
a+b 8h° 

+-—=6 
h ab 


(B) Let y = mx and y = mx lines represented by 
x’? + 4xy ty” =0, then m, +m, = — 4, mym,= 1. Then, 
product of perpendiculars drawn from the point (1, 2) 
_ |@-m)@-m,)| 
(1+ m?) J + m3) 


| 4-2(m + m,)+mm, | 


i +(m, + my)° — 2mm, + (mm,)* 


_ [44841] 13 a 

J(1 + 16-2 +1) . 
et? 
4 


[A] =3 
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(C) Given, line pair is x” — 4xy +4y? +x -2y-6=0 
> (x —2y)’ +(x —2y)-6=0 
=> (x-2y+3)(x -2y-2)=0 
“. Lines are x — 2y +3 =Oand x —-2y-—2=0 
3-(-2 
Hence, distance between lines = BCS] = V5 unit 
Jil+4 
V=V5 
[A]=[V5]=2 


Hence, 


JEE Type Solved Examples : 
Statement | and II Type Questions 


=" Directions (Ex. Nos. 15-16) Each of these examples contains 
two statements. 
Statement I (Assertion) and 
Statement II (Reason) 


Each of these examples also has four alternative choices, 
only one of which is the correct answer. You have to select 
the correct choice, as given below : 


(a) Statement I is true, Statement II is true and Statement II is a 
correct explanation for Statement I 


(b) Statement I is true, Statement II is true and Statement II is 
not a correct explanation for Statement I 


(c) Statement I is true, Statement II is false 
(d) Statement I is false, Statement II is true 


Ex. 15 Statement I The combined equation of l,,l, is 
3x? +6xy +2y* =0 and that of m,, mp is 

5x? +18xy + 2y* =0. If angle between l,, m, is®, then angle 
between l,, m, is 9. 

Statement II /f the pairs of lines l,l, =0, msm, =0 are 
equally inclinded that angle between |, and m, = angle 
between l, andm,. 


Subjective Type Examples 


= In this section, there are 10 subjective solved examples. 


Ex. 17 If the lines represented by 2x* —5xy +2y* =0 be 
the two sides of a parallelogram and the line 5x + 2y =1 be 
one of its diagonal. Find the equation of the other diagonal, 
and area of the parallelogram. 

Sol. Given pair of lines, 2x” —5xy + 2y’ =0 
ie. (x — 2y)(2x — y)=0 
; x—-2y=0 and 2x-y=0 


(D) Let y = mx be the common line, then 

bm® + 2hym + a, =O0and bym? + 2hym + ay = 0. 
b, 2h, 
b, 2h, 


2h Q 
2h, ay 


a b 
x 


7 a, by 
=  A(dhy — byhy) (agh, — ahz) = (ab, - ayb,)” 


(a,b. — ayb,)° _ 
(bjhy — byh,) (anh — ayh2) 


Sol. (a) The pair of bisectors of 3x” +6xy +2y” = 0 is 


2 aie 
_ - = = ie. 3x” — xy —3y” = 0 and pair of bisectors of 
x -y? xy 
5x° + 18xy + 2y* = 0is == 
- ” 52 9 


ie. 3x° — xy —3y? = 0 are coincides. 
.. Angle between 1,, m; is same as angle between lp, mm. 


.. Both statements are true and Statement II is a correct 
explanation for Statement I. 


Ex. 16 Statement I The equation 
2x? - 3xy — 2y? +5x —5y +3 =0 represents a pair of 
perpendicular straight lines. 
Statement II A pair of lines given by 
ax? +2hxy + by* + 2gx +2 fy +c =0 are perpendicular if 
at+b=0. 
Sol. (d) Here, A # 0, h? >ab anda+b=0 
2x” — 3xy -2y" +5x -5y +3=0 
represents a rectangular hyperbola. 


. Statement I is false and Statement II is true. 


and the diagonal 5x + 2y = 1 does not pass through origin, 
hence it is AC. 


On solving, x -2y=0 and 5x +2y=1, we get 


> X 


Since, diagonals of parallelogram bisect each other, if bisect 
at H. 


Then, wees }S +3) 
2\6 9) 2\12 9 


Hence, the equation of other diagonal which passes through 
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=> {(1-+ m)y — (m= 1)x} (1+ mp)y —(m, = 1x} =0 
=> (14m) (1+ my, )y” — xy{(1 + m,)(m, -1) 

+(m, —1)(1+ m,)}+(m, - 1)(m, - 1)x? =0 
=> (1+ m, +m, + mm, )y® — 2xy(mm, — 1) 


+ {mm —(m, +m, )+ 1} x? =0 


2h_ a‘) » a a 2h 2 
> 1 + ly" — 2xy 1}+ + +1 )x° =0 
b ob b bob 


(a + 2h + b)x® — 2(a— b)xy +(a—2h + b)y? =0 


Ex. 19 Ifu=ax’ + 2hxy + by’ +2gx +2 fy +c=0 
represents a pair of straight lines, prove that the equation of 
the third pair of straight lines passing through the points 
where these meet the axes is cu + 4( fg — ch) xy =0. 

Sol. u=ax’ + 2hxy + by? + 2gx+ 2fy+c=0 


Oand His 
Mg 
y-0= 2 —(x-0) 
==) 
36 
> is ay 
10 


=> 11x —10y =0 
Now, area of parallelogram = 2 x Area of AOAC 
1 2 1 

see |= 
6 9 9 12 


sq units 


Ex. 18 Prove that the equation 
(a+2h+b)x? —2(a—b)xy +(a—2h+b) y* =0 represents 
a pair of lines each inclined at an angle of 45° to one or 
other of the lines given by, ax” + 2hxy + by? =0. 


Sol. Given equation is 


ax” + 2hxy + by’ =0 (i) 
Let the lines represented by Eq. (i) are 
y-—mx =0 ...(ii) 
and y-m,x=0 ... (iii) 
therefore, m, + m, = —- >. MM = ; 


If m, = tan@, and m, = tan@,, the equation of lines through 
the origin making 45° with the lines Eggs. (ii) and (iii) will be 
y —x tan(0, — 45°) =0 
and y — xtan(O, — 45°) =0 
Their combined equation is 
{y — xtan(0, — 45° )}{y — xtan(O, — 45°) }=0 


i [ mats}(y m,—-1 0 
1+m 1+ m, 


** urepresents a pair of straight line, then A = 0 
abe + 2fgh — af? — bg” — ch? =0 ..-(i) 


Combined equation of axes is xy = 0 


Now, the curve through the intersection of 
u =Oand xy =0is 


ii) 


> X 


ie. ax? + 2hxy + by” + 2gx +2fy+c+Axy =0 
=> ax’ + xy(2h+d)+ by? +2gx + 2fy+c=0 


If it represents a pair of lines, then 


2 
abe + afe{h + * | af? — bg? {o+4) =0 


= (abe + 2fgh — af? — bg? — ch? )+ Aue - oh) - Hao 
=> O+A(fe oh) -% =0 [from Eq. (i)] 
(goa) ...(iii) 


c 
Hence, the equation of third pair from Eggs. (ii) and (iii) is 
ut AC fg = ch) 2) xy =0 
c 
cu + 4( fg — ch) xy =0 


224 


Textbook of Coordinate Geometry 


Ex. 20 If the equation ax? + 2hxy + by* + 2gx 
+2 fy +c =0 represents a pair of parallel lines, prove that 


(i) h=ab and gVb = fa or(h =— ab and 
gb =- fa). 


(ii) the distance between them is 2 


Sol. Given equation is, 
ax’ + 2hxy + by’ + 2gx +2fyt+c=0 ..-(i) 
Let the equation of the parallel lines represented 
by Eq. (i) be 
Ix+my+n=0 andlx+my+n,=0. 
Then, (Ix + my +n) (Ix + my +n) 
= ax’ + 2hxy + by’ +2gx +2fyte 


Equating the coefficients, we get 


P=a ...(ii) 
m? =b ...(iii) 
nny =c ...(iv) 
2lm = 2h ...(v) 
(n +n,)l =2g ...(vi) 
mn +n) =2f ...(vii) 
Eq. (i) From Eq. (v) 
=> h=Im=+ ab 
Now, h=Jab or h=-/Vab 


abc + 2fgh — af? — bg” — ch” =0 
= abe + 2fgvab — af’ — bg? —c-ab=0 
[substituting the value of h = Jab] 
= ~-(f¥a-gvb)=0 = fva=gvb 
Thus, the given equation represents a pair of lines. 
Also, ifh=-Vab, then gVb=- fva 
(ii) The distance between parallel lines 


_ y(n t+ n,)° — 4nn, 


+m? 


|n —n)| 


- V2 +m’) 


= a a [from Eqs. (vi), (ii) and (iii)] 


[2 =a] 


Remark 


In some books, the conditions for parallel lines are stated as 
fh? = ab and bg? = af? 


we show that by an example that these conditions are not 
sufficient because 


h=ab => h=+VJab 
and bg? =af? => gVb=+ fa 


= h=VJab,gJb=fva or (h=- Jab, gVb = —fvVa) 


Consider, for example, 4x2 + 4xy + y? + 4x -2y +5=0 


Here, a=4,h=2,b=1,9 =2,f 1,c =5and 
h= ab, gVb =-fva 


But abc + 2fgh — af? — bg? - ch? 
=4x1x54+2x(-1)x2x2-4 x(-1)? 


=20-8-4-4-20=-16 #0 
Hence, the Eq. (i) does not represent a pair of lines at all. 


1x (2)? —5 x (2)° 


Ex. 21 A parallelogram is formed by the lines 
ax + 2hxy + by? =0 and the lines through (p,q) parallel to 


them. Show that the equation of the diagonal of the 
parallelogram which does not pass through origin is 


(2x — p)(ap + hq) + (2y —q ) (hp + bq) =0. 
Show also that the area of the parallelogram is 


|(ap? + 2hpq + bq’)| /2(h? —ab) . 
Sol. The combined equation of AB and AD is 
S, =ax® + 2hxy + by? =0 


Now, equation of lines through (p, q) and parallel to S, = 0 
is S, = a(x — p)’ + 2h(x - pl(y—q)+ Wy -q)’ =0 
C(p.q) 


A(0,0) 
Hence, the equation of diagonal BD is S, — S, =0 
a(—2xp + p* ) + 2h(—py — qx + pq) + b(-2gy + 4°) =0 


ap(2x — p) — hq(2x — p) — hp(2y — q) ~ bq(2y — q) = 0 
['. 2hpq is written as hpq + hpq] 


Hence, diagonal of BD is 
(2x — p) (ap + hq) + (2y — q) (bq + hp) =0 
Pip 


Area of parallelogram = = 
sin® 


=> pip. = product of perpendiculars from (p, q) on AB and 
AD whose combined equation is 

ax” + 2hxy + by? =0 

|ap* + 2hpq + bq’ 

\i(a- by? + 4h?} 


Pip2 = 


_ 2y(h? - ab) 


tan0 = 
(a + d)| 
2 — 
Seba 2,/(h~ — ab) 


(a — by? + 4h? 
|ap” + 2hpq + bq°*| 


2,/(h? — ab) 


Ex. 22 A point moves so that the distance between the 
feet of perpendiculars drawn from it to the lines ax? + 2hxy 


*. Required area = 


+ by? =0 is a constant 2k. Show that the equation of its 
locus is (x* +y”)(h? —ab) =k? {(a—b)? +4h7}. 
Sol. :- ZONP = 2 OMP = * 


“. O, M, P, N are concyclic with diameter OP. 


Let P=(x1,y1) 


> 


.. Coordinates of centre are O’ = (2 %) 
2- 2 


Radius r = O’ N= OM = OO’ 


Z (=) +(2 © _ (at t+ yt) 
2 2 2 
Let ZMON =0 
ZMO’N =20 > ZNO’L= ZMO’L=6 


and given MN = 2k, thenNL = LM =k 
Now, in ANO’L, 


NL k k 2k 
sin® = ——=—= 5 ma ; 5 ..(i) 
ON 4 xP ty?) (x? +9?) 

2 


But angle between the lines represented by 


2/(h? — ab 
ax’ + 2hxy + by” =Ois tan0 = a ae) 


jat+ DI 
2 —t 
Sy =a) sii) 
(a — b)* +4h? 
From Eqs. (i) and (ii), we get 
2j(h?-ab) _ 2k 


Va-b +4h? JG? +yD 


sin® = 
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On squaring both sides, we get 
(x? + y7)(h? — ab) =k? {(a— b)? + 4h?} 
Hence, locus of P (xj, y;) is 


(x? + y*) (A? — ab) =k? (a — b)’ +4h’}. 


Ex. 23 Show that if two of the lines ax* + bx’y + cxy” 
+dy* =0(a #0) make complementary angles with X-axis in 
a(a-—c)+d(b-—d)=0. 


Sol. The given equation can be written as 


anti-clockwise sense, then 


dm? + cm? + bm +a=0, where m =~ 
x 
Let its roots be m,, mz, m3. 
a : 
Mm, Mm, mz = —-— (i) 


If m, = tana, then m, = tan(90° — ©) 
[. two lines makes complementary 
angles with X-axis] 


my, = cota then mm, =1 


From Eq. (i), 


Mm; =—-— 


d 


Since, m3 is root of the above cubic, we have 


3 2 
d z +c 2 +H “)+an0 
ad? d’ d 


=> — a’ +ca’ — abd + ad’ =0 
On dividing each by a, we get 
—a’ +ca—bd+d* =0 
a(a-—c)+d(b-d)=0. 


Ex. 24 Show that the equation 
a(x* +y*) —4bxy (x? -y?)+6cx’y? =0 represents two 
pairs of lines at right angles and that if 2b* =a? +3ac, the 
two pairs will coincide. 
Sol. Given equation is 
4 4 2 2 eo . 
a(x” +y)— 4bxy(x° — y“)+ 6c xy" =0 (i) 


Eq. (i) is a homogeneous equation of fourth degree and 
since it represents two pairs at right angles. i.e. sum of the 
coefficients of x* and y’should be zero. 


Let a(x* + y*) — 4bxy(x? — y”) + 6cx?y’ 


=(ax" + pxy — ay” )(x* + gxy — y°), 

where, p and q are constants. 
On comparing similar powers, we get 
ptaq=-4b (ii) 


—2a + pq = 6c ...(iii) 
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Again, given two pairs coincide, then 


te 
or p =aq (iv) 
From Eqs. (ii) and (iv), 

_ 2b 

a 
and p=-2b 
Substituting the values of p and q in Eq. (iii), we get 

—2a+ aa = 6¢ 
a 

=> -a’ + 2b” =3ac 


2b" = a* +3ac 


Ex. 25 Show that the locus of a point such that the 
product of the perpendiculars let fall from it on three lines 
represented by ay*® + by*x + cyx? +dx® =0 is 
constant = k?, is 
ay? +by’?x +cyx? +dx? =k? Ka —c)? +(b-d)?’. 


Sol. Let the three represented lines are 


y=mMx, y= Mx andy = m3x 
ay° + by? x + cyx? tdxi = aly — m,x)(y — m,x)(y — m3x) 


On comparing similar powers on both sides 


b : 
> m, +m,+m;=-— ei) 
a 
c ts 
mm, +m ,m, +m3m, = — ...(ii) 
a 
d eat 
mmm; = —— ...(iii) 


Let the point P(x,, y,), from given condition 
(V1 — MX) (1 — M2x;) (V1 — M3X;) -k3 


Jatm?) Ja+m3) Ja+m3) 


1 
=> —(ay) + byyx, + eyxt + dx) 
a 


= (1 + m?) (1+ m3) (1 + m}) 
[< ay? + by’x + cyx? + dx? 


= a(y — mx) (y — m,x)(y — m3x)] 
= (ay) + byt x, + ey,xt + dx? ) 


7 ak? (1 + =m? + Umem? + memem) 


ak? {1 +(=m,)? — 22mm, +(Zmm,)° 


\ — 2mmzm3Lm, + (mmm; )?} 


=a? 44M an |) 
\ a’ a a a\a a 


= (a + b® —2ac + c* — 2bd + d’) 


=k3/{(a-c)? +(b-d)*} 
Hence, locus of P is 


(ay? + by*x + cyx® + dx?) = (a —c)’ +(b-d)*} 


Ex. 26 If one of the lines given by the equation 
ax* + 2hxy + by* =0 coincides with one of the lines given 
bya’ x? +2h’ xy +b’ y? =0 and the other lines represented 
by them be perpendicular, then . 
ha’ b’ 2 h’ ab _1 (<aa’ bb’) 
b’-a’ b-a 2 
Sol. Let the two lines represented by 


ax* + 2hxy + by? =0 ..-(i) 
be y=mx 
and y=mMx 
m, +m, = we ..-(ii) 
b 
a wg 
and mm, = ; ... (iii) 


and the lines represented by 


a’x? + 2h’xy +b’ y® =0 ...(iv) 
be gues and y=m,x 
mM 
ee _ _ 2h" AV) 
m, b’ 
and sau =* ...(vi) 
m, b’ 
From Eqs. (iii) and (vi), we get 
aa’ (—aba’ b’) 
mM) = > M,= 
bb’ bb’ 
—aba’ b’ 
From Eqs. (iii), we get m, = — alana’) 
a’b 
Substituting these values of m, and m, in Eqs. (ii) and (v), 
we get 
</—aba’ b’ re /—aba’ b’ _ 2h 
a’b bb’ b 
=> ec 2 aoe ...(vii) 
b’-a’ 2 
a’b —aba’ b’ 2h’ 
and + = 
v—aba’ b’ bb’ b’ 
: oF svn aba’ ...(Viii) 
-a 


From Eqs. (vii) and (viii), we get 


Pair of Straight Lines Exercise 1: 
Single Option Correct Type Questions 


= This section contains 12 multiple choice questions. 
Each question has four choices (a), (b), (c), (d) out of which 
ONLY ONE is correct. 


1. 


a 


> 


If the sum of the slopes of the lines given by 

4x? +2Axy—7y* =0is equal to the product of the 
slopes, then A is equal to 
(a)—4 (b) —2 (c)2 


The equation 3ax”? +9xy +(a” —2)y? =Orepresents two 


(d) 4 


perpendicular straight lines for 
(b) for all values of a 
(c) for only two values of a(d) for no value of a 


(a) only one value of a 


. The image of the pair of lines represented by 


ax” +2hxy +by* =0by the line mirror y = 0is 
(a) ax” —2hxy —by? =0 (b) bx” — 2hxy + ay’=0 
(c) bx? +2hxy tay” =0 (d) ax” — 2hxy + by? =0 


» Number of points lying on the line 7x + 4y +2 =0 which 


is equidistant from the lines 15x* +56xy +48y" =0is 
(a) 0 (b) 1 

(c) 2 (d) 4 

Orthocentre of the triangle formed by the lines 

xy —3x —5y+15=Oand 3x + 5y =15is 

(a) (—5, —3) (b) ©, 3) 

(c)(-3,—5) (d) (3, 5) 

Two of the straight lines given by 

3x° +3x’y—3xy* + dy® =Oare at right angles, if d 


equal to 

(a) —4 (b) -3 

(c)-2 (d)-1 

Two lines are given by (x — 2y)” +A(x —2y) =0. The 


value of | A | so that the distance between them is 3, is 


9. 


10. 


11. 


12. 


(a) V5 
(c) 3V5 


(b) 2v5 
(d) 4v5 


. The four straight lines given by the equations 


12x? +7xy—12y* =Oand 
12x* +7 xy —12y” —x+7y—1=Olie along the sides of a 


(b) rhombus 
(d) parallelogram 


(a) square 
(c) rectangle 


Distance between the parallel lines 
4x” + 20xy+25y” +2x +5y—12=0is 


3 5 
(a) iS (b) ea 

i 9 
(c) 29 (d) 29 


The point of intersection of the two lines given by 
2x” —5xy +2y? +3x+3y+1=0is 


(a) (— 2,2) (b) (- 3, 3) 
(c) 3,3) (d) 2, 2) 


Ifa,B>0 anda<f and 
ax? + 4yxy +By? +4p(x + y +1) =0represents a pair 
of straight lines, then 


(aja spsB (b) psa 
(c) p2a (d)p<aorp2f 
If the equation of the pair of straight lines passing 


through the point (1, 1), one making an angle 0 with the 
positive direction of the X-axis and the other making the 
same angle with the positive direction of the Y-axis, is 
x? —(at+2)xy+y? +a(x+y-1)=0,a#-2, then the 
value of sin 20 is 
(a)a—2 


2, 
OGD 


(b)a+2 
(a)2 
a 


Pair of Straight Lines Exercise 2 : 
More than One Option Correct Type Questions 


= This section contains 6 multiple choice questions. Each 
questions has four choices (a), (b), (c), (d) out of which 
MORE THAN ONE may be correct. 


13. 


The equation of image of pair of lines y=| x —1|in 
Y-axis is 

(a)y =| x+1| 

(c) x° -y? +2x+1=0 


(b) y =| x -1| +3 
(d) x* —y? +.2x-1=0 


14. 


The equation ax* + by*® + cx + cy =Orepresent a pair of 


straight lines, if 
(ajat+b=0 

(b) c=0 
(c)a+c=0 

(d) c(a + b) =0 
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15. 


16. 
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If x? +ay* + 2By =a’ represents a pair of 
perpendicular straight lines, then 

(aja =1,B =a 

(b)& =1,B=-a 

(c)a =-1,B=-a 

(d)o =-1,B =a 


18. 


If the pair of lines ax? + 2hxy + by” +2gx +2fy+c=0 
intersect on Y-axis, then 

(a) f? =be 

(b) abe =2 fgh 

(c) bg” # ch® 

(d) 2 fh = bg? + ch? 


17. Two pair of straight lines have the equations 


y? + xy- 12x” =Oand ax? + 2hxy +by* =0. 
One line will be common among them, if 

(a) a =—3(2h + 3b) (b) a =8(h —2b) 
(c)a=2b + h) (d) a =—3(b +h) 


The combined equation of three sides of a triangle is 
(x? — y*)(2x + 3y —6)=0. If (— 2, a) is an interior and 
(b, 1) is an exterior point of the triangle, then 


10 10 
ard ESOS 


()-1<b<> (d)-1<b<1 


Pair of Straight Lines Exercise 3: 


Paragraph Based Questions 


= This section contains 3 paragraphs based upon each of 
the paragraph, 3 multiple choice questions have to be 


answered. Each of these question has four choices (a), (b), 


(c) and (d) out of which ONLY ONE is correct. 


Paragraph I 
(Q. Nos. 19 to 21) 


Consider the equation of a pair of straight lines as 


2 
x- - 


19. 


20. 


21. 


Let f\ (x, y)= ax? + 2hxy + by? = Oand let f;., (x, y)=9 


3xy thy? + 3x-S5y+2=0 


The value of A is 24, 
(a) 1 (b) 2 

(c) 3 (d) 4 

The point of intersection of lines is (a, §), then the value 

of a? +B? is 

(a) 2 (b) 5 

(c) 10 (d) 17 


The angle between the lines is 0, then the value of cos 20 


is 


25. 
1 2 
a); 0); 
3 4 
5 ac 26. 
Paragraph II 
. Nos. 22 to 24 
(Q. Nos 0 24) 97, 


denote the equation of the bisectors of f;(x, y)= Ofor all 
1= 152535533 


22. f3(x, y) =0is 


(a) hx” —(a — b)xy —hy? =0 
(b) (a —b)x” + 4hxy —(a—b)y?=0 


23. 


(c) ax’ + 2hxy +by? =0 
(d) None of the above 


If f; .1(x, y) =0 represents the equation of a pair of 


perpendicular lines, thenf,(x, y)=0 is same as 
(a) fie y) =0 

(b) fils y) = 0 

(c) hx’ —(a — b)xy — hy? =0 

(d) None of the above 


2 fn+2(%y) ig 


The value of 
n=2 e (x, y) 
(a) 14 (b) 4 
(c) 54 (d) 6 
Paragraph III 


(Q. Nos. 25 to 27) 


Consider a pair of perpendicular straight lines 
2x? + 3xy + by”? -1lx+13y+c=0 


The value of c is 

(a) -2 (b) 2 

(c)-3 (d) 3 

The value of | b + 2c | is 

(a) 4 (b) 6 

(c) 8 (d) 10 

If point of intersection of lines is C and points of 


intersection of the lines with the X-axis are A and B, if 
distance between the orthocentre and the circumcentre 
of AABC is A, then [A] is (where [. ] denotes the greatest 
integer function 


(a) 2 
(c) 4 


(b) 3 
(d) 5 
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Pair of Straight Lines Exercise 4: 
Single Integer Answer Type Questions 


= This section contains 5 questions. The answer to each _—30, The lines represented by x* + 2Axy +2y* =Oand(A +1) 


question is a single digit integer, ranging from 0 to 9 
(both inclusive). . 
| A | is 
28. Equation Ax? — 10x? y re xy” te 4y* = 0 represented 31 
three straight lines, out of these three, two lines makes 
equal angle with y = x and A > 0, then the value of A is 
29. Area enclosed by curves y* —5xy + 6x” +3x—y=Oand 


y* —5xy +6x* +2x—y=0is A sq units, then the value 
of A is 


Pair of Straight Lines Exercise 5: 
Matching Type Questions 


angles, then the value of n 2G 


x” —8xy + y* =Oare equally inclined, then the value of 


. If the lines joining the origin to the intersection of the 
line y = nx +2and the curve x* + y* = 1are at right 


32. If area of the triangle formed by the line x + y=3 and 


the angle bisectors of the pair of straight lines 
x” —y” +2y=1is A sq units, then the value of A is 


= This section contains one question. This question has four statements (A,B,C and D) given in Column I and four 
statements (p, gq, r and s) in Column II. Any given statements in Column I can have correct matching with one or more 


statement(s) given in Column II. 


33. Match the following 


Column I 


(A) | The pair of lines joining the origin to the 
points of intersection of the curve 
9x? + 16)* = 144 by the line 2x + 2y +A = Oare coincident, then | A |is divisible by 


(B) If the straight lines joining the origin to the points of intersection of the straight line 4x + 3 y= 24 
and the curve (x — 3)? + (v- 4) =, are at right angles, then | A| is divisible by 


(C) The two line pairs > — 4 y+ 3=Oand x* + 4xy +4 — 5x -10y+ 4 =Oenclose a 4 sided 
convex polygon, if area of polygon is 4 sq units, then A is divisible by 


(D) If the pairs of lines 3x* — 2pxy — 3° = Oand 5x” — 2gxy — 5y* = Oare such that each pair bisects 
the angle between the other pair. If A =| pq |, then A is divisible by 


(p) 


(q) 


(r) 


(s) 


Column II 
2 
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Pair of Straight Lines Exercise 6: 


Statement | and II Types Questions 


= Directions (Q. Nos. 34-37) are Assertion-Reason type 
questions. Each of these questions contains two 
statements: 
Statement I (Assertion) and Statement IT (Reason) 
Each of these questions also has four alternative choices, 
only one of which is the correct answer. You have to select 
the correct choice as given below : 
(a) Statement I is true, Statement II is true; Statement II is a 

correct explanation for Statement I 


(b) Statement I is true, Statement II is true; Statement II is not a 
correct explanation for Statement I 


(c) Statement I is true, Statement II is false 
(d) Statement I is false, Statement II is true 


34. Statement I The four straight lines given by 
6x” +5xy —6y” =Oand6x* + 5xy —6y” —x+5y-1=0 
are the sides of a square. 
Statement II The lines represented by general equation 
of second degree ax” + 2hxy +by* +2gx +2fy+c=0 


are perpendicular if a+b=0. 


35. Statement I Two of the straight lines represented by 
dx* + cx’y + bxy*® + ay*® =Owill be at right angles if 
d? +bd+be +a’ =0. 


Statement II Product of the slopes of two perpendicular 
lines is — 1. 

36. Statement I If af = — 1, then the pair of straight lines 
x” —2axy—y* =Oand y* + 2Bxy— x” =Oare the angle 
bisector of each other. 

Statement II Pair of angle bisector lines of the pair of 
lines ax” + 2hxy +by? =0is A(x? — a )=(a— b)xy. 

37. Statement I If a+b =-— 2h, then one line of the pair of 
lines ax’ +2hxy +by* =Obisects the angle between 
coordinate axes in positive quadrant. 


Statement II If ax + y(2h + a) =0is a factor of 
ax” +2hxy + by? =0, then b+2h+a=0. 


Pair of Straight Lines Exercise 7: 


Subjective Type Questions 


= In this section, there are 7 subjective questions. 

38. Prove that the straight lines represented by 
(y — mx)? =a’ (1+m’) and (y —nx)* =a’ (1+n’) 
form a rhombus. 

39. Prove that the equation m(x* —3xy*)+y* —3x’y=0 
represents three straight lines equally inclined to each 
other. 

40. Show that the straight lines 
(A® —3B’)x? + 8ABxy + (B? —3A*) y? =0form with 
the line Ax + By + C =0an equilateral triangle whose 

C2 
S ———————— ts 
s3( A> + B*) 


area 1 


41. Find the equations of the diagonals of the parallelogram 
formed by the lines L? —aL =Oand L’* — aL’ =0, where 


L=xcos0@+ ysin®— p and L’ = x cos®’ + ysin® — p’. 


42. If ax? + 2hxy + by? + 2gx + 2fy+c=Oand 
ax” + 2hxy + by” —2gx — 2fy + c =Oeach represents a 
pair of lines, then prove that the area of the 


parallelogram enclosed by them is lel 


(h? — ab) 
43. Prove that lines ax” + 2hxy + by® + 2gx+2fy+c=0 
are equidistant from the origin, if 
f*' —g* =c(bf? — ag’). Also, find the product of 
their distances from the origin. 


44. Prove that if two of the lines represented by 
ax* + bx? y+ cx’y® + dxy* +ay* =0 
bisects the angle between the other two, then 
c+6a=0 and b+d=0. 
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Pair of Straight Lines Exercise 8: 
Question Asked in Previous 13 Years Exams 


= This section contains questions asked in IIT-JEE, ATEEER, 46. If one of the lines of my” +(1- m? )xy - mx” =Oisa 
JEE Main & JEE Advanced from year 2005 to 2017. bisector of the angle between the lines xy = 0, then m is 


45, If the pair of lines ax? + %atb)xy+ by’ =Olie long ‘ [AIEEE 2007, 3M] 


diameters of a circle and divide the circle into four (a) “| (b) -2 
sectors such that the area of one of the sector is thrice (c)1 (d) 2 
the area of the another sector, then [AIEEE 2005, 3M] 

(a) 3a° + 2ab + 3b” = 0 (b) 3a” + 10ab + 3b” =0 


(c) 3a” —2ab + 3b? =0 (d) 3a” —10ab + 3b” =0 
Answers 
Exercise for Session 1 Exercise for Session 5 
I.(c) 2. (a) 3. (b) 4. (b) 5. (c, d) I.(c) 2. (d) 3. (d) 4.(a) 5. (b) 
ciao ed 7. =, 6. 9x" + 10xy- 97 =0 7.41 10x? -xy-2y¥ =0 
9. (ab’ — a’ by = 4 (ah’ — ah) (h'b — hb’) Chapter Exercises 
; ; 1.(b) 2. (c) 3. (d) 4. (c) 5.(b) 6. (b) 
Exercise for Session 2 7.(c)  8.(a) 9.(c) 10.(c) 11.(d)  12.() 
1.(b)  2.(c,d) 3. (a) 4. (c) 5. (b, c) 13. (a,c) 14. (a,b, d) 15.(c,d) 16.(a,d) 17. (a,b) 18. (a, d) 
6. tan! (;) 8. sec! (+ p) 9. 2v3 sq units 19.(b) 20. (c) 21.(d) 22. (b)—-23. (a)_—.24. (b) 


25.(a) 26.(b)  27.(c) ~—-28.(7)_~—«-29.(1)_—-30. (2) 
31.(7) 32. (2) 
33. (A) > (p, 1); (B) > (); (C) > (p, g, 8); D) > (q, 1) 
34.(b) 35. (b) 36.(a) 37. (b) 
Exercise for Session 4 ‘A. x(cos0 — cos0’)+ y (sin@— sin@’)— p+ p’=0 
1.(b) 2. (d) 3.(a,d)  4.(b) 5. (a) 
6. 1 squnit 7.x- y=0 9, 1g" = acl_ — oe 
|a| [n? - ab (a—b) + 4h 


45.(a) 46. (c) 


Exercise for Session 3 
1. (b) 2. (a, c) 3. (a,c) 4. (b) 9.42 


and x(cos@ + cos0’)+ y(sin6 + sin@’)— p— p’-a=0 


10. x? — 5xy + 4y + 3x-3y=0 


Solutions 


1. 


mm +m, = mm, > ena 
=7 =7 
a 
. For perpendicular lines 
3a + (a® -2)=0 
= perk EVO +8) _-3 + Vi7 
6 6 


image of the pair of lines ax” +2hxy +by? = 0is 
ax” + 2hx(— y) +(- y)’ =0 
or ax’ —2hxy + by’ =0 
15x” +56xy + 48y" =0 
= (3x + 4y)(6x + 12y)=0 


Equation of lines represented by Eq. (i) are 
3x + 4y =Oand5x + 12y =0 


-7h-2 
Let any point on 7x + ty +2=0is(% = | 


According to questions, 


sno( A=) sho i2(—A=2) 
5 ~ 13 
= ee ee eee ery 
5 13 
[2A +1] |8A+3| 
=> OF 
5 13 
> 13(2A +1) = +5 (8A + 3) 
_i_14 
7 33 


. Given lines are xy —3x —5y + 15=0 


=3 
(0,3) al uf C (6,3) 
ERS X=5 
Xx 
ol A(6.0) 
=> (x -5)(y—-3)= 
x=5andy =3 


Hence, orthocentre is (5, 3). 


. 3x° + 3x°y —3xy? + dy? =(x? + pxy — y’) x -dy) 


On comparing coefficients of x’y and xy’, we get 
3p —d =3 
-—3-pd=-3 
p=0,d=-3 


and 


. For mirror image with respect to y = 0 replace y by — y, then 


10. 


11. 


(x —2y)? + A(x -2y) =0 
=> (x —2y)(x -2y + A)=0 
Lines are x- 2y =Oandx -2y+A=0 


Distance between lines = 3 


|A = 0| 

=> ————- =3 
(1 + 4) 

| A| =3V5 


12x" + 7xy - 12y” =0 
=> (@x+t 4y)(4x-3y)=0 
.. Lines represented by Eq. (i) are 

3x + 4y =Oand 4x -3y =0 

and 12x*°+7xy —12y*-x+7y-1=0 
> (3x + 4y —1) (4x -3y + 1) =0 
.. Lines represented by Eq. (ii) are 

3x + 4y -1=Oand 4x -3y +1=0 
Distance between parallel lines 3x + 4y = 0 and 


1 
3x + ss a 


And distance between parallel lines 4x — 3y = 0 and 


1 
esse 


Hence, all sides along a square. 


. Given, 


4x? + 20xy + 25y* + 2x +5y -12=0 
=> (2x + 5y)? + (2x + 5y) -12=0 
> (2x + 5y + 4) (2x + 5y -3) =0 
*, Lines represented by Eq. (i) are 


2x+5y+4=0Oand2x + 5y -3=0 
|4—-(3)| 


Hence, distance between parallel lines = 


) =2x* —5xy + 2y?+3x+3y4+1=0 


Let f(x, y 
OF ody end = Shapes 
Ox oy 
For point of intersection SP = 0 and Lig =0 
Ox oy 


= 4x-—5y +3=0and—5x+ 4y +3 =0, we get 

x=3,y =3 

*. Point of intersection is (3, 3). 

ox’ + 4y xy + By? + 4p(x+y+1)=0 

represents a pair of straight lines. 

“ A=0 

=> 40Pp + 16p*y —4p2a- 4p"B — 16y"p = 0 

=  (16p)y" - 16p*y + 4p(po. + pB — aB) = 0 
B’ -4AC 20 

=  (16p*)’- 4- (6p) - 4p (pa + pB - aB) 2 0 

= p'(p’ — po. — pB + a8) 2 0 

= (p — &) (p —B)2 0 
p<or p=Bp 


[ 


(given) 


...(i) 


a<B] 


12. Equation of first line is y — 1 = tan O(x — 1) 
Equation of second line is y — 1 = cot 0(x —1) 
So, their joint equation is 
[(y — 1) — tan 0(x 
=(y -1)° -(x-)y 
x? —(tan 0+ cot 0)xy + y? +(tan 0 


1)][(y -1) cot 6(x —1)]=0 
1) (tan @ + cot 0) +(x —1)? =0 


+ cot 0-2)(x+y-1)=0 
On comparing with the given equation, we get 
tan 0+ cot @=a+2 


1 
or ——— =a+2 
sin 0 cos 0 
2 
or sin 20 = 
(a + 2) 


13. For image w.r.t., Y-axis replace x by — x, then required image 
of lines is 


y=|-x-1|or y=|x+1| 
and on squaring both sides, then 
yr =x? 42x41 


=> x’ -y?+2x+1=0 
14. Given equation is 
ax’ + by’ + ex + cy =0 (i) 

Eq. (i) represents a pair of straight lines. 

: A=0 

= igiaee 0 

4 4 
or c'(a + b) =0 


c=O0ora+b=0 
15. Given, equation is 
x? + ay? + By —a* =0 (i) 
Equation (i) represents a pair of perpendicular straight lines 
.. A=0 and coefficient of x” + coefficient of y” = 0 
=> -—a’a—B? =0and1+ a=0 
a=-landB=+a 
16. Given pair of lines is 
ax” + 2hxy + by’ + 2gx +2fy +c=0 (i) 


*: Point of intersection of lines represented by (i) is 


hf —bg gh—af f? — be g’ —ac 
> or > 

ab-h? ab-h? h? — ab h? — ab 
For Y-axis put x = 0 

hf = bg, f? = be and h? # ab 
Also, A=0 

abe + 2fgh — af” — bg” — ch? =0 
For f? = be, 2 feh = bg? + ch? 


17. Let y = mx be the common line, then m? + m—12 = 0 and 
bm? +2hm+a = 0, then from first equation m = —4, 3 


Substitute m = —4 in second equation, then a = 8(h — 2b) and 
substitute m = 3 in second equation, then a = — 3(2h + 3b). 
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18. The separate equations of the sides are x + y = 0, x -y =Oand 


X’« 


Intersection of x = — 2 with y = — x and 2x + 3y —6 = 0 gives 
the range of values of a. 


10 
2<a<— 
3 


and intersection of y = 1 with y = x and2x + 3y —6 = 0 given 
the range of values of b 


-1<b<1 ['. (b, 1) is exterior point] 


Sol. (Q. Nos. 19 to 21) 
Given equation is x? —3xy + Ay? + 3x -—5y +2=0 


Here, a=1,b=i,c=2, 
5 3 
=--,¢=—andh= 
f a” 2 
19. A=0 
De! 3 25 9 9 
1XAxX2+2x x= x 1X Ax 2x—=0 
2. 2 2 4 4 4 
45 25 9d 
= ee ee 
4 4 
A 1 
> -—+==0 
4 2 
es A=2 
20. Let f(x, y) =x? —3xy + 2y?+3x—-S5y +2 [AS 2] 
a 3y + 3, un 3x+4y-5 
ox oy 
For point of intersection or = 0 and = 0, we get 
x oy 
x=-3,y=-1 


i a=-3andp=-1 
. The value of «” + B? is 10. 


2 — 
27. tan 0= eye Sa?) 


(a + b) 1+2 3 
1 1 
1—tan’ 0 9 «4 
. cos 20= th 2 = 
1+ tan” 0 i 5 
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Solutions (Q. Nos. 22 to 24) 


22. -- f(x,y) = ax? + 2hxy + by® =0 ...(i) 
bisectors of fi(x, y) is fi(x, y) 
Equation of bisectors of (i) is ~ as 7 = 
=> hx’? —(a — b)xy — hy’ =0 
folx, y) = hx? —(a — b)xy - hy’ =0 ...(ii) 
Now, equation of bisectors of (ii) is 
x = y’ = xy 
h-(-h) _(a—b) 
2 
vay? 2x 
~ eo fa-5) 
=> (a —b)x’ +4hxy —(a—b)y? =0 


f(x, y) =(a — b) x” + 4hxy —(a — b)y? =0 
23. f(x, y) = bx” — 2hxy + ay*=0 
and f,(x, y) = ax” + 2hxy + by? =0 


is same as fi(x, y) =0 
24, For alln >2 


fn + XY) = fal, y) 


Sus l%Y) _, 
tn y) 
> fn+ (% Y) 2 
Now, —_— = 1=14+1+1+1=4 
Oe 2 gags 


Sol. (Q. Nos. 25 to 27) 


For perpendicular straight lines, then 
coefficient of x* + coefficient of y* = 0 


> 2+b=0 
4 b=-2 
25. 2x° + 3xy —2y*-11x + 13y +c =0 


represents a pair of straight lines, then we have 


13 11_ 3 169 121 
2xX-2Xct+2~x x x 2x +2 X cx—=0 
2 2 4 4 
429 169 121 9 
> 4c =0 
4 2 2 4 
=> ¢c==2 
26. |b+2c|=|-2-4|=6 


27. Now, pair of lines is 2x? + 3xy —2y* —11x + 13y -2=0 
Let f(x, y) =2x” + 3xy —2y? -11x+ 13y -2=0 


SE = a4 3y —t1and L =3x— ay +13 
y 


ox 
of pend SG 


For point of intersection, — 


dx oy 
=> 4x+3y—-11=O0and3x —-4y +13=0 


28. 


29. 


Also, intersection on X-axis put y = 0. 
C 


(%5,0)B A(%1,0) 


M 


11 
2x*-11x+2=0 => a = 


.. Circumcentre of AABC => M [2 0| 


and orthocentre is 


2 2 
11 1 19 
. Required distance = [= = :| + [0 = 2) 
4 5 5 


8377 
A= a = 20.94 = 4.57 


[A] =[457] =4 
Given, 4y* — xy? —10x’y + Ax* =0 


oe ae ae 


Let y = mx, then 
4m3 — m? -10m+ A=0 


and let m,, m2, m; be the slopes of three lines, then 


1 ‘ 
m + m, +m; = 4 ..-(i) 


...(ii) 


10 
mm, + mm; + mm, = — 7 
nr a 
_ (iii) 


mmm, = — 


Since, two lines are equally inclined with y = x, so let mym3 = 1 


From Eq. (iii), m=—- x 
From Eq. (i), Mm, + m3 = At : ...(iv) 
and from Eq. (ii), 1 ( 4\(A2*)- m 

4 4 4 
> 16-2 -A=- 40 
> V+2-56=0 
> (A + 8)(A-7) =0 

N=-8,7 

Hence, N=7 [A > 0] 
ty? —5xy + 6x7 +3x-y=0 
> (3x -—y)(2x-y+1)=0 
and y? —5xy + 6x’ +2x-y=0 
=> (3x -—y +1)(@x-y)=0 


30. 


37. 


32. 


D C 
; P 
] Ra 
3 - 
oy 
A B 
2x-y=0 
1-0) -0 
.. Required Area = —_ =1sq unit 
2 -1 
A=1 


Given pairs are 

x? + 2axy + 2y*=0 
and (A + 1)x? -8xy + y? =0 
*: Equations of angle bisectors of (i) and (ii) are equal 


2 2 2 2 
x= x x" x 
> aes and aes must be same 


1-2 eda -—4 
=> Ds Sd ey, Hees 
-1 nr 
|A|=2 
Given, a 4 
2 
and x+y? =1 


Homogenising Eq. (ii) with Eq. (i), we get 


or (n? — 4)x’ —4 nxy —3y” =0 
The lines will be at right angles, when 
(n? — 4) +(-3)=0 > rn? =7 


xy? +2y=1 
= Pag —2y + i=y=1y 
=> x=+(y-1) 
ie. x-y+1=0Oandx+y-1=0 


*. Bisectors are y =1and x =0 


So, area between x = 0, y =1and x + y =3 is given by 


1 
aoe ec meetus 


A=2 


(ii) 


(ii) 
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33. (A) > (p, 1); (B) > (1); (C) > (p, 4, 5); (D) > @ 1) 
2x + 2y 
a =] 
=}, 
9x? + l6y* =144 


(A) Given 


and 
Homogenising Eq. (ii) with Eq. (i), we get 
2x +2y ) ° 


9x? + 1l6y” = 1a 


=> (9 —576)x” —1152xy +(16° —576)y? =0 
The lines are coincident, then 
(—576)° = (9X7 — 576) (1602 — 576) 


> 144A* —57622(25) = 0 
or 22 = 100 
| A| =10 
(B) Given, Be PAY 2 1 
24 
and (x -3)? +(y -4/ =? 
or x’ + y? 6x + 8y)+ 25-2 =0 


Homogenising Eq. (ii) with Eq. (i), we get 
2 
4x + 3y) 4x +3y 
x? + y? —6x + 8y) At) 45 i2)( ) =0 
yh y) a ( ) 7 
=> 16(25—2’)x? + 9(25 —2’)y? +(- 600 — 24”)xy =0 
The lines will be at right angles, when 
16(25 — A’°) + 9(25 - 27) =0 


= 625 — 250 =0 
=> = 25 
|A|=5 


(C) The lines pairs are (y — 1) (y —3) =Oie.y =1 andy =3 
the other line pair is x’ + 4xy + 4y? -5x -10y + 4=0 


Le. (x + 2y — 4)(x + 2y -1)=0 
or x+2y-4=Oandx+2y-1=0 
D ls C 
a 
Oe 
2 


> 
\ 


O 
A y=1 B 
Required area = gue = 6 sq units 
0 1 
d A =6 
(D) Equation of the bisectors of 3x” —2pxy —3y? = 0 is 
2_ 42 
xy xy 2 2 
=— => px’ + 6xy -—py” =0 
3-(-3) -p 
Which is same as 5x” — 2gxy —5y” =0 
6 = 
ice. Pw ie? os pg =~ 15 
5 -2g —5 


=| pq|=|-15|=15 
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-: Lines represented by 6x’ + 5xy —6y” = Oare I, :2x +3y =0, 
1, :3x —2y =0 
and lines represented by 

6x’ + 5xy —6y? —x+5y-1=0 
are 1,:2x+3y—-1=0 

1, :3x-2y+1=0 

L1t,1, 1,1, Ll, andl, 1 |. 
Also, |;, 1, intersect at (0, 0) and (0, 0) is equidistant from 1, and 
1,. These lines form sides of square. 
.. Statement I is true. 
Statement II is true but Statement II is not a correct 
explanation for Statement I. 
dx® + ex’y + bey? + ay? =(x" + pxy — y’)(dx — ay) 


On comparing, we get 


gent pl = pe (i) 
and b=-ap-d = Pea a ...(ii) 
a 
From Eq. (i) and Eq. (ii), 
cta -b-d 
d a 
> d’+bd+act+a’=0 


*, Statement I is true. 


Hence, both statements are true but Statement II is not correct 
explanation for Statement I. 


Pair of bisectors between the lines x” —20xy — y? = (is 


xy? xy 
i-Ci) -a 
=> ax? + 2xy - ay? =0 ..-(i) 
Comparing it with y? + 2Bxy — x’ = 0, then 
a 1A 
tif 
> op =-1 


Hence, both statements are true and Statement II is correct 
explanation for Statement I. 
Put 2h = —(a + b) in ax’ + 2hxy + by? =0 
> ax” —(a + b)xy + by? =0 
=> (x — y) (ax — by) = 0 
= One of the line bisects the angle between coordinate axes 
in positive quadrant. 
Also, put b =—2h—a inax — by, we have 

ax— by =ax —(—2h—-a)y 

=ax+t (2h+ a)y 
Hence, ax + (2h + a)y is a factor of 
ax” + 2hyx + by? =0 

*. Both statements are true but Statement II is not correct 
explanation for Statement I. 


38. 


39. 


From (y — mx)” =a’ (1 +m’) 


=> y-mx=ta (1+ m’) 
Lines y — mx =aj1+m? ..-(i) 


and y—mx =-aj1+m’? (ii) 
and from (y — nx)? =a? (1+ n?) 

=> y-nx=ta (1+ n?) 

.. Lines yr-nx= ajit+n? ...(iii) 
and yr-nx=- afi+n? ...(iv) 


Since, lines (i) and (ii) are parallel, the distance between 
lines (i) and (ii) is 


Jaxl1 + m? +aj1+m?| _ 


1+ m? 


Similarly, (iii) and (iv) are parallel lines and the distance 
between them = |2a|. Therefore, distance between parallel 
lines are same. 


|2a| 


Hence, lines (i), (ii), (iii) and (iv) form a rhombus. 


Dividing by x’, the given equation can be written as 
2 3 
n[s-42)) (2) 2) 
x x x 


writing Y = tan 0, we have 


AY 


AZ ons 
2 Ny 8 


m(1—3tan’@) + tan°@ — 3tan0 =0 


3tan@ — tan°0 
m= _ 


5 tan30 
1-3tan*0 
Let m = tan, 
then tan3@ = tango 
30=06, O+7, O+27 
> g=2 ed pen 


5. 3 3 a 3 
Thus, the given equation represents three lines through the 


T 2m 
origin and they are inclined at angles £ + <4 + — with 


the X-axis. Clearly, they are equally inclined to each other. 


40. Given pair of lines is 
(A? —3B’)x? + 8ABxy + (B’ —3A”) y? =0 i) 
Ax + By +C =0 ... (ii) 
Comparing Eq. (i) with ax? + 2hxy + by” =0 
a= A* —3B’, h=4AB,b = B’ -3A* 


Given line is 


If @ be the acute angle between the lines represented by 
Eq. (i), then 


_ ay(h? - ab) _ 21647B? — (A? — 3B?)(B? — 3A?) 
ja+b| \(A? =3B" + B? =3A7)| 


tan0 


_ 2f(3At +3Bt+6A7B’)  /3(A? +B?) _ ae 
(A® + B’) 


|-2(A* + B*)| 


Eq. (i) can be written as 
2 
in? = 2a) a sas(2) +(A? -3B?)=0 
x x 


Solving for y/x, we have 


y _ -8AB + /64.A7B? — 4(B? —3A?)(A? — 3B?) 


x 2(B* —3A*) 
_ -4AB + /16A7B? — (A7B? - 3B — 344 +9A7B’) 
(B®? - 3A’) 
y _ -4AB + /3(A? + B’) 
x (B? - 3A?) 
-4AB + 3 (A? + B’) 
> y = 2 2 x 

B?-3A 


Taking the positive sign, slope of one of the lines 
_ V3 (A? + B’)— 4B 
B’ - 3A? 
and slope of the line Ax + By + C =0is — A/B. 


Acute angle between these lines 


V3(A? +B’ )-4AB A 


a B? -3A? B 
= tan 
(4) /3(A? + B?) - 4AB 
B B? -3A? 
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_,|-3.A? + J3 A°B-3AB’ + ¥3B° 
—J3A? + A°B - J3AB’ + B° 
=tan™ (/3) = 60° 
then remaining third angle is 180° — (60° + 60°) = 60°. 


= tan 


“. The AAOB is equilateral. 
In AOAB, 
JOo+0+C| 
Length of 1 from Oon AB = p=OM= 
(ee By 
__|cl 
(A? + B’) 
and in AOAM, 
sin 60° = P= OA= an 
OA V3 
a 
aA? + B75 
Area of the equilateral triangle = (ide = 5, OA)’ 


8 4cf 
4  3x(A2+B’) /3(A® + B?) 


41. Lines of parallelogram are 
L=0,L=a 
L’=0,L’=a 


where, L=xcos0+ysin0 — p 
L’ = xcos0’ + ysin0’ — p’ 
Equation of the line AC, through the point of intersection 
L=0and L’ =0is 
L+AL’ =0 
It also passes through 
L=aand L’ =a, 

at+aAa=0 
Fe A=-1 
Hence, diagonal of AC is L-—L’ =0 
x (cosO — cos’) + y(sin® — sinO’) — p+ p’ =0 
Equation of the line BD through point of intersection of 
L=0and L’ =ais 

L+X(L’-a)=0 


then, 


ie. 
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it also passes through L =a and L’ =0. 
a+X(0-a)=0 
as A=1 
Equation of diagonal BD is L + L’-a=0 
=> x(cos8+ cos0’) + y(sinO + sin@’) — p— p’-a=0 
42. Let the first equation represents lines 
(Ix +my+n)(Lx+my+n,)=0 
then the second equation represents lines 


(Ix + my — n)(x + my — n,) =0 


On comparing coefficients, Jl, = a, mm, = b,nn, =c 
mn, + mn = 2f,nl, + nl =2g, lm, + l,m = 2h. 


Let the angle between two non-parallel lines be 0, then 


lat+b| 
2,/(h? — ab) 
sin§ = ——____ 
(a—b) + 4h? 
.. Area of parallelogram = Pipe 
sin® 


2 


L, +m 


|4nn,| 


(71? + m2? + m?l? + m?m?) 


Pip2 = J 
A|nn,| 
V2 + mm? + (Im, + hm)? - 4llmm,} 
4|c| 4|c| 
ya? +b? 44h? -2ab (a-b)? + 4h? 
PiP2 


sin® 


Area = 


_ 4lc| 
(a — by? + 4h? 


2lc| 
(h? — ab) 


2,/h? — ab 
(a — b)? + 4h? 


43. Given, equation 
ax” + 2hxy + by® +2gx +2fy+c=0 
represents two lines 
Ix+myt+n=0 and Lx+my+n,=0 
then, ax” + 2hxy + by? +2gx +2fy+ce 
=(Ix + my +n) (Lx + my +n) 


Comparing the coefficients of similar terms, we get 


ll, = a, mm, = b, nn, =c 


wi 
ee ees @ 


44, 


Since, the lines Ix + my +n =Oand1],x + my + n, =Oare 
equidistant from the origin, then 


| n | | 7, | 
2 2 2 2 
Jl +m ie +m 
272, 22 _ 202 202 
> nly +n°m =nylo +nym 
272 272 _ 22 22 
> nly —nyl° =npm* — nm, 


=> (nl, — nl) (nl, + nl) = (nym — nm,) (nym + nm,) 
On squaring both sides, we get 
(nl; — nl)’ (nl, + nl)? = (nym — nm, (nym + nm,)’ 
=> [(nl, +n 1) — 4ll,nn,] (nl, + nl}? 
=[(nym + nm) — 4mmnn,] [nym + nm,]° 
=  (4g° — 4ac)(4g*) =(4f* — 4be) (4 f°) 

[using the six relations] 
= (g? -ac)g’ =(f?-be)f? [from Eq. ()] 
= f* — g* =c(bf’ — ag’) 

Also, product of distances from origin to the lines 
represented by 


ax” + 2hxy + by® +2gx +2fy+c=0 
|n| [m1] 


Mie +m) Je +m) 


|nny| 


WCE +1?m? + m7l? + m?m?) 


|nn,| 


Hee +1?m? + m?l? + m’m;7) 


|nn| 


WCe + mm? + (Im, + ml, )° — 2ll;mm,) 


= le| [from Eq. (i)] 
(a? +b? + 4h? — 2ab) 
|c| 


~ a — by? + 4h? 


We know that bisectors are mutually perpendicular to each 
other, then 


ax* + bx*y + cx*y? + dxy? + ay* =0 
represents two pairs of mutually perpendicular lines. 
Let ax* + bx? y + cx*y? + dxy* + ay* 
=(ax* + pxy - ay’)(x° + qxy -y’) 
where, p and q are constants. 


Comparing the coefficients of similar terms, we get 


b=aq+p (i) 
c= pq-2a (ii) 
d=-p-aq iii) 
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On adding Eqs. (i) and (iii), we have "i A+3A+A+3A=ar° 
b + d = 0 => A = X 2 
From Eq. (ii), pg =ct+2a ...(iv) 8 
But given that bisectors of one pair are given by the other, => t Pony? [- area of sector = i 7° 
ie. 2 8 
x? -y* xy : ga” 
a-(-a) (p/2) = 


2 2 .. Angle between lines represented by 
x“ -y a 


> =— ..-(v) 2 2_ 9: 0 
4xy p ax” +2(a +b)xy + by* = 0is 7 
is the same as the other pair. ct Wad) ab 
2 2 => tan — = 
x" +qxy-y° =0 4 |a+b| 
2_ 42 2 
or oY ...(vi) = ee 2,/(a + b)” — ab 
any * jat+b| 
From Eqs. (v) and (vi), 4.4 = (a +b) = 4(a + b)? — 4ab 
P 2 3a” + 2ab +3b” = 0 


. lle 46. The equation of the bisectors of the lines xy = 0 are y = + x. 
Again from Eq. (iv), —4a=c+2a ; ; 

Putting y=+ xin 
c+6a=0 my” +(1 — m’)xy — mx’ = 0, we get 
45. Let A be the area of small sector, then area of major sector is 3.A. +(1—m’)x? =0 


=> m =1 
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Definition, Equation of Circle in Different Forms, 
Locus of the Mid-point of the Chords of the Circle 
that Subtends an Angle of 26 at its Centre 


A circle is the locus of a point which moves in a plane, so 
that its distance from a fixed point in the plane is always 
constant. 


The fixed point is called the centre of the circle and the 
constant distance is called its radius. 


P 


fixed : : 
(moving point) 


point 


constant 
distance 


C (centre) 


ie. CP =constant distance = Radius 


Equation of a Circle : The curve traced by the moving 
point is called its circumference. i.e. the equation of any 
circle is satisfied by co-ordinates of all points on its 
circumference. 

OR 


The equation of the circle is meant the equation of the 
circumference. 
OR 


It is the set of all points lying on the circumference of the 
circle. 


Chord and Diameter : The line joining any two points 
on the circumference is called a chord. If any chord 
passing through its centre is called its diameter. 


Q 


p 
A 


AB=Chord, PQ =Diameter 
where, C is centre of the circle. 


Equation of Circle 
in Different Forms 


1. Centre-radius form 
Let a be the radius and C (h,k) be the centre of any circle. 
If P (x, y) be any point on the circumference. 
Then, CP =a = (CP) =a’ 
= (x —h)? +(y -k)? =a” 
This equation is known as the central form of the 


equation of a circle. 


P(% y) 


Remark 


When, C(h, k) = C(0,0), then equation of circle becomes 
x? + y? =a? which is known as standard form of the circle. 


2. Parametric form 
If the radius of a circle whose centre is at C (0,0) makes an 
angle 8 with the positive direction of X-axis, then 0 is 
called the parameter. 

Let CP =a 


CM=x,PM=y = x=acos0,y=asin0 


~~ 


Hence, (a cos8, a sinO) or ‘0’ are the parametric 
coordinates of the circle x’ + y’ =a’ and x =acos® 
and y =a sin@ are called parametric equations of the 
circle x? + y? =a’ with parameters a and 0. 

(0 <0 <2n). 


Remarks 
1. The parametric coordinates of any point on the circle 
(x-h)?+(y-k)? =a are given by (h+ acosé,k + asin6) 
(0 <@<2nz) and parametric equations of the circle 
(x-h)? +(y-k)?=a° are x=h+acos®, y=k+asino. 
2. Equation of the chord of the circle x° + y? =a’ joining 
(acos a, asing) and (acosf, asin) is 


xeos(S2P) ysin( SF) acos(SF) 

2 2 2 

General form The equation of the circle with centre 

(h, k) and radius a is (x — h)? +(y- k)? =a’ 

or x? +y? —2hx —2ky +h? +k’? —a? =0 (i) 


which is of the form 


x? +y? +2gx +2fy +c =0 ...(ii) 
This is known as the general equation of a circle 
comparing Eqs. (i) and (ii), we get 


h=-g,k=-f and a=(g’ +f? -c) 


Coordinates of the centre are (—g, — f) and 
Radius = ./(g” + f? —c) (g? + f? 2c) 


Remarks 
1. Rule for finding the centre and radius of a circle 
(i) Make the coefficients of x? and y? equal to 1 and right 
hand side equal to zero. 
(ii) Then, coordinates of centre will be (a, B), 


where, a=~ = (coefficient of x) and B=~ (coefficient of y) 


(iii) Radius = {o +? —(constant term) 
2. Conditions for a circle A general equation of second 
degree 
ax? + 2hxy + by? + 29x + 2fy+c=0 
in x, y represent a circle, if 
(i) coefficient of x° =coefficient of y? 


i.e. a=b 
(ii) coefficient of xy is zero 
i.e. h=0 


3. Nature of the circle Radius of the circle 


x? 4 y? + 29x + 2fy+c=0is f(g? +f? -c) 


Now. the following cases are possible : 
(i) fg? + f? —c >0, then the radius of circle will be real. Hence 
in this case, real circle is possible. 
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(ii) If g? + f? —c=0, then the radius of circle will be real. 
Hence in this case, circle is called a point circle. 

(ili) If g? + f? —c <0, then the radius of circle will be 
imaginary number. Hence in this case, circle is called a 
virtual circle or imaginary circle. 

4. Concentric circle Two circles having the same centre 
C(hA,k) but different radii, and r, respectively are called 
concentric circles. Thus, the circles (x —h)? + (yk)? =A 
and (x -f)?+(y-k)?= te hs # Ip are concentric circles. 
Therefore, the equations of concentric circles differ only in 
constant terms. 


Example 1. Find the centre and radius of the circle 
2x? +2y? =3x—5y +7 
Sol. The given equation of circle is 


2x? +2y” =3x —S5y +7 


or (age<tye tps 
2 2 2 

If centre is (a, B), then 

_. if -3\.3 

- ( $\e2 

1/5 3 

“ ae Gs “a 
. Centre of circle is (a, B) ie. (2. - °) 


and radius of the circle 


= jo * + B® — (constant term) 


AE 25.7 [pers 34/10 
= Jo—+2+-= = 


16 16 2 16 4 


Example 2. Prove that the radii of the circles 
x? +y? =1,x7? +y?—-2x-6y=6 and 
x* +y* —4x-12y =9 are in AP. 


Sol. Given circles are x+y? =1 ...(i) 
x? +y" —2x -6y -6=0 ...(ii) 
and x? t+y* —4x -12y-9=0 ...(iii) 
Let 7, % and 1; be the radii of the circles Eqs. (i), (ii) and (iii), 
respectively. 
Then, eel 


r= (-1)° + (-3)° +6=4 
me rs = (-2)" +(-6) +9 =7 
Clearly, r, -7,=4-1=3=17r; -1r 


Hence, 7, 2,7; are in AP. 


Example 3. Find the equation of the circle whose 
centre is the point of intersection of the lines 
2x — 3y +4=0 and 3x+4y —5=0 and passes 


through the origin. 
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Sol. The point of intersection of the lines 2x —3y + 4 =0 and 
1 22 
sx +4y-s=0is(- 22) 
P F 1 22 
Therefore, the centre of the circle is at |} — —, — |. 


Since, the origin lies on the circle, its distance from the 
centre of the circle is radius of the circle, therefore, 


2 (22 \ fags 
o| + ol) S.[—2 
17 289 


.. The equation of the circle becomes 


1 ( 22) 485 
x + +ly = 
17 17) 289 


or 17 (x” + y”) + 2x - 44y =0 
Aliter : *. Point of intersection of the lines 2x —3y + 4 =0 
: 1 22 
and 3x + 4y—5 =0is| -—,— |. 
17 17 


1, 22 
Therefore, the centre of the circle is at (-52) 


Let required circle is 


x*+y" +2ex+2fy+c =0 (i) 


1 22 
Here, = | =—,c=0 
> 17 f 17 
['. Circle passes through origin] 
2x 44 
From Eq. (i), ey 4D ya 
q. (i) Oa Ge 
or 17(x* + y’)+2x —44y =0 


Example 4. Find the equation of the circle 
concentric with the circle x* + y* -8x+6y —5=0 


and passing through the point (—2,-7) . 


Sol. The given equation of circle is 
x? +y° —8x +6y-5=0 
Therefore, the centre of the circle is at (4, —3). Since, the 
required circle is concentric with this circle, therefore, the 
centre of the required circle is also at (4, — 3). Since, the 
point (—2, — 7) lies on the circle, the distance of the centre 
from this point is the radius of the circle. Therefore, we get 
r= y(4+2) +(-3+7)" = v52 
Hence, the equation of the circle becomes 


(x — 4)? +(y +3)? =52 


or x? +y" —8x + 6y — 27 =0 
Aliter : Equation of concentric circle is 

x? +y? -8x+6y+A=0 ..-(i) 
which pass through (—2,—7), then 


4+49+16-42+/A=0 
= -27 
From Eq. (i), required circle is 


x? +y" -8x + 6y—27 =0 


Example 5. A circle has radius 3 units and its centre 
lies on the line y = x —1. Find the equation of the circle 
if it passes through (7, 3). 
Sol. Let the centre of the circle be (h, k). Since, the centre lies 
on y= x —1, we get 
k=h-1 (i) 
Since, the circle passes through the point (7, 3), therefore 


the distance of the centre from this point is the radius r of 
the circle. We have, 


r=y(h-7) +(k-3) 


or 3=(h-7) +(h-1-3) [from Eq. (i)] 
=> 9=(h-7) +(h- 4) 

=> h® —11h + 28=0 

or (h-7)(h-4)=0 

or h=7 and h=4 


For h =7, we get k = 6 from Eq. (i) 

and for h = 4, we get k = 3, from Eq. (i). 

Hence, there are two circles which satisfy the given 
conditions. They are 


(x -7) +(y-6) =9 
or x’ +y’?—14x -12y+76=0 
and (x — 4)? +(y—3)? =9 
or x? +y* —8x -6y + 16=0 


Example 6. Find the area of an equilateral triangle 
inscribed in the circle 


x? +y? +29x +2fy+c=0. 


Sol. Given circle is 
x? +y" +2ex + 2fyt+c=0 wi) 
Let O be the centre and ABC be an equilateral triangle 
inscribed in the circle Eq. (i). 


0 =(-g,-f) 


and OA = OB=O0C =" + f?-c 


..(ii) 


In ABOM, sin60° = mallsd 
OB 
=> BM = OB sin60° = (08) 
BC =2BM = V3 (OB) (iii) 
Area of A ABC = . (BC) 
= = 3 (OB)* [from Eq. (iii)] 
33 


sree a — c) sq units. 


Example 7. Find the parametric form of the equation 
of the circle 
x? +y? + px +py=0. 


Sol. Equation of the circle can be re-written in the form 


2 2 2 
i-th po -8 
2 2 2 


Therefore, the parametric form of the equation of the given 


circle is 
P,P P 
- + cos8 = 1+ 2 cos0 
Ss F ( ) 
P,P. Pp . 
and = + sin8 = 1+ af sin® 
aaa a ; ( ) 


where, 0 <0 < 27. 


Example 8. If the parametric of form of a circle is 
given by 
(a) x =—4+5cos0 and y=—3+5sin0 
(b) x =acosa+bsina and y=asina—bcosa 
find its cartesian form. 
Sol. (a) The given equations are 
x=-4+5cos0 
and y=-3+5sin0 
or (x + 4) =5cos0 (i) 
(y +3) =5sin® ...(ii) 
Squaring and adding Eqs. (i) and (ii), then 
(x +4)? +(y +3) =5° 


and 


or (x + 4)? +(y +3)? =25 

(b) The given equations are 

(iii) 
...(iv) 


x =acosa + bsina 

y=asina —b cosa 
Squaring and adding Eqs. (iii) and (iv), then 
x* +y* =(acosa + bsina)’ + (asina — b cosa)? 


=> e+y=a td? 


Chap 04 Circle 245 


Locus of the Mid-point of 
the Chords of the Circle that 
Subtends an Angle of 20 at 
Its Centre 


Let mid-point M(x,,y,) and centre, radius of circle are 
(h,k), r respectively, then 


CM _ Vx, -h)? +01 - 8) 


A 


rae 


cos0 = 


(x—h)? +(y—k)? -r’ 7 


2 
r 


2 
sin’ 0 


.. Required locus is 


Remembering Method : 


First make coefficient of x” = coefficient of y” =1 
LHS of circle 2 
=-sin* 0 


(radius)* 


and RHS of circle is zero, then 


Example 9. Find the locus of mid-points of the 
chords of the circle 4x? +4y? —12x+4y+1=0 that 


2 cs 
subtend an angle of = at its centre. 


Tt 


Sol. Here, 20 = a = 9 =— 
3 3 


Equation of circle can be written as 
1 
x? ty? -3xty+—=0 
4 
.. Required locus is 


fo s9f Agayee 
y re % 
=-—-sin = 
3 4 


27 


Zp 2 
> x+y -3xtyt—=- 
e P 4 16 


or 16(x” + y’)— 48x + 16y +31=0 
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Exercise for Session 1 


1. 


10. 


If x? + y" —2x +2ay +a+3 =O represents a real circle with non-zero radius, then most appropriate is 


(a) a € (—29- 1) (b) a € (-1, 2) 
(c)a € (2) (d)a €(-,- JU (2) 

If the equation ax? + (2—b )xy + 3y” —6bx + 30y +6b =O represents a circle, then a? +b? is 
(a) 5 (b) 13 

(c) 25 (d) 41 

The equation of the circle passing through (4, 5) having the centre at (2,2) is 

(a) x? + y? + 4x + 4y-5=0 (b) x? + y? — 4x - 4y -5=0 

(c) x? + y? -4x -13=0 (d) x? + y? - 4x -4y + 5=0 


Equation of the diameter of the circle is given by x? + We —12x + 4y + 6 =Ois given by 


(a)x+y=0 (b) x + 3y =0 

(c)x=y (d) 3x + 2y=0 

If the lines 3x —4y +4 =0 and 6x —8y —7 =O are tangents to a circle, then the diameter of the circle is 
3 

a)=— b)3 

( 5 (b) 
3) 

c)= d)5 

( MS (d) 


Tl ™ 
(a) 7 (b) 5 
(c) x (d) 2n 


The lines 2x —3y -5=0 and 3x —4y =7 are diameters of a circle of area 154 sq units, then the equation of the 
circle is : 

(a) x? + y? + 2x - 2y -62=0 (b) x2 + y? + 2x - 2y-47=0 

(c) x? + y? - 2x + 2y-62=0 (d) x? + y? — 2x + 2y-47=0 


If the lines 2x + 3y +1=0 and 3x — y —4 =Olie along diameters of a circle of circumference 107, then the 
equation of the circle is 

(a) x? + y? — 2x + 2y-23=0 (b) x? + y? — 2x - 2y-23=0 

(c) x? + y? + 2x + 2y-23=0 (d) x? + y? + 2x -2y-23=0 


The triangle PQR is inscribed in the circle x? 4 y" = 25. If Qand R have coordinates (3, 4) and (-—4,3) 
respectively, then ZQPR is equal to 


™ ™ 
a)— b)— 
(a) 5 ( I 
™ Tl 
c)— d) 
( 4 ( i 
If a circle is concentric with the circle x? 4 y? 4x —6y + 9=0 and passes through the point (—4, —5), then its 
equation is 
(a) x2 + y? + 4x + 6y - 87=0 (b) x? + y? — 4x + 6y + 87=0 


(c) x? + y? - 4x - 6y - 87=0 (d) x? + y? + 4x + 6y + 87=0 


11. 


12. 


13. 
14. 


15. 


16. 


17. 
18. 
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Let AB be a chord of the circle x? + yo =? subtending a right angle at the centre. Then, the locus of the 
centroid of the APAB as P moves on the circle is 

(a) a parabola (b) a circle 

(c) an ellipse (d) a pair of straight lines 


Let PQ and RS be tangents extremities of the diameter PR of a circle of radius r. If PS and RQ intersect at a 
point X on the circumference of the circle, then 2r equals 


(a) \PQ-RS (b) cone 
2PQ.RS (PQ)’ + (RS)? 


(c) (d) 


PQ+RS 2 
Find the centre and radius of the circle 5x? + 5y? + 4x —8y =16. 


Prove that the centres of the circles x? + y? =1x? + y? + 6x —2y -1=Oand x? + y* -12x + 4y =1are 
collinear. 


Find the equation of the circle whose centre is (1,2) and which passes through the point of intersection of 
3x + y =14 and 2x + 5y = 18. 


Find the equation of the circle passing through the centre of the circle a" y? —4x -6y =8 and being 
concentric with the circle x? + y? -2x -8y =5. 


Prove that the locus of the centre of the circle ; (x? + y?)+ x cos0+ y sind-4 =0 is x? + y? =1 


Find the equation of the following curves in cartesian form. If the curve is a circle, then find its centre and radius 


xX =-1+2cosa,y=3+2sina (0<a<2n) 


Session 2 


Diametric Form of a Circle, Equation of Circle 
Passing Through Three Non-Collinear Points 


Diametric Form of a Circle 


Theorem : The equation of the circle on the line segment 
joining (x,, y,) and(x,, y,) as diameter is 

(x — x, )(%~ x2) +(Y~ V1) ~ 2) =0. 
Proof: Let A(x,,y,) and B(x,, y,) be the end points of 
a diameter and let P (x, y) be any point on the circle 


Y 
A 
. 
ps ) 
hie 
aw 
XK ut “i 
Aa 
y 
Now, Slope of AP = ae 
x—X; 
and Slope of BP = J. 


X—Xp 
Since, Z APB = 90° 
“. Slope of AP x Slope of BP =-1 
(PP) gg Va) 
(x—x,) (x—x2) 


=>  (x-x,)(x-x,)+(y-y1) (y-y2) =0 


=-1 


=> 


Remark 
The diameteric form of a circle can also be written as 
xP y2 =H (x + Xp) —YV (Wy + Vo) + Xp + VyVo =0 
or xe+ y? —x (sum of abscissae) —y (sum of ordinates) 


+ product of abscissae + product of ordinates =0 


Example 10. Find the equation of the circle the end 
points of whose diameter are the centres of the circles 
x? + y?4+6x—14y =1and x? + y* —4x+10y =2. 


Sol. The centres of the given circles 
x? +y? +6x—-14y-1=0 
and x? + y’ — 4x +10y —2=0are(—3,7) and(2, —5), 
respectively. 
According to the question, the points (—3, 7) and (2, —5) are 
the extremities of the diameter of required circle. 
Hence, equation of circle is 
(x +3)(x-2) +(y -7)(y +5) =0 
> x+y? +x—-2y-41=0 


Example 11. The sides of a square are 

X =2,xX=3,y =1and y =2. Find the equation of the 
circle drawn on the diagonals of the square as its 
diameter. 


Sol. Let ABCD be a square and equation of its sides 
AB, BC, CD and DA are y =1,x =3,y=2, and x =2, 


respectively. 
<r 


(2, 1) (3, 1) 


Then, A = (2,1), B= (3,1), C = (3,2) and D = (2, 2) 
Since, diagonals of squares are the diameters of the circle, 
then equation of circle is 
(x — 2)(x — 3) +(y-I)(y — 2) =0 
=> x+y? —5x —3y+8=0 (If AC as diameter). 


Example 12. The abscissae of two points A and B 
are the roots of the equation x* + 2ax —b” =0 and 


their ordinates are the roots of the equation 
x? + 2px — q* =0. Find the equation and the radius 


of the circle with AB as diameter. 


Sol. Given equations are 
x* +2ax —b* =0 ...(i) 


and x* + 2px —q? =0 


...(ii) 
Let the roots of the Eq. (i) be « and and those of Eq. (ii) be 


y and 6. Then, 

Ge ae 

Let A =(a, y) and B = (8, 4). 

Now, equation of circle whose diameter is AB will be 
(x -a)(x-B)+(y—-y)(y- 8) =0 

=> x +y?-(4+B)x-(y +8) y+ oB +5 =0 


> x? +y" + 2ax + 2py — b? —q? =0 


and 


radius = Ka +p’ +b’? +q’) 


Equation of Circle Passing 
Through Three Non-Collinear 
Points 


Let the equation of circle be 
x? +y? +2gx +2fy+c=0 ..-(i) 
If three points (x,,y,),(X»2, V2 ),(x3, 3) lie on the circle 


Eq. (i), their coordinates must satisfy its equation. Hence, 
solving equations 


xi +yi +2gx, +2fy, +¢=0, (ii) 
x+y; +2gx, +2fy, +c =0, (iii) 
and xe +y; +2gx,+2fy, +c=0, (iv) 


g, f,c are obtained from Eggs. (ii), (iii) and (iv). Then, to 
find the circle Eq. (i). 
Aliter : Eliminate g, f,c from Eqs. (i), (ii), (iii) and (iv) 
with the help of determinant 
x? + y x y 
x i ty i xX, V1 
29 2 
X2+Y2 Xp Vo 


2 2 
X34+Y3 X3 V3 


PP PP 
Il 
j=) 


which is the required equation of circle 


Applying R, > R, —R,4,R, ~R, —R, and R, > R,-R, 
then, we get 

L4G =4,-y5. = ey P75, 0 

2 2 2 2 

Xp +Y,—X3-V3  X1—-X3 Vi -V3 Cl_y 

x5 +93 -*3 -¥3 X,.—X3 Yo-Y3 0 

2 2 

x3 +3 x3 Y3 1 
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2,02 2 2 
x ty —X3—Y3 


X—-X3 VY Y3 
; 2,.2 2 2 - 
Le. Xp +Vy—%X3-Y3 X~-X3 Y, -Y3/— 
2,.2 2 2 
Xo +y¥2—X3 7-3 X_-X3 V2 —3 


Remarks 


1. Cyclic quadrilateral |f all four vertices of a quadrilateral lie 
on acircle, then the quadrilateral is called a cyclic 
quadrilateral. The four vertices are said to be concyclic. 


2. Concyclic points If A, 6,C, Dare concyclic, then 
OA: OD = OB- OC 
where, O’ be the centre of the circle. 
A 


Cc 


Example 13. Find the equation of the circle which 
passes through the points (4, 1),(6, 5) and has its centre 
on the line 4x+ y =16. 

Sol. Let the equation of circle be 


x? +y" +2ex +2fyt+c=0 ...(i) 
Since, the centre of Eq. (i) ie. (—g, — f) lies on 4x + y = 16 
then, —4g—-—f =16 
or 4g+f+16=0 ..(1i) 
Since, the points (4, 1) and (6, 5) lie on circle 
x’ +y’ +2gx + 2fy +c =0, we get the equations 

16+1+8g+2f +c=0 
or 17+8g+2f +c=0 ...(iii) 
and 364+25+12¢ +10f +c =0 
or 61+ 12g +10f +c=0 ...(iv) 
Subtracting Eq. (iii) from Eq. (iv), then 

44+49+8f =0 ...(Vv) 
Solving Eqs. (ii) and (v), we get 
f=-4 and g=-3 

Now, from Eq. (iii), 17 — 24 -8+c =0 
=> c=15 


Hence, the equation of circle becomes 


x? +y" —6x —8y +15=0 


Example 14. Find the equation of the circle passing 
through the three non-collinear points (1,1),(2,—1) and 
(3;2) 
Sol. Let the equation of circle be 
x? + y? +2gx +2fy +c =0 z(i) 
Since, the three given points lie on circle Eq. (i), we get 
1+1+2¢+2f+c=0 
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or 2g+2f +c+2=0 ...(ii) 
=> 4+1+4g9-2f +c=0 
or 4g -2f +c+5=0 ...(iii) 
=> 9+4+6g+4f+c=0 
or 6g +4f +cot+13=0 ...(iv) 


Subtracting Eq. (ii) from Eq. (iii) and subtracting Eq. (iii) 
from Eq. (iv), then 
2g —4f +3=0 (Vv) 
and 2g +6f +8=0 ...(Vi) 
Solving Eq. (v) and Eq. (vi), we get 
1 5 
f=- . and g=- 
Now, from Eq. (ii), -5 -1+c+2=0 
an c=4 
Hence, from Eq. (i), equation of circle is 
x? +y? —5x-y+4=0 


Aliter I Equation of circle passing through three points 
(1, 1), (2, -1) and (3, 2) is 


x? + y? x y il 
a a Oe a | P 
2? +(-1)? 2 -1 1 
342? 3 2 1 
x? + y? x y 1 
a 2 4 Wt acy 
5 2--s1 1 
13 3 2 1 
Applying R, > R, — R,,R, > R, — R, and R, > R, — Ry, 
then 
x? + y? —2 6 atl y-1 0 
2 1 1 1 
> =0 
3 1 —2 0 
11 2 1 0 
Expand with respect to fourth column, then 
xt y’ =2. x=1. yd 
3 1 —2 |=0 
11 2 1 


Expand with respect to first now, then 


AY 


B(2.-1) 


Let D and E are the mid-points of BC and CA, then 


2.2 

Slope of BC = oe 4 
3-2 

Slope of OD = — = 


1 1 5 

.. Equation of OD, y--=- = [x - =| 
2 2 
3 


3 
=> 6y —3=-2x4+5 
2x +6y -8=0 ..-(i) 
or x+3y-4=0 
and Slope of CA aot Se 
T=3): <2 


Slope of OE = — 2 


*, Equation of OE, 
3 
~==-2(x-2 
Is (x —2) 
> 2y-3=-4x+8 
> 4x +2y-11=0 ...(ii) 


5 1 
Solving Eq. (i) and Eq. (ii), we get x = : and y= ; 
: of oe : 
*, Circumcentre is (S :] and radius 


ene) 


.. Equation of circle is 
(x —5/2)? +(y—1/2)? =5/2 


=> x? +y>-5x-y+4=0 


Example 15. Show that the four points 
(1,0), (2, —7), (8, 1) and (9, — 6) are concyclic. 
Sol. Since, the given four points are concyclic, we are to show 


that they lie on a circle. Let the general equation of circle 
is 


(x? +y? —2)(5)—(x — 1)(25) + (y—1)(-5) = 0 
or x+y? —-5x-y+4=0 
Aliter II The centre of the circumcircle is the point of 
intersection of the right bisectors of the sides of the triangle 


and the radius is the distance of the circumcentre from any 
of the vertices of the triangle. 


x? +y" +2ex + 2fyt+c=0 ..-(i) 


has three parameters, it is sufficient to obtain the equation 
of the circle passing through any three of these points. For 
concyclic, the fourth point should lie on this circle. 

Let three points A (1,0), B(2, —7) and D (8, 1) lie on Eq. (i), 
then 


1+0+2g+0+c=0 or 1+2g+c=0 ...(ii) 
Y 
D (8, 1) 
Xx 7 > X 
ve C (9, 6) 
B (2, -7) 


(2)? +(-7)? + 2g (2) + 2f (-7) +c =0 


or 53+ 4g —-14f +c=0 .. (iii) 
and (8) + (1)? + 2g (8) +2f (1) +e =0 
> 65+ l6g +2f +c =0 ...(iv) 


Exercise for Session 2 
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Now, subtracting Eq. (ii) from Eq. (iii), we get 
52+2g -14f =0 
or 26+ e-T7f =0 (Vv) 
and subtracting Eq. (iii) from Eq. (iv), we get 
12+12g +16f =0 
> 3+3¢+4f =0 ...(vi) 
Solving Eq. (v) and Eq. (vi), we get 
g=-5 and f =3 
From Eq. (ii), 1- 10+ c¢ =0 
‘ c=9 
Therefore, equation of circle passing through these points is 
x? +y* —10x +6y+9=0 
Substituting the fourth point in the equation of this circle, 
we get 
(9)° + (-6)? — 10(9) + 6(-6) +9 =0 
Hence, the point C (9, —6) lies on the circle, that is, the four 
points are concyclic. 


1. If the line x + 2Ay +7 =Ois a diameter of the circle x? + y? -6x + 2y =0, then the value of Ais 


(a) 1 (b) 3 
(c)5 (d)7 
2. \f one end of a diameter of the circle 2x? + Rye —4x -8y +2 =Ois (-1, 2), then the other end of the diameter is 
(a) (2,1) (b) (3,2) 
(c) (4,3) (d) (5,4) 
3. Ifacircle passes through the points (0,0), (a, 0) and (0, 6), then centre of the circle is 
ab 
a) (a,b b) | == 
(a) (ab) (0)(2.2) 
ab ab 
¢) |= d)f2= 
(3.4) (35) 
4. Acircle passes through the points (—1, 3) and (5, 11) and its radius is 5. Then, its centre is 
(a) (-5, 0) (b) (-5, 7) 
(c) (2, 7) (d) (5, 0) 


5. The radius of the circle, having centre at (2, 1) whose one of the chord is a diameter of the circle 


x? + y? -2x -6y +6 =O0is 
(a) 3 
(c) 1 


6. The centre of the circle inscribed in the square formed by the lines x? —8x +12=Oand y? -—14y +45 =0 is 


(a) (4, 7) 
(c) (9, 4) 


(b) (7, 4) 
(d) (4, 9) 
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7. ABCD is a square whose side is a. The equation of the circle circumscribing the square, taking AB and AD as 


10. 


11. 


12. 


13. 


14. 


15. 


16. 
17. 


the axes of reference is 
(a) x? + y? + ax+ay=0 (b) x? + y? -ax+ ay =0 
(c) x? + y? —ax -ay =0 (d) x? + y? + ax -ay =0 


The locus of the centre of the circle for which one end of the diameter is (3, 3) while the other end lies on the 
line x + y =4is 


(a)x+y=3 (b)x+y=5 

(c)x+y=7 (d)x+y=9 

The equation of the circle which passes through (1, 0) and (0, 1) and has its radius as small as possible is 
(a)x?+y?4+x+y=0 (b) x? + y?-x+y=0 

(c)x?+y2+x-y=0 (d) x? +y?-x-y=0 


(a) 1 (b) -1 
(c) 14 14 
3 


The point on a circle nearest to the point P(2,1) is at a distance of 4 units and farthest point is (6, 5), then the 
centre of the circle is 


(a) (3+ V2,2+ V2) (b) (2+ V2,3+ V2) 

(c) (4+ V2,3+ V2) (d) (3+ ¥2,4+ V2) 

The intercept on the line y = x by the circle ar y? —2x =0is AB. Equation of the circle on AB as a diameter is 
(a) x2 + y?-x-y=0 (b) x2 + y?-x+y=0 

(c)x*+y?+x+y=0 (d) x? +y?+x-y=0 


Find the equation of the circle, the end points of whose diameter are (2, —3) and (—2, 4). Find the centre and 
radius. 


If (4, 1) be an extremity of a diameter of the circle x24 y" —2x + 6y — 15 =0, find the coordinates of the other 
extremity of the diameter. 


Find the equation of the circle drawn on the diagonal of the rectangle as its diameter whose sides are 
xX =4,x =-2,y =5andy =-2. 


Find the equation of the circle which passes through the points (1, 1), (2,2) and whose radius is 1. 


Find the equation of the circle which passes through the points (3, 4), (3, -6) and (1, 2). 


Session 3 


Intercepts Made on the Axes by a Circle, Different 
Forms of the Equations of a Circle, Position of a Point 
with Respect to Circle, Maximum and Minimum 
Distance of a Point from the Circle 


Intercepts Made on the Axes 
by a Circle 


Let the circle x° +y’ +2gx +2fy+c=0 ..-(i) 
Length of intercepts on X-axis and Y-axis are 


| AB|=|x, —x,|and|CD|=|y, — y,| respectively. 


Ya 

(0, Y2)D 

(0, ¥s)C 

X’< Ola 7 >X 
yy (x1, 0) (Xp, 0) 


The circle intersects the X-axis, when y =0 
then x? +2gx +c=0 

Since, the circle intersects the X-axis at A(x,,0) and 
B(x,,0) 


then, X, +X, =—-2g,x xX. =C 


2 
| AB| =| x» —x,|= (x, +x,)° - 42,2, 


=2y(g° —c) 
and the circle intersects the Y-axis, when x =0, then 
y? +2fy+c=0 
Since, the circle intersects the Y-axis at C (0, y, ) and 
D(0,y2) 
then, Vity2=—2f, WiV2 =e 
|CD|=|y2 -yl=V0, +y,)° — 4y2V, 


=2(f? -0) 


Remarks 
1. Intercepts are always positive. 
2. If circle touches X-axis, then| AB| =0 


c=g° 
and if circle touches Y-axis, then| CD| =0 
_ £2 
c=f 
3. If circle touches both axes, then| AB] =0 =| CD| 
~ c=9° =f" 


Example 16. Find the equation of the circle whose 
diameter is the line joining the points (—4, 3) and 
(12,—1) . Find also the intercept made by it on Y-axis. 


Sol. Equation of circle having (—4, 3) and (12, — 1) as the ends 
of a diameter is 
(x + 4) (x —12)+(y-3)(y+1)=0 
=> x? +y” —8x -2y —51=0 att) 
Comparing Eq. (i) with standard equation of circle 
x? ty? +2ex +2fy+c=0 
then, g=-4,f=-te=-51 


.. Intercept on Y-axis = 2./(f? —c)=2./(1+51) = 4V/13. 


Different Forms of the 
Equations of a Circle 


(i) When the circle passes through the origin 
(0, 0) and has intercepts 20 and 28 on the 


X-axis and Y-axis, respectively 

Here, OA = 20, OB = 2B 

then, OM=a and ON=B 
Centre of the circle is C(o, 8) and radius 


OC = (a? +B’) 
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then, equation of circle is 
(x —a1)’ +(y—B)? =a? +B" 
or x? +y" —20x —2By =0 


Remark 


If a circle is passing through origin, then constant term is absent 


Le. x? + y? + 2gx + 2fy =0 


(ii) When the circle touches X-axis 


Let (a, B) be the centre of the circle, then radius =| ( | 


.“. Equation of circle is 


(x —a)’ +(y—B)’ =B" 


O 


> x? +y* —20x -2By +a? =0 


Remark 
If the circle x? + y? + 29x + 2fy + c =0 touches the X-axis, then 


|-fl=yg°+f'-c or cag? 


(iii)When the circle touches Y-axis 
Let (c, B) be the centre of the circle, then 


radius =| © | 
Y 


~X 


. Equation of circle is 
(x a)’ +(y —B)* =a" 
=> x+y’ —2a0x -2By +B? =0 


Remark 
If the circle x° + y? + 29x + 2fy + c =0 touches the Y-axis, then 


|-gl=yo°+f?-c 


or e=f 


(iv) When the circle touches both axes 


Here, | OM | =| ON | 
Since, length of tangents are equal from any point on 
circle. 

Y 

» 


>X 


O 


Let centre is (a, ) also radius = 


Equation of circle is (x -a)? +(y -a)’ =’ 


=> x +y” —20.x —2ay +0” =0 


Remarks 
1. If the circle x° + y* + 29x + 2fy + c =0 touches both the axes, 


then = |-g|=|-fl=y9? + f?-c 
c=g2=f? 
gefetae 
Equation of circle is 
x+y? t2Jox+2/ceyt+c=0 
=> (xt Vc)? +(yt vce)? =c? 


2. lf a> 0, then centres for |, Il, Ill and IV quadrants are 
(a, &),(— &, &), (— a, — @) and (a, — a), respectively. 
Then, equation of circles in these quadrants are 


(x-0)? + (y-0)? =a", (x + a)? + (y— a)? = 0”, 


(x+ 0)? + (y+ 0)? =a? and(x-0)? +(y+ 0)? =a’, 
respectively. 
(v) When the circle touches X-axis and cut-off 
intercepts on Y-axis of length 2] 


Let centre be (a, B) 


radius =B 
CO =CN =B 


In ACMO, B* =a? +1°,a =1(B’ — 1’) (for I quadrant) 


.. Equation of circle is 


[x-(8’ -2)P + -B)? =p" 
Remark 


** Length of intercepts on Y-axis of the circle 


x? + y? + 29x + 2fy+c=0is 2/=2,/(f? -c) 


i.e, (P=fe-c 
and also circle touches X-axis 
then, cay” 


P=f?—g? or =(-f)’ -(-g) 
.. Locus of centre is y? =x? =/° (rectangular hyperbola) 
(vi) When the circle touches Y-axis and cut-off 
intercept on X-axis of length 2k 
Let centre be (c, B) 
Ya 


O 
radius = 0% 
CN =CQ =a 
InACMQ, «a? =B? +k? 


B= (a? -k*) 


.. Equation of circle is 


(x —a)? +(y — Jo? —k?)? =o? 


(for I quadrant) 


Remarks 
** Length of intercept on X-axis of the circle 


x4 y? + 2gx + fy + c=0 is 2k =2,/(g* -c) 
i.e. Ke=g*-c 
and also circle touches Y-axis 
then, c=f? 
=? -f? =(-g)° -(-f)? 
.. Locus of centre is x° = y? =k? (rectangular hyperbola) 


(vii) When the circle cut-off intercepts on X-axis 
and Y-axis of lengths 2] and 2k and not 
passing through origin 
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Let centre be (a, 8) 


radius = CP =CQ=A 
(CP)* =(CQ)’ =A" 
a +k? =B? +P =X 


a= A? -k* and B= /A?-2 


. Equation of circle is (for I quadrant) 


(x= 12 =~k*\? +(y- [2 =fy =)? 
(viii) When the circle passes through the origin 
and centre lies on X-axis 
Let centre of circle be C (a,0) 
Y 


a» 


(say) 


*, radius =a 
. Equation of circle is 
(x -a)’? +(y—-0)? =a? or =x? +y? —2ax =0 
ix) When the circle passes through origin and 
p g § 
centre lies on Y-axis 


Let centre of circle be C (0, a) 


A 


+ C (0, a) 
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radius =a 
Equation of circle is 
(x -0)? +(y-a)® =a? 


or x +y" —2ay =0 


Example 17. Find the equation of the circle which 
touches the axis of y at a distance of 4 units from the 
origin and cuts the intercept of 6 units from the axis 
of x. 


Sol. -. CM = NO=4 
In APCM, (PC)? =(3) +(4)° 
PC=5 
radius of circle =5 
& NC =5 
Centre of circle is (5, 4). 
Ya 


.. Equation of circle, if centre in I quadrant 
(x — 5)? +(y — 4)? =25 
If centre in II, If] and IV quadrant, then equations are 
(x +5) +(y — 4) =25, 
(x +5)? +(y + 4)? =25 
and (x-5)? +(y + 4)? =25 


Hence, there are 4 circles which satisfy the given 
conditions. They are 


(x +5)? +(y +4)? =25 


or x? +y’ +10x + 8y +16=0 
Aliter : Let the equation of the circle be 
x? +y* +29x +2fy+c=0 ...(i) 
Since, the circle touches the Y-axis 
ne c= f? 
or fet ve 


Also given the circle makes an intercept of 6 units along 
X-axis. Therefore, 


2 Vg°-c =6 
or g 


or g=t 


From Eq. (i), the equation of circle can be written as 
x+y? +2 /(c+9) x+2vey+c=0 


The circle touches the Y-axis 
x=0 
yt avey +c=0 
or (y+ ve So 
yt ve =0 

y=Fve 

Since, the circle touches the Y-axis at a distance of 4 units 

from the origin, we have 


y=tve=4 
or c=16 
therefore, fztve=t4 


and f=tycot9 =F J164+9 =45 


Hence, there are 4 circles which satisfy the given 
conditions. They are 


x? +y’ +10x + 8y +16=0 


Example 18. Find the equation of the circle which 
passes through the origin and makes intercepts of 
length a and b on the X and Y axes, respectively. 
Sol. Let the equation of the circle be 
x? +y" +2gx +2fy+c=0 ...(i) 
Since, the circle passes through the origin, we get c = 0 and 
given the intercepts on X and Y axes are aand b 


or 24(g" -0) =a 


g=ta/2 

and 2,(f?-c)=b 

or 2,(f?-0)=b 
f=tb/2 


Hence, the equation of circle from Eq. (i) becomes 


x? +y* tax t by =0 


Example 19. Find the equation of the circle which 
touches the axes and whose centre lies on the line 
x-2y=3. 
Sol. Since, the circle touches both the axes, let the radius of 
the circle by a, then 


Case I If centre (a, a) but given centre lies on 


x -2y=3 
a-2a=3 
a=-3 


Centre = (—3, —3) 


and radius = |—3|=3 


Xx 


>X 


~<< 


.. Equation of circle is 
(x +3)? +(y +3)? =3? 


and x* +y*+6x+6y+9=0 

Case II If centre (—a, a) but centre lies on x — 2y =3 
-—a-2a=3 
a=-1 


then, centre=(1,—1) and radius=|-—1|=1 
.. Equation of circle is (x — 1)? +(y +1)? =1 
or x? +y* —2x +2y+1=0 
Case III If the centre = (—a, — a) 
but centre lies on x — 2y =3 
-—at+2a=3 
es a=3 
then centre (—3, — 3) and radius = |3| =3 
.. Equation of circle is 
(x +3) +(y +3) =37 
or x? +y’ +6x+6yt+9=0 
Case IV If centre = (a, — a) but centre lies on x — 2y =3 
or a+ 2a=3 
a=1 
then centre = (1, — 1) and radius = 1 
.. Equation of circle is 
(x-1) +(y +1) =1 
or x? +y" —2x +2y+1=0 
Aliter I: Since, the circle touches both the axes, therefore 


its centre will be (a, + a) and radius will be | a|, where ais 
positive or negative number. 


Case I If centre = (a, a) 


Since, centre lies on x — 2y =3 


a-—2a=3 
a=-3 
“. Centre of circle is (—3, —3) and radius =| —3| = 3. 


Hence, equation of circle will be 
(x +3)? +(y +3)? =3" 


or x+y’ +6x+6yt+9=0 
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Case II If centre =(a, — a) 
Since, centre lies on x — 2y =3 
a+2a=3 
a=1 
. Centre of circle is (1, —1) and radius =|1|=1 
Hence, equation of circle will be 
(x -1)° +(y +1) =1 

or x? +y" —2x +2y+1=0 
Aliter II: Let the equation of circle is 

x? +y" +2ex + 2fyt+c=0 ...(i) 

centre = (—g, — f) 

Since, centre (—g, — f) lies on x — 2y =3 
or —-gt2f =3 ...(ii) 
Since, circle touches both axes 

g=f'=e or g=if 
if g = f, then from Eq. (ii), —f +2f =3 

f =3 and g =3 
but {ef =e =9 
.. Equation of circle from Eq. (i) is 

a +y +6x +6y+9=0 
and if g = — f, then from Eq. (ii) 

f +2f =3 

f =1 and g=-1 
but jap aT Si 
.. Equation of circle from Eq. (i) is 

x? +y" -—2x+2y+1=0 
Aliter III: Since, centre of circle lies on x — 2y = 3, also 


since circle touches the axes, therefore, its centre will lie on 
the line y= x ory=-x 


Case I When the centre lies on the line y = x 


but x -—2y=3 
or x -—2x =3 
x=-3=y 
Hence, the centre = (—3, —3) and radius =| — 3| =3 


Therefore, the equation of circle in this case will be 
(x +3)? +(y +3)? =3” 


or x? +y’ +6x+6yt+9=0 

Case II When the centre lies on the line y = — x 
but x-2y=3 

or x+2x =3 


x=1 then y=-1 
.. Centre of circle (1, — 1) and radius is|1|=1 
Hence, equation of circle will be 
(x -1) +(y+1) =1 


or x? t+y* -2x +2y+1=0 
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Example 20. A circle of radius 2 lies in the first 
quadrant and touches both the axes of coordinates. 
Find the equation of the circle with centre at (6,5) and 
touching the above circle externally. 


Sol. Given, AC = 2 units 
and A = (2,2), B=(6,5) 


then AB = (2-6)? +(2-5)° 
=/16+9=5 
Ya 
Xx 
O 
yy’ 
Since AC + CB = AB 
2+CB=5 
CB =3 
Hence, equation of required circle with centre at (6,5) and 
radius 3 is 
(x — 6)’ +(y—-5)? =3° 
or x? +y” —12x -10y +52=0 


Example 21. A circle of radius 5 units touches the 
coordinate axes in first quadrant. If the circle makes 
one complete roll on X-axis along the positive direction 
of X-axis, find its equation in the new position. 


Sol. Let C be the centre of the circle in its initial position and 
D be its centre in the new position. 


>X 


107% 


Since, the circle touches the coordinates axes in first 
quadrant and the radius of circle be 5 units. 
..Centre of circle is (5, 5) 
Moving length of circle = circumference of the circle 
= 2mr = 2m (5) = 100 

Now, centre of circle in new position is (5 + 107, 5) and 
radius is 5 units, therefore, its equation will be 

(x —5-10n)* +(y—5)? =5° 


or x? +y’—10(1+2n) x- 10y + 100m? + 100m + 25=0 


Position of a Point with 
Respect to Circle 


Theorem : A point (x,, y, ) lies outside, on or inside a 
circle 

Sax? +y? +2gx +2fy+c=0 
according as S, >,=,or <0 
where, S, =x? +y? +2gx, +2fy, te. 
Proof : Let P(x,, y,) be the given point and let C be the 
centre of the circle 


Then, C=(-g,-f) 
cP=y(x, +2) +0, +f)" 
If r be the radius of the circle, then 
r=y(g’ + f? -c) 


The point P lies outside, on or inside the circle according 
as 


CP>,=, or <r 
=  (CP)>=5 or <r’ 
=> (x, +g) +(y,+fY >= or <g’? +f’ -c 
=> x? +y? +2gx, +2fy,t+ce> =, or <0 
=> S$, >=, or <0 


where, S, =x; +y{ +2gx, +2fy, +c. 


Example 22. Discuss the position of the points (1,2) 
and (6,0) with respect to the circle 
x? +y* —4x +2y-11=0. 
Sol. Let S= x? + y’ — 4x + 2y —11=0 for the point (1, 2) 
S,=1? +2? -4-14+2-2-11=-6 


ne S, <0 
and for the point (6, 0) 
S, =6° +0-4-6+2-0-11 


= 36-24-11 
=36-35=1 
S, >0 


Hence, the point (1, 2) lies inside the circle and the point 
(6, 0) lies outside the circle. 


Example 23. The circle x? + y* -6x-10y +A =0 


does not touch or intersect the coordinate axes and 
the point (1, 4) is inside the circle. Find the range of 
values of A. 


Sol. Let S= x? +y? —6x-10y+A =0 
‘ Point (1, 4) is inside the circle, then S, <0 


Y 
A» 
C (3,5 
r : (3, 5) 
r 
x’ ao) uM ~X 
‘y’ 
1+16-6-40+A<0 
=> xX <29 
Centre and radius of the circle are (3, 5) and ,/(34 — A), 


respectively. 


*. Circle does not touch or intersect the coordinate axes. 


5>rand3>r 


or 5 >4/(34-A) and3 > ./(34-A) 


= 25>34-Aand9 > 34-7 
> X>9 and A > 25 
> 25 
34-A>0 


Also, 
aa A <34 
From Eqs. (i), (ii) and (iii), we get 25 < A < 29 


Maximum and Minimum 
Distance of a Point from 
the Circle 


Let any point P(x,,y,) and circle 
S=x? +y? +2gx +2fytc=0 
The centre and radius of the circle are 
C(-g,-f) and (g? +f’ —c) respectively 


Case I If P inside the circle 
In this case S, <0 


r=(g + f? —c)=CA=CB 


i) 


(ii) 


...(iii) 


(i) 


The minimum distance of P from circle = PA = CA — CP 


=r—CP 
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and the maximum distance of P from circle = PB 
=CB+CP=r+CP 
Case II If P outside the circle 


In this case S, >0 the minimum distance of P from 
circle 


= PA=CP-—CA=CP -r 
and the maximum distance of P from the circle 
= PB=CP+CB=r+CP 


Case III If P on the circle 

In this case S, =0 

the minimum distance of P from the circle =0 

and the maximum distance of P from the circle 
= PA=2r 


S 


Remark 
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If point P inside or outside or on the circle and centre of circle at 


Cand radius r, then minimum distance of P from the circle 
=|CP -r| and maximum distance of P from the circle = CP + r 


Example 24. Find the shortest and largest 
distance from the point (2,—7) to the circle 


x? +y" —14x -10y-—151=0 


Sol. Let S=x? +y’ —14x -10y -151=0 
S, = (2)? +(-7)° - 14 (2) - 10(-7) - 151= — 56 <0 
Y 
4 B 
>X 
1A 
ve 
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“. P (2, —7) inside the circle 


radius of the circle, r = \(-7 +(-5)? +151 =15 
* Centre of circle C = (7,5) 


CP = (7 — 2) +(5+7) =13 


.. Shortest distance = PA =r —CP=15-13 =2 
and Largest distance = PB =r + CP =15 +13 = 28 


Example 25. Find the points on the circle 
x? +y*—2x+4y —20=0 which are farthest and 


nearest to the point (—5,6). 
Sol. The given circle is S = x” + y? —-2x + 4y—20=0 
Let P =(-5,6) 


P 


For the point P 
S; =25+36+10+24 —20 
=75>0 
.. Point P(—5,6) lies outside the circle. 
The centre and radius of the circle are (1,— 2) and 5, 
respectively. 
CP = y(1+5)’ +(-2-6)° = 10 
Now, point A divides CP in the ratio 
AP CP-r_ 10-5 _ 
AC a 5 
. A is mid-point of CP. 


aa(HS =) 
2 2 


or A =(-2,2) 
and C is the mid-point of AB. 
B=(2x1-(-2),2x-2-2) 
or B=(4,-6) 
Hence, point A(—2,2) is nearest to P and B (4,—6) is farthest 
from P. 


1 


Exercise for Session 3 


1. The length of intercept, the circle x? + y? + 10x —6y +9 =0 makes on the X-axis is 

(a) 2 (b) 4 (c) 6 (d) 8 
2. The circle x? + y? +4x —-7y +12 =0 cuts an intercept on Y-axis is of length 

(a) 1 (b) 3 (c) 5 (d)7 


3. The locus of the centre of a circle which passes through the origin and cuts-off a length 2b from the line x =c is 
(a) y2 + 2cx =b*+c? = (b) x* +ex =b? +0? (c) y? + 2cy =b* +c? (d) x2 +cy =b? +c? 


4. Ifa straight line through C(—V8,V8 ) making an angle of 135° with the X-axis cuts the circle x =5cos 0, y = 5sin@ 
at points A and B, then the length of AB is 
(a) 3 (b) 5 (c) 8 (d) 10 

5. If acircle of constant radius 3k passes through the origin and meets the axes at A and B, the locus of the 
centroid of AOAB is 
(a) x? + y? =k? (b) x? + y* = 2k? (c) x? + y? = 3k? (d) x? + y?* = 4k? 


6. The centre of the circle touching Y-axis at (0,3) and making an intercept of 2 units on positive X-axis is 
(a) (10, V3) (b) (V3, 10) (c) (V10, 3) (d) (3, 10) 


7. Acircle passes through the points A(1, 0) and B(5,0) and touches the Y-axis at C(0,A). If ZACB is maximum, 
then 


(a) Al= V5 (b) [A= 2V5 (c) |Al= 35 (d) Al= 4/5 


10. 


11. 


12. 


13. 
14. 
15. 
16. 
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The equation of a circle whose centre is (3, — 1) and which intercept chord of 6 units length on straight line 
2x -5y + 18=O0is 

(a) x? + y? - 6x + 2y - 28=0 (b) x? + y? + 6x — 2y - 28=0 

(c) x? + y? + 4x - 2y + 24=0 (d) x? + y? + 2x - 2y-12=0 


The locus of the centre of a circle which touches externally the circle x? 4 y" —6x -6y +14 =0 and also 
touches the Y-axis, is given by the equation 


(a) x? -6x-10y+ 14=0 (b) x? — 10x -6y + 14=0 

(c) y? -6x -10y + 14=0 (d) y2 - 10x -6y + 14=0 

The locus of the centre of a circle of radius 2 which rolls on the outside of circle x? + y? + 3x -6y -9=Ois 
(a) x2 + y? + 3x -6y+5=0 (b) x2 + y? + 3x -6y-31=0 

(c) x? + y? + 3x -6y+ 11=0 (d) x? + y? + 3x -6y-36=0 


The point ([A + 1],[A]) is lying inside the circle x* + y* -2x —15 =0. Then, the set of all values of A is (where [.] 
represents the greatest integer function) 
(a) [-2,3] (b) (-2,3) (c) [-2,0) U (0,3) (d) [0,3) 


The greatest distance of the point (10, 7) from the circle x? 4 ye -—4x -2y -20=0is 
(a) 5 (b) 10 (c) 15 (d) 20 


Find equations to the circles touching Y-axis at (0,3) and making intercept of 8 units on the X-axis. 
Show that the circle x? + y* —2ax —- 2ay + a* =0 touches both the coordinate axes. 
If the point (A, — A) lies inside the circle x* + y? —4x + 2y —8 =0, then find range of A. 


Find the equation of the circle which passes through the origin and cuts-off chords of lengths 4 and 6 on the 
positive side of the X-axis and Y-axis, respectively. 


Session 4 


Intersection of a Line and a Circle, Product of the 
Algebraical Distances PA and PB is Constant when 
from P, A Secant be Drawn to Cut the Circle in the 
Points A and B, The Length of Intercept Cut-off from 
a Line by a Circle, Tangent to a Circle at a Given Point, 
Normal to a Circle at a Given Point 


Intersection of a 
Line and a Circle 


Let the equation of the circle be 
x? + y? =a’ ..(1) 
and the equation of the line be 
y=mxt+e ...(ii) 
From Eq. (i) and Eq. (ii) 
x? +(mx +c)* =a? 


or (1+m?) x? +2mcex +c? —a? =0 ...(iii) 
Case I When points of intersection are real and distinct, 
then Eq. (iii) has two distinct roots. 


B’ -4AC>0 
or 4m?c? —4(1+m?)(c? —a’) >0 
2 
or me 
1+m’* 
or a> Le = length of perpendicular 


from (0,0) to y=mx +c 
= a> length of perpendicular from (0,0) to y=mx +c 


Thus, a line intersects a given circle at two distinct points 
if radius of circle is greater than the length of 
perpendicular from centre of the circle to the line. 


Case II When the points of intersection are coincident, 
then Eq. (iii) has two equal roots 


B? —4AC =0 


> 4m’ ¢* —4(1+m?)(c* —a?) =0 
2 


2 (6) 
a 4 
(1+m’) 
or a= le | 
(1+m’) 


a= length of the perpendicular from the point (0,0) to 
y=mx +c 

Thus, a line touches the circle if radius of circle is equal to 
the length of perpendicular from centre of the circle to the 
line. 


Case III When the points of intersection are imaginary. 
In this case (iii) has imaginary roots 


M 
WN y = mx +c 


B? —4AC <0 


4m? c? —4(1+m7)(c? —a’?) =0 


2 c 
a< 
1+m’? 
ora< ie length of perpendicular from (0,0) to 
yit m? 
y=mx +c 


or a< length of perpendicular from (0,0) to y=mx +c 


Thus, a line does not intersect a circle if the radius of 
circle is less than the length of perpendicular from centre 
of the circle to the line. 


Example 26. Find the points of intersection of the 
line 2x+ 3y =18 and the circle x? + y* =25. 


Sol. We have, 2x + 3y =18 wn (i) 
and x? +y? =25 ...(ii) 
From Eq. (i), — : us 


2 
18-2 
Substituting in Eq. (ii), then x? + (A) =25 


=> 9x? +4 (9 — x)? = 225 
=> 9x* + 4(81— 18x + x”) =225 
= 13x? — 72x + 324 — 225=0 
=> 13x° — 72x +99 =0 
=> (x — 3) (13x - 33) =0 
33 
=> x=3 or x=— 
13 
56 
From Eq. (i), y=4 or y=— 
13 
Hence, the points of intersection of the given line and the 


33 56 
given circle are (3,4) and] —, — |. 
13 13 
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Product of the Algebraical 
Distances PA and PB is 
Constant when from P, A 
Secant be Drawn to Cut the 
Circle in the Points A and B 


If a straight line through P (a, B) makes an angle 0 with 

the positive direction of X-axis, then its equation is 
=o y= 
cos@ sin 


=r 


B 


8 
P 
(at, B) 


where, r is the algebraical distance of the point (x, y) from 
the point P (a8). 


(x,y) =(4 +rcos 0,8 +r sin®) 
If this point lies on the circle x? +? +2gx +2fy +c =0 
or (a +rcos6)’ +(B+rsinO)’ +2g (a +r cos) 
+2f(B+rsin0) +c=0 
=> r’ +2r(acos0+fPsin® + gcos0 + f sin®) 
+(a? +B? +290 +2fB +c) =0 
This is quadratic equation in r, then PA and PB are the 
roots of this equation. 
PA: PB=a." +B” +2g0 +2fB +c =constant 
Since, RHS is independent of 0 . 


Remark 
Secants are drawn from a given point Ato cut a given circle at the 


AR AQ, = AP, AQ, =...= AP, “AQ, 


The Length of Intercept 
Cut-off from a Line by a Circle 


Theorem : The length of the intercept cut-off from the 
line y =mx +c by the circle x* + y” =a’ is 


af{¢ ane 
(1+m’) 
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Proof : Draw OM perpendicular to PQ 
Now, OM = length of perpendicular from O (0,0) to 
|| 


(1+m’) 


(y=mx +c) = 


and OP=radius of the circle =a 


In AOPM, PM =, (OP)* —(OM)’ 
a ce  ffa® (1+m?)-e¢? 
(1+m’) 1+m? 
PQ =2PM =2 a? (1+m") -c* 
1+m? 
Remarks 


1. If the line y=mx +c touches the circle x° + y* =a’, then 
intercepted length is zero 


2 2 2 
le. PQ=0 2 fe U4M)-C | _o 
\ 14m 


=a (14m 
which is the required condition for tangency. 


2. If a line touches the circle, then length of perpendicular 
from the centre upon the line is equal to the radius of the 
circle. 


Example 27. Find the length of the intercept on 
the straight line 4x — 3y —10=0 by the circle 


x? +y? —-2x+4y -20=0. 


Sol. Centre and radius of the circle x” + y’ — 2x + 4y — 20=0 


are (1,—2) and ,/1+ 4 + 20 =5 respectively. 


Let OM be the perpendicular from O on the line 


4x —3y -10=0 
| 4x1—-3x(~2)~ 10] _ 


4? + (-3)" 


then OM = 


Hence, line 4x — 3y — 10 = 0 passes through the centre of the 


circle. 
Hence, intercepted length = diameter of the circle 
=2x5=10 


Example 28. Find the coordinates of the middle point 
of the chord which the circle x* + y* +4x —2y -3=0 


cuts-off the line x - y+2=0. 
Sol. Centre and radius of the circle x? + y’ + 4x -2y-3=0 
are (—2,1) and /4+1+3 =2¥2 respectively. 


x-y+2=0 


Draw perpendicular from O upon x — y + 2=0is OM. 
Equation of OM which is perpendicular to x — y +2 =0is 
x+y =A, it passes through (—2, 1) 

Then, —2+1=AX 

2 A=-1 

then equation of OM is x + y+1=0 

Since, M is the mid-point of PQ which is point of 


intersection of x - y+2=0and x + y+1=0, coordinates of 


M is (- S =| 
22 
Aliter : Let M = (a, B), then 


a+2 B-1_ (-2-1+2) 
1 —1 1+1 


(Here, M is foot of perpendicular) 


3 1 
or a =--—andfp=- 
2 2 


Example 29. For what value of A will the line 


y =2x+A bea tangent to the circle x° + y* =5? 
Sol. Comparing the given line with y = mx +c, we get 
m=2, c =Aand given circle with x? + y* =a’ 


then a=5 


‘* Condition for tangency is 


c=a’ (1+ m’) 


=> A? =5(1+ 4) 
de =25 

ee A=t5 

Aliter : Since, line y=2x +A 

or 2x -y+tA=0 


is the tangent to the circle x” + y’ =5 then length of 


perpendicular from centre upon the line is equal to the 
radius of the circle 


or 


Tangent to a Circle at a 
Given Point 


Let PQ be a chord and AB be a secant passing through P. 
Let P be the fixed point and move along the circle towards 
P, then the secant PQ turns about P. In the limit, when Q 
coincides with P, then the secant AB becomes a tangent to 
the circle at the point P. 
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Different forms of the equations of tangents 


1. Point form : 


Theorem : The equation of tangent at the point P (x,,y,) 
to a circle 


x? +y? +2gx +2fy +c=0is 
xx, +y¥Vi +E(xtx1) + f(ytyi) +e=0 
Proof : Since, P (x,, y,) be a point on the circle 
x? +y? +2gx +2fy +c =0 ...(i) 


Let Q(x,, y,) be any other point on the circle Eq. (i). Since, 
points P(x,,y,) and Q(x,, y,) lie on the circle, therefore 


P by, ys) 
r 
Q %, yo) 

x? +y" +2gx, +2fy, tce=0 ... (ii) 
and x? +y) +2gx, +2fy, tce=0 ...(iii) 
On subtracting Eq. (ii) from Eq. (iii), we have 

(x2 — x1) +(y2 yt) +28 
(x, —x,)+2f(y, —y,) =0 
= (x2 — x1) (x, +x, +28) +(¥2 —y1) 
(v2 t+y1 +2f) =0 
- [zs =V1 ) = (= +X, is) Av) 
X_ — X41 Vi ty, +2f 
Now, the equation of the chord PQ is 
Yo 7y 
y n=[ ; Lo x1) .-(v) 
a aS 
Puttin Y2 71 iv) i 
g the value of from Eq. (iv) in Eq. (v), 
X27~*4 
then equation PQ becomes 
X, +X, +2 . 
y-y1= i" Ets x1) (vi) 
Vi ty, +2f 


Now, when Q —> P (along the circle), line PQ becomes 
tangent at P, we have x, > x,,y. — y,. So, the equation 
of tangent at P(x,,y,)is: 
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xX, +x,+4+2 
y-M= = , Eis x,) 


y, ty, +2f 
Xx, 
> yon =-[2 28 ]ox-xp 
ry 
=> (y-y1) (71 +f) +(x — x1) (x, +g) =0 
=> xx tyy, text fyaxi ty tent hy 


On adding gx, + fy, +c to both sides, we get 

xx, tyyi ta(xtx,)+fyty)te 

=x? +y? +2ex, +2fy, +c=0 [from Eq. (ii)] 
> xx, tyy, tE(xtx,)t+fytyi)+c=0 


This is the required equation of the tangent PT to the 
circle at the point (x,, y, ). 


Aliter : Since, circle is x” + y” +2gx +2fy+c=0 
P(x,,y,) lie on the circle 
x? +y?+2ex, +2fy, +c=0 ...(i) 
P(x y,) 


Its centre is C (—g, — f) 


Slope of CP = Aw) = a 
xy —(-g) xi +8 
Since, tangent PT is perpendicular to CP. 


Slope of tangent = — (2+) 
yitf 


.. Equation of tangent at P(x,,y,) is 
x, + 
a ae * Ei x1) 
ee 
= (y-y1) 1 +f) (41 +8) (x — x1) =0 
=> xx, ty textfyaxity tent iy 
On adding gx, + fy, +c to both sides, we get 
xx, ty, ta(x+x,)+flytyi) +e 
=x? +y? +2gx, +2fy, +¢=0 


[from Eq. (i)] 


or xX, t+yy, t+e(x+x,)+flyty,)+ce=0 
This is the required equation of the tangent PT to the 
circle at the point P (x,,y,). 


Remarks 


1. For equation of tangent of circle at (x,, y;), substitute xx, for 
x? yy, for y?, ca = for x, — for y and me for xy and 
keep the constant as such. 


2. This method of tangent at (x,, y,) is applied only for any 
conics of second degree. i.e. equation of tangent of 


ax? + 2hxy + by? + 29x + 2fy + c=0 at (x, y,) 

iS axx, + Ay, + xy) + byy, +g (x4+xX,) +f (yt y,)+c¢=0 
Wrong process : Mostly students use wrong process 
Suppose any curve 

ax? + by? =c¢ 
2 2 

or a(x)(x")+b(y)(y') = 
Equation of tangent at (x,, y,) 


+ + 
=> 0 5 = ae +o( 2h =) yy ae 


which is a second degree conic not the equation of 
tangent. 


Reason : This method is applicable only for second degree 
conic, its a third degree conic. (find its tangent only by 
calculus) 


Example 30. Prove that the tangents to the circle 
x*+y?=25 at (3,4) and (4,—3) are perpendicular 
to each other. 


Sol. The equations of tangents to x” + y* = 25 at (3, 4) and 


(4, —3) are 

3x+4y =25 ...(i) 
and 4x —3y=25 ...(ii) 
respectively. 
Now, slope of Eq. (i) = — - =m, (say) 

a 4 

and slope of Eq. (ii) = 2 =m, (say) 
Clearly, mm, =—1 


Hence, Eq. (i) and Eq. (ii) are perpendicular to each other. 


Example 31. Find the equation of tangent to the 
circle x* + y* —2ax =O at the point 
[a(1+ cosa), asina]. 
Sol. The equation of tangent of x? + y? — 2ax =0 at 
[a(1+cosa), asina] is 
x-a(1+cosa)+y.asina —a[x +a(1+cosa)]=0 
=> ax cosa. + ay sina, — a’(1+ cosa) =0 


or x cosa + ysina =a(1+ cosa) 


Example 32. Show that the circles 
x? +y? —-4x+6y+8=Oand x? +y? -10x 
—6y +14 =0 touch at (3,-1). 
Sol. Equation of tangent at (3, — 1) of the circle 
x? +y’ —4x+6y+8=0is 
3x +(-1) y -—2(x+3)4+3(y—-1)+8=0 
or x+2y-1=0 (i) 
and equation of tangent at (3, — 1) of the circle 
x? +y? —10x -6y +14 =0is 
3-x +(-1)-y—5(x+3)-3(y—-1)+14=0 
or —2x-4y+2=0 
or x+2y-1=0 ...(ii) 
which is the same as Eq (i). 
Hence, the given circles touch at (3, — 1). 


2. Parametric form : 

Theorem : The equation of tangent to the circle 

x’ +y” =a’ at the point (a cos8, a sin®) is 

x cos0 + y sinO =a 

Proof : The equation of tangent of x” + y” =a’ at (x,,y,) 
is xx, +yy, =a” (using point form of the tangent) 
Putting x, =acos0, y, =asinO 
then, we get x cos0 + y sinO =a 


Corollary 1 : Equation of chord joining (a cos, a sin®) 
and (acos@, a sing) is 


x COS (P=*) +y sin (258) =acos (A=) 
2 2 2 


Corollary 2 : Point of intersection of tangents at 
(acos@, a sin®) and (acos6, a sin6) is 


a cos ato asin = 
2 2 
2 2 
Remembering method : 


xeos{ °°) tsi 92) =acos* — | 
2 2 2 


acos ae asin| oe 
x Zee ae Ar 
0-6 y 
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We get 


2 
cos ees cos ay 
2 2 
Corollary 3 : The angle between a pair of tangents from a 


point P to the circle x* + y* =a’ is a. Then, the locus of 
the point P is 


Proof 
X'« >X 
vy’ 
o—-—8+a =180° 
O-o_ [oo =| 
2 2 
or cos = =sin al 
2 2 


Now, point of intersection is 


aco ° = *) asin(°*8) 
2 2 
es 


aco * x) asi( °°) 
Let x= pee andy = =a 
Q 2.| & 
sin| — sin| — 
3) 
a 
x+y? = 
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Remarks 
1. The angle between a pair of tangents from a point P to the 
circle x2 + y? + 2gx + 2fy + c =0 is 20, then the locus of Pis 
x? + y? +2gx + 2fy+c=(g° + f° -c)cot*0 
2. If angle between a pair of tangents from a point Pto the 
circle x? + y? =a’ is a then the locus of Pis 
(Here a=4) 
2 


(locus of point of intersection of perpendicular tangents is 
director circle) 

3. The equation of the tangent to the circle 
(x —a)?+(y—b)? =r? at the point(a+ rcos@,b+ rsin@)is 


x4 y? =2a° 


which is director circle of x° + y? =a’. 


(x —a)cos6+ (y—6)sinO=r. 


Example 33. The angle between a pair of tangents 
from a point P to the circle x’ + y* =25 is —. Find 
the equation of the locus of the point P. 


25 

F (4) 
sin | — 
6 

Example 34. The angle between a pair of tangents 


from a point P to the circle x* + y* -6x-8y+9 =0 
is 3° Find the equation of the locus of the point P. 


Sol. Here, a = * 


. Required locus is x? + y* = = 100 


Tl 
Sol. Here, 20 a or 0=— 
3 6 
.. Required locus is 
T 
x’ +y —6x—8y +9 =(9+16—9) cot? — 
6 
or x? +y? —6x —8y +9 =16x3 


or x? +y? —6x —8y—39 =0 


3. Slope form : 


Theorem : The equation of a tangent of slope m to the 


circle x? +? =a’ is y=mx ta(1+m’) and the 


coordinates of the point of contact are 


4. am = a 
atm?)  Ja+m?*) 


Proof : Let y =mx +c is the tangent of the circle 


x? +y" =a’. 


.. Length of perpendicular from centre of circle (0,0) on 


(y=mx +c) =radius of circle 


On substituting this value of c in y =mx +c, we get 


y=mx ta ,(1+m?’) ...(i) 


which are the required equations of tangents. 


Also, let (x,, y,) be the point of contact, then equation of 


tangent at(x,,y,) to the circle x” + y” =a’ is 


xx, +yy, =a’ ...(ii) 
On comparing Eq. (i) and Eq. (ii), we get 


2 
X1 _ V1 _ a 


m -1 tay(1+m’) 
xy Vi 4 a 


=> = 
(1+m’) 


m 1 


am = a 
and y,=+ 


(1+m’) 


fe am = a 
Vatm?)  J(1+m’) 


Corollary : It also follows that y =mx +c is a tangent to 
x’ +y? =a’, ifc? =a’ (1+m’) which is condition of 


Hence, (x,,y,)= 


tangency. 


Remarks 


1. The reason why there are two equations y =mx + aj1+ m, 


here are two tangents, both are parallel and at the ends of 
diameter. 


2. The line ax + by + c=0 is tangent to the circle x° + y® =/°? if 
and only if c? =r? (a? +b’). 


3. If the line y=mx +c is the tangent to the circle x° + y?=r?, 


2 9 
then point of contact is given by =) 
Cc 


Cc 


4. If the line ax + by + c=0 is the tangent to the circle 


2 2 
x4 y? =r? then point of contact is given by <2 
c|} OC 


5. The condition that the line /x + my + n=0 touches the circle 
x + y? + 2gx + 2fy +c=0is 
(ig + mf -n)? =(2 + m®) (g2 + f2 -0). 

6. Equation of tangent of the circle xe y? + 29x + 2fy+c=0in 
terms of slope is 
ytfam(x+g)4 ¥lg2+ fc) (14 m’) 

7. The equation of tangents of slope m to the circle 


(x-a)°+(y-b)* =r’ are given by 
(y-b)=m(x-atr4(+m’) 

and the coordinates of the points of contact are 
at ia ,D 


{1+ m?) 


r 


J+ m?) 


Example 35. Find the equations of the tangents to 
the circle x* + y* =9, which 
(i) are parallel to the line 3x +4y -5=0 


(ii) are perpendicular to the line 2x +3y +7 =0 
(iii) make an angle of 60° with the X-axis 


Sol. (i) Slope of 3x + 4y —5 =0is -= 


Let m= -— 


se BLO 
i) 


and equation of circle is 


.. Equations of tangents 


2 
3 3 
=—-—x+3 //1+]-— 
yo-Fessyiie(-3) | 
=> 4y=—-3x+15 or 3x+4y+15=0 
2 
Hy Slepe chan aed SUS 
.. Slope of perpendicular to 2x +3y + 7 =0is ; = m (say) 


and given circleis x”? + y* =9 


.. Equations of tangents perpendicular to 2x + 3y +7 =0is 


2 
3 3 

y= -xt3,J/1+ >| 
2 2 


=> 2y =3x +313 
or 3x — 2y +3V13 =0 


(iii) Since, tangent make an angle 60° with the X-axis 
m = tan60° = a3 


and given circle x? +y’?=9 
“. Equation of tangents y = V3x +3 Vit (37 
or V3 x- y+6=0 
Aliter : 
(i) Let tangent parallel to 3x + 4y -5=0is 
3x +4y+A=0 (i) 
and circle x+y? =9 


then perpendicular distance from (0, 0) on Eq. (i) = radius 


oN: og 
(3° + 47) 
or | A |=15 
A =+15 


From Eq. (i), equations of tangents are 
3x +4y+15=0 
(ii) Let tangent perpendicular to 2x + 3y +7 =Ois 
3x -2y+A=0 (ii) 


and circle x? +y’?=9 
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then, perpendicular distance from (0, 0) on Eq. (ii) = radius 


|A| 


———— el 

3° + (-2) 
or |A| = 3v13 
or N= +3v13 


From Eq. (ii), equations of tangents are 
3x — 2y + 3v13 =0 


(iii) Let equation of tangent which makes an angle of 60° 
with the X-axis is 


y= V3x +c ...(iii) 
or V3x -ytc=0 
and circle x+y’? =9 


then, perpendicular distance from (0, 0) to Eq. (iii) = radius 


lel 
(v3)° + (-1)° 
or |c|=6 
or c=t6 
From Eq. (iii), equations of tangents are 
V3x — y+6=0 


Example 36. Prove that the line Ix + my +n=0 
touches the circle (x — a)? + (y —b)? =r? if 
(alt+bm+n)? =r2(1? +m’). 


Sol. If the line Ix + my + n =0 touches the circle 


(x — a)’ +(y—b) =r’, then length of the perpendicular 
from the centre = radius 
|la+mbt+n|_ r 
(I? +m’) 

=> (lat+mbtn)y=r*(l? +m’) 
Aliter : 
Here, line is x + my + n = 0and circle is 
(x — a)’ +(y—b)? =r’. Here, centre of circle (a, b) shift at 
(0, 0), then replacing x by x + aand y by y + bin the 
equation of straight line Ix + my +n =0and circle 
(x — a)’ +(y—b) =r’, the new form of straight line and 


circle are 
I(x +a)+m(y+b)+n=0 

or Ix +my +(al+mb+n)=0 (i) 
and x+y =r’ ..-(ii) 
respectively. 
On comparing Eq. (i) with y = Mx + C 
then M=- 2, 

m 
wea c= (al + bm + n) 


m 
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Since, Eq. (i) is the tangent of Eq. (ii), then 
C’ =r? (1+ M’) 


2 2 

ae ey aye i. 
m m 

or (al+bm+n)* =r? (I? +m’) 


Example 37. Show that the line 3x — 4y =1 touches 
the circle x* + y? —-2x+4y +1=0. Find the 
coordinates of the point of contact. 


Sol. The centre and radius of the circle 
x* + y? —2x + 4y +1=0are (1, —2) 


and \(-1) + (2)° — 1 = 2 respectively. 


Since, length of perpendicular from centre (1, — 2) on 
3x —4y =1is 
[3x1-4x(-2)-1|_ 10 
(3)° + (~4)° : 


= 2 = radius of the circle 


Hence, 3x — 4y = 1 touches the circle 

x? +y° -—2x+4y+1=0 
Second part : Let point of contact is (x,, y,), then tangent 
at (x,,y,)on x? +y” —2x + 4y+1=0is 

xx, + yy, —(x + x,)+2(yt+y,)+1=0 
> x(x,-1)+y(y, +2)— x, + 2y,+1=0 ...(i) 
3x —4y -1=0 ...(ii) 
Since, Eq. (i) and Eq. (ii) are identical, then comparing Eq. (i) 
and Eq. (ii), we get 

x,-1_ y,+2 = —x,+2y,+1 


and given line 


3 —4 -1 
1 2 
or x,=-- and y,=--— 
5 5 
1 2 
*, Point of contact is (- —,- =| 
5 5 


Aliter for second part : Since, perpendicular line to 
tangent always passes through the centre of the circle, 
perpendicular line to 


3x-—4y=1 (i) 
is 4x+3y=X ...(ii) 
which passes through (1, — 2), then 

4-6=A 
os A= -2 
From Eq. (ii), 4x+3y=-2 ...(iii) 


Solving Eq. (i) and Eq. (iii), we get the point of contact ie. 


1 
x=—-—-andy=-—-— 
4 5 


j . 1 
Hence, point of contact is - 5° = = 


Example 38. If Ix + my =1 touches the circle 


x? +y? =a’, prove that the point (/, m) lies on the 
circle x* + y* =a”. 


Sol. Since, Ix + my =1 touches the circle x” + y? =a’. 


Then, length of perpendicular from (0, 0) on lx + my = lis 
equal to radius 
[=a] 


Hence, locus of (1, m) is x? + y? =a 


2 2 


then, =aorl’ +m =a 


2 


Aliter : Let the point of contact of line Ix + my = 1 and 
circle x* + y* =a’ is(x,, y,), then tangent of circle at 


(x1, 4) is xx, + yy, =a” 


Since, xx, + yy, = a and Ixt my =1 
2 
are identical, then — = v1 
m 1 


x, = la’, y, = ma’ 
but (x,, y,) lie on x? + y? =a” 


24 204 2 
then, l‘a" +m‘a’ =a 


2 2 


P +m =a 


Locus of (1, m) is x? + y? =a” 
Example 39. Show that the line 
(x — 2)cos@ + (y —2)sin6 =1 touches a circle for all 
values of 8. Find the circle. 
Sol. Given line is (x — 2) cosO + (y — 2) sin® 
1=cos’@ + sin’6 
On comparing 
x —2=cos0 ...(i) 
and y —2=sin0 ...(ii) 
Squaring and adding Eq. (i) and Eq. (ii), then 
(x — 2) +(y — 2)* =cos”0 + sin’ 


= (x — 2)? +(y-2)? =1 
or x? +y*?—-4x-4y+7=0 
Aliter : Since, tangent at (cos9, sin®) of 
x? ty? =1 ...(i) 
is x cos8 + ysin@ =1 ...(ii) 


replacing x by x — 2and y by y — 2in Eggs. (i) and (ii), then 
(x —2)? +(y-2)? =1 ...(iii) 
(x — 2) cosO + (y — 2)sinO =1 ...(iv) 
Hence, Eq. (iv) touches the circle Eq. (iii). 
.. Equation of circle is 
(x - 2)? +(y-2)? =1 


or x? +y’—4x-4y+7=0 


Normal to a Circle at a 
Given Point 


The normal of a circle at any point is a straight line which 
is perpendicular to the tangent at the point and always 
passes through the centre of the circle. 


Different form of the Equation of Normals 
1. Point form : 


Theorem : The equation of normal at the point P(x,,y,) 
to the circle x” + y” +2gx +2fy+c=0is 

X7~%1 _Y7)1 

x +g yi tf 
Proof : 
Equation of the given circle is 

x? +y" +2ex+2fy+c=0 ...(i) 

Its centre C is (—g, — f) 


P (4, 4) 


Let P(x,, y,) be the given point. 


** Normal of the circle at P(x,,y,) passes through centre 
C (-g, — f) of the circle. 


Then, equation of normal CP passes through the points 
C(-g, — f) and P(x, y,) is 


+ 
ye Pix x,) 
(x, +g) 
ai LY 
+e yey 


This is the required equation of normal at P(x,,y,) of the 
given circle. 


Remark 
Easy method to find normal at (x,, y,) of second degree conics 
ax? + 2hxy + by? + 29x + 2fy+c=0 0) 
ahg 
then, according to determinant |h b f 
gf c 
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write first two rows as ax, + hy, +g and hx, + by, +f 


Then, normal at (x,, y,) of conic (i) 
X=X, V-Y; 
ax,+hy,+g hx,+ by, +f 


Corollary 1 : Equation of normal of x? + y? =a’ at 


(x1, 91) is 
x-—X, 


a VOY 
1-x,+0+0 0O+1-y, +0 


(Here, g, f =O anda=b=1) 


=s AW Ay VOY 
xy Ba 
ae cae 
X, Vi 


Corollary 2 : Equation of normal of 
x? ty? +2gx +2fy+c=O0at(x,,y,) is 


SPD ee (Here, a=b=1andh=0) 
x,+g wtf 
Remarks 


1. Normal always passes through the centre of the circle. 


Just write the equation of the line joining (x,, y,) and the 
centre of the circle. 


2. The equations of the normals show that they pass through 
the centre i.e. the normals are the radii which we know from 
Euclidean geometry. 


Example 40. Find the equation of the normal to 
the circle x* + y* =2x, which is parallel to the line 


X+2y =3. 


Sol. Given circle is x* + y? —2x =0 
Centre of given circle is (1, 0) 
Since, normal is parallel to x + 2y =3 


let the equation of normal is x + 2y =A 


Since, normal passes through the centre of the circle i.e. 
(1, 0) 


then 1+0=A 
A=1 
then, equation of normal isx + 2y =1 
or x+2y-1=0 
Aliter Equation of normal at (x,, y,) of x” + y’ — 2x =0is 
x7 % _ V7 
x,-1 y,-0 
ae St 
or Slope = =m, (say) 


x, rl 
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Since normal is parallel to x + 2y =3 Aliter II: Equation of tangent at (5, 6) is 
il 5 
Slope = — = = m; (say) PE ee) PO et 


10x + 12y —5x - 25+ 2y+12-96=0 
5x + 14y —- 109 =0 


but given m, = m, 
Vi 
x,-1 


=> 
1 => 
=—-—- orx, +2y,-1=0 5 

2 Slope of tangent = — — 
. Locus of (x, y;) is x + 2y -1=0 a 


14 

Slope of normal = — 

Example 41. Find the equation of the normal to the ' 
‘ 2 2 — ‘ 

circle x° + y” ~5x+2y —48=0 at the point (5,6). .. Equation of normal at (5, 6) with slope = is 

Sol. Equation of the normal at (5, 6) is 14 

y—6= = (x — 5) 


x-5 _ y-6 = XS yoo = 2x-10_ y-6 


2.9 O41 a 7 5 d = 5y — 30 = 14x — 70 
7 a or 14x —5y — 40=0 
=> 14x -70=5y —30 
14x —5y — 40=0 2. Parametric form 


i : i i i ‘ 3 . 2 2 2 
Aliter I: Since, centre of the circle Since, parametric coordinates of circle x“ + y“ =a" is 


ee. (2 F 
x" +y° —5x + 2y — 48 =0is (= — i} normal at (5,6) is the (acos8, a sin®) 
2 ' : 


5 Equation of normal at (a cos@, a sin®) is 
equation of a line, which passes through o 1 | and (5, 6) is 


x _ Y 
6+1 5 14 5 acosO asin®@ 
ytl= x >ytl= x 
5 2 5 2 
3 alee x _y = 
2 or =—— ory =x tanO 
cos@_ sin® 
+ 41=1 (ax =5) 
- 5 or y =mx, where m= tan0 
= syt5=14x—35 or 14x —Sy—- 40=0 which is slope form of normal. 


Exercise for Session 4 


1. The length of the chord cut-off by y = 2x +1from the circle x? + y? =2is 


5 6 6 V5 
a)= b) — GC) d)** 
( - ( - ( ie (d) - 
2. Circle x? + y? -4x —8y —5 =O will intersect the line 3x —4y =A in two distinct points, if 
(a)-10<A<5 (b)9<A<20 (c) -35<A< 15 (d)-16<A< 30 


3. If the line 3x —4y + 4 =0, (A >0) touches the circle x* + y? —4x —8y -5 =O at(a,b), then 4+.a+b is equal to 
(a) -22 (b) -20 (c) 20 (d) 22 

4. Tangent which is parallel to the line x — 3y — 2 =0 of the circle x24 y? —4x + 2y —5=0, has point/points of 
contact 
(a) (1, — 2) (b) (-1, 2) (c) (3, 4) (d) (3, — 4) 

5. Ifacircle, whose centre is (—1,1) touches the straight line x + 2y = 12, then the co-ordinates of the point of 
contact are 


(a) (-$- 4) (b) (-=- 2) (0) (2-7) (d) (-2,-5) 


10. 


11. 


12. 


13. 
14. 


15. 
16. 
17. 
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The area of the triangle formed by the tangent at the point(a, b ) to the circle x24 y? =r? and the coordinate 


axes is 


r4 4 4 4 


(2) = ) 
2ab 2\ab | ab Jab | 


The equation of the tangent to the circle x* + y? +4x —4y +4 =0 which make equal intercepts on the positive 
coordinate axes is 
(a)x+y=2 (b) x+y =2/2 (c)x+y=4 (d)x+y=8 
Ifa >2b >0, then the positive value of m for which y = mx —b4(1+ m7) is a common tangent to x? + y? =b? 
and (x -a)*+y? =b7is 

2b (a? — 4b?) 


2b b 
©) seh (b) 3S () (a) 


The angle between a pair of tangents from a pointP to the circle ae iy" =16is . and locus of P is 


x?+y? =r?, then value of r is 


(a) 5 (b) 6 (c) 7 (d) 8 

The normal at the point (3, 4) on a circle cuts the circle at the point (—1,-—2). Then, the equation of the circle is 
(a) x? + y? + 2x - 2y -13=0 (b) x? + y? — 2x - 2y-11=0 

(c) x? + y? — 2x + 2y+12=0 (d) x? + y? — 2x - 2y + 14=0 


The line ax + by +c =Ois a normal to the circle x4 y? =r?. The portion of the line ax + by +c =0 intercepted 
by this circle is of length 
(a) vr (b)r (c) r? (d) 2r 


If the line ax + by +c =O touches the circle x? + y? —2x = : and is normal to the circle x? + y? + 2x —4y +1=0, 
then (a,b ) are 

(a) (1,3) (b) (3,1) (c) (1, 2) (d) (2, 1) 

Show that for all values of @, x sin@ — y cos @ =a touches the circle x? + y? =a”. 

Find the equation of the tangents to the circle xo se ye —2x -4y -4=0 

which are (i) parallel (ii) perpendicular to the line 3x —4y —1=0. 

Find the equation of the family of circle which touch the pair of straight lines x? — y? + 2y -1=0. 


Find the value of A so that the line 3x —4y =A may touch the circle x? 4 y* —4x -8y -5=0. 


Show that the area of the triangle formed by the positive X-axis, the normal and tangent to the circle 
x? + y* =4at (1, V3)is 2v3. 


Session 5 


Tangents from a Point to the Circle, Length of the 
Tangent from a Point to a Circle, Power of a Point 
with Respect to a Circle, Chord of Contact, Chord 


Bisected at a Given Point, Pair of Tangents, 


Director Circle 


Tangent from a Point 
to the Circle 


Theorem : From a given point two tangents can be drawn 
to a circle which are real, coincident or imaginary 
according as the given point lies outside,on or inside the 
circle . 


Proof : If circle is x+y? =a" ..-(i) 
any tangent to the circle Eq. (i) is 


y=mx +ay(1+m’) 


If outside point is(x,, y,) 


then, y, =mx, tay1+m’ 


(ii) 


or (y, —mx,)? =a’ (1+m?) 
or yi +m? x? —2mx,y, =a +a’m 
=> m’ (x? — a”) —2mx,y, ty; —a’ =0 ...(iii) 


which is quadratic in m which gives two values of m. 


(real coincident or imaginary) corresponding to any value 
of x, andy,. 


The tangents are real, coincident or imaginary according 
as the values of m obtained from Eq. (iii) are real, 
coincident or imaginary. 


or Discriminant >,=, or <0 
> 4x°y? —4(x? —a’) (yi -a’)>, =, or <0 
> (x? +y? —a’)>,= or <0 


ie. P(x,,y,) lies outside, on or inside the circle 


x? +y" =a’. 


If P outside the circle, then substituting these values of m 
in Eq. (ii), we get the equation of tangents. 


Aliter : 
First write equation of line through (x,, y,) say 

y-y, =m(x-x,) ...(i) 
which is tangent of the circle x* + y” =a’, then 


length of perpendicular from centre (0,0) to Eq. (i) = radius 
of the circle 


|mx, -y,| 


then, —___*— =a 
(1+m’) 
or (mx, -y,)* =a’ (1+m’?) 
or mx? —2mx1y,1 +y2 =a’ +a’m 
=> m’ (x? —a”)—2mx,y, ty? —a’ =0 


which is quadratic in m which gives two values of m. 


Example 42. Find the equations of the tangents to 
the circle x’ + y* =16 drawn from the point (1,4) . 


Sol. Given circle is 
x? +y" =16 ...(i) 
Any tangent of Eq. (i) in terms of slope is 


y=mx+4(1+m’) 


which passes through (1, 4) 


(ii) 


then, 4=m+4 (1+ m’) 
=> (4—m)? =16(1+ m’) 
=> 15m? + 8m=0 


8 
m = 0, — — 


From Eq. (ii), equations of tangents drawn from (1, 4) are 


and 


or 8x + 15y = 68 respectively. 

Aliter : Equation of line through (1, 4) is y — 4 = m(x — 1) 
> mx-y+4—-m=0 (i) 
Then, perpendicular length from centre (0, 0) to 

mx — y + 4— m= O0is equal to radius 

|4—m| _ 


then, ————— = 4 
jm? +1 
or (4—m)? =16(m? +1) 
=> 15m” + 8m =0 
ee: 
"45 


From Eq. (i), equation of tangents from (1, 4) are y = 4 and 
8x + 15y = 68, respectively. 


Example 43. The angle between a pair of tangents 
from a point P to the circle x? + y* +4x -6y + 9sin?o 


+13cos*a@=0 is 2a. Find the equation of the locus of 
the point P. 


Sol. Let coordinates of P be (x,, y,) and given circle is 
x? +y’ + 4x —6y +9 sin’o +13 cos’ =0 
or (x + 2)? +(y—3)? —4-949 sin? @ +13 cos’a =0 
> (x + 2)? +(y —3)* + 9sin?a —13(1— cos?@) =0 
> (x +2)? +(y —3)* = 4sin’o 


“. Centre and radius are (—2, 3) and 2 sina, respectively. 


P(x.Y1) 


Distance between P (x,, y,) and centre of circle C (—2, 3) is 


CP = f(x, +2) +(y, -3)° 


mAPCT whee e < esi 

CP M(x, +2)? +(y, - 3) 
or Vx, + 2) +(y,- 3)? =2 
or (x, +2)? +(y,-3) =4 


The required locus of P(x,, y,) is 
(x +2) +(y-3) =4 
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Length of the Tangent from a 
Point to a Circle 


Theorem : The length of tangent from the point 
P(x,,y,) to the circle x? + y” +2gx +2fy +c =0is 


V(x? +y? +2gx, +2fy, +c) = JS, 


Proof : Let PT and PT’ be two tangents from the given 


point P(x,,y,) to the circle x? +” +2gx +2fy+c=0. 
Then, the centre and radius are C (—g, — f) and 


Vig? +f? -c) (= CT =CT’) respectively. 


PK¥1) 
In APCT, 
PT =,{(PC)? -(CT)’ 
a(x, +9) + +f) - 2? -f? $e 
= (x? +y? +2ex,+2fy, +c)=,/S, =PT’ 


where, S, =x? +y? +2gx, +2fy, te 


Remarks 

1. To find length of tangent 
let S=x? + y? + 29x +2yte 
then, 
where, P(x;, y;) 

length of tangent =/S, 

2. For S, first write the equation of circle in general form i.e. 
coefficient of x? = coefficient of y? =1and making RHS of 
circle is zero, then let LHS by S. 


5S, =XxP + yp + 29x, + 2fy, +c 


Example 44. Find the length of tangents drawn 
from the point (3,—4) to the circle 


2x? +2y? -7x-9y -13=0. 
Sol. The equation of the given circle is 
2x? +2y” —7x —9y -13=0 
Re-writing the given equation of the circle 


: 2 2 
1,€: x py” = Se 
4 2 2 2 
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9 1 
Let Sax? ty? —ox— Ly = 


2 2 
7 9 13 
S, =(3)" + (-4)° X3-—~x(-4) 
2 2 
21 13 
= 25 +18 = 43 -17=26 
2 2 


.. Length of tangent = mi = 26 


Example 45. If the length of tangent from (f, g) to 
the circle x? + y” =6 be twice the length of the 
tangent from (f, g) to circle x* + y* + 3x+ 3y =O, then 
find the value of f? + g* +4f+4g. 
Sol. According to the question 
ve? + f? 6) =2y(f? + 97 +3f +3g) 
On squaring g° + f? -6=4f* + 4g? +12f + 12g 


or 3f? +3g7 +12f +12¢ +6=0 
or f° +e? +4f+4g+2=0 
or frrg? +4f+4g=-2 


Example 46. Show that the area of the triangle 
formed by tangents from the point (4, 3) to the circle 
x? +y? =9 and the line segment joining their points of 


ie lt ae 
contact is 7 aE square units in length. 


Sol. Since, PO = PR=./4° +3° —9 = 4 units 


ZCPQ = ZCPR= 6 
PC = (4-0) +(3—0)? =5 units 


P(4,3) 
Oly 


(let) 


3 


-.In APQC, tana = ri 
; 3 
sing =— 
5 
and cosa = ka 
5 
In APMQ, cosa = 7M = 2 
4 5 
PM = a 
Bi} 
and sing = “_ = e 
4 5 


Area of A POR = OR: PM 


- | QM): PM = (QM) (PM) 


_(12)(16)_ 192 
5 5 25 
17 : 

= 7 — sq units 
25 d 


Example 47. Show that the length of the tangent 
from any point on the circle x* + y* + 2gx+2fy+c=0 


to the circle x? + y* +2gx + 2fy +c, =Ois Jf[(c, -c). 
Sol. Let (x,, y,) be any point on 
x° ty +2ex +2fy+c=0 
then x? + y) +2gx, + 2fy,+¢ =0 ...(i) 
.. Length of tangent from (x,, y,) to the circle 
x? +y? +2gx +2fy +c, =0is 


{x +y; + 2gx, + 2fy, +c, 
=,(-c +) =(6, —c) 


[From Eq. (i)] 


Power of a Point With 
Respect to a Circle 


Theorem : The power of a point P (x,, y,) with respect to 
the circle 


x? +y? +2gx +2fy +e=0is S, 
where, S, =x; + yi +2gx, +2fy, +¢ 


Proof : Let P(x,, y,) be a point outside the circle and PAB 
and PCD drawn two secants. The power of P(x,,y,) with 
respect to 


P (x4, 1) C 


Sax? +y" +2gx +2fy+c=0 
is equal to PA: PB which is 
x? +y? +2gx, +2fy, +c=S, 


.. Power remains constant for the circle 


ie. independent of A and B. 
“. PA: PB= PC: PD =(PT)’ =S, =(/S,) 


“. PA: PB= Gor = square of the length of tangent. 


Remark 


lf P outside, inside or on the circle, then PA- PB is + ve, — ve 
or zero, respectively. 


Example 48. Find the power of point (2,4) with 
respect to the circle x* + y* -6x+4y -8=0 
Sol. The power of the point (2, 4) with respect to the circle 
x? +y? -6x+4y—-8 =0is (,/S, )? or S, 
where, S=x* +y’—6x+4y-8 
S, =(2)? +(4)? -6x2+4x4-8 
=4+16-12+16-8=16 
[-. (2, 4) is outside from the circle x? + y* —6x + 4y —8=0] 


Example 49. Show that the locus of the point, the 
powers of which with respect to two given circles 
are equal, is a straight line. 
Sol. Let the given circles be 
x? +y" +2gx + 2fy+c=0 ...(i) 
...(ii) 
Let P (x,, y,) be a point, the powers of which with respect 
to the circles Eqs. (i) and (ii) are equal. Then, 


[V(x? + y? + 29x, +2fy, +0) P 


= [V(x? + Vi +2g,x,+2fy, + c)P 
or x? + yy; +2gx, +2fy, +e 


and x? +y? +2e.x+2fiy tc, =0 


=xp + yp + 2gyx1 + 2fiy. + cy 
=> (g-g)xt+2(f-fi)y,+e-¢,=0 
then, locus of P (x,, y,) is 


2(g—gi)xt2(f-fi)yte—c=0 
which is a straight line. 


Chord of Contact 


From any external point, two tangents can be drawn toa 
given circle. The chord joining the points of contact of the 
two tangents is called the chord of contact of tangents. 
Theorem : The equation of the chord of contact of 
tangents drawn from a point (x,, y,) to the circle 

2.2 _ 2. 2 
x+y =@ 18S xXx, tyy,; =a. 
Sol. Let T(x’, y’) and T’(x”, y”) be the points of contact of 


tangents drawn from P(x, y,) to x? + y’ =a’. 
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P (x1, Y1) 
Then, equations of tangents PT and PT’ are 
xx’ +yy’=a" and xx’’+yy’’ =a’ respectively. 
Since, both tangents pass through P(x,, y,), then 
x,x’t+y,y' =a’ 
and xx” ty yy" =a’ 
‘: Points T(x’, y’) andT’(x”,y”) lie on 
XxX, t+yy, = a’ 


.. Equation of chord of contact TT’ is xx, + yy, =a’ 


Remark 


Equation of chord of contact like as equation of tangent at 
that point but point different. 


Now, for chord of contact at (x,,y,), replacing x” by 


XOX + 
xx1,y" by yy,,x by ; ,y by 2 


+ 
and xy by 217 *1, 


Corollary 1 : If R is the radius of the circle and L is the 

length of the tangent from P(x,,y,) on S =0. 

Here, L=./S,, then 

(a) Length of chord of contact TT’= oe 
(R’ +1’) 


(b) Area of triangle formed by the pair of tangents and its 
3 


chord of contact = 


Rae 
c) Angle between the pair of tangents trom P(x,, 
Angle b he pair of tang from P(x,,y, 
1( 2RL 
= tan 
PR? 


Corollary 2 : Equation of the circle circumscribing the 
triangle PTT’ is 

(x—x, xt) +(y-yi iy t+ f) =, 
where, O(—g,— f) is the centre of the circle 

x? +y? +2gx +2fe +co=0 
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i.e. Required circle always passes through the centre of 
the given circle (Here, OP is the diameter of the required 
circle). 


Example 50. If the pair of tangents are drawn from 
the point (4,5) to the circle x? + y* -4x-2y-11=0, 
then, 

(i) Find the length of chord of contact. 


(ii) Find the area of the triangle formed by a pair of 
tangents and their chord of contact. 


(iii) Find the angle between the pair of tangents. 
Sol. Here, P = (4,5), 


R= ((2)? +(1)* +11) = 4 
and L = JS, = y((4)’ +(5)? -4x4-2x5-11) =2 
(i) Length of chord of contact 


_  2LR  _ 2x2x4 _ 8 aiik 
WR+2) (4+ V5 
RL? 4x8 8 
(ii) Area of triangle = eee sq units 
R+L? 16+4 5 
iii) Angle between the pair of tangents 
g P g 
= + tan-'{ 2X 4X2 
— an Poa 


=N- tan( 4) (. L < R) 
Example 51. Tangents PQ, PR are drawn to the circle 
x?+y? = 36 from the point P(—-8,2) touching the circle 
at Q, R respectively. Find the equation of the 
circumcircle of APQR. 

Sol. Here, P = (-8,2) and O = (0,0) 

.. Equation of the required circle is 
(x —(—8))(x -0)+(y —2)(y -0) =0 
(. OP is the diameter) 


or ee +y’ +8x —2y =0 


Example 52. Find the condition that chord of 
contact of any external point (h, k) to the circle 
x? +y? =a’ should subtend right angle at the centre 


of the circle . 


Sol. Equation of chord of contact AB is hx + ky =a’ 


For equation of pair of tangents of OA and OB, make 
homogeneous x” + y” = a’ with the help of hx + ky = a’ or 


hx +ky _, 
a 
2 2 2{hx+ky ; 
then, x"+y° =a ( 2 
or a’ (x? + y*) =(hx + ky)’ 


or x? (a? — h”) — 2hkxy + y? (a? —k”) =0 


but AAR = = 


.. Coefficient of x” + Coefficient of y* =0 


=> a —h? +a? -—k? =0 or h? +k? =2a’ 


Example 53. The chord of contact of tangents drawn 
from a point on the circle x + y? =a? to the circle 

x? +y* =b? touches the circle x* + y* =c*. Show 
that a,b,c are in GP. 


Sol. Let P(acos8, asin®) be a point on the circle 
24.2 _ 2 
x+y" =a’, 
Then, equation of chord of contact of tangents drawn from 
P(acos@, asin®) to the circle x? + y” = b? is 


Ve 


e+ y2= a2 

ax cos® + ay sin® = b” ...(i) 
This touches the circle x? + y® =c?* ...(ii) 
.. Length of perpendicular from (0, 0) to Eq. (i) = radius of 
Eq. (ii) 

|0+0-b?| 

=c 
Me cos’@ + a’sin’@) 

or b? =ac 


= a,b,c areinGP. 


Chord Bisected at a 
Given Point 


Theorem : The equation of the chord of the circle 

x’ +y* =a’ bisected at the point (x,, y, ) is given by 
xX, +yy, -@axity-a 

or T=S, 

Proof : Let any chord AB of the circle x” + y? =a’ be 

bisected at D(x,,y,). 


If centre of circle is represented by C 


B 


0O- 
slope of DC=— 41 = 1 


O-x, x, 


then, 


“. Slope of the chord AB is — eal 


V1 
. ; xX, 
then, equation of ABis y—y, =—-—(x-x,) 
vA 
i 2 
or VV WV 1 Sy Fy 
or XxX, + yy, =x +y? 
or xx, tyy, a7 =x? +y?-a’ or T=S, 


Remarks 

1. The equation of chord of the circle x? + y? + 29x + 2fy+c=0, 
which is bisected at (x,, y;);is7=S, 
where, T=xx,+ yy,+g(xt+x,)+flyty)+e 
and S,=x7 + yp +2gx, + 2fy, +c 


2. The chord bisected at point (x, y,) is the farthest from the 
centre among all the chords passing through the point (x, y,). 
Also, for such chord, the length of the chord is minimum. 


Example 54. Find the equation of the chord of 


x? + y* —6x+10y -9=0 which is bisected at (—2,4). 


Sol. The equation of the required chord is 
—2x+4y-3(x—-2)+5(y+4)-9 
=4+16+12+ 40-9 
> —5x + 9y — 46=0 
or 5x —9y + 46=0 
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Example 55. Find the middle point of the chord 
intercepted on line Ix + my +n=0 by the circle 
x? +y* =a’, 

Sol. Let (x,, y,) be the middle point of the chord intercepted 


by the circle x? + y* =a’ on the line Ix + my +n =0. 
2 


> 


Then, equation of the chord of the circle x? + y’ =a 


whose middle points is (x,, y,), is 
2 2 


XX, + yy, —a =x) +y)/-a 


or xx, + yy,=x2+y; ...(i) 
Clearly, Ix + my + n = 0and Eq. (i) represented the same 
line, 
x xi +y; 
1 oh (say) 
lo om —n 
x, =1Xr 
is a ...(ii) 
and xi +y? =—mAa 
or 722 + m2? =- nv [from (ii)] 
y=? 
P +m 
nl mn 
So, from Eq. (ii), y= iy 
; Pen +m? 
nl nm 
Hence, the required point is ‘ , 
Ptm P+ | 


Example 56. Through a fixed point (h,k), secants are 
drawn to the circle x? + y* =r”. Show that the locus 
of mid-point of the portions of secants intercepted by 
the circle is x? + y? =hx + ky. 


Sol. Let P(x,, y,) be the middle point of any chord AB, which 
passes through the point C (h, k). 


T=S, 


xx, tyy,-r axe tyear 


Equation of chord AB is 
‘ 2 
Di, a8 
or xi typ = xx, + yy, 
But since AB passes through C (h, k), then 
xp + yy = hx, + ky, 


. Locus of P(x, y,)is x? + y? =hx + ky 
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Example 57. Find the locus of middle points of 
chords of the circle x* + y* =a’, which subtend right 
angle at the point (c, 0) . 
Sol. Let N (h, k) be the middle point of any chord AB, which 
subtend a right angle at P(c, 0). 


Since, ZAPB=90° 
NA = NB = NP 
Y, 
xX’< >X 
vy 
y’ 
(since distance of the vertices from middle 
point of the hypotenuse are equal) 
or (NA)* =(NB)? =(h—c)* +(k —0) ...(i) 
But also Z BNO = 90° 
(OB)’ =(ON)* + (NB)’ 
> —(NB)* =(ON)? — (OB)’ 
=> -[(h—-c/ +(k—-0)]=(h? +k?)-@ 
or 2(h? +k*?)-2ch +c” —a’ =0 


*. Locus of N(h, k) is 
2(x? + y?)—2ex +c? — a’? =0 


Example 58. Find the equation of the chord of the 
circle x* + y* =r? passing through the point (2,3) 
farthest from the centre. 
Sol. Let P = (2,3) be the given point and M be the middle point 
of chord of circle x? + y? =r’ through P. 


A 
(OM)’ = (OP)* —(PM)" 
If OM maximum, then PM is minimum. i.e. P coincides with 
M, which is middle point of the chord. 
Hence, the equation of the chord is 
T=S, 
1:€. Qx+3y—r7 =2° +3? —-r’ 


Then, 


or 2x +3y =13 


Pair of Tangents 


Theorem : The combined equation of the pair of tangents 


drawn from a point P (x,,y,) to the circle x? + y? =a’ is 


(x? +y" -a") (xf +y{ -a?)=(xx, + yy, -@°)? 
or Set 


Z 


where, S=x’? +y’?-a@’,S, =x? +y?-a 


and T=xx,+yy,-@ 


Proof : The given circle is x” + y” =a’ 


Its centre and radius are C (0,0) and a respectively . Given 
external point be P (x,,y;). 


From point P(x,,y,) two tangents PT and PR be drawn to 
the circle, touching circle at T and R respectively. 


P (x1, Y1) 


Let Q (a, B) on PT, then equation of PQ is 


y- oe (x -x,) 


x, 
or y(a-x,)-x(B-y,)-ay, +Bx, =0 
Length of perpendicular from C (0,0) on PT =a (radius) 
—% |Bx, —ay,| ay 

la-x,)? +B-y,)° 
or (Bx, —ay,)” =a" {(a—x,)? +(B-y,)?} 


“. Locus of Q (c, B) is 

(yx, -xy,)° =a’ {(x-x,)° +(y-y,)*} 
=> ae a +x°y? —2xyY XV, =@’ 

{x? +x} -2xx, +y" + yj —2yy,} 
=>y" (xi — a”) +x" (yj -a”)-a"(xi +94) 
=2xXyX V1 — 2a’ xx, —2a’yy, 

On adding both sides, (x’x? + y’y? +a‘), then 
y (2, ty a ee lap ey a) 0" (a +9) 


=(xx, tyy; -a’)* 


=> (x? +y? -a7) (xf +yj -—a7)=(xx, +yy, -@”)? 


This is the required equation of pair of tangents drawn 
from (x,,y,) to circle x? +y? =a’. 


Aliter : Let circle be x” + y” =a’ with centre C (0,0) and 
radius a. Length of tangents from P(x,,y,) and Q (o,f) 


are 
PT = xi t+y -a’ 
and OT =a" +B? -a’ 


Now, equation of TR (chord of contact is) 
xx, +YVy, -a’ =0 


2 2 2 
ie ty -@ | 


PN - |x, +By, -a"| 


(xi +yi) 


and OM = 
(xt +1) 
But from similar A’ PNT and OMT, 
2 2 
PN _ PT _, (PN)* _ (PT) 


OM QT (gm) (QT) 
(a, ty ay 
z (xp+yi) ei tyr - a 
(ax, +By, -a’y oe +6" age 
(xi +yi) 


=> (xp +y} —a") (a +B° -a’) =(ax, +By, -a")’ 
“. Locus of Q (a, ) is 

(x? +y" —a”) (xj +y; a") 
= (xx, +yy, —@”)? 
This is the required equation of pair of tangents drawn 
from (x,,y,) to circle x? + y* =a’. 
Corollary : The angle between the two tangents from 


1 a 
—— |, where 


Ts, 


(x,,y,) to the circle x? +y’ =a’ is 2tan” 


S, =x? +y?-a’. 
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Remarks 

1. Equation of pair of tangents in notation form is SS, = T? 
where, Saxe + yea 

Sy =x? + ye-a,T =X, + VW; -a 

2. When circle is x° + y? + 2gx + 2fy + c=0 and tangents are 
drawn from (x,, y,), then pair of tangents is 
(x? + y? + 29x + 2fy +) (x2 + y? + 2Qx, + 2fy, +0) 


=x, + Wr tg (xt%)+flyt yy) + cl 


where, Sex? + y? + 29x +2fvtc, 
Sy BxP + y2 + 29x, + Oy, +c, 
and Text wi tgxtx)tf(yty)te 


Advised for Students 


Students are advised that, if they do not want to use the 
formula (SS, =T7), then use the following method : 

Let y—y, =m(x —x,) be any line through P(x,,y,). 
Then, use condition of tangency p=ri.e. 


Length of perpendicular from the centre of circle or this 
line = radius of the circle. 


Gives the values of m. In such away, we can find the 
equations of tangents from P. 


Example 59. Find the equations of the tangents 
from the point A (3,2) to the circle 
x? +y*+4x+6y+8=0. 


Sol. Combined equation of the pair of tangents drawn from 
A (3,2) to the given circle x? + y’ + 4x + 6y +8=0 can be 
written in the usual notation. 

T’ =SS, namely 
=> [Bx +2y+2(x+3)4+3(y+2)+8) 
=[x? +y? +4x4+6y +8][9+4+12+12+8] 
=> (5x+5y +20)? =45(x? +y? + 4x + 6y +8) 
> 5(xty+4) =9(x? +y? + 4x + 6y +8) 
> 5 (x? +y? + 2xy + 8x + 8y + 16) 
=9(x? +y? +4x + 6y +8) 
=> 4x* + 4y? -10xy —4x +14y-8=0 
or 2x? +2y" —5xy —2x+7y-4=0 
or (2x —y— 4)(x -2y+1)=0 
Hence, the required tangents to the circle from A (3, 2) are 
2x-y-4=0 and x-2y+1=0 
Aliter : Let S = x’ + y’ + 4x + 6y+8=0 
Centre C (—2, —3) and radius =5 
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Let the slope of a tangent from A to ‘S=0' be m, then 
equation of tangent is 


y-2=m(x-3) 
or mx —-y+2-3m=0 (i) 
Length of perpendicular from C (—2, —3) on Eq. (i) 
= radius of circle. 
A(3,2) 


S$=0 
- [=am+3+2—3m| _ fe 
(m* +1) 

or (5m —5)* =5(m? +1) 
=> 25m? — 50m + 25=5m? +5 
> 20m” — 50m + 20 =0 

or 2m? —5m+2=0 

or (2m — 1)(m—2)=0 


1 
m=—orm=2 
2 


Substituting these values of m in Eq. (i), we get the 
equations of two tangents are x — 2y +1=0and 
2x-y-4=0. 


Director Circle 


Director circle : The locus of the point of intersection of 
two perpendicular tangents to a given circle is known as 
its director circle. 


Theorem : The equation of the director circle of the circle 
x? + yr =a’ is 

x? + ye =2a" 
Proof : The equation of any tangent to the circle 


vty =a 


is y=mx +ay(1+m’) ...(i) 


Let P (h, k) be the point of intersection of tangents, then 
P (h,k) lies on Eq. (i) 


k=mh+a,(1+m’) 


or (k —mh)* =a? (1+m’)q 


or m? (h? — a”) —2mkh+k? —a? =0 

This is quadratic equation in m, let two roots arem, and 
My. 

But tangents are perpendiculars, then 


P (h, k) 


mm, =-1 
ke —@? 

=> 2 =-lork’?-@=-h’ +a 
h? -a 

or h? +k? =2a’ 


Hence, locus of P (h,k) is x* +y? =2a? 


Aliter : The combined equation of the pair of tangents 


drawn from (h, k) to x? +y? =a’ is 


os. 27° 
where, S=x*+y’-a@ 
S,=h +k -a 
and T=hx+ky-a’ 


(x? +y” —a’)(h? +k? —a’) =(hx +ky -—a’)? 
This equation will represent a pair of perpendicular lines 
if, coefficient of x’ + coefficient of y”? =0 
=> Wek -ad-h +h’ +k’ -ad’ -k =0 
=> h? +k? —2a? =0 or h’ +k® =2a” 


Hence, the locus of (h, k) is x? + y? =2a? 


Remarks 
1. The equation of the director circle of the circle 
(x —h)? +(y—h)? =a? is (x — A)? + (y—k)? = 24? 


2. The equation of the director circle of the circle 
x4 y> + 2x + Qfy +c=0 isx? + y? + 29x +2fy+c=g°t+fe-c 


3. If two tangents are drawn from a point on the director circle to 
he circle, then angle between tangents is 90°. 


Example 60. If two tangents are drawn from a point 
on the circle x’ + y* = 50 to the circle x? + y* =25, 


then find the angle between the tangents. 
Sol. -: x” + y’ =50 is the director circle of x? + y? =25 


Hence, angle between tangents =90° 
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Exercise for Session 5 


1. 


10. 


11. 


12. 


13. 


14. 


15. 


16. 
17. 


If the tangent at the point P on the circle yee y* +6x +6y =2 meets the straight line 5x —2y +6 =O ata pointQ 
on the Y-axis, then the length PQ is 
(a) 4 (b) 2/5 (c) 5 (d) 3V5 
If the circle x? + y? + 2gx + 2fy +c =O is touched by y = x at P such that OP =6¥2, where Ois origin, then the 
value of c is 
(a) 36 (b) 72 (c) 144 (d) 288 
The chord of contact of tangents from a point P to a circle passes through Q. If/, and/, are the lengths of 
tangents from P and Q to the circle, then PQ is equal to 

+1 L-l 
(a) 1-2 (b) + (c) yf +12) (a) YF -12) 


If the chord of contact of tangents from a point (x, y,) to the circle x? + ye =a’ touches the circle 

(x —a)* + y? =a, then the locus of (x, y;)is 

(a) a circle (b) a parabola (c) an ellipse (d) a hyperbola 

The locus of the mid-points of a chord of the circle are y? =4, which subtends a right angle at the origin is 
(a)x+y=1 (b) x2 + y? =1 (c)x+y=2 (d) x2 + y? =2 

The length of tangents from P(1—1) and Q(3,3) to a circle are V2 and V6 respectively, then the length of tangent 
from R(—2,—7) to the same circle is 


(a) V41 (b) V51 (c) 61 (d) W711 
If the angle between the tangents drawn to x74 y? + 29x + 2fy +c =0 from (0,0) is o then 
(a) 97 +f? = 3c (b) g7 + f? = 2c (c) 9g? +f? =5c (d) 92 +f? =4c 


The chords of contact of the pair of tangents drawn from each point on the line 2x + y =4 to the circle 
x? + y? =1pass through a fixed point 


(a) (2, 4) (o)(-3.-4] (3.2) (d) (-2—-4) 
The length of tangent from (0, 0) to the circle 2x? + y?) +x-y+5=O0is 
(a) V5 (2) 2 (4) V2 


The perpendicular tangents to the circle x? + y? =a? meet at P. Then, the locus of P has the equation 

(a) x? + y? = 2a? (b) x2 + y? = 3a? (c) x? + y? = 4a? (d) x? + y? = 5a? 

The tangents to x? + y* =a? having inclinations « and B intersect at P. If cot + cotB = 0, then the locus of P is 
(a)x+y=0 (b)x -y=0 (c) xy =0 (d) xy =1 

The exhaustive range of values ofa such that the angle between the pair of tangents drawn from(a,a) to the 


circle x* + y? -2x —2y —6 =O lies in the range [En] is 


(a) (-1, 3) (b) (-5,— 3) U(3, 5) (c) (-3, 5) (d) (-3,— )U (3, 5) 


Distances from the origin to the centres of the three circles x24 y? —2Ax =c”, where c is a constant and A is 
available, are in GP. Prove that the lengths of tangents drawn from any point on the circle x 4 y? =c’ to the 
three circles are also in GP. 


Find the area of the quadrilateral formed by a pair of tangents from the point (4, 5) to the circle 

x? + y? —4x —2y -11=Oand a pair of its radii. 

If the length of the tangent from a point (f, g ) to the circle x? 4 y* =4 be four times the length of the tangent 
from it to the circle x? + y? =4x, show that 15f? + 15g? -64F +4=0. 

Find the equation of that chord of the circle x* + y? =15 which is bisected at (3, 2). 


The chords of contact of the pair of tangents to the circle x? 4 y? = 1drawn from any point on the line 
2x + y =4 pass through the point («, 8), then find a7 + B?. 


Session 6 


Diameter of a Circle, Two Circles Touching 
Each Other, Common Tangents to Two Circles, 
Common Chord of Two Circles, Family of Circles 


Diameter of a Circle 


The locus of the middle points of a system of parallel 
chords of a circle is called a diameter of the circle. 


Let the circle be x” + y? =a’ and equation of parallel 


chord is 


y=mx te 


Let P(h, k) be the middle point of the chord y =mx +c. 
Since, Pis the mid-point of A(x, y,) and B(x,, y,), then 


xX, +Xy | Vity2 =f 
2 


or X,+xX,=2h and y,+y, =2k ..-(i) 
P(h,k) lie on y =mx +c 

then, k=mh+c 

or k-mh=c ..-(ii) 


Substituting y =mx + cin x? +y? =a’ 


then, x? +(mx+c)* =a’ 
...(iii) 


or (14m) x? +2mcx +c? —a? =0 


Let x,, x, are roots of Eq. (iii), then 


2mc 
X, +X, =- 
1+m 
2m ; is 
> 2h=- (k-—mh) [from Eq. (i) and Eq. (ii)] 
(1+m’) 


=> h+mh=-mk+m’h => h+mk=0 


Hence, locus of (h, k) is x +my =0 


Aliter : Let (h, k) be the middle point of the chord 


y =mx +c of the circle x? +y° =q’ 


then, T=S, > xht+ky=h’? +k’ 


slope =-2 =m => h+mk=0 
Hence, locus of mid-point is x +my =0. 


Remark 
The diameter of circle always passes through the centre of the 
circle and perpendicular to the parallel chords. 
Let circle is x° + y? =a’ and parallel chord be y=myx +c, then 
equation of line Lto y=mx+cis 

my+x+A=0 basil) 
which passes through origin (centre) 
then, 0+0+A=0 X=0 
Then, equation of diameter from Eq. (i) is x + my =0. 


Example 61. Find the equation of the diameter of 
the circle x? + y* + 29x + 2fy +c =0 which 
corresponds to the chord ax + by +d =0. 


Sol. The diameter of circle passes through the centre of the 
circle and perpendicular to the chord ax + by + d =0 is 


bx -ay+A=0 (i) 
which passes through centre of circle i.e.(—g, — f) 
Then, -bg+af+A=0 
: X = bg - af 


From Eq. (i), the equation of the diameter is 
bx — ay + bg — af =0 


Two Circles Touching Each Other 


1. When two circles touch each other 
externally 


Then, distance between their centres = sum of their radii 


Le. IC,C, |=n +r 


In such cases, the point of contact P divides the line 
joining C, and C, internally in the ratio 7, :r, 


CGP 7, 
> os 
C,P on 
If C, =(x,,y,) and C, =(x2,y2) 


NyX_o +X, 


nth 


: : r +17. 
then, coordinate of P is : 1Y2 FY1 
noth 


2. When two Circles Touch each other 
Internally 


Then, distance between their centres =Difference of their 
radii 
Le. ICC, /=14 - 7 | 
In such cases, the point of contact P divides the line 
joining C, and C, externally in the ratio r, : 1, 


CyP 7 
=> a 
C,P rn 
If C, =(x,,¥,) and C, =(x2,y2) 
then, coordinates of P is peas ' V2 7 TeV 1 
at rN 


Example 62. Examine if the two circles 
x? +y* —2x—4y =0 and x? + y* ~8y —4=0 touch 
each other externally or internally. 
Sol. Given circles are 
x? +y" —2x -4y=0 (i) 
ii) 


and x? +y* -8y -4=0 


Let centres and radii of circles Eqs. (i) and (ii) are 
represented by C,, r, and C,, ry, respectively. 
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C,=(1,2),r, = (14+ 4) or = 5 
Cy =(0, 4),r, = 0 + 16+ 4 or r= a5 
Now, C,C, = (1 =07 +(22=4) 

C,C, =V5=n-1 


Hence, the two circles touch each other internally. 


and 


Example 63. Prove that the circles 
x? +y*+2ax+c? =O and x*+ y* +2by +c? =0 


ap 1 1 
touch each other, if =+—>=—-. 
OF be oe 
Sol. Given circles are 
x? +y* +2ax +c? =0 ..-(i) 


and ..-(ii) 


x? +y* +2by +c? =0 


Let C, and C, be the centres of circles Eqs. (i) and (ii), 
respectively and r, and r, be their radii, then 


C, =(-a,0), C, = (0, -5), 
n= Ke - c*) iy Me - c*) 


Here, we do not find the two circles touch each other 
internally or externally. 


For touch, | C, C, |=|7, £1, | 
or (a? +b?) =| (a? - c?) + Y(b? - c”)| 
On squaring 


at+h=a-c'? +b -c? + 2(a’ = ¢?)(b? —c’) 


or ch = t arb? - c? (a? +b’)+c* 
Again, squaring, 
ct =a’b’ —c* (a +b’) 4+c' 


1 1 1 
or c* (a2 +b?)=a’b? or —+—=— 
OY 9 2 

a b c 


Common Tangents to Two 
Circles 


Different Cases of Intersection of Two 
Circles : 

Let the two circles be 

(x-x,) +(y-y,)? =1f ...(i) 
(x-—x,)’ +(y yo)’ =r; -.(ii) 


with centres C,(x,,y,) and C,(x,,y,) and radiir, andr, 
respectively. Then following cases may arise : 


and 
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Case I: When|C,C,|>1r, +7, ie. the distance between the 
centres is greater than the sum of their radii. 


Direct common 
tangents 


Transverse common 
tangents 


oO 


=(1,y1),C, =(%2.¥2) 


VY, Xo —NoX I, 7: 
=| Hehe 4 2 - 12 2. 2(a,8) (99) 


ome) me) 


a MX. FX, MV. thy, 
n+ ; rn + 
= (vy, 5) (say) 


How to find direct common tangents Let equation 
of common tangent through D (o,f) is 


y -B=m(x - a) ..-(i) 
Now, length of L from C, or C, on Eq. (i) =7, or 17, 
Then, we get two values of m. 


Substituting the values of m in Eq. (i), we get two direct 
common tangents. 


How to find transverse common tangents Let 
equation of common tangent through T(y, 5) is 


y—8=M(x-y) 
Now, length of | from C, or C, on Eq. (i) =7, or 7, 


ii) 


then, we get two values of M. 


Substituting the values of M in Eq. (i), we get two 
transverse common tangents. 


Remark 
In this case circles neither cut nor touch i.e. Number of 
solutions of two circles is zero. 


Case II: When |C,C,| =r, +17 
i.e. the distance between the centres is equal to the sum of 
their radii. 


In this case two direct common tangents are real and 
distinct while the transverse tangents are coincident. 


How to find transverse common tangent 


Direct common 
tangents 


; Transverse common 


tangent 


D 


‘ Equation of circles are 
Sy =(2 ey) p=) aa; =o 
S, =(x- x2)" +(y—y2)’ —ry =0 
then, equation of common tangent is 

S, —S, =0 


which is same as equation of common chord. 


and 


Remark 
In this case circles touch at one point i.e. Number of solutions of 
two circles is one. 


Case III : When |r, —17%|<|C,C.|<7 +n 

ie. the distance between the centres is less than sum of 
their radii and greater than difference of their radii. 

In this case two direct common tangents are real and 
distinct while the transverse tangents are imaginary. 


Direct common 
tangents 


_—, 
y 


Remark 
In this case circles cuts at two points i.e. Number of solutions of 
two circles is two. 


Case IV: When|C,C, |=|r, — 1, |, ie. the distance 
between the centres is equal to the difference of their 
radii. 
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mandate Common Tangents to two Circles 


point of contact 


If two circles with centres C, and C, and their radii are r, 
and r,, then 


Number of 


Condition Figure common tangents 


(i 


= 


|C,C,|>n +r 


In this case two tangents are real and coincident while the 


other two tangents are imaginary. Gi) |QOQ,)=4 +7 3 
If circles are represented by S, =0 and S, =0, then 
equation of common tangent is S, —S, =0. 


Remark 


If circles touch each other externally, i.e.| GC,|=4 + %, then (iii) 
equation of tangent at the point of contact is 


S,-S5=0 


In —r]<|CC|< 4 +r, 


Tangent at the 
point of contact 


(iv) |C,C,;=|n4 -r2| 


(vy)  |C,Ca|<|4 - AI 


In this case circles touch at one point. Length of External Common Tangent and 
i.e. Number of solutions of two circles is one. Internal Common Tangent to Two Circles 
Case V: When |C,C, |<|r, —r, |, ie. the distance Length of external common tangent L,, =d? -(r, —%)’ 


between the centres is less than the difference of their 


a and length of internal common tangent 
radii. 


; nN 

In this case, all the four common tangents are imaginary. i= [gz — (r, +7))® (Applicable only when d >, +7) 
Remark where, d is the distance between the centres of two circles 
In this case circles neither cut nor touch each other i.e. Number and r,,r, are the radii of two circles, when |C,C,|= d. 


of solution of two circles is zero. 
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Angle between Direct Common Tangents (DCT) 


and Transverse Common Tangents (TCT) 
Case I: Ifd>r, +r, then 


Angle between DCT =2sin ' (at!) 


+ 
And angle between TCT =2sin [Axe 


Case II: Ifd =r, +r, then 

angle between DCT =2sin * eta 
rn +N 

and angle between TCT = 

Case III: If|r, —r,|<d <r, +r, then 


angle between DCT =2sin ' (noel) 


Here, transverse common tangents are not possible . 
Case IV: Ifd = |r, —r,| 

Angle between DCT =1 

Here, transverse common tangents are not possible. 
Case V: Ifd <|r, —1r| 


Here, tangents are not possible. 


Example 64. Find all the common tangents to the 
circles 


x? +y? -2x-6y+9=0 and x? +y? +6x —2y +1=0. 


Sol. The given circles are 
x? +y" —2x -6x +9=0 


=> (x -1)? +(y -3)7? =1 ...(i) 
and x? ty? +6x-2y4+1=0 
=> (x +3)? +(y-1)? =9 ...(ii) 


Centres and radii of circles Eq. (i) and Eq. (ii) are 


C, (1,3),7,=1 
and C,(-3,1),r, =3 respectively. 


C,C, = JG6 + 4) =2v5 


CiC, >A +h, 


Hence, the circles do not intersect to each other. 


The direct common tangents meet AB produced at D, then 
point D will divide C,C, in the ratio 3: 1 (externally). 


Coordinates of D are (x2 =N) ES) - 0) or (3, 4) 
i ea Sa 


and the point C divide C,C, in the ratio 3: 1 (internally) 
3(1) + (-3) 3(3) + ) or 


then coordinates of C are : 
3+1 3+1 


(0, 5/2) 
Direct tangents : Any line through (3, 4) is 
y-4=m(x -3) 
> mx -y+4-3m=0 (i) 
Apply the usual condition of tangency to any of the circle 
m—-3+4-3m 


jm? +1 


=+1 


> (-2m +1)? =m? +1 
=> 3m”? — 4m =0 
=> m=0,m=4/3 


Equations of direct common tangents are 


y=4 and 4x-3y=0 
Transverse tangents : Any line through C (0, 5/2) is 
y—5/2=mx 
or mx —y+5/2=0 ..-(ii) 
Apply the usual condition of tangency to any of the circle 
a eee 
jm +1 
1 
=> m? +—-m=m’ +1 
4 
> 0-m? —-m-—=0 


m=—3/4 
Hence, equations of transverse tangents are 
x=0 and 3x+4y-10=0 


m=co and 


Example 65. Show that the common tangents to the 
circles x? + y* —6x =O and x* + y*+2x =0 form an 


equilateral triangle. 


Sol. The given circles are 


x+y? —6x =0 


or (x —3)? +(y-0)? =9 (i) 
and x? +y" +2x =0 
or (x +1)? +(y-0)? =1 (ii) 


Centres and radii of circles Eqs. (i) and (ii) are C,(3, 0), 7, =3 
and C,(-—1, 0), r, = 1, respectively. 


C,C, = [3-(-)) +0 =4 


CiC, =n4+1r, 


Hence, the two circles touch each other externally, 
therefore, there will be three common tangents. Equation of 
the common tangent at the point of contact is S, — S, =0 


> (x? + y? —6x)—(x* + y? +2x)=0 


> —8x =0 


x=0 


Let the coordinates of Q be (h, k), then 
QC, _C,M _1 
QC, CL 3 
QC, : QC, =1:3 
he i= 1) 
1=3 


3 and k=0 


a Q =(-3, 0) 
Equation of line passing through Q(-3, 0) is 

y-0=m(x +3) 
...(iii) 
where, m is the slope of direct tangents since Eq. (iii) is the 
common tangent (direct) of the circles Eqs. (i) and (ii), then 


or mx —y+3m=0 


Length of perpendicular from centre of Eq. (ii) i-e. (-1, 0) to 
the Eq. (iii) = radius of circle Eq. (ii) 
|-m—-0+3m|_ 


> el or 4 ea 1 
jm? +1 
=> 3m? =1 
m= — 
V3 
From Eq. (iii), common tangents are (direct) 
x x 
y= +3 and jou Leys 
v3 v3 
Hence, all common tangents are x=0 ...(iv) 
x 
y=t+v3 ..(v) 
V3 
x 
and ee ...(vi) 
V3 


Let P,Q,R be the point of intersection of lines Eqs.(iv), (v); 
(v), (vi) and (iv), (vi) respectively, then 


P =(0, 3);Q =(-3,0) and R=(0,- v3) 
Now, PQ = QR= RP =2v3 


Hence, APQR is an equilateral triangle thus common 
tangents form an equilateral triangle. 
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Example 66. Find the number of common tangents 
to the circles x* + y? -8x+2y+8=0 and 
x? +y?-2x—-6y-15=0. 
Sol. For x’ + y? —8x + 2y+8=0 
C, =(4,-1), 4 = f(16+1-8) =3 
and for x* + y” —2x -6y—15=0 
C, = (1,3), r, = (+9415) =5 
Now, |C,C,|= Distance between centres 
= (4-1)? +(-1-3) =5 
and 7r+r,=3+5=8 
In —n|=B-5|=2 
or Ir, —1,|<|C,C, |< +r, 
Hence, the two circles intersect at two distinct points. 


Therefore, two tangents can be drawn. 


Example 67. Find the lengths of external and 
internal common tangents and also find the angle 
between external common tangents and internal 
common tangents of the circles 
x? +y?+2x—8y+13=Oand x?+y?—8x—2y+8=0. 
Sol. The given circles are x” + y’ +2x —8y +13 =0 
=> (x +1)? +(y—4)* =2? (i) 
and x? +y? —8x —2y+8=0 
=> (x— 4)? +(y-1) =3? ...(ii) 
Centres and radii of circles Eqs. (i) and (ii) are C,(—1,4), 
r, = 2and C,(4,1), r, = 3 respectively. 


IC,C,|=d = (25+9) = V34 


=> d>r+r, 
Hence, the circles do not intersect to each other. 


es Ly = yd? -—(r,-1%)° = V34- = 33 
and L,, =d?-(r, +7)" = (34-25) =3 


Angle between external common tangents 


= - - 1 
= 2sin | In nl) = 2sin ( 
d V33 


and angle between internal common tangent 


_ -1f Gtr, _-1f 9 
= 2sin = 2sin 
d 33 


Common Chord of Two Circles 


The chord joining the points of intersection of two given 
circles is called their common chord. 


Theorem : The equation of common chord of two circles 


Sex? +y? +2gx +2fyt+c=0 
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(2x —a— b)(-a+ b) + (2y — b-a)(-—b + a) =0 
2x -—a-—b-2y+b+a=0 
x-y=0 


and S’=x? +y? +29’x +2f’y +c’ =0 
is 2x(g—g’)+2y(f -f’)+ce-c’ =0 
ie. S-S’=0 

Proof: ° S=0 and S’=0 

be two intersecting circles. 

Then, S—S’=0 or 

axe 2) +27 jf) ree 0 
is a first degree equation in 

xand y. 


JY Ys 


So, it represent a straight line. Also, this equation satisfied Q 
by the intersecting points of two given circles S =0 and 
S’=0. 
Hence, S — S’ =0 represents the common chord of circles 
S=0and S’=0 Now, C,M = Length of perpendicular from C, (a, b) on 
Length of common chord : PO(x—y =0)= |a—D| 
We have, PQ =2(PM) (...M is mid-point of PQ) V2 
- ; and CP = radius of the circle Eq. (i) = ¢ 
=24{(C,PY -(CMy} 


-. In APC,M, PM =(PC,)? - (CM)? 
where, C, P = radius of the circle (S =0) 


and C,M = length of perpendicular from C, on common =ia= a 

chord PQ. 

Corollary 1: The common chord PQ of two circles & PQ =2PM =2 _(a- by 

becomes of the maximum length when it is a diameter of 

the smaller one between them. = Jf4¢2 — Aa - 

Corollary 2 : Circle on the common chord a diameter, Also, when the circles touch, then chord PQ becomes the 

then centre of the circle passing through P and Q lie on tangent and PQ = 0. 

the common chord of two circles ie. “. The condition of tangency is 4c? - 2(a- b)? =0. 
S-S'=0 ie. 2c* =(a- by’ 


Corollary 3 : If the length of common chord is zero, then 
the two circles touch each other and the common chord . 7 
becomes the common tangent to the two circles at the Family of Ci rcl eS 
common point of contact. 
1. The equation of the family of circles passing through the 


Example 68. Prove that the length of the common point of intersection of two given circles S =0 and S’ =0 
chord of the two circles : is given as 
(x —a)? +(y—b)? =c? S+AS’=0 (where, A is a parameter, A #—1) 


and (x—b)* +(y—a)? =c? is ,/4c? -2(a—-b)’. 
Find also the condition when the given circles touch. 
Sol. The equation of circles are 
S, =(x — a)’ +(y—b)’ —c? =0 ...(i) 
and S, =(x— b)’ +(y-a)’ -c? =0 ...(ii) 


then equation of common chord is S, — S, =0 
= (x — a)’ —(x —b)? + (y— by’ -(y—a)’ =0 


2. The equation of the family of circles passing through the 
point of intersection of circle S=0 and a line L = 0is 
given as 


S+AL=0 (where, A is a parameter) 


=0 


S4)L- 


S=0 


3. The equation of the family of circles touching the circle 
S=0Oand the line L = 0 at their point of contact P is 


S+AL=0 (where, A is a parameter) 
P i 
\, if 
% i 
Ss ox 
ee ee 
S=0 = er 


4. The equation of a family of circles passing through two 
given points P(x,, y,)and Q(x,, y,) can be written in 
the form 


(x —x,)(x-— x2) +(y -—yi My -Y2) 


x y 1 
+A\x, y, 1/=0 
X,Y, 1 


(where, A is a parameter) 


5. The equation of family of circles which touch 
y-y, =mx—x,)at(x,, y,) for any finite m is 


(x-x,)? +(y-y,)° 
+A {(y-y1) —m(x — x,)} =0 
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and if m is infinite, the family of circles is 
(x =i)" +(y-y,)’ +Mx-x,)=0 
(where, A is a parameter) 


6. Equation of the circles given in diagram are 
(x — x(x — x2) +(y-1)(Y¥ ~ V2) 
tcotO {(x — x (y¥ — Y2) —(* — 2 )(y — 1} =0 


Example 69. Find the equation of the circle 
passing through (1,1) and the points of intersection 
of the circles 

x? +y? +13x —3y =0 and 2x? +2y? +4x -7y-25=0, 


Sol. The given circles are 


x’ +y" + 13x -3y =0 (i) 
and = 2x” + 2y?++4x —7y -25=0 
7 25 r 
or x? +y? +2x--y-—==0 ...(ii) 
2 2 


Equation of any circle passing through the point of 
intersection of the circles Eqs. (i) and (ii) is 


25 
(x? +y? +13x —3y) + af x? +y" + 2x - ry -2) = 0 ...(ii) 


Its passes through (1, 1), then 


25 
(14+1+13-3)+A i+142-2-) 9 
=> 12+A(-12)=0.. A=1 
Substituting the value of A in Eq. (iii), the required 
equation is 


2 
ae? tae ays 4? de yp 0 
2 2 
13 25 
=> x? +2y?+15x-—y-—=0 
2 2 


=> 4x + 4y* +30x -13y—25=0 
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Example 72. Find the equation of the circle passing 
through points of intersection of the circle 

x? + y* —2x-—4y+4=Oand the line x+2y =4 which 
touches the line x+ 2y =0. 


Sol. Equation of any circle through points of intersection of 


Example 70. Find the equation of the circle passing 
through the point of intersection of the circles 

x? +y? —6x+2y+4=0, x? + y7 42x —4y -—6=0 
and with its centre on the line y = x. 


So/. Equation of any circle through the points of intersection 


of given circles is 

(x? +y? —6x + 2y+4)+A(x? +y?+2x- 4y -6)=0 

=> x*(1+A)+y? (1+A)— 2x (3- A) 4 2y (1 - 2A) 
+(4-6A)=0 


the given circle and the line is 

(x? + y? -2x —4y + 4)+A(x +2y- 4)=0 
or x? ty?+(A-2)x4+(24-4)y+4(1-A)=0 © ...(i) 
It will touch the line x + 2y = 0, then solution of Eq. (i) and 


= _ = =-2yb ique. 
or x? +y? n=) + antsen) + coal 0 (i) . Ae ; 
(1+ A) (1+A) (1+ A) Hence, the roots of the equation 
eh Ai (—2y)? + y* + (A — 2)(-2y) + (20 — 4) y + 4(1—- A) =0 
Its centre : lies on the line y = x 2 
1+A 14+A or 5y° + 4(1-A)=0 
24-1 3-A must be equal. 
th = A#-1 
on i<h ian Then, 0- 4-5-4(1-A)=00rl1-A=0 orA=1 
Hage oy 3 S4 From Eq. (i), the required circle is x” + y? —x —2y =0 
# A= 4/3 ; 
.. Substituting the value of A = 4/3 in Eq. (i), we get the Example 73. Find the circle whose diameter is the 
required equation is common chord of the circles x“ + y“ +2x+ 3y+1=0 
7x’ +7y’ —10x —10y —12=0 and x? + y*+4x+3y+2=0. 
Example 71. Find the equation of the circle Sol. Given circles are 
passing through the points of intersection of the Sx? +y? +2x +3y+1=0 
circles x’ + y* —2x —4y -4=0 and ee Shox? +y?+ 4x 43y4+2=0 


x? + y* —10x —12y + 40 =0 and whose radius is 4. 


Sol. Equation of the any circle through the points of 


intersection of given circles is 
(x? + y? —2x —4y- 4) 
+(x? + y? — 10x —12y + 40) =0 
=> x(1+A)+y2(14+A)—2x(1 + 5A) 
~2y(2 + 6A) — 4 + 40 =0 
en ee (1+5A) 9 (2+ 6A) | (40A ~ 4) _ 
(1+ A) (1+A) (1+A) 


Ai) 


Its radius 


1+54) (2+6A) (400-4 
+ =4 (given) 
1+2X 1+A 1+A 


(1+5A)? + (2+ 6A)? —(40A — 4)(1+ A) _ - 


(1+A)’ 
=> 5A°-34A-7=0 
or (A-7)(5A +1) =0 
AN=7 or hens 


Substituting the values of A in Eq. (i), the required circles are 
2x" + 2y* — 18x —22y +69 =0 
and x? +y? -2y-15=0 


Hence, their common chord is S — S’ =0 
> —2x-1=0 or 2x+1=0 .-(i) 
Now, the required circle must pass through the point of 
intersection of Sand S’. 
S+AS’ =0 
=> (x? +y? +2x+3y +1) 

+(x? +y? +4x4+3y +2)=0 


Hence, its equation is 


=> x? (1+A)+y? (1+A) + 2x (142A) 
+ 3y(1+A)+(1+2A)=0 
(1+2A) 4 AF 2A) _ 


or x? ty? +2x 0 ...(ii) 
(1+A) (14+A) 
: 14+2A 3 
Its centre is | — ,-- 
1+2X 2 


But from Eq. (i), 2x + 1 =0is a diameter of this circle. 
Hence, its centre must lie on this line 


a 1+2A ti 
1+A 


=> -2-4441+A=0 
=> -1-3A =0 
1 
A=--+ 
3 


Hence, from Eq. (ii), the required circle is 


2x? + 2y* + 2x +6y +1=0 


Example 74. If two curves, whose equations are 
ax? + 2hxy +by* +29x+2fy +c =O and 

a’x* +2h’xy +b’y* +2g’x+2f’y+c’=0 intersect in 
o' =p 


ho 
Sol. The equation of family of curves passing through the 
points of intersection of two curves is 


(ax* + 2hxy + by? + 2gx +2fy +c) 


four concyclic points, prove that 


+X (ax? + 2h’ xy + b’y* +2g’x +2f’y+c’)=0 
(a+ da’) x? +2xy(h+h’A)+(b+ Ad’ )y’ 
+2x(g td g’)+2y(f +aAf’)+(c+Ac’)=0 ...(i) 


or 


Exercise for Session 6 


1. Circles x? + y? -2x -4y =O and x? + y? -8y -4 =0 
(a) touch each other internally 
(c) cuts each other at two points 
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Four concyclic points lie on a circle, then Eq. (i) represents 


a circle. Then, 


coefficient of x° = coefficient of y’ and coefficient of 


xy =0 


or 


atha’=b+d)b’ 
(a- b)=-X(a’ — db’) 


2(h+h’rA)=0 


h 


A=-— 


h’ 


ii) 


(iii) 


Substituting the value of A from Eq. (iii) in Eq. (ii), then 
a-b_a-vb’ 


h h’ 


(b) touch each other externally 
(d) None of these 


(d) 4 


(d)2<r<8 


2. The number of common tangents that can be drawn to the circles x24 y? -—4x -6y -3=O0and 
x? + y? 42x +2y +1=0is 
(a) 1 (b) 2 (c) 3 
3. If one of the circles x* + y? + 2ax + c =O and x? + y? + 2bx +c =O lies within the other, then 
(a)ab >0,c >0 (b)ab>0, c<0 
(c)ab <0, c>0 (d)ab <0, c<0 
4. The condition that the circle (x —3)* +(y —4)* =r? lies entirely within the circle x? + y? =R? is 
(a)R+rs<7 (b)R? +r? < 49 
(c)R? =r? < 25 (d)R-r>5 
5. The circles whose equations are x? + y? + c? =2ax and x? + y? +c? —2by =Owill touch one another 
externally, if 
1 1 1 1 1 1 
Alpe ae ha” aa oe 
1 1 1 1 1 2 
Oot a Sara 
6. Two circles with radiir, and r, m > r > 2, touch each other externally. If 0 be the angle between the direct 
common tangents, then 
(a) 0= sin [tt (b) 6 = 2ain [42] 
h-l htt 
(c)@= s(t fp ) (d) None of these 
me) 
7. The circles x? + y? -10x +16 =O and x? + y? =r? intersect each other in two distinct points if 
(ayr<2 (b)r >8 (c)2<r<8 
8. Ifthe circle x? + y? + 4x + 22y +c =0 bisects the circumference of the circle x? + y? —2x + 8y —d =0, then 
y y y y 


c +d is equal to 


(a) 40 (b) 50 


(c) 60 


(d) 70 
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9. Two circles x? + y? =6 and x? + y? -6x +8 =O are given. Then, the equation of the circle through their points 
of intersection and the point (1, 1) is 
(a) x? + y?-6x+4=0 (b) x? + y?-3x+1=0 
(c) x? + y?-4x+2=0 (d) x2 + y? -2x+1=0 


10. The equation of the circle described on the common chord of the circles x? + y* + 2x =Oand x? + y? + 2y =0 
as diameter is 
(a)x?+y?+x-y=0 (b)x? + y?-x+y=0 
(c)x* + y?-x-y=0 (d)x? + y?+x+y=0 


11. The equation of the diameter of the circle 3(x* + y*) -2x + 6y -9 =O which is perpendicular to the line 
y y 


2x + 3y =12 is 
(a) 3x - 2y+ 3=0 (b) 3x — 2y -3=0 
(c) 3x - 2y + 1=0 (d) 3x - 2y -1=0 


12. Ifthe curves ax? +4xy +2y?+x+y+5=0and ax? +6xy + 5y” +2x + 3y +8 =0 intersect at four concyclic 
points, then the value ofa is 
(a) -6 (b) -4 (c) 4 (d) 6 


13. Find the equation of the circle passing through the points of intersection of x? + y* + 13x —3y =0 and 
2x? + 2y? + 4x -7y -25 =0 and the point (1, 1). 

14. Show that the common chord of the circles x? + y2-6x —-4y+9=0 and x?+y*-8x -6y +23=0 
pass through the centre of the second circle and find its length. 


15. Prove that the circles x? + y? + 2ax + 2by =O and x? + y? + 2a,x + 2b,y =0 touch each other, ifab, =a, b. 


16. Find the equations of common tangents to the circles x? + y? —24x + 2y + 120 =O and 
x? + y? + 20x -6y —-116 =0. 


Session 7 


Angle of Intersection of Two Circles, Radical Axis, 
Radical Centre, Co-axial System of Circles, 
Limiting Point, Image of the Circle by the Line 


Mirror 


Angle of Intersection of 
Two Circles 


Let the two circles 
Sax’ +y? +2gx +2fy+c=0 


and = S’=x? +y"’ +2g,x +2fiy +c, =0 


intersect each other at the points P and Q.The angle 0 
between two circles S =0 and S’ =0 is defined as the angle 
between the tangents to the two circles at the point of 
intersection. 


C, and C, are the centres of circles 
S=0 and S’=0, then 
C, =(-g,-f) and C, =(-g;,—-f;) 
and radii of circles S=0 and S’=Oare 


r =V(g° +f? —c) andr, = (gi + fr —¢1) 


Let d =|C,C,|= Distance between their centres 
= gta.) +-f+ fil 
= (ge? +f? + ef +f? - 228, -2ff,) 
ri +r —d° (° a +0 +90° a 


= 360° 


Now, in AC, PC, , cosa = 
2r, Po 


re +r =a? 
or cos (180° —6) =| +—2 (.". & = 180° — 8) 
ar, Po 
2 eB hg2 
+r; —d 
cosO =|2 72 — 9 ..-(i) 
2r, Po 


Orthogonal Intersection of Circles 


If the angle between the circles is 90°, i.e. 6 = 90°, then the 
circles are said to be orthogonal circles or we say that 
the circles cut each other orthogonally. 


2,2 492 

+r, —d 
Then, from Eq. (i), 0 = aoe 

2r, Vo 
or rp +n —d* =0 or oy +n =q? 
=> gtfiretgitfi-qeg +f +a 

2 
+f, —2g8, -2ff 

or 292, t+2ff, =c+ec, 
Remark 


Equation of a circle cutting the three circles 
ety t 2g ,X + 2fy +c, =0 (/=1,2, 3) orthogonally is 


ree yr? x y 1 


—( % h 1 
—Co Jo h -1 
—Cz G3 fz -1 


Example 75. Find the angle between the circles 
S:x? +y? —4x +6y+11=0 
and S’:x*+y?-2x+8y+13=0 
Sol. Centres and radii of circles S and S’ are 
C,(2, - 3), r, = V2, C,(1,-4), ry =2. 
Distance between centres, d = |C,C,| 


= (2-1) +(-3 + 4)? = v2 
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If angle between the circles is 0, then Example 78. Find the equations of the two circles 
ane no tr —d° which intersect the circles 
2nr, x? +y*-6y+1=0 and x*+y*-4y+1=0 
_|2+4-2] 1 orthogonally and touch the line 3x +4y +5=0. 
cos 8 = ee = ar 
ila : Sol. Let the required circle be 
0 = 45 x? +y’+2gx +2fytc=0 ..-(i) 
Example 76. Show that the circles and given circles are x” + y? —6y +1=0 ..-(ii) 
2 = 
xo +y =6x+4yt4=0 and and x? +y? —4y+1=0 ... (iii) 


2 2 = 
x*+y°+x+4y+1=0 cut orthogonally. Since, Eq. (i) cuts Eq. (ii) and Eq. (iii) orthogonally 


Sol. Comparing the given circles by general equation of circles ee 2g X0+2f x(-3)=c+1 
x* +y? +2ex +2fy+c=0 or -6f =c+1 ...(iv) 
and x? +y? +2g.x + 2fiy +c, =0 and 2g x0+2f x(-2)=c+1 
then, g=-3,f=2,c=4 or -4f=ct1 (Vv) 
1 Solving, Eqs. (iv) and (v), we get 
and ae a ta f=0 and c=-1 
Then, given circles cut orthogonally, if From Eq. (i), x’ +y" +2gx-1=0 ..(vi) 
2gg, t+ 2ff,=cte, centre and radius of Eq. (vi) are (—g,0) and ,(g” +1), 
Wehave, 2x(-3)xi+2x2x2=441 respectively. 

2 Since, 3x + 4y +5 =Ois tangent of Eq. (vi), then length of 
=y 949 = 5 of 5=5. perpendicular from (—g, 0) to this line = radius of circle 
Hence, the given circles cut each other orthogonally. or — =4/(g? +1) 

9 + 16) 
Example 77. Find the equation of the circle which 
pe Po |-3g +5] =5y(g° +1) 
cuts the circle x°+ y° + 5x+7y —4=0 orthogonally, 
has its centre on the line x =2 and passes through the or (3g + 5)’ = 25(g” +1) 
point (4,—1) . or 9g? +25 -30g =25g° +25 
Sol. Let the es oe be as 16g? + 30g =0 
x“ +y°+2gx+2fyt+c=0 (i) i 
Since, (4, — 1) lie on Eq. (i), then = g=0 and g=- 7 
17+ 8g -2f +c=0 (ii) : : : 
Conveniin iene) Equations of circles are from Eq. (vi), 
Since, centre lie on x =2 then —g =2 x?+y?-1=0 and x? +y’ Pag 
a g=-2 iii) 
From Eq. (ii), 1-2f +c =0 ...(iv) or x? +y?-1=0 and 4x* + 4y? -15x-4=0. 
d gi ircle i . . 
ne 7 Example 79. Prove that the two circles, which 
x+y" +5x+7y-4=0 ...(v) th h a d touch the fi 
Given the circles Eqs. (i) and (v) cut each other pass through (0, a) and (0,—a) and touc cute 
orthogonally, y =mx+c, will cut orthogonally, if c *=q*(2+m?7) 
5 7 
ag Xx 2 +2f x 2 Sees Sol. Let the equation of the circles be 
ai se +7f=c—4 x? +y’+2gx+2fyt+d=0 (i) 
-10+7f=c-4 [from Eq. (iii)] Since, these circles pass through (0, a) and (0, — a), then 
or -6+7f —c=0 ...(vi) a’ +2fa+d=0 (ii) 
Solving Eggs. (iv) and (vi), we get and a’ —2fatd=0 ...(iii) 


f=1 and c=1 


Solving, Eq. (ii) and Eq. (iii), we get f =Oandd =—a’. 
Substituting the values of g, f c in Eq. (i), we get 


Substituting these values of fand d in Eq. (i), we obtain 


2 2 
x+y -4x+2y+1=0 x? +y" +2gx -—a’ =0 ...(iv) 


Now, y = mx +c touch this circle, therefore, length of the 
perpendicular from the centre = radius 


—mg -0+ 
|-mg c| _ (g? +a’) 


yil+m? 


(c — mg)’ =(1+ m*)(g* +a") 


or g” + 2mcg + a? (1+ m’)—c? =0 
Let g,,g,are the roots of this equation 
8182 =a (1+m*)—c? .(v) 
Now, the equations of the two circles represented by 
Eq. (iv) are 


x? +y +2g,x-a’ =0 
and x? +y? +2g¢,x-a’ =0. 


These two circles will be cuts orthogonal, if 


281282 +0=-a’-a’ 


...(vi) 


_ 2 
or 8182 =-4 


From Eqs. (v) and (vi), 
-a’ =a’*(1+m’)-c? 
or c’ =a°(2+m’) 


which is the required condition. 


Example 80. Find the equation of the circle which 
cuts orthogonally each of the three circles given below 


x? +y? -2x +3y-7=0, x? +y7 +5x—5y+9=0 
and x* +y*+7x-9x +29=0. 
Sol. Let the required circle be 


x? +y? +2ex +2fy+c=0 ..-(i) 
Since, it is orthogonal to three given circles respectively, 
therefore 

3 

a le Be al al 
or 2g +3f=c-7 (ii) 

2 x 4px es =c+9 

° 2 2 
or 5g —-5f =c+9 ...(iii) 


9 
and agri vopx(—2)ac +29 


or 7g -9f =c +29 ...(iv) 
Subtracting, Eq. (ii) from Eq. (iii), 

7g —8f =16 .(v) 
and subtracting Eq. (iii) from Eq. (iv), 

2g —4f =20 ...(vi) 


Solving Eq. (v) and Eq. (vi), we get 
g=-8 and f=-9 

Putting the values of g and fin Eq. (iii) 
—-40+ 45=c+9 

=> 5=c+9 
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or c=-4 
Substituting the values of g, f,c in Eq. (i), then required 
circle is 


x? + y” —16x - 18y -4=0 


Radical Axis 


The radical axis of two circles is the locus of a point which 
moves such that the lengths of the tangents drawn from it 
to the two circles are equal. 


Sax? +y? +2gx +2fy+c=0 ..-(i) 
..-(ii) 


Consider, 
and S’=x? +y? +2¢,x+2fiy+c, =0 
Let P(x,,y,) be a point such that 

| PA| = | PBI 


=> V(x? +y? +2gx, +2fy, +c) 


= (x? +y} +2g,x, +2f,y; +¢,) 


On squaring, x? +y; +2ex, +2fy, +c 


=x} +y} +2g,x, +2fuy, te 
= 2(g-81) x1 +2 f-fi)yi te—c, =0 
“. Locus of P(x,, y,) is 
2(g—g)x+2f—-filyte—c, =0 
P (x4, ¥4) 


P (x4, 4) 


which is the required equation of radical axis of the given 
circles. Clearly this is a straight line. 
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Some Properties of the Radical Axis 


(i) The radical axis and common chord are 
identical : Since, the radical axis and common chord 
of two circles S =0 and S’=0 are the same straight 
line S — S’ =0, they are identical. The only difference 
is that the common chord exists only if the circles 
intersect in two real points, while the radical axis 
exists for all pair of circles irrespective of their 
position. 


Radical axis Common tangent 


Non-intersecting circles Touching circles 


Commonchord 


Caf 


Intersecting circles 


The position of the radical axis of the two circles 
geometrically is shown below: 


P (x4, Y4) 
B 
A 
[\ 
/ 
S=0 
S°=0 


From Euclidian geometry 
(PA)* = PR: PO =(PB)* 

(ii) The radical axis is perpendicular to the straight 
line which joins the centres of the circles : 
Consider, S=x? +y? +2x +2fy +c=0 ..-(i) 
and S, =x? +y? +2g¢,x+2fiy+e, =0 — ..{ii) 


Since, C, =(—g,— f) and C, =(—g,,—f,) are the 
centres of the circles Eqs. (i) and (ii), then slope of 


(on ae _ af; +f J ohh 


=sr 7S 2 si ~ oe 
Equation of the radical axis is 
Ag-gi)xt+2(f-fi)y te-c, =0 
Slope of radical axis is (8 81) =m, (say) 


Frhi 


mm, =-1 
Hence, C,C, and radical axis are perpendicular to 
each other. 


(iii) The radical axis bisects common tangents of two 
circles : Let AB be the common tangent. If it meets 
the radical axis LM in M, then MA and MB are two 
tangents to the circles. Hence, MA = MB since lengths 
of tangents are equal from any point on radical axis. 
Hence, radical axis bisects the common tangent AB. 


@; 


T 


If the two circles touch each other externally or 
internally, then A and B coincide. In this case the 
common tangent itself becomes the radical axis. 


(iv) The radical axis of three circles taken in pairs 
are concurrent : Let the equations of three circles be 


S, =x? ty? +2¢,x+2fiy te, =0 (i) 
S, =x? +y? +2g,x +2fry te, =0 ..-(ii) 
S, =x’ +y’ +2g,x+2f,y +c, =0 .. (iii) 


The radical axis of the above three circles taken in 
pairs are given by 
S, —S, =2x(g; —g,) +2W(f, - fr) 
+¢, —C, =0 ...(iv) 
S, —S3 =2x (g, — 83) +2y(f, — fs) 
+e, —¢3 =0 ...(v) 
S3 —S; =2x(g3 — 81) +2y(f3 — fi) 
+c, —c, =0 ...(vi) 
Adding Eqs. (iv), (v) and (vi), we find LHS vanished 
identically. Thus, the three lines are concurrent. 

(v) If two circles cut a third circle orthogonally, the 
radical axis of the two circles will pass through 
the centre of the third circle. 

OR 


The locus of the centre of a circle cutting two 
given circles orthogonally is the radical axis of 
the two circles. 


Let S, =x? +y’ +2g,x+2fiy te, =0 ..-(i) 
S, =x? +y'? +2g,x4+2fi,yte, =0 _ ...(ii) 
S, =x? +y? +2g,x+2f,y +c, =0_ ...(iii) 

Since, Egs. (i) and (ii) both cut Eq. (iii) orthogonally 
28183 t2f, fs =C, + C3 


and 28283 +2frf3 =C, + C3 
Subtracting, we get 


283 (8; — 82) t2f3(f — fo) =e1 — C2 ..-(iv) 

Now, radical axis of Eqs. (i) and (ii) is 
S, —S, =0 

or 2x (g) — 82) +2 fi — fo) te, — 2 =0 
Since, it will pass through the centre of Eq. (iii) circle 
283 (81 — 82) —2f3(f1 — fo) ty — eg =0 
or 2g3(8, — 82) t2f3(f, — fo) =C1 — ..(v) 
which is true by Eq. (iv), 


Remark 


Radical axis need not always pass through the mid-point of the 
line joining the centres of the two circles. 


Example 81. If two circles x* + y? +2gx+2fy =0 
and x* + y?+2g’x+2f’y =0 touch each other, then 
fg = fg". 
Sol. If two circles touch each other, then their radical axis is 
their common tangent. 


*. Radical axis of two circles is 

(x? + y? + 2gx + 2fy)—(x? + y? +29’x + 2f’y)=0 
or 2x(g — g’) +2y(f —f’)=0 
or aaa ae 0 a A a i) 
If this touches the circle x” + y? +2gx + 2fy =0, then the 
length of perpendicular from its centre (—g, — f) to (i) 


=radius ,/(g* + f”) of the circle 
Jas aaa fee fe 


Vig-e’ +f - FF 

or {(-(g° + f°) + ge’ + ff YP 
=(g7 +f {(g-2e’Y +(F +77} 
or (g° + f?)’ +(gg’ + ff’)? — Ag" + fgg’ + ff’) 
=(g° + f(g? +f?) +(e +f?) -2 (gg + fF} 

or (gg’ + ff’) =(g° + fg? +f”) 
On simplifying,  2gg’ ff’ = g° f+ fg” 
or (gf’- g’ fy’ =0 
or af’ =a’ f 
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Aliter : If two circles touch each other, then 


distance between their centres = sum or difference of their 
radii 


Vig -e’ +f -f' =Ve? +f) tle? + £7) 
or f(g? +f? +g? +f? ~290" - 297") 
=e? + ft ye? +f") 
On squaring, we have 
Bg +f eC +P" - ome’ -af’ 
agi fit gts feb ay(g? + f*) We +f?) 
or (ge + ff’ )= +(e? + fe? + f?) 
Again, on squaring both sides, we get 
gg + ff? + 2ge" ff =g'8” 
+ gf? + frg”? + ff? 
or gf” + f'g’* —2gg" ff’ =0 


or (gf’- g’ fy’ =0 
or i ila a 
or ef’ =s'f 


Example 82. A and B are two fixed points and P 
moves so that PA = nPB. Show that locus of Pis a 
circle and for different values of n all the circles have a 
common radical axis. 


Sol. Let A =(a,0), B=(—a,0) and P =(h,k) 
PA=(h-a)’ +k? 
PB=(h +a)? +k? 
Since, PA = nPB 
or (PA)? =n? (PB) 
=> {(h—-a)? +k*}=n? {((h+a)? +k} 
=> (h? +k? -2ah+a’) =n? (h? +k? +2ah+a’) 
> (1—n*)h? +(1—1n7)k® — 2ah(1+n’) 
+(1—n’)a* =0 


1+n? 
or h? +k? aah | salle 


(1-n 


1+n? 
.. Locus of P is x+y?’ -( jes +a’ =0 
1-n 


which is a circle. For different values of n. 


If two different values of n are n, and ny, then circles are 


l+n; 

x+y? - a 2ax +a” =0 ..-(i) 
1-n, 

2 2 1+n3 2 - 

and x+y - 5 |2ax +a" =0 ..-(ii) 
1-n; 
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.. Radical axis of Eqs. (i) and (ii) is 


1+ ns 1+ n, 
2ax - a 0 
1-n; 1-n; 
or x=0 or Y-axis. 


Hence, for different values of n the circles have a common 
radical axis. 


Example 83. Show that the difference of the 
squares of the tangents to two coplanar circles from 
any point P in the plane of the circles varies as the 
perpendicular from P on their radical axis. Also, 
prove that the locus of a point such that the 
difference of the squares of the tangents from it to 
two given circles is constant is a line parallel to their 
radical axis. 


Sol. Let the two circles be 
Sex? +y? +2g,x + 2fy +c, =0 ..-(i) 
S, =x? +y? +2g,x +2frsy tc, =0 (ii) 
and let P= (h, k) 
“. Radical axis of Eqs. (i) and (ii) is 

Ai — S2)x + Af, — foly +ey—C2 =0 ...(aii) 
Let length of tangents from P(h, k) on Eqs. (i) and (ii) are 1, 
and I,, then 


and 


1, = JS, = y(n? +k? +2g,h + 2f,k +c) 
L, = JS, = y(h? +k? +2g,h + 2fpk +c) 
According to the question, 
ii =%g,- g,)h+Afi-frk+e,-e¢, _ ...(iv) 
Let p be the perpendicular distance from P(h, k) on Eq. (iii), 
Ag, - f.)h+Af, -— f,)k +e,-c 
ae! (81 — 82) ai fa) - 2 ...(v) 
V4(g; — 8) +4 fi - fe) 
From Eqs. (iv) and (v), we get 


| = 2 | 


es 
avg, - 82) +f - fe)” 
le -& 


or [iy = | ale, - ay +(f, - fo)°= constant 
Pp 


and 


| -Rlep 
Locus of P(h, k) in Eq. (iv) is 

Agi — S2)x + Afi — foly +e — Cy = (I-13) 
a line which is parallel to Eq. (iii). 


Radical Centre 


The radical axes of three circles, taken in pairs, meet ina 
point, which is called their radical centre. Let the three 
circles be 


S, =0 (i) 
S, =0 ... (ii) 
S, =0 ...(iii) 
S.—0 
Let OL, OM and ON be radical axes of the pair sets of 
circles 
{S, =0,5, =0}, {S, =0,5, =0} 
and ={S, =0,5, =0} respectively. 
Equations of OL, OM and ONare respectively 
S, -S, =0 ...(iv) 
S, —S, =0 ..(v) 
S, —S, =0 ...(vi) 


Let the straight lines Eqs. (iv) and (v) ie. OL and OM meet 
in O. The equation of any straight line passing through O is 


(S; —S,) +A(S3 —S,) =0 
where A is any constant. 
For A =1 this equation becomes 

S, —S, =0 
which is, by Eq. (vi), equation of ON. 


Thus, the third radical axis also passes through the point 
where the Eqs. (iv) and (v) meet. In the above figure O is 
the radical centre. 


Properties of Radical Centre 
1. Coordinates of radical centre can be found by solving 
the equations 
S, =S, =S, =0 
2. The radical centre of three circles described on 


the sides of a triangle as diameters is the 
orthocentre of the triangle : 


Draw perpendicular from A on BC. 
ZADB = ZADC = 1/2 
Therefore, the circles whose diameters are AB and 
AC passes through D and A. Hence, AD is their 
radical axis. Similarly, the radical axis of the circles 
on AB and BC as diameters is the perpendicular line 
from B on CA and radical axis of the circles on BC 
and CA as diameters is the perpendicular line from C 
on AB. Hence, the radial axis of three circles meet in 
a point. This point J is radical centre but here radical 
centre is the point of intersection of altitudes i.e. 
AD, BE and CF. Hence, radical centre = orthocentre. 
3. The radical centre of three given circles will be the 
centre of a fourth circle which cuts all the three 
circles orthogonally and the radius of the fourth circle 
is the length of tangent drawn from radical centre of 
the three given circles to any of these circles. 


Let the fourth circle be (x —h)’ +(y —k)? =r’, where 


(h, k) is centre of this circle and r be the radius. The 
centre of circle is the radical centre of the given 
circles and ris the length of tangent from (h, k) to any 
of the given three circles. 


Example 84. Find the radical centre of circles 
x24 y243x+2y+1=0, x? +y*—x+6y+5=O0and 
x? + y*+5x—8y+15=0. Also, find the equation of 
the circle cutting them orthogonally. 
Sol. : Given circles are 
S,=x° +y° +3x+2y+1=0 
S; =x’ +y’ —x+6y+5=0 
S, =x? +y? +5x—-8y+15=0 
Equations of two radical axes are 
S,-S, =4x-4y-4=0 or x-y-1=0 
and S,—S;=-6x+14y-10=0 or 3x-7x+5=0 
Solving them the radical centre is (3, 2) also, if ris the 


length of the tangent drawn from the radical centre (3, 2) to 
any one of the given circles, say S,, we have 


r= JS, = 3? +2? +3-342-241 = 27 


Hence, (3, 2) is the centre and ¥27 is the radius of the circle 
intersecting them orthogonally. 


.. Its equation is 
(x —3)? +(y-2)? =r? =27 orx* +y* -6x - 4y—-14=0 
Aliter : Let x° + y? +2gx +2fy+c=0 be the 


equation of the circle cutting the given circles orthogonally. 


2e(2]+aft=e +) 


or 39 +2f =ct+1 (i) 
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2¢ (-5) +2f(3)=045 
or —g+6f=c+5 (ii) 
and 28 (=) eee nes 
or 5g -8f =c +15 ...(iii) 


Solving, Eqs. (i), (ii) and (iii), we get 
g=-3,f=-2andc=-14 
.. Equation of required circle is 
x* +y* -6x-4y-14=0 
Example 85. Find the radical centre of three 
circles described on the three sides 4x —7y +10 =0, 
x+y-—5=0and7x+4y —15=0 of a triangle as 
diameters. 


Sol. Since, the radical centre of three circles described on the 
sides of a triangle as diameters is the orthocentre of the 


triangle. 
Radical centre = orthocentre 
Given sides are 4x —-7y+10=0 (i) 
x+y-5=0 ..-(ii) 
7x+4y—-15=0 ...(iii) 


Since, lines Eqs. (i) and (iii) are perpendiculars the point of 
intersection of Eqs. (i) and (iii) is (1, 2), the orthocentre of 
the triangle. Hence, radical centre is (1, 2). 


Example 86. Prove that if the four points of 
intersection of the circles x* + y* +ax+by+c=Oand 
x? + y*+a’x+b’y +c’ =0 by the lines Ax+ By +C =0 
and A’x + B’y + C’=0 respectively are concyclic, then 
a-a’ b-b’ c-c’ 
A B C |=0 
A’ B’ ig 
Sol. The given circles and given lines are 
S.= x+y? +ax+byt+c=0 
Sex ty ta xt+b’yt+c’=0 
L, = Ax + By +C=0 
L, =A’x + B’y+C’=0 
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Let S, = 0 meet L, = 0 at two points P and Q and S, = 0 meet 
L, = 0at two points Rand S. 

Further P,Q, R and S are given to be concyclic. Let the circle 
through them is 


x? +y? +29x +2fy+rA=0 ..-(i) 
Radical axis of S, = 0 and S, = 0is 
$,-S_ =0 

= (a-a’)x+(b-b’)y+e-c’=0 »-(ii) S, =x? +y? +2g,x4+2fiy+c, =0 

The radical axis of S, = 0 and S = Ois L, =0 and S. =x? +y? +2g,x +2foy tc, =0 
2= 2 2 2= 

7 sale ela an) respectively is 

and radical axis ofS, =0 and S=0OisL, =0 S, +S, -S,) =0 (A #-1) 
1 1 

or A’x + B’y+C’=0 ...(iv) or S, +A,(S, —S,)=0 (A, #—1) 

Since, the radical axes of any three circles taken in pairs are Other formS, +AS, =0 (A#-1) 


concurrent. (i.e. lines Eqs. (ii), (iii) and (iv) are concurrent). (3) The equation of a system of co-axial circles in the 


simplest form is 


a-a b-b’ c-c’ 


we have A B C |=0 . 4 
A’ B’ Cc’ x“ +y" +2ex+c=0 
where, g is variable and c, a constant. 


° ° The common radical axis is the Y-axis 
Co-axial System of Circles (since centre on X-axis) and the equation of a system 


A system (or a family) of circles, every pair of which have OE OHIEE core aalicieles tn wae SPap estuary 


. ; erie 24,2 _ 
the same radical axis, are called co-axial circles. x+y" +2fy+c=0 
(1) The equation of a system of co-axial circles, when the where, fis variable and c, a constant 
equation of the radical axis and of one circle of the (since centre on Y-axis). The common radical axis is 
system are the X-axis. 


Example 87. Find the equation of the system of 
circles co-axial with the circles 
x*+y*+4x +2y+1=0 
and x? +y? -2x+6y—6=0 
Also, find the equation of that particular circle 
whose centre lies on the radical axis. 


P=lx +my+n=0 Sol. Given circles are 
and Sax? +y" +2gx +2fy +e =0 Spex? +y?+4x +2y+1=0 
and S, =x’ +y" -2x + 6y-6=0 


respectively, is 


S+AP =0 (Ais an arbitrary constant) ls a0 


Le. 6x —-4y+7=0 ..-(i) 
Now, system of co-axial circle is 

S,+A(S,-—S,)=0 
=> (x? +y? + 4x4+2y +1) + A(6x — 4y +7) =0 


(2) The equation of a co-axial system of circles, where 
the equation of any two circles of the system are 


=> x? ty? +2x (243A) 4 2y(1-2A)+14+7A=0 ...(ii) 

Its centre [—(2 + 3A), —(1 — 2A)] lies on Eq. (i) 
6X=(24+30)-4%-(1-20) 47 =0 

or -12-18A+4-8A+7=0 

or —26A-1=0 


1 

26 

Substituting the value of A in Eq. (ii), the equation of circle 
is 


— 


2 2 3 2 7 
x" +y +2x|/2-—]}+2y)1+—]+1-—=0 
26 26 26 


=> 26x? + y’) + 98x + 56y +9 =0 


Example 88. Prove that the tangents from any point 
of a fixed circle of co-axial system to two other fixed 
circles of the system are in a constant ratio. 


Sol. Let the equations of the circles be x” + y* +2g,x +c =0, 
i = 1,2, 3. Since, all the three circles are fixed 
&, &, and g, are constants. 
Let P(h, k) be any point on the first circle, so that 


h? +k? +2g,h+c=0 ...(i) 
Let PQ and PR be the tangents from P on the other two 
circles 
PQ = (h? +k? +2g,h +0) 
and PR = \{(h? +k? +2g,h +c) 


(PQ) hh? +k? +2g,h+c 
PRY he +k? +2e,.ht+c 
§3 


_ —2g,h+2g,h 
—2g,h+2g,h 

= $27 81_ constant 
§&3 7 &1 


because g,, £4, g3 are constants. 


[from Eq. (i)] 


Example 89. If A,B,C be the centres of three 


co-axial circles and t,,t,,t, be the lengths of the 
tangents to them from any point, prove that 


BC-t? + CA-t? + AB t3 =0 


Sol. Let the equations of three circles are 
x? +y? +2g¢,x+c¢=0,i=1,2,3,. 


According to the question 


A =(—8;, 0), B=(—g2,0), C =(~g3,0) 
Let any point be P(h, k) 


t= hn? +k? +2¢,h 4+ 


t= h? +k? +2¢,h+c 


t= yh? +k? +2¢,ht+c 


and AB =(8, - 82) 
BC =(g, — 83) 
and CA =(g3 - 81) 
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Now, BC-t? + CA-t; + AB t3 
=2(g. — g3)(h +k? +2g,h +c) 
=(h? +k’ +c) E (g. — g5) + 2hU gg, — g3) 
=(h? +k? +e)(g.- 834+ 83- £1 + 81- £2) 


+ 2h {g,(82 — £3) + B2(B3 — 81) + 83(81 — £2) 
=(h? +k? +c)(0) + 2h(0)=0 


which proves the result. 


Limiting Point 
Limiting points of system of co-axial circles are the 


centres of the point circles belonging to the family (Circles 
whose radii are zero are called point circles). 


1. Limiting points of the co-axial system 
Let the circle is 
x? +y? +2gx +c=0 ..-(i) 
where, g is variable and c is constant. 


.. Centre and the radius of Eq. (i) are (—g,0) and 


(g’ —c), respectively. Let 


ie —c =0 
g=tve 


Thus, we get the two limiting points of the given 
co-axial system as 


(Jc, 0) and (— Vc, 0) 


Clearly the above limiting points are real and 
distinct, real and coincident or imaginary according 
asc>,=,<0 

2. System of co-axial circles whose two 
limiting point are given : 
Let (a, B) and (y , 5) be the two given limiting points. 
Then, the corresponding point circles with zero radii 


are 
(x -a)° +(y —B)° =0 
and (x -y)? +(y —5)? =0 
or x? +y —20x —2By +a? +B? =0 
and x? +y* —2yx —28y +y° +8 =0 


The equation of co-axial system is 
(x? +y” —2ax —2By +a” +B”) 
+x? +y? —2yx —28y +7" +87) =0 


where, A #—1is a variable parameter. 
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=> x?(1+A)+y? (1+A) —2x(a + yA) 
—2y(B + 5A) +(0” +B?) + Aly? +87)=0 
20 + YA) 9 (B + 5A) 
(1+A) (1+ A) 
_ (a +B") + Aly? +87) 
(1 +A) 


(a+YA) (B+5A) 
G42) ~ (+A) 


2 2 
or x + 


=0 


Ai) 


Centre of this circle is 


For limiting point, 
Radius 


_ |(a+yA)” , (B+SA)" _ (a? +B") +" +8") _, 
(+A)? = +A)? (1+A) 


After solving, find A . Substituting value of A in Eq. (i), 
we get the limiting point of co-axial system. 


Example 90. Find the coordinates of the limiting 

points of the system of circles determined by the two 

circles 

x? +y? 45x+y+4=0 and x? +y? +10x—4y—-1=0 
Sol. The given circles are 
Sex? +y’ +5xt+y+4=0 
and S, =x’ +y’ + 10x -4y-1=0 

.. Equation of the co-axial system of circles is S, + AS, =0 


or (x? +y? +5x+y+4+4) 


+x? +y? + 10x - 4y—-1)=0 


or x? (1+ A)+y? (1 +A) 45x (1+ 2A) 
+y(1- 4A)+(4-A)=0 
or xb gy? 4 LH2A) (1-40) | (4-A) _ 
(1+) (1+A)° (1+A) 
The centre of this circles is 
[oe ad 4 
2(1+A)  2(14+A) 
radus= |P5G-AAY = (254) 25 
4(1+A)* 4(1+A)* (1+A) 


or 25(1+2A)? +(1- 4A)* —4(4-A)(1+A)=0 
or 25(4A° + 4A. +1)+(16A? — 8A +1)— 4(-A? +304 4) =0 
or 120A°+80A+10=0 or 12A7+8A+1=0 
or (6A +1)(2A +1) =0 
ie. Rae and Ze 
6 2 


Substituting these values of A in Eq. (i), we get the points 
(-2, -1) and (0, - 3) which are the required limiting points. 


Example 91. If the origin be one limiting point of a 
system of co-axial circles of which 
x? +y*+3x+4y+25=Ois a member, find the 


other limiting point. 
Sol. 


Equation of circle with origin as limiting point is 
(x -0)? +(y-0)? =0 or x? +y? =0 
belongs to the system of co-axial circles of which one 
member is 
x+y? 4+3x+ 4y + 25=0 
Hence, the equation of the whole system is 
(x? + y? +3x + 4y +25) + A(x? + y?) =0 
or x71 +A)+ y2(1+A)+3x + 4y +25=0 
or x? +y? + s x+ 2 yt a =0 _...(i) 
(1+A)  (14+A)° (1+A) 


Its centre = ...(ii) 


3 2 
A1+A) (1+A) 
Radius of Eq. (i) can be zero for limiting point, then 
9 4 25 


+ =0 
4(_1+A)? (1+A)? (14+A) 


9 +16 — 100(1 + A) =0 


ee 
4 


1 
=> 1+A=— or 
4 


From Eq. (ii), acai 


or (—6, — 8) is the other limiting point of the system. 


Example 92. Prove that the limiting points of the 
system 


x? +y? +29x +C4+A(x? +y* +2fx +k)=0 


subtend a right angle at the origin, if ae 


f 
Sol. The given circle is 
x? ty? +2ext0+A(x? + y? +2fy+k)=0 
or (1+A)x? +(1+A)y? + 2gx + 2fpA+e+krA=0 


or x? +y'?+ 28 x+ ath y oa (i) 
(1+ A) (1+A)° (1+) 
Its centre is | —® ; ant (ii) 
1+A 14+A 
B 
90° 
0 (0,0) A 


Radius of circle Eq. (i) is =0 
(c+ kA) _ ; 


g . pene 
(1+A)’ (14A)? (1+) 
or (Ff? —k)-Mk+c)+ gg? -c=0 
which is a quadratic in i. Let roots be A, and A,. 
2 —_ 
umes and VA, == c 
fk ; = 


then limiting points are 
—fhe 


Al tS s 
1+A, 14+A, 1+A, 1+A, 
But given that AB subtend a right angle at the origin. 
Slope of OA x Slope of OB = — 1 


A, +A, = 


> 


[from Eq. (ii)] 


—fy sts | 
a 1+A, e 1+A, | _ ‘ 
7S 7S 
1+), 1+A, 
or Ever. ke 
& & 
or f Md + 87 =0 
2. 
ee pele pe 4 
(f° —k) 
or 2° f? — of? —kg? =0 
or a 
a 


Example 93. Find the radical axis of co-axial system 
of circles whose limiting points are (-1,2) and (2, 3). 


Sol. Equations of circles with limiting points are (-1, 2) and 


(2,3) are 

(x +1)? +(y-2)’ =0 
or x+y? +2x-4y+5=0 .. (i) 
and (x —2)? +(y -3)? =0 
or x? +y’—4x-6y+13=0 sae(idl) 
respectively. 


Radical axis of circles Eqs. (i) and (ii) is 
(x? + y? + 2x - 4y +5) 
—(x? + y* — 4x —6y +13)=0 
or 6x + 2y -8=0 
or 3x +y—-4=0 
Example 94. Find the equation of the circle which 


passes through the origin and belongs to the co-axial 
of circles whose limiting points are (1,2) and (4,3). 


Sol. Equations of circles whose limiting points are (1,2) and 
(4,3) are 
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(x — 1)? +(y -2)? =0 
or x? + y? —2x —-4y+5=0 .. (i) 
and (x — 4)? +(y —3)? =0 
or x? + y? —8x —6y + 25=0 .. (ii) 
Therefore, the corresponding system of co-axial circles is 

(x? + y* —2x - 4y +5) 

+(x? + y? — 8x — 6y +25) =0 .. (iii) 

It passes through origin, then 

5 +254 =0 


poe 
5 


Substituting the value of A in Eq. (iii), the required circle is 
5(x? + y? —2x — 4y +5) 

—(x? + y® — 8x — 6y + 25) =0 

or 4x? +4y’ —2x-14y=0 

or ax? + 2y*-x-Ty =0 


Image of the Circle by 
the Line Mirror 


Let the circle be x? + y’ +2gx +2 fy +c =0 and line mirror 
is x +my +n =0 in this condition, radius of circle remains 
unchanged but centres changes. Let the centre of imaged 
circle be(x,,y,). 


(=f) _-2(-Ig -mf +e) 


m (I? +m’) 


Then x, -(=¢) V1 
l 


(I? g—m? g+2ml f —2nl) 


we get, x, = 
(2 +m?) 

— = (m? f — f +2mlg—2mn) 
; (? +m?) 


given circle 


*. Required imaged circle is (x—- x, y Hy-y, )? =r? 


where, r=(g? + f? —c) 
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Example 95. Find the equation of the image of 4 -(-§) _w—¥ 
the circle x* + y* + 16x —24y +183 =0 by the line : q 
ae ee _ -2(4(-8) + 7(12) + 13) 
mirror 4X + yr =U. (477) 
Sol. The given circle and line are , x, +8 y,-12_ : 
x* + y* + 16x —24y +183=0 ...i) Z 7 
and 4x+7y+13=0 .. (ii) xX, =-16,y,=-2 
Centre and radius of circle Eq. (i) are (-8,12) and 5, .. Equation of the imaged circle is (x + 16)’ +(y + 2)° =5° 
respectively. Let the centre of the imaged circle be (x,,y,). 7 3 
: : : or x" + yo +32x+4y+235=0 
Hence, (x,,y,) be the image of the point (—8, 12) with respect 
to the line 4x + 7y + 13 = 0, then 
Exercise for Session 7 
1. The circles x?+y?+x+y=Oand x*+y*+x-y =O intersect at an angle of 
(a) 2/6 (b) 2/4 (c) x/3 (d) 2/2 
2. If the circles of same radius a and centres at (2, 3) and (5, 6) cut orthogonally, then a equals to 
(a) 1 (b) 2 (c) 3 (d) 4 
3. Ifthe circles x? + y? +2x + 2ky +6 =O and x? + y? +2ky +k =0 intersect orthogonally, k is 
3 3 3 3 
a) 2 or -= b) -2 or -— c) 2 or— d) -2 or = 
(a) 5 (b) 5 (c) 3 (d) 5 


4. \facircle passes through the point (a,b ) and cuts the circle x? + y? =4 orthogonally, then the locus of its centre 
is 
(a) 2ax + 2by + (a2 +b? +4) 
(c) 2ax — 2by + (a2 +b? + 4) 


=0 (b) 2ax + 2by — (a2 +b? +4)=0 
=0 (d) 2ax — 2by - (a2 +b? + 4)=0 


5. The locus of the centre of the circle which cuts orthogonally the circle x? 4 y? —20x +4 =0 and which touches 


X =2is 
(a) x? = 16y (b) x2 = 16y +4 
(c) y? = 16x (d) y? = 16x +4 


6. The equation of a circle which cuts the three circles x* + y? -3x -6y +14=0, x*+y?-x-4y+8=0 


and x? + y? +2x —6y + 9 =0 orthogonally is 


(a) x? + y? - 2x -4y+1=0 (b) x? + y? + 2x+ 4y+1=0 
(c) x? + y?-2x+4y+1=0 (d) x2 + y? - 2x -4y-1=0 

7. The equation of radical axis of the circles x? + y?+ x —y +2 =O and 3x? +3y? —4x -12 =Ois 
(a) 2x? + 2y? -5x+y-14=0 (b) 7x — 3y + 18=0 
(c) 5x-y+14=0 (d) None of these 

8. The radical centre of the circles x? + y? =1,x? + y?+10y+24=Oand x*+y?-8x+15=Ois 
(a) (2,5/ 2) (b) (-2,5/ 2) 
(c) (-2,- 5/2) (d) (2,-5/ 2) 


9. If(1,2)is a limiting point of the co-axial system of circles containing the circle x? + y? + x —5y +9 =0, then the 
equation of the radical axis is 
(a)x-9y+4=0 (b) 3x -y+4=0 
(c)x+ 3y-4=0 (d) 9x+y-4=0 


10. 


11. 


12. 


13. 


14. 


15. 


16. 


17. 


18. 
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The limiting points of the system of circles represented by the equation 2(x? + y7)+ AX + ; =Oare 


(a) E 50) (b) (0,0) and (-9} 
(c) E 3,0) (d) (+3, 0) 


One of the limiting points of the co-axial system of circles containing the circles x y? —4=0and 
x? +y?-x-y=0is 

(a) (V2,V2) (b) (-V2,V2) 

(c) (-V2,- V2) (d) None of these 


The point (2, 3) is a limiting point of a co-axial system of circles of which x? + y? =9 is a member. The 
coordinates of the other limiting point is given by 


Two circles are drawn through the points (a, 5a) and (4a, a) to touch the Y-axis. Prove that they intersect at 
angle tan{ 2} 
9 


Find the equation of the circle which cuts orthogonally the circle x74 y? —6x +4y —3 =0, passes through (3,0) 
and touches the axis of y. 


Tangents are drawn to the circles x? + y? +4x + 6y —19 =0, x + y” =9 from any point on the line 2x + 3y =5. 
Prove that their lengths are equal. 


Find the coordinates of the point from which the lengths of the tangents to the following three circles be equal 


3x? +3y744x-6y-1=0, 2x?2+2y?-3x -2y-4=0 and 2x? 4 2y2-x+y-1=0 


Find the equation of a circle which is co-axial with the circles a y? +4x+2y+1=0 and 


x? 4 y? -x+3y = =0 and having its centre on the radical axis of these circles. 


Find the radical axis of a co-axial system of circles whose limiting points are (1, 2) and (3 , 4). 


Shortcuts and Important Results to Remember 


Ifthe lines ax+by+c,=0 and a@x+b,y+C, =Ocut 


the X-axis and Y-axis in four concyclic points, then 

& A =D, by. 

If two conic sections 

ax? + 2hixy + by? + 2g,x + 2fy +c, =O and 

@X° + 2hoxy + Doy® + 2goX + 2hY +Co = O will intersect 

each other in four concyclic points, if =), = is 
a —by hy 


If the circle S,; = 0, bisects the circumference of the circle 
S, =0, then their common chord will be the diameter of 
the circleS, =0. 


The radius of the director circle of a given circle is V2 
times the radius of the given circle. 


The point of intersection of the tangents at the points 
P (acos a ,asina) and Q (acosB,asinB) on the circle 
x? +? =a? is 


acos(<*F) asin [= ) 
cos (“5 p) " cos (54) 


If the tangent to the circle x? + y? =r? at the point (a,b) 
meets the coordinates axes at the points A and B and O is 
4 


the origin, then the area of the AOAB is _ 
a 


The length of the common chord of the circles 
x? 4 y? 4ax+by+c =Oand x*+y*+bx+ay+c =Ois 
1 


—(a+ bP -4c. 
2 
The length of the common chord of the circles 
(x—a)* + y? =a? and x? + (y—b)* =b7 is aoa, 
va’ + b* 
Family of circles circumscribing A 


a triangle whose sides are 
given by L,=0,L, =O and 

Lz =O is given by 

LiL + ALgLg + ULgl, = 0 
provided coefficient of xy = 0 
and coefficient of x* = 
coefficient of y’. 


ee 


Remark 


10 


11 


12 


13 


14 


15 


Equation of the circle circumscribing the triangle formed 
by the lines a.x+b,y+c, =0, where r = 1,2, 3,is: 


af + bP 
J 

ax + by + Cy 

2 2 

a5 +b 

a a b.|=0 
AX + DoY + Co 

as + bs j, 
— rT CUB O83 
agX + b3y + Cy 


Equation of circle circumscribing a quadrilateral whose 
sides in order are represented by the lines 
L,=0,l, =0,l, =0 and L, =0 is given by 
Ljlg+ALpL, =0 

A 


2 


C 


provided coefficient of x° = coefficient of y* and 
coefficient of xy = 0. 


The locus of the middle point of a chord of a circle 
subtending a right angle at a given point will be a circle. 


The length of an equilateral triangle inscribed in the circle 
x? + y? =a? is av3. 
The distance between the chord of contact of tangents to 
x? + y? +29x + 2fy +c = 0 from the origin and the point 

2 72), 
@fis'9 +7 el 
2V(g? +f?) 
The shortest chord of a circle passing through a point P 
inside the circle is the chord whose middle point is P. 


The length of transverse common tangent < the length of 
direct common tangent. 


JEE Type Solved Examples : 
Single Option Correct Type Questions 


This section contains 10 multiple choice examples. 
Each example has four choices (a), (b), (c) and (d) out of 
which ONLY ONE is correct. 


>» Ex. 1 Two distinct chords drawn from the point (p,q) on 
the circle x? +y* = px +qy, where pq #0, are bisected by 
the X-axis. Then, 


(a)|p\=lq|_(b) p? = 8q7 (c) p? <8q° (d) p* > 8q” 
Sol. (d) 
P (p,q) 
M 
x >X 
a7) 
a oY) 
Suppose chord bisect at M(A,0), then other end point of chord 
is (h,—q) 
where, N= pth 
2 
which lie on x? + y” = px +qy 
or h?+q° = ph-q 
= h? — ph+2q° =0 
for two distinct chords, B? - 4 AC >0 
or p’—4-1-2q7>0 
or ee > 8q° 


» Ex. 2 The values of i for which the circle 
x? +y* +6x+54+A(x? +y? —8x +7) =0 dwindles into a 


point are 


J2 


(a) eae 


B 


2 
: (c)2+ 


V2 


4 
(4) 14> 


(b) 2+2 4v2 
3 
Sol. (c) The given circle is 
x? ty? +6xt+54+A(x? + y? -8x +7) =0 


or = X*(14A)+y*(1-2)+(6—-8A)x +547) =0 


=. , FO=BK 5+70 
=> xo shy Ba =0 
1+A 1+X 
This will dwindle into a point circle, then radius of the 
circle = 0 


2 
Gesu +0- (27%) = 
1+2X 1+X 


> (3-40)? -(5+7A)(1+A)=0 
=> 9-16\7-24.-5-51-70-712 =0 
=> 907 -36A+4=0 
he 36 + (36) — 4.9.4 
29 


© Ex. 3 If f(xt+y) = f(x): f(y) forall x andy, f(1) =2 


anda, = f(n),néN, then the equation of the circle having 
(1,0) and(3,0,4) as the ends of its one diameter is 


(a) (x - 2)(x -8)+(y—- 4)(y — 16) =0 
(b) (x- 4)(x -8)+(y— 2)(y — 16) =0 
(c) (x= 2)(x -16)+(y - 4)(y -8) =0 
(d) (x -6)(x -8)+(y—5)(y—6) =0 
Sol. (a) f(x +y)= f(x). f(y) -.-(i) 
fl) =2 
In Eq. (i), Put x = y =1, 
then f(2)= f().f()=2 
Now, in Eq. (i), x = Ly = 2,then 
£(3)= f(D F(2) = 22° = 2° 


Hence, f(n)=2" 
Oo, = f(n)=2°VneN 
(O02) = (2,4) 
and (3,04) = (8,16) 


Equation of circle in diametric form is 
(x —2)(x—8)+(y—4)(y—16)=0 


® Ex. 4 Two circles of radii a and b touching each other 
externally, are inscribed in the area bounded by 


1 
y = (1- x’) and the X-axis. If b = x then a is equal to 


1 1 
(a) a (b) 3 

1 1 
(c) = (d) V2 


Sol. (a) Let the centres of circles be C,; and C;, then 
C, = (y(1—2a),a) 
Cz =(¥(1-2b),b) 


and 
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(+1, 0) 


Now, C,C, =a+b 


= [a= (o-3)] 


2 
1 

or 1-—2a+]a-—- 
2 


Tl ll 
ay oS 
i<) 8 
+ + 
Nie Nl e 
N PR Ly 
.; i) 

——1 
> 
ll 
N | 
| 


1 1 
or 1-2ata’+—-a=a°+—+a 
4 4 
1 
or a=— 
4 


Ex. 5 There are two circles whose equations are 
x? +y? =9andx’ +y* —8x—6y +n* =0,nel. If the two 
circles having exactly two common tangents, then the number 
of possible values of n is 
(a) 2 (b)7 (c) 8 
Sol. (d) Given circles are S,:x” + y> -9 =0 


(d) 9 


Its centre C,:(0,0) and radius nr, = 3 
and So:x? + y? —8x —6y +n” =0 
Its centre C,:(4,3) and radius r, = ./(25—n’) 
Here, 25-n?>0>-5<n<5 (i) 
For exactly two common tangents, 


N+1,>CiCo 


=> 3+ (25-n”) > (4? +3”) 

=> (25—n?) > 2 

=> 25—n* > 4 

or n?<21 

or =—«/21 <<a ...(ii) 


From Eqs. (i) and (ii), we get 
—V21<n< V21 
But n € I. So, n = —4,—3,—2,-—1,0, 1, 2, 3, 4 


Hence, number of possible values of n is 9. 


Ex. 6 Suppose f(x,y) =0 is the equation of a circle such 
that f(x,1) =0 has equal roots (each equal to 2) and 
Ff(1,x) =0 also has equal roots (each equal to zero). The 
equation of circle is 
(a) x? +y?+4x+3=0 (b)x?+y?4+4y+3=0 
(c) x? +y?+4x-3=0 (d)x?+y?-4x+3=0 


Sol. (d) Let f(x,y)= x’ +y" +2gx+2fyte 


> f (x,1) = x? +14+2gx +2f +¢=(x—2)" (given) 
then, £=-2,2f+c=3 ..-(i) 
Also, f(1,x)=1+x?+2g+2fetc=(x-0)’ (given) 
then, f =0,2gt+c=-1 (ii) 


From Eqs. (i) and (ii), we get 
£=-2,f =0c =3 
Thus, equation of circle is 


x? +y?—-4x+3=0 


Ex. 7 A variable circle C has the equation 
x? +y? —2(t? —3t+1)x — 2(t? + 2t)y +t =0, where t isa 
parameter. If the power of point (a,b) w.r.t. the circle C is 
constant, then the ordered pair (a,b) is 


141 
b)| —,— 
( (2 <) 
1 1 1 1 
c)| -—,— d) | -—,- — 
@( 10 i) @ 10 ‘) 
Sol. (c)“ C:x? + y’ — At” —3t+1)x — At? +2t)y+t =0 
given power of circle = constant 


a’ +b? —2(t? —3t + 1)a—2(t? + 2t)b + t = constant 


> —2a+ b)t® +(6a—4b+1)t +(a? + b? — 2a) = constant 
*: Power of circle is constant, then 
a+b=0and6a-—4b+1=0 
or b=-a,then 6a+4a+1=0 
1 1 


a=-——, b= — 
10 10 


1 1 
Hence, required ordered pair is (- —,— 
10 10 


Ex. 8 If the radii of the circles(x —1)? +(y —2)* =1and 
(x —7)? +(y -10)* =4 are increasing uniformly w.r.t. time 
as 0.3 unit/s and 0.4 unit/s respectively, then they will touch 
each other at t equals to 

(a) 45 s (b) 90 s 
(c) 11s (d) 135s 
Sol. (b) Given circles are S,:(x —1)? +(y—2)? =1 
Its centre C,:(1,2) and radius r, = 1 
and S,:(x—7)°+(y—10)? =4 
Its centre C,:(7,10) and radius r, = 2 
C\C, =10>744+1, 
Hence, the two circles are separated. 
The radii of the two circles at time t are (1+0.3t) and 
(2+0.4t) 


For the two circles touch each other, then 
C,C, =|(1+03t)+(2+0.4f)| 


=> 10=|[3+07¢t| or 10=|-1-0.1¢| 
=> 0.7t +3 = £10 or -1—0.1t = £10 
> t=10 or t=90 [t>0] 


» Ex. 9 A light ray gets reflected from x = —2. If the 
reflected ray touches the circle x* + y* =4 and the point of 
incident is (—2,— 4), then the equation of the incident ray is 

(a) 4y+3x+22=0 (b) 3y+4x+20=0 
(c) 4y+2x+20=0 (d)y+x+6=0 
Sol. (a) Any tangent of x? + y? = 4 is y= mx +2,(1+m’). 


If it passes through (—2,- 4), then —4 = —2m 42,/(1+ m’) 
A 


y’ 
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or (m—2)? =1+m? 
or m=o,m=3/4 
Hence, the slope of the reflected ray is 3/4. 


Thus, the equation of the incident ray is 


3 
pee ene) 


Le. 4y+3x+22=0 


Ex. 10 If a circle having centre at (0,8) radius r 
completely lies with in two lines x +y =2 andx + y =-2, 
then, min.(|& +B + 2|,|a +B —2|) is 

(a) greater than V2r 
(b) less than V2r 


(c) greater than 2r 
(d) less than 2r 


Sol. (a) Minimum distance of the centre from line > radius of 
jat+B +2 eepae) oh 
v2 7 v2 


or min. {ja+B +2|,)a+fB —2)}> V2r 


circle i.e. min 


More than One Correct Option Type Questions 


= This section contains 5 multiple choice examples. Each 
example has four choices (a), (b), (c) and (d) out of which 
MORE THAN ONE may be correct. 


Ex. 11 If point P(x,y) is called a lattice point, if x,y €1. 
Then, the total number of lattice points in the interior of the 
circle x* + y? =a?,a #0 cannot be 

(a) 202 (b) 203 (c) 204 (d) 205 
Sol. (a, b, c) Given circle is x? +”? =a’ ..-(i) 
Clearly (0, 0) will belong the interior of circle Eq. (i). Also, 


other points interior to circle Eq. (i) will have the coordinates 
of the form 


(£A,0),(0,+ A), where 4” < a? 
and (+A,+) and (tu,+ A), where \° +” <a’ and Ayu € I 


..Number of lattice points in the interior of the circle will be of 
the form 1+ 4r + 8t, where r,t = 0,1,2,... 

..Number of such points must be of the form 4n+ 1, where 

A= 012... 


Ex. 12 Let x,y be real variable satisfying 
x? +y? +8x—10y — 40=0. Let 
a =max. {x(x +2)? +(y —3)?} and 
b=min.{(x +2) +(y —3)7}, then 
(b)a—b = 4/2 
(d)a-b=73 


(a)at+b=18 
(c)a+b = 4V2 
Sol. (a, b, d) Given circle is 
x? +y? +8x—10y— 40=0 
The centre and radius of the circle are (—4,5) and 9, 
respectively. 
Distance of the centre (—4,5) from (—2,3) is 
Ja+4) =2v2. 
a=2/2+9 
b=-2J2+9 
18,a—b = 42, ab =73 


Therefore, 


and 


at+b 
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Ex. 13 The equation of the tangents drawn from the 
origin to the circle x” +y* —2rx — 2hy +h? =0, are 
(a) x =0 
(b) y =0 
(c)(h? —r*)x — 2rhy =0 
(d)(h? —r*)x + 2rhy =0 
Sol. (a, c) The given equation is (x—r)*? +(y—h)’ =r? 


tangents are x = 0 


O xX 


™ 
and y= xtan( = -2a) = xcot2a 


[inaonc,tana=*) 


or (h® -r*)x-2rhy =0 


Ex. 14 Point M moved on the circle 
(x — 4)* +(y —8)* = 20. Then it broke away from it and 


moving along a tangent to the circle cut the X-axis at point 
(—2,0). The coordinates of the point on the circle at which the 


moving point broke away is 
2 44 
b)| -=,— 
w(-2.4) 


42 36 
(a) (2.3) 
(d) (2, 4) 


(c) (6,4) 


Sol. (b, c) Given circle is 
(x— 4)? +(y-8)? = 20 
or x+y’ —8x—16y +60 =0 (i) 
Equation of chord of contact from (—2, 0) is 
2:-x+0-y—4(x—2)-8(y + 0)+60=0 
or 3x+4y -34=0 ...(ii) 
Solving Eqs. (i) and (ii), we get 


ae mr 34-3x 
xO 8x —-16 Pi +60=0 


4 
or 5x° —28x-12=0 
or (x-6)(5x+2)=0 
or x=6,-- 


2 44 
Therefore, the points are (6, 4) and (-2.~*} 


Ex. 15 The equations of four circles are 
(x ta)? +(y £a)* =a’. The radius of a circle touching all 
the four circles is 
(a) (V2 -1)a (b) 2V2a 
(c)(v2+ 1a (d)(2+2)a 
Sol. (a, c) Radius of inner circle = OR-a 
= (a? +a’) -a 
= a(/2 ~1) 


Radius of outer circle = OR + RQ 
=aV2+a=a(v2 +1) 


JEE Type Solved Examples : 
Paragraph Based Questions 


= This section contains 2 solved paragraphs based upon 
each of the paragraph 3 multiple choice questions have 
to be answered. Each of these questions has four choices 
(a), (b), (c) and (d) out of which ONLY ONE is correct. 
Paragraph I 
(Q. Nos. 16 to 18) 


Consider the relation 4l7 —5m? +61+1=0, where l,me R. 
16. The line lx + my +1=0 touches a fixed circle whose 
equation is 
(a) x? +y?-4x—-5=0 (b)x?+y?+6x+6=0 
(c) x? +y*-6x+4=0 (d)x?+y*+4x-4=0 
17. Tangents PA and PB are drawn to the above fixed circle 


from the point P on the line x + y —1=0. Then, the 
chord of contact AB passes through the fixed point 


1 #5 14 13 15 
@ (2-2) w (24) ©(-33) (3.9) 


18. The number of tangents which can be drawn from 
the point (2,—3) are 


(a) 0 (b) 1 (c) 2 (d) 1 or 2 
Sol. 
16. (c) Let the equation of the circle be 
x+y’ +2gxt+2fy+c=0 (i) 


The line x + my + 1 = 0 touch circle Eq. (i), then 


He-mf+i_ Papa 


(I? +m’) 
= (ig + mf -1)? =(1° + m*)(g’ + f? -c) 
or (f’—c)l? +(g? —c)m’ —2gflm + 2gl +2 fm—1=0 
But the given condition is 


4l’ —5m? +61+1=0 


...(ii) 


...(iii) 
Comparing Eqs. (ii) and (iii), we get 
foe ee. coe og OF 
4 —5 0 3 0 1 
Then, we get g =—-3, f =0,c=4 


Substituting these values in Eq. (i), the equation of the circle is 
x’ +y’-6x+4=0 
17. (a) Let any point on the line x + y—1=0 is 
P(A,1-2A), AER. 
Then, equation of AB is 
Ax+(1-A)y -3(x+A)+4=0 
> (-3xt+y+4)+A(x-y-3)=0 


for fixed point -3x+y+4=0,x-y-3=0 


1 5 
x=-, = 
2 2 


1-5 
.. Fixed point is G2) 
2 2 


18. (c) Let S= x? +y’ —6x+4=0. 
S, =(2)° + (3)? —6(2) + 4 
=4+9-12-4 
=5>0 


Therefore, point (2,—3) lies outside the circle from which two 
tangents can be drawn. 


Paragraph II 
(Q. Nos. 19 to 21) 


Ifa- chord of a circle be that chord which subtends an angle 
« at the centre of the circle. 


19. If x+y =1is a-chord of x? +y? =1, then is equal to 


1 TU 1 31 
(a) 6 (b) 4 (c) > (d) a 


Tl 
20. If slope of a 4 chord of x? +y” =4 is 1, then its 


equation is 
(a) x-y+v6 =0 (b) x -y +3 =0 
(c)x -y—v3 =0 (d) x -y—2v3 =0 


20 
21. Distance maa chord of x? +y? +2x +4y +1=0 


from the centre is 


(a) = 1 ©v2 @2 
Sol. 
19. (c) From figure 
red 
(0, 1) 
i 5: 
X’< ro) (1,0) x 
Yn 
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20. (a) *. Slope of chord is 1. 
Let the equation of chord be x-y +A =0. 


OM =2 cos =) = V3 


JEE Type Solved Examples : 
Single Integer Answer Type Questions 


= This section contains 2 examples. The answer to each 
example is a single digit integer, ranging from 0 to 9 
(both inclusive). 


» Ex. 22 A circle with centre in the first quadrant is tangent 
toy =x +10, y =x —6 and the Y-axis. Let (p,q) be the centre 
of the circle. If the value of (p+. q) =a + bVa, whena,be Q, 


then the value of |a — b| is 


Sol. (6) *. CP =CR 
|p—q + 10| 
=> SS 
V2 

or p—q+10= pv2 (i) 

and CP =CQ 
—qt10 —q-6 i 
P 5 = (2 J orp q=-2 (ii) 


yy’ 


=> A =tV6 
Hence, equation of chords are 
x-yt V6 = 0. 


21. (b) From figure, 


From Eqs. (i) and (ii), we get 

p= 42 andq = 4V2+2 
ptq=2+8V2=a+bv2 
a=2,b=8 


Now, (given) 


Hence, |a — b|=|2 —8|=6 


> Ex. 23 If the circles x* + y? +(3+sin®)x + 2cosdy =0 
and x* +y” +(2cos)x + 2Ay =0 touch each other, then 
the maximum value of X is 


Sol. (1) Since, both the circles are passing through the origin 
(0, 0), the equation of tangent at (0,0) of first circle will be 
same as that of the tangent at (0,0) of second circle. 


Equation of tangent at (0, 0) of first circle is 


(3+ sin®)x + (2coso)y = 0 ..-(i) 
Equaton of tangent at (0, 0) of second circle is 
(2cosd)x + 2Ay =0 ...(ii) 


Therefore, Eqs. (i) and (ii) must be identical, then 
3+sin0  2cosh 


2cosh 20 
2 
ak _ 2c0s o 
(3+ sin®) 
or Ximax = 1 (when sin® = —1 and cos = 1) 


JEE Type Solved Examples : 
Matching Type Questions 


= This section contains 2 examples. Examples 24 and 25 
have four statements (A, B, C and D) given in Column I 
and four statements (p, q, r and s) in Column II. Any 
given statement in Column I can have correct matching 
with one or more statement(s) given in Column II. 


© Ex. 24. Consider the circles C, of radius a andC, of 


radius b,b >a both lying the first quadrant and touching the 
coordinate axes. 


Column | Column II 

(A) C, and C, touch each other and (p) A+ p is a prime 
f A+ Ju, A € prime number and nominee 
i € whole number, then 

(B) Cj, and C, cut orthogonally and (q) A +p is a composite 
ee + Ju, A € prime number and number 
i € whole number, then 

(C) C, and C,j intersect so that the (r) 2A +p isa perfect 
common chord is longest and number 


Os + .Ju, A © prime number and 
i € whole number, then 

(D) C) passes through the centre of C; (s) |A —pL|is a prime 
and ° =+./u, A € prime number mumber 


and wu € whole number, then 


Sol. ale (p, s); (B) > ©); (C) > (5, 5); (D) > @ ») 
C:x" + y? —2ax —2ay +a” =0 


Centre : (a,a) and radius : a 

and Co:x° + y? —2bx —2by +b” =0 
Centre : (b,b) and radius : b 

(A) * C, and C, touch each other, then 


V2(b-a)=b+a = 2 (241) =34+8 


> A =3,u=8 
(B) «. C, and C; intersect orthogonally, then 
%b—a)’ =b? +a? 


> a’ +b’ —4ab =0 


(*) 
or —| —44-]4+1=0 
a a 
+ = 
b 4+ ./(16 4) ae 
a 2 
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(C) « C,; and C, intersect, the common chord is 
%b—-a)(x+y)=b?-a? 


given common chord is longest, then passes through (a,a) 


> 2(b —a)(2a) = b? —a’° 

or (b -—3a)(b-—a) = 
b-a#0 [b >a] 
b-3a=0 

or 2 =3 = A =3,H =0 


(D) C2 passes through (a,a), then a? + a? —2ab —2ab + b? = 0 
or b’ — 4ab + 2a* =0 


«Qe 


+ 
or ce se oe) =2+/2 
a 2 
> N= =2 


» Ex. 25. Match the following 


(A) 


(B) 


(C) 


(D) 


Column | Column II 
The circles x7 + 7 + 2x+c=0 (p) 1 
(c> O)and x7 + y°+2y+ c= Otouch 
each other, then the value of 2c is 
The circles x7 + + xt 3ytc=0 (q) 2 
(c > 0) and x” + yoxt 2y+c=0 
intersect orthogonally, then the 
value of 2c is 


The circle x7 + y = 9is contains the (r) 3 
circle x°+ yet 1-2 =0(c> 0), 
then 2c can be 


The circle x7 + y =9iscontainsin (s) 4 
2, 
the circle x7 + y-—2x+ i =0 


(c > 0), then (c— 6) can be 


Sol. 


(A) > (p); (B) > (q); (C) > (p, q, 1); (D) > (x, s) 
(A) The circles 
S41)’ +? = (Yd 0)’ 
Centre C, :(—1,0), radius 7, :./(1 —c) 


and So:x’ +(y +1)? =(Ja—c))’ 
Centre C,:(0,—1), radius : r, = /(1—c) 
Now, C\Cy = V2 andy, = 1% 
.. The circles will touch externally only and C,\C, =4+% 
=> V2 =2J(1—c) or 2c =1 
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2 
(B) The circles S,:(x + 1)* 4 [» 2) -| (2 3 
Centre c{-1-3} radius 7: Gag 
2 4 
7 2 
i , 5 
So:3] x-=] +(yt+1)° = —=¢ 
' ( 3 ven ( E ) 
1 ' 5 
Centre o,(3- i} radius fr: (° = :) 
2 4 


For intersect orthogonally 
(C2)? = 9 + ry 


(2) () 13 5 
> t = C4 c 
2 2 4 4 
or ac=2 


(C) The circles 
Sixty? =3? 


and 


Centre C,:(0,0), radius 7:3 


JEE Type Solved Examples : 
Statement | and Il Type Questions 


= Directions (Ex. Nos. 26 and 27) are Assertion-Reason 
Type examples. Each of these examples contains two 
statements : 
Statement I (Assertion) and Statement IT (Reason) 


Each of these examples also has four alternative choices only 

one of which is the correct answer. You have to select the 

correct choice as given below : 

(a) Statement I is true, Statement II is true; Statement II is a 
correct explanation for Statement I 


(b) Statement I is true, Statement II is true; Statement II is 
not a correct explanation for Statement I 


(c) Statement I is true, Statement II is false 
(d) Statement I is false, Statement II is true 


Ex. 26 C, is a circle of radius 2 touching X-axis and 


Y-axis. Cy is another circle of radius greater than 2 and 
touching the axes as well as the circle C,. 


Statement | Radius of Circle C, = J2(/2 +1)(/2 +2) 
Statement II Centres of both circles always lie on the line 
v= 
Sol. (c) C,:(x—2)? +(y-2)? = 2” 
Co(x—-r)? +(y—ry’ =r’ (r >2) 
According to question, 


(r -2)° 


and So(x—-1)? + y? = 
Centre C,:(1,0), radius r:c 


Now, 5S» will be contained in S,, then 


CC, <_-h 
or 1<3-core<2>52c <4 
(D) The circles 

Sx? +y? =9 


Centre C, :(0,0), radius 7,:3 and 
2 
Soi(x—1)? + y? = (<) 
2 
Centre C,:(1,0), radius nS 


Now, S; will be contained in Sy», 


then, hh-h > CC, 
> Ta or c>8 
(c-—6) >2 
2 = 
r°—l2r+4=0 
12+ (144-16) 
=  —$— 
2 
=6+ 42 
r=6+4V2  [wr>2] 
=2(V2 +1) >X 
= /2(V2 + 1)(2+ V2) 


.. Statement I is true and Statement II is always not true 
(where circles in II or IV quadrants) 


Ex. 27 From the point P(/2,V6) tangents PA and PB are 

drawn to the circle x* +y? =4 

Statement | Area of the quadrilateral OAPB (O being 
origin) is 4. 

Statement II Tangents PA and PB are perpendicular to each 
other and therefore quadrilateral OAPB is a square. 

Sol. (a) Clearly, P(V2,V6) lies on x? +y’ =8 which is the 
director circle of x’ + y’ = 4. 


Therefore, tangents PA and PB are perpendicular to each other. 
So, OAPB is a square. 


Hence, area of OAPB = Gail =5, 
= (V2)? +(/6)?-4=4 


..Both statements are true and statement II is correct 
explanation of statement I. 


Subjective Type Examples 


= In this section, there are 16 subjective solved examples. 


Ex. 28 Find the equation of a circle having the lines 
x? +2xy +3x +6y =0 as its normals and having size just 
sufficient to contain the circle 

x(x — 4)+ y(y -3)=0. 
Sol. Given pair of normals is x” + 2xy + 3x + 6y =0 
or (x + 2y)(x +3) =0 
.. Normals are x + 2y = 0 and x + 3 =0 the point of 
intersection of normals x + 2y =0and x +3 =0is the 
centre of required circle, we get centre C, = (— 3, 3/2) and 
other circle is 


x(x-4)+y(y-3)=0 
or x? +y" —4x-3y=0 (i) 
i) 5 


4+— == 


its centre C, =(2,3/2) and radius r = a 


Since, the required circle just contains the given circle(i), 
the given circle should touch the required circle internally 
from inside. 


=> radius of the required circle =| C, — C,|+r 


=, Wegupyad a2) ee 
=| 3 a+ (3 | \ 


5 15 
=5+-=— 
2 2 
Hence, equation of required circle is 
2 
15 
(x +3)? +(y-3/2) = (=) 
2 
or x? +y" + 6x —3y —54=0 


Ex. 29 Leta circle be given by 
2x(x-a)+y(2y—b)=0 (a#0, b#0) 


Find the condition on a and b if two chords, each bisected by 
the X-axis, can be drawn to the circle from (a, b/2). 
Sol. The given circle is 2x (x -—a)+y(2y—-b)=0 
or x? +’ — ax — by/2=0 
Let AB be the chord which is bisected by X-axis at a point 
M. Let its coordinates be M (h, 0) 
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and let S=x’?+y’ —ax—by/2=0 


.. Equation of chord AB is T = S, 
hx $0-2(x+h)-2(y +0)=h? +0-ah—0 


Since, its passes through (a, b / 2) we have 

2 
= Gs = ey = ah 
2 8 


3ah a’ b° 
=> pot! se" xp 

2 2 8 
Now, there are two chords bisected by the X-axis, so there 


must be two distinct real roots of h. 


B’ —4AC>0 
— 3a : a 2 
=> — 4-1-] —+—|>0 
2 2 8 
> a’ > 2b". 


Aliter : Given circle is 
2x (x -—a)+y(2y- b)=0 


or x? +y?-ax- =o ...{i) 


Let chords bisected at M (h, 0) but given chords can be 
drawn A (« 4 then chord cut the circle at B(A, — b/2) 


* Mid-point of ordinates of A and B is origin. 
“. B(A, b/2) lies on Eq. (i) 
2 2 
ee eae 
4 4 


2 
or Nah += =0 


A is real 
2 
B’-4AC>0 or a’? 4-—->0 or a’ > 2b? 
Ex. 30 Let C, andC, be two circles with C, lying inside 
C,.A circle C lying inside C, touches C,internally and C, 
externally. Identify the locus of the centre of C. 


Sol. Let the given circles C,and C, have centres O, and O, 
with radii r, and r,, respectively. Let centre of circle C is 
at O radius is r. 


OO, =r +r, 

OO,=n-1r 
=> OO; + OO, =" + 1% 
which is greater than O,O, as O,O, <1, +1. 
*. Locus of O is an ellipse with foci O, and O,. 
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Aliter : 

Let O, = (0,0), O, =(a, b) and O = (fh, k) 
: Cex ty? =e 

Cy i(x- a)! +(y-bY =} 


C:(x—h) +(y-k) =r? 


I 
a 
i) 


> OO, =rt+rp 
= y(h- a)? +(k-bY =rt+ry i) 
and OO,="-71r 


= V(We+k2)=n-—r (ii) 


On adding Eqs. (i) and (ii) we get 
V(h- a) +(k-b + (+k) =n tr 


.. Locus of O is V(x - a)* +(y- b) + V(x? + y’) =n+r 


which represents an ellipse with foci are at (a,b) and (0, 0). 


Ex. 31 A circle of constant radius r passes through the 
origin O, and cuts the axes at A and B. Show that the locus 
of the foot of the perpendicular from O to AB is 

(x? +y?)? (x™ ty) =4r? 
Sol. Let the coordinates of A and B are (a, 0) and (0, b). 


Y 
(0, b) B 
x’ Ea xX 
0 a 
y’ 
.. Equation of AB is ae - =1 (i) 
a 


Centre of circle lie on line AB, since AB is diameter of the 
circle (." Z AOB = 1/2) 

.. Coordinate of centre Cis C = (< 2) 
Since, the radius of circle = r 


r= AC =CB=OC 


a’ +b? =4r ..-(ii) 
Equation of OM which is to AB is 
ax —by=2X 
It passes through (0, 0) 
a O=X 
.. Equation of OM is 
ax — by=0 ...(iii) 


On solving Eq. (i) and Eq. (iii), we get 
By dd Doe ait 
i eee | ee 
x y 
Substituting the values of a and b in Eq. (ii), we get 


or (x? + ye? ty?) = ar? 

which is the required locus. 

Aliter : 

*: AB is the diameter of circle. If ZOAB = a, then 
OA = 2r cos O, OB = 2r sin a 


B 
owe 
xpd 
x Z. 
oO y A 
Equation of AB is 
a rs 
2rcosa 2rsind 
=> * + J 2r ..-(i) 


cosQ@ sing 


and equation of OM is y = x tan (90° a) 


=> cot & = — 


and cos © = 


Then, from Eq. (i), 


Me +) +2 (x? +y’) =2r 


(x" +") V(x? + y’) 
=> =r 
xy 


2 gate +y’) 2 
On squaring, we have (x* + y*) oF =A4r 
> (x? + y’)? (x? + y7)=4r? 


Ex. 32 The circle x* + y? — 4x — 4y + 4=0 is inscribed 
in a triangle which has two of its sides along the coordinate 
axes. The locus of the circumcentre of the triangle is 
xty—xy+k(x? +y’)"? =0. Find k. 


Sol. The given circle is x? + y* — 4x - 4y + 4 =0. This can 
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Let centre be (h, k) = (é 4 then a = 2h and b = 2k. 


Substituting the values of a and b in Eq. (i), then 
ae ee (. 4 =] 
2h 2k 4h? 4k? 
iL 1 1 
=> +—-1=- + 
h_ k (3 z) 


or h+k—hk + (nh? +k*)=0 


«. Locus of M (h, k) is 


xty—xyty(x? +y’)=0 


Hence, the required value of k is 1. 


Ex. 33 P is a variable on the line y = 4. Tangents are 


be re-written as (x — 2)’ +(y —2)* = 4 which has centre 
C (2, 2) and radius 2. 
Let the equation of third side is 


x Ly 


=1 (equation of AB) 
a b 


Since, origin and (2, 2) lie on the same side of AB 


2 2 

Gre 
a =2 
[S+3 
ab? 

1 
a 

a 


PP je tl 1 : 
or ar 2 ( =| ..(i) 


Since, £AOB= 7 


i ensai 


Hence, AB is the diameter of the circle passing through 


AOAB, mid-point of AB is the centre of the circle i.e. (é 2) 


drawn to the circle x* + y* =4 from P to touch it at A and 


B. The parallelogram PAQB is completed . Find the equation 
of the locus of Q. 


Sol. Let P (h, 4) be a variable point. Given circle is 
x+y? =4 ..-(i) 
Draw tangents from P (A, 4) and complete parallelogram 
PAQB. 
Equation of the diagonal AB which is chord of contact of 
x? +y’ =4ishx+4y=4 ..-(ii) 


x’ < 


y 


Q (a, B) 


Let coordinates of A and B are (x,, y,) and (x, y2), 
respectively. 


Since, A (x;, y,) and B(x», yz) lies on Eq. (ii) 
hx, +4y,=4 and hx, +4y,=4 
h(x, + x2) +4(y, + ¥2) =8 ...(iii) 
Since, PAQB is parallelogram 
Mid-point of AB = Mid-point of PQ 
X,+xX, Ath 


=> 
2 2 

and Mit Yo _ pee (iv) 
2 2 
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Eliminating x from Eqs. (i) and (ii), then 


2 
4—- 4y 2 
+y2=4 
h . 


=> 16 + 16y? —32y + h’y? = 4h? 


=> (16+h")y? —32y+16- 4h? =0 
32 


+ = —_. easlV, 
Vt Ya 16+ he (v) 
From Eqs. (iii) and (v), we get 
8h : 
x, + x2 = ——— (Vi 
FE 6 ee ” 
From Eqs. (iv) and (vi) 
32 
+4= 
P 16 + h* 
or (16+ h”)(B + 4) =32 ...(vii) 
From Eqs. (iv) and (vi) 
a+h= Ss 
16+h 
or (16+h*)(a+h)=8h ...(viii) 
Dividing Eq. (viii) by Eq. (vii), then 
ath _h 40 
== or = 
B+4 4 B 


Substituting the value of h in Eq. (vii) then 
1607 
fs Be Je+o=m 


= (a’ +B°)(B + 4) = 2B? 


Hence, locus of Q (a, 8) is (x? + y*)(y + 4) = 2y? 


Ex. 34 Show that the circumcircle of the triangle formed 
by the lines ax + by +c =0; bx +cy +a =0 and 
cx tay + b=0 passes through the origin if 
(b> +c7)(c* +a*)(a* +b*) =abc(b+c)(c +a) (a+b). 
Sol. Equation of conic is 
(bx + cy + a)(cx + ay +b)+ (cx + ay + b)(ax + by +c) 
+u (ax + by +c)(bx +cy+a)=0 ...(i) 
where, A and are constants. 
Eq. (i) represents a circle if the coefficient of x? and y’ are 
equal and the coefficient of xy is zero such that 
be + kca + Wab = ca + Aab + Whe 
or (a—b)c+A(b-c)at+u(c—a)b=0 (ii) 
and (c? + ab) +A (a + bc) +p (b” + ac) =0 ...(iii) 
on solving Eq. (ii) and Eq. (iii) by cross multiplication rule, 
we get 
1 _ r 
(c? —ab)(a* +b*) (a? — bc) (b? +c”) 


_ ul 
(b? —ac)(c? +a’) 


2 (a” — bc) (b" +c”) 
(c” — ab) (a® +b’) 


_ (b” — ac) (c? +a’) 


and ...(iv) 
. (c? — ab) (a +b’) 

and given, Eq. (i) passes through the origin then 
ab + bcA + cau =0 ...(v) 


From Eqs. (iv) and (v), we get 
id: be (a® — bc) (b? +c”) 4 ca(d° —ac)(c* +a’) - 
(c” — ab) (a’ +b’) (c” — ab) (a’ +b”) 


> (c? — ab) (a? +b?) ab + (a® — be)(b” +c? be 


+ (b” — ca)(c” +.a*) ca =0 
> abc” (a” + b*) + a’be (b* +c”) + b’ca(c” +a’) 
=a’b (a’ +b’) + b’c? (b? +c”) 
+c’a’ (c* +a’) 
> abc {c (a” +b”) +. a(b? +c*)+b(c? +.a’)} 
=a’b’ (a’ +b") + b’c? (b? +c’) 
+ ca’ (c* +a’) 
=> abe {a+ b)(b+c)(c +a) — 2abc} 
= a’b? (a’ +b”) + b’c? (b +c”) 
+c’a’ (c* +a’) 
=> abc(at+b)(b+c)(c +a) 
= 2a°b*c* +a°b" (a* +b”) +b’? (b? +0”) 
+c’a’ (c* +a’) 
> abc (a+ b)(b+c)(c +a) 
=(a’ +b’)(b* +c”) (c* +a’) 
Hence, (a* + b”)(b? +c”) (c* +a’) 


= abc (a+ b)(b+c)(c +a) 


Ex. 35 /f four points P,Q, R,S in the plane be taken and 


the square of the length of the tangents from P to the circle 
on QR as diameter be denoted by {P, QR}, show that 


{PRS} — {P, QS} + {Q, PR} — {Q, RS} =0 


Sol. Let P = (x1, 1), Q =(X2, y2), R= (x3, y3) and S = (x4, y4). 


Equation of circle with RS as diameter is 
(x — x3) (x — x4) +(y— ys) (y — yg) =0 
{P, RS} = (x1 — x3)(x1 — x4) + (V1 — ¥3)(M1 - Ya) 
Now, equation of circle with QS as diameter is 
(x — x2) (x — x4) +(¥— yo) (y — ya) =0 
{P, OS} = (x1 — X2)(x1 — X4) + (V1 — Va M(Vi — Va) 


Equation of circle with PR as diameter is 
(x — x1) (x — x3) + (y— yi) (y — y3) =0 
{Q, PR} = (x2 — x1)(x2 — x3) + (Y2 — W)V2 — V3) 
Equation of circle with RS as diameter is 
(x — x3) (x — x4) +(y — 3) (y — Ya) = 0 
{Q, RS} = (x2 — x3)(x2 — X4) + (V2 — V3 (V2 — Va) 
Hence, {P,RS}— {P, OS} + {Q, PR} — {Q, RS}=0 


Ex. 36 LetT,,T, be two tangents drawn from (—2,0) on 
the circleC : x” +y? =1. Determine the circles touching C 
and having T,,T, as their pair of tangents. Further, find the 
equations of all possible common tangents to these circles 
when taken two at a time. 

Sol. In figure OS = 1, OP = 2 


sin ZSPO = ; = sin30° 


ZSPO = 30° 
PA,=PA, = ZPA,A,=ZPA,Ay 
=> A PA, Ay is an equilateral triangle. 


Therefore, centre C, is centroid of A PA,A2,C, divides PQ in 
the ratio 2:1. 


c= (-<. o and its radius = C,O = ; 


as Cii(x4+4/3 +y? - (3) a 


The other circle C, touches the equilateral triangle PB,B, 
externally. 


its radius is given by = 


, where B,B, =a 


s-a 
V3 2 
4 v3 
7 =—a 
3a ) 
2 
2 
but tan30° = ce => a= a 
3 v3 
3 
setae Oo 
2 3 
= coordinates of C, are (4, 0) 
-. Equation of C,:(x- 4) + y? =3? ...(ii) 
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Equations of common tangents to circle (i) and circle C are 


g2a4.g=t so) and T2} 
3 


5 


and equations of common tangents to circle (ii) and circle C 
are 


Sy Gr aed TH 
3 


5 


To find the remaining two transverse common tangents to 
Eqs. (i) and (ii). If I divides C, and C, in the ratio 

Hits =1/ 323 S129. 

Therefore coordinates of I are (—4 /5, 0). 

Equation of any line through Iis y-0= m(x + 4/5). If it 
will touch Eq. (ii) 

|m(4+4/5)-0| = 


then 
(1+ m’) 
2 
24 
> () m? =9(1+m’) 
5 
2 2 
=> 64m" = 25+ 25m 
=> 39m? =25 => m=+—— 


5 
39 
Therefore, equations of transverse common tangents are 


po ee 5) 
39 


39 


Ex. 37 Find the equation of the circle of minimum radius 
which contains the three circles 


x? -y? —4y -5=0 
x? +y? +12x + 4y +31=0 
x? +y* +6x +12y +36=0 


Sol. The coordinates of the centres and radii of three given 


circles are as given below : 

C, =(0,2);7, =3 

Cy =(-6,-2):% =3 
and C3 =(-3, -—6); 73 =3 


= 


Let C = (h, k) be the centre of the circle passing through the 
centres C, (0,2), C, (—6, — 2) and C3 (—3, —6). 

Then, CC,=CC,=CC, 

=> (CC, = (CCz)° = (CC3)° 
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=> (h—0)* +(k—2)? =(h+6) +(k +2)" 
=(h+3)? +(k +6) 


=> —4k+4=12h+ 4k + 40=6h+ 12k + 45 

=> 12h + 8k + 36=0 

or 3h +2k+9=0 (i) 
and 6h — 8k -5=0 ...(ii) 
On solving Eqs. (i) and (ii), we get h = — . k=- 


Now, CP = CC; + C3P = CC; +3 


aA gn BY ef pn 8) el 
-|( +3) +( 6+ )+s (=o) +3] 


Hence, equation of required circle is 


2 2 2 
31 23 5 
xt+—] +/y+—=]| =|3+——949 
( i) [y 4 ( 36 


Remark 


If radii of three given circles are distinct say 4 < f < % then the 


radius of the required circle will be equal to (CC, or CC, or CC;) 


+ fy (CC, = CCy = CC) 


Ex. 38 Find the point P on the circle 
x? +y* —4x —6y +9 =0 such that 
(i) Z POX is minimum, 
(ii) OP is maximum, when O is the origin and OX is the 
X-axis. 
Sol. Given circle is 
ra +y’ —4x-6y+9=0 
or (x - 2)? +(y—3)? =2? 
Its centre is C = (2,3) and radius r = 2 


Eq. (i) Let OP and ON be the two tangents from O to the 
circle Eq. (i), then OP = ON =3 


... (i) 


X- >X 
y’ 
then Z POX is minimum when OP is tangent to the circle 
Eq. (i) at P 
Let Z POX =90 
P =(OP cos8, OP sin®) 
ie. P =(3 cos@, 3 sin®) ...(ii) 


From figure, OM = OL + LM = NC + HP = NC + CP sin® 


= OP cos® = NC + CP sin® 


> 3 cos8 =2+2sin0 
> 9 (1—sin?®) = 4 (1+ sin®)* 
> 9 (1 —sin®@) = 4 (1+ sin®) ( sin® # —1) 


‘ 5 12 
sind=— and cos0=— 
13 13 


From Eq. (ii), P = (s 4 i 3x > ie. P= (%. =) 
13 13 13 13 


Eq. (ii) OP will be maximum, if P becomes the point 
extended part of OC cuts the circle. Let this point be Q 


then maximum value of OP = OO = OC + CO =(¥V13 + 2) 
Let Z COX =a 
then, Q =(OQ cosa, OQ sina) 

= ((2+ V13) cosa, (2 + V13) sina) 
OL _NC_ 2 


... (iii) 


Now, in ACOL, cosa = 
OC 0 wis 
sind = 
13 


4 6 
Now, from Eq. (iii), O = | 2+ —~,3+ — = 
q. (iii), Q ( Fr =| 


Ex. 39 The circle x” +y* — 4x —8y +16 =0 rolls up the 
tangent to it at (2 + V3,3) by 2 units, assuming the X-axis as 


horizontal, find the equation of the circle in the new 
position. 


Sol. Given circle is 


x*+y*—4x -8y+16=0 (i) 
Let P=(2+ 3,3) 


e 


A 60° 


(2 +N3, 3) 


Equation of tangent to the circle Eq. (i) at P (2 + V3, 3) is 
(2+ V3) x + 3y —2(x +24 V3)— 4(y +3) +16=0 
or V3 x- y —-2v3 =0 (ii) 


Let A and B be the centres of the circles in old and new 
positions, then 
B=(2+2co0s60°, 4 +2 sin60°) 
(AB makes an angle 60° with X-axis) 
or B=(3,4+ 43) 


and radius = 27 + 47-16 = 2 
-, Equation of the required circle is 
(x — 3)? +(y— 4-3)? =2? 
or x+y? —6x —2(44+ V3) y + 24483 =0 


Ex. 40 Find the intervals of the values of ‘a’ for which the 
line y + x =0 bisects two chords drawn from a point 


[is (=a 
ns) 


to the circle 
2 


2x? + 2y? —(14+. V2 a)x —(1- V2a)y =0. 
1+ 2a 1- 2a 
z ~ 2 


its coordinate satisfy the equation of the circle. Let AB 
and AC are two chords drawn from A. Let M and N are 
the mid-points of AB and AC. 


Let coordinate of M be (h, — A) and coordinate of B is (a, B), 


Sol. The point A ) lies on the given circle as 


then 
and 
a v2a 
2 
and B =-2h- — 


Since, B (a, B) lies on the given circle, we have 


[ 1+ V2al° [ adel 


> ao | i came | 
—(1+ V2a) [20 | 


tyes | 


ean | 
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=> 16h? — 4h (1+ V2a) + 4h (1 — V2a) 
2 _ 2 
+ arve + vo) — 2h (1 + V2a) 
2 
+ GeO on A ete ~via =0 
=> 16h? —12V2 ah+(1+ 2a)? +(1—- V2a)’ =0 
=> 16h? — 12 V2 ah +2+ 4a’ =0 
or 8h? —6 V2 ah +1+2a’ =0 


Hence, for two real and different values of h, we must have 


= + 
-2 = 2 


(—6 V2a)? - 4-8(1 + 2a7)>0 


or 72a° — 32(1+2a’)>0 
=> 8a" — 32>0 
=> a’ —4>0 


(a+ 2)(a-—2)>0 
Hence, the required value of a (from wavy curve) 
aé (—09, — 2) U (2, 0) 
Aliter : Equation of chord AB whose mid-point is (h, — h) is 


(24) a (224 


2a ~ ayh —(1+ saa) == 4 
= 2h? + 2h? — (1+ V2a)h4(1—V2a)h 
=  4xh—4yh -(1+ V2a)(x +h)—(1- V2a)(y—h) 
= 8h? —2(1+ V2a)h+2(1— V2a)h 
= x[4h-(1+ V2a)]- y[4h+(1—- V2a)]- h (1+ V2a) 
+h(1—V2a) = 8h? — 2(1+ V2a)h + 2(1— V2a) h 
or 8h?’ — (1+ V2a)h + (1— V2a)h — x [4h -(1 + V2a)] 
+y [4h+(1- V2a)]= 
ee 
2 


It passes through A 5 


na ah —[ 1°22) + 


+ (S74) t44 +0 sano ue 


or h? — 2/2ah — 2h (1+ Bay + O20" 


hide Oe ae 


or 8h? —6 V2ah + 1+ 2a? =0 
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Hence, for two real and different values of h, we must have 


+ — 
2 So 


(-6 V2a)? — 4-8-(1+ 2a”) >0 


or a’ —4>0 
(a+2)(a-—2)>0 
aé (—00, — 2) U (2, 00) 


Ex. 41 A ball moving around the circle 

x? +y? —2x — 4y — 20 =0 in anti-clockwise direction leaves 
it tangentially at the point P(— 2, — 2). After getting reflected 
from a straight line, it passes through the centre of the circle. 
Find the equation of the straight line if its perpendicular 
distance from P is 5/2. You can assume that the angle of 
incidence is equal to the angle of reflection. 

Sol. Radius of the circle = CP=./9+16 =5 


Let the equation is of surface is y = mx +c 


5 
given PQ=- 
2 
STAT? 23? i 
(1+ m’) 2 


Surface 
Tangent at P strikes it at the point M and after reflection 
passes through the centre C(1, 2). 
Let MN be the normal at M. 
ZPMN = ZNMC =a 


In A PCM, tan 2a = ni 
PM 
5 
> tan 20 = —— 
> PM = 5cot2a (ii) 
and in A POM 
sin(90°—a) = is 
PM 
5 ee 
PM = ... (iii) 
2 cosa 


From Eqs. (ii) and (iii), 5cot20 = 
2cosa 


> 2cot2acosa=1 


2cos 20 
=> = .cosa =1 
sin 20, 
2(1—2sin? a) cosa 
=> ( ) =1 
2sinQ@ cosa 
=> 1—2sin’o = sina 
> 2sin’a+sina—1=0 
> (2sina —1)(sina+1) =0 
=> sina #-1 
, 1 
sing = — 
2 
a = 30° 


Tangent at P(—2,—2) is 
—2x —2y —(x —2)—2(y—2)-20=0 
=> 3x+4y+14=0 
Slope of PM = -3/ 4 
ZPMQ = 90°— & = 90°—30° = 60° 


o_|m+3/4 4m+3 
tan60°= , V3 = 

1-3m/4 4-—3m 

4,3 -3 

mn = —_— 

4+3y3 


From Eq. (i) re = a1-m)+e 
2 Vv1+m’ 
oa Lt 2v3 -39 + 23 
4+3v3 4+3V3 


c being intercept on Y-axis made by surface is clearly—ve. 
Hence, the required line is 


_(4v3-3), , (39 +23 
* l443y3 44+3v3 


=  (4/3-3)x-(4+3v3)y—(39 -2v3) =0. 


we get 


Ex. 42 Find the limiting points of the circles 
(x? ty? +2gx+c)+A(x? +y? +2 fy +d) =0 and show 
that the square of the distance between them is 
(c—d)? —4f?g? +4cf? + 4dg° 
fr +g? 


Sol. The given circles are 


(x? +y? +2gx +c) + A(x? +y’? +2fyt+d)=0 


=> xray? + a8 gd, aja. ge NOneng) 
14+A7 1+2 1+AX 


Centre of the circle “8 . =a 
14+ 14+A 


Equating the radius of this circle to zero, we get 
ia 7 fixe _(c+Ad) _, 
(1+Ay> (+A)? (14+A) 


= gt f°? -(c+Ad)(1+A)=0 
=> (f?-d)M* -(c +d) +g*-c =0 
Let the roots be A, anda, 


_ (c +d) % ee 
(f° -d) f’-d 
(hi — Aa) = (Ar + Aa)? — 4Aya, 
- (ee _ 4(g? -c) 
(f° -d) (f*-d) 
_ Vc +d) — 4f2g? + 4cf? + 4dg? 


then A,+A, 


Fo@ (i) 
1 -(etd)+ Ve ~ dy 4 fg? + dof? + 4dg” Gi 
Wea : 
and iy = et =Whe =a) =4f%e? + 4c? +4de} 6 
af? —d) 


Hence, limiting points are 


7S —f 1 and 7S& —fro 
Laks 1A, Cy ewe 
Substituting the values of A, and 1, from Eqs. (ii) and (iii) 


square of the distance between limiting points 


2 2 
_| 7§ + § 4] =F iy fhe 
14+A, 14+A, 14+A, 14+A, 


_ (g? + f’)(Ai— Ae)? 


[LL+(Ay+An)+ Aro]? 
2 2 {(c -— dy’ - 4f°g? + 4cf* + 4dg7} 
+ 
ae (f? - ay 
g ay? 
f’-d 


[(c — dy’ - 4f7g? + 4cf? + 4dg*] 
(g° +f") 
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Ex. 43 One vertex of a triangle of given species is fixed 
and another moves along circumference of a fixed circle. 
Prove that the locus of the remaining vertex is a circle and 
find its radius. 


Sol. Let OPQ be a triangle of given species. Then the angles 
o,B,y will be fixed. 


Let the polar coordinates of Q be (7,,8,), we have to find the 
locus of P(r,@).In ZOCQ 


cos 0,= a .-(i) 


; 0=a+0,, «0, =8-a ..-(ii) 
using sine rule in AOPQ 


r Y 


sinB = siny 
rsiny 


n= ...(iii) 


sinB 


Substituting the values of 6, and r, from Eas. (ii )and (iii) 


in Eq. (i) 
Eee 
2p SY cos(6 - 0) =" a a pad 
sin sin’ B 
ene 22 ; 
b 
=> o “ Bags “ Paap OD oes 
sin* y sin* y sin Y 


sinB 


siny 


This is an equation of circle in polar form with radius 


= This section contains 30 multiple choice questions. 
Each question has four choices (a), (b), (c) and (d) out of 


Circle Exercise 1: 


Single Option Correct Type Questions 


which ONLY ONE is correct 


1. 


The sum of the square of the length of the chord 
intercepted by the line x+ y=n, né€ N on the circle 
x + y? =4is 
(a) 11 

(c) 33 


(b) 22 
(d) None of these 


. Tangents are drawn to the circle x? + y’ =50 froma 


point ‘P’ lying on the X-axis. These tangents meet the 
Y-axis at points ‘P,’ and ‘P,’. Possible coordinates of ‘P’ 
so that area of triangle PP, P, is minimum, is 


(a) (10,0) (b) (10/2, 0) (c) (—10-/2,0) (d) (10-V3,0) 


. Equation of chord AB of circle x” + y? = 2 passing 


through P(2,2) such that aa = 3, is given by 


(b) x=y 
(d) y —3 = ¥3(x-1) 


(a) x =3y 
(c) y —2 = V3(x—2) 


. Ifr, andr, are the radii of smallest and largest circles 


which passes through (5, 6) and touches the circle 
(x—2)? +y? = 4, then ryrz is 


4 41 5 
(a) a (b) —- (c) rei (d) 


+ 


41 
5 


. Equation of circle (x, y) = 0, (S(2,3) = 16) which touches 


the line 3x + 4y—7 =0at (1,1) is given by 
(a) x’ +y?+x4+2y-5=0 

(b) x° +y?+2x+2y-7=0 

(c) x? + y+ 4x-6y +13 =0 

(d) x’ + y?-4x+6y-7=0 


. If P(2,8) is an interior point of a circle 


x* +y* —2x+4y—A =0 which neither touches nor 


intersects the axes, then set for A is 
(a) (-2,-1) (b) (—29,— 4) 
(c) (96,09) (d) » 


. The difference between the radii of the largest and 


smallest circles which have their centre on the 
circumference of the circle x’ + y* +2x+4y—4=0and 


pass through the point (a, b) lying outside the given 


circle is 
(a) 6 (b) y(a+1)° + (b +2)? 
(c)3 (d) (a+ 1)? + (b +2)? -3 


8. 


10. 


11. 


12. 


13. 


14. 


The number of rational point(s) (a point (a, b) is rational, 
if aand b both are rational numbers) on the 


circumference of a circle having centre (1, e) is 
(b) atleast two 
(d) infinite 


(a) atmost one 
(c) exactly two 


. Three sides of a triangle have the equations 


L, =y-—m,x-—c, =0;r =1,2,3. Then 
AL,L3; +UWL3L,+vLl,L, =0, where A #0, #0,v #0is 
the equation of circumcircle of triangle, if 


(a) A(m2 + m3) + L(m; + m,) + v(m, + mz) = 0 
(b) A(myms — 1) + L(g, 1)=0 
(c) Both (a) and (b) 

(d) None of the above 


1)+ wWimm, 


f(x,y) =x? +y? +2ax +2by+c =O0represent a circle. If 
f(x,0) =0 has equal roots, each being 2 and f(0,y) =0 
has 2 and 3 as its roots, then the centre of the circle is 


5 
(a) (22) 
5. 
() (-2-2} 


If (1+0x)" =1+8x+24x* +...and a line through P(a,n) 
cuts the circle x? +y? = 4in A and B, then PA. PBis 


equal to 
(a) 4 


(b) Data are not consistent 


(d) Data are inconsistent 


(b) 8 (c) 16 (d) 32 


A region in the xy-plane is bounded by the curve 
y= (25- x”) and the line y =0. If the point (a,a+1) lies 


in the interior of the region, then 

(a) a € (—4,3) (b) a €(—-9,—-1) UB) 

(c) a € (—1,3) (d) None of these 

S(x, y) = 0 represents a circle. The equation S(x,2) =0 
gives two identical solutions x = 1 and the equation 
S(1, y) = 0 gives two distinct solutions y = 0,2, then the 
equation of the circle is 


(a) x ty? +2x-2y+1=0 (b) x? y? 


2xt+2y 


(c) x? +y?-2x-2y-1=0 (d)x*+y?-2x-2y 


Let0<a< [ be a fixed angle. If P = (cos @,sin @) and 
Q=(cos(a%—9), sin (& — 8)), then Q is obtained from P by 


(a) clockwise rotation around origin through an angle a 
(b) anti-clockwise rotation around origin through an angle a 
(c) reflection in the line through origin with slope tana 


(d) reflection in the line through origin with slope tan(] 


15. 


16. 


17. 


18. 


19. 


20. 


rai 


22. 


23. 


The number of points (x, y) having integral coordinates 
satisfying the condition x” +? < 25is 

(a) 69 (b) 80 (c) 81 (d) 77 

The point ([P+1],[P]), (where [. ] denotes the greatest 
integer function) lying inside the region bounded by the 
circle x? +? —2x-15=Oand x” +y” —2x—7 =0, then 
(a) P € [-1,0) U[0,1) U[1,2) (b) P € [-1,2) {0,1} 

(c) P €(-1,2) (d) None of these 

A point P lies inside the circles x” + y? —4 =0and 

x° +y? —8x+7=0. The point P starts moving under the 


conditions that its path encloses greatest possible area 
and it is at a fixed distance from any arbitrarily chosen 
fixed point in its region. The locus of P is 


(a) 4x? + 4y’-12x+1=0 (b) 4x?+4y?+12x-1=0 


(c) x°+y?-3x-2=0 (d) x°+y?—-3x+2=0 


The set of values of ‘c’ so that the equations y =| x|+c 
and x” +y” —8| x|-9 = 0 have no solution is 

(a) (-29,-3) UGB.) (b) (-3,3) 

(c) (-e2,-5V2) U(GV2,e°) — (d) (6V2 — 4,0) 

If a line segment AM = a moves in the plane XOY 
remaining parallel to OX so that the left end point A 
slides along the circle x” +y* =a’, the locus of M is 
(b) x? + y? =2ax 

(d) x? + y? —2ax —2ay =0 


(a) x’ + y? = 4a? 


(c) x°+y” =2ay 


The four points of intersection of the lines 
(2x —y+1)(x —2y+3) =0 with the axes lie on a circle 
whose centre is at the point 


75 35 95 5 
(a) (-2.5) (b) (2.5) (c) (2.2) (d) (0.3) 


The number of integral values of 4 for which 

x’ +y* +Ax+(1—A)y+5 =0is the equation of a circle 
whose radius cannot exceed 5, is 
(a) 14 (b) 18 (c) 16 


Let (x, y) =0 be the equation of a circle. If 6(0,A,) =0 


(d) None of these 


has equal roots A = 2, 2 and (A,0) =0 has roots A = > & 
5 


then the centre of the circle is 


(a) (2) (b) (?.2] (c) (-2 >) (d) None of these 


The locus of the point of intersection of the tangents to 
the circle x =r cos®,y =rsin® at points whose 


parametric angles differ by . is 


(a) xty? = 4(2—/3)r? 
(c) x? +y° = (2-—3)r? 


(b) 3(x? + y*) =1 
(d) 3(x? + y*) = 4r? 


24. 


25. 


26. 


27. 


28. 


29. 


30. 
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One of the diameter of the circle circumscribing the 
rectangle ABCD is 4y = x +7. If A and Bare the points 
(—3, 4) and (5, 4) respectively, then the area of the 
rectangle is 
(a) 16 sq units 
(c) 32 sq units 


(b) 24 sq units 
(d) None of these 


A, B,C and D are the points of intersection with the 
coordinate axes of the lines ax + by = ab and 

bx +ay = ab, then 

(a) A, B,C, D are concyclic 

(b) A, B, C, D form a parallelogram 

(c) A, B, C, D form a rhombus 

(d) None of the above 


a, B and y are parametric angles of three points P, Q and 
R respectively, on the circle x’ + y* =1and A is the 
point (—1,0). If the lengths of the chords AP, AQ and AR 


are in GP, then cos cos 5) and cos 1] are in 
2 2 2 


(a) AP 
(c) HP 


(b) GP 
(d) None of these 

The equation of the circle passing through (2, 0) and 
(0, 4) and having the minimum radius is 

(a) x? + y? = 20 

(b) x? + y?-2x-4y =0 

(c) (x? + y?—4) + A(x’ + y? -16) =0 

(d) None of the above 


A circle of radius unity is centred at the origin. Two 
particles start moving at the same time from the point 
(1, 0) and move around the circle in opposite direction. 
One of the particle moves anticlockwise with constant 
speed v and the other moves clockwise with constant 
speed 3v. After leaving (1, 0), the two particles meet first 
at a point P and continue until they meet next at point 
Q. The coordinates of the point Q are 

(a) (1, 0) (b) (0, 1) (c) (-1,0) (d) (0, -1) 


The circle x? + y* = 4 cuts the line joining the points 


A(1,0) and B(3, 4) in two points P and Q. Let “ =Qand 


B : : 
ai =, then & and B are roots of the quadratic equation 
(a) x7 +2x+7=0 
(c) 2x? +3x—-27 =0 


(b) 3x? +2x-21=0 
(d) None of these 


The locus of the mid-points of the chords of the circle 
x? +y” +4x—6y—12=0 which subtend an angle of 
radians at its circumference is 

(a) (x +2)’ +(y—3)? =625 (b)(x—2)’ + (y +3) =6.25 

(c) (x +2)? +(y —3)? =18.75 (d) (x +2) +(y +3)* =18.75 
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Circle Exercise 2: 


More than One Correct Option Type Questions 


This section contains 15 multiple choice questions. Each 
question has four choices (a), (b), (c) and (d) out of which 
MORE THAN ONE may be correct. 


31. 


32. 


33, 


34, 


35. 


36. 


If OA and OB are two perpendicular chords of the circle 
r =acos@+bsin@ passing through origin, then the locus 
of the mid-point of AB is 


(a)x°+y’=atb (b) x= 


(c) x? ay? = @2—p? 


If A and Bare two points on the circle 

x’ +y* —4x+6y—3=0 which are farthest and nearest 
respectively, from the point (7, 2), then 

(a) A=(—2V2,-3—2,/2) 

(b) A =(2+2V2,-3 + 2,2) 

(c) B =(2+2V2,-3 + 2V2) 

(d) B =(2—2,/2,-3 2,2) 

If the circle x? + y* +2¢x+2fy+c =0cuts each of the 
circles x” +y? —4=0,x* +y* —6x—8y+10=0and 
x+y? +2x—4y—2=Oat the extremities of a diameter, 
then 

(a)c =—4 (b) g+ f =c-1 

() g'+ fo-e=17 (d) af =6 

The possible value of A(A > 0) such that the angle 
between the pair of tangents from point (A,0) to the 


i Sie ee, oe TNT 20). 
circle x? +y? = 4 lies in interval | —,— |is 
2 3 


4 
(a) Gad) (b)(0,v2) 
4 4 
(c) (1,2) (@) Gea 


Ifa chord of the circle x? +y? —4x-2y—c=0is 
11 8 8 

trisected at the points | —,— | and| —,— |, then 
3°3 3 3 


(a)c =10 
(c)c =15 


(b) c = 20 

(d) c” —40c + 400 =0 

From the point A(0,3) on x° + 4x +(y—3)? =0, a chord 
AB is drawn and extended to a point M, such that 

AM = 2AB. An equation of the locus of M is 

(a) x° +6x+(y—2)’ =0 

(b) x? +8x+(y—3)’ =0 

(c) x+y? +8x—-6y +9 =0 

( 


d) x’ +y’+6x-4y+4=0 


37. An equation of a circle touching the axes of coordinates 


38. 


39. 


40. 


41. 


42. 


and the line x cos@+ysinQ& =2 can be 


(a) x’ + y® -2gx—2ey + g” = 0, where g = <a aes 
(b) x? + y? 2x —2gy + g” = 0, where g = ae 
(c) x? + y* -2gx + 2gy + g? =0, where g = oe 
(d) x° + y?—2gx + 2gy + g” =0, where g = ee 
Ifa is the angle subtended at P(x, y,) by the circle 


S=x? +y’ +2gx+2fy+c =0, then 


VS. aL Si 
(a) cote = ——*————__ (b) cot— = ——+ 
vig? + f?-e) 2 alg ea) 
We +P =O ao ota Wet PO 
(c) tana (d) @ =2tan 
B a3 
The equation of the circle which touches the axis of 


y 


: x é 
coordinates and the line — +~ = 1 and whose centre lies 
3°44 


in the first quadrant is x* + y* —2Ax-2Ay+A* =0, then 
A is equal to 


(a) 1 (b) 2 
(c) 3 (d) 6 
If Pis a point on the circle x” +y* =9,Q is a point on 


the line 7x + y+3=0, and the line x— y+1=0, is the 
perpendicular bisector of PQ, then the coordinates of P 


are 
72 21 
(a) (3; 0) b (2-2) 
72 21 


If a circle passes through the point Q B and touches 
2 


x+y=1and x—y=1, then the centre of the circle is 
(a) (4,0) (b) (4,2) — (c) (6, 0) (d) (7, 9) 
The equation of a circle C; is x” + y? = 4. The locus of 


the intersection of orthogonal tangents to the circle is 
the curve C, and the locus of the intersection of 
perpendicular tangents to the curve C, is the curve C3. 
Then, 

(a) C; is a circle 

(b) the area enclosed by the curve C; is 8% 

(c) Cy and C; are circles with the same centre 

(d) None of the above 


43. The equation of a tangent to the circle x” +y* = 25 
passing through (—2, 11) is 
(a) 4x+3y =25 (b) 3x + 4y =38 
(c) 24x-7y +125 =0 (d) 7x + 24y = 230 


44, Consider the circles 
C, =x +y?-2x-4y—-4=0and 
Cpex’ ty’ +2x+4y+4=0 
and the line L=x+2y+2=0, then 


Circle Exercise 3: 
Paragraph Based Questions 


This section contains 7 paragraphs based upon each of the 
paragraph 3 multiple choice questions have to be answered. 
Each of these questions has four choices (a), (b), (c) and (d) 
out of which ONLY ONE is correct. 

Paragraph I 

(Q. Nos. 46 to 48) 


Consider the circle S:x? + y? —4x—1= Oand the line 
L: y= 3x-1 Ifthe line L cuts the circle at A and B. 


46. Length of the chord AB is 


(a) V5 (b) V10 (c) 2v5 (d) 5V2 
47. The angle subtended by the chord AB is the minor arc of 
Sis 
a 2m 30 5m 
eka b) ae 4)" 
(a) i (b) 5 (c) ‘A (d) ; 
48. Acute angle between the line L and the circle S is 
Tt 44 44 4 
ce b) — = qd) = 
(a) F (b) 4 (c) = (d) ; 
Paragraph II 


(Q. Nos. 49 to 51) 


P is a variable point on the line L= 0. Tangents are drawn to 
the circle x” + y = 4 from P to touch it at Q and R. The 
parallelogram PQSR is completed. 


49. If L=2x +y-—6=0, then the locus of the circumcenter of 


APQR is 
(a)2x-y =4 (b) 2x+ y =3 
(c)x-2y =4 (d) x+2y =3 


50. If P =(6,8), then area of AORS is = Al he sq units. The 


value of A is 
(a) 2 (b) 3 teys (d) 6 


45. 


51. 
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(a) Lis the radical axis of C, and C, 

(b) L is the common tangent of C, and C, 

(c) L is the common chord of C, and C, 

(d) L is perpendicular to the line joining centres of C, and C, 


A square is inscribed in the circle 
x’ +y” —10x—6y+30=0. One side of the square is 


parallel to y = x +3, then one vertex of the square is 


(a) (3, 3) (b) (7,3) 

(c) 63-3) (d) (6,3+ V3) 

If P = (3,4), then the coordinates of S are 
46 63 51 68 

($5) o(F-%) 
46 68 68 51 

($5) (E55) 

Paragraph III 


(Q. Nos. 52 to 54) 


Equation of the circumcircle of a triangle formed by the lines 
L, = 0, L, = Oand L; = 0can be written as 

L Ly +AL,L3 +L3L, =0 where X and wu are such that 
coefficient of x” = coefficient of y” and coefficient of xy = 0. 


52. 


53. 


54. 


L,Ly° +AL2L3 +UL3L{ =0 represents 

(a) a curve passing through point of intersection of L, = 0, 
L, = 0and L; =0 

(b) a circle is coefficient of x* = coefficient of y” and 
coefficient of xy = 0 

(c) a parabola 

(d) pair of straight lines 


L, =0, Ly =Obe the distinct parallel lines, L; =0, Ly =0 
be two other distinct parallel lines which are not parallel 


to L, =0. The equation of a circle passing through the 
vertices of the parallelogram formed must be of the form 


(a) ALL, + MLL; = 0 (b) ALL; +WL2L, = 0 
(c) ALL, + WL sly = 0 (d) AL{Ls + W131, = 0 
If L;L, +AL,L3 +UL3L, =0is such that p = 0 and A is 


non-zero, then it represents 
(a) a parabola 

(b) a pair of straight lines 

(c) a circle 


(d) an ellipse 
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Paragraph IV 
(Q. Nos. 55 to 57) 


Given two circles intersecting orthogonally having the length of 


24 
common chord = unit. The radius of one of the circles is 3 units. 


55. If radius of other circle is A units, then A is 


(a) 2 (b) 4 (c) 5 (d) 6 
56. If angle between direct common tangents is 20, then 
sin 20 is 
4 46 12 24 
= by — d) = 
(a) (b) a5 (c) 7 ( Ye 
57. If length of direct common tangent is A units, then ” is 
(a) 12 (b) 24 (c) 36 (d) 48 
Paragraph V 


(Q. Nos. 58 to 60) 


Consider the two circles Cy :x? + yr =a’ and 
Cos y? =b? (a> b) Let A be a fixed point on the circle 
C,, say A(a,0) and B be a variable point on the circle Cy. The 
line BA meets the circle Cy again at C. ‘O’ being the origin. 
58. If (OA)? +(OB)? +(BC)* =A, then A € 
(a) [5b —3a7,5b’ +.a°] (b) [4b?, 4b? +.a”] 
(c) [4a’, 4b] (d) [5b* —3a°,5b? + 3a?] 


59. The locus of the mid-point of AB is 


@fx“)eye% w(x) eye 
apo" ae ag) ek 
bY a ew by a P 
(a{x-2} ay ~ (d)| x °) y ~ 


60. If (BC)? is maximum, then the locus of the mid-point of 
AB is 
(a) x? +y* =b? 
(c) x° + y* =(a—by’ 


(b) x° + y? =(at+ by’ 
(d) None of these 


Circle Exercise 4: 


Paragraph VI 
(Q. Nos. 61 to 63) 
2 


Two variable chords AB and BC of a circle xe y =a° are 
such that AB = BC =a, M and N are the mid-points of AB 
and BC respectively such that line joining MN intersect the 
circle at P and O, where P is closer to AB and O is the centre 
of the circle. 


61. ZOAB is 
(a) 15° (b) 30° 
(c) 45° (d) 60° 
62. Angle between tangents at A and C is 
(a) 60° (b) 90° 
(c) 120° (d) 150° 


63. Locus of point of intersection of tangents at A and C is 
(b) x? + y? =2a° 
(d) x? + y? =8a? 


Paragraph VII 
(Q. Nos. 64 to 66) 


t,, ty, t3 are lengths of tangents drawn from a point (h,k) to 
the circles x? + y? =4, x? + y? —4x=Oand x? + y>-4y=0 
respectively further, A = 5 C +16 Locus of the point (h,k) 
consist of a straight line L, and a circle C, passing through 
origin. A circle Cy, which is equal to circle C, is drawn 
touching the line L, and the circle C, externally. 


(a) x? + y a 


(c) x7 + y? = 4a" 


64. Equation of L, is 


(a)x+y=0 
(c)2x+y=0 


(b) x-y =0 

(d) x+2y =0 

65. Equation of C, is 
(a) x’ +y’-x-y=0 (b) x? +y?-2x+y =0 


(d) x? + y?-2x-2y =0 


(c) x? +y*-x+2y =0 


66. The distance between the centres of C, and C, is 
(a) V2 (b) 2 
(c) 2v2 (d) 4 


Single Integer Answer Type Questions 


= This section contains 10 questions. The answer to each question is a single digit integer, ranging from 0 to 9 (both 


inclusive). 


67. The point (1, 4) lies inside the circle x* + y* —6x—10y+A =0. If the circle neither touches nor cuts the axes, then the 
difference between the maximum and the minimum possible values of A is 


68. Consider the family of circles x* +” —2x — 2A y —8 = 0 passing through two fixed points A and B. Then the distance 


between the points A and Bis 


69. If C,:x? +y’ =(3+2V2)" be a circle and PA and PB are 
pair of tangents on C,, where P is any point on the 
director circle of C,, then the radius of the smallest circle 
which touches C, externally and also the two tangents 
PA and PB, is 


70. If a circle S(x,y) = 0 touches the point (2,3) of the line 


x+y=5and S(1,2) =0, then radius of such circle is a 


units, then the value of A? is. 
71. If real numbers x and y satisfy (x +5)" +(y- 12)? = 196, 
1 


then the maximum value of (x? + or )3 is 


72. If the equation of circle circumscribing the quadrilateral 
formed by the lines in order are 
2x +3y =2,3x—2y =3, x+2y =3 and 2x—y=1is given 
by x* +y”? +Ax+puy+v=0. Then the value of 
|A +2u+V|is 


Circle Exercise 5: 
Matching Type Questions 


= This section contains 4 questions. Questions 77 and 78 
have four statements (A, B, C and D) given in Column I 
and four statements (p, gq, r and s) in Column II, and 
questions 79 and 80 have three statements (A, B and C) 
given in Column I and five statements (p, q, r, s and t) in 
Column II. Any given statement in Column I can have 
correct matching with one or more statement(s) given in 
Column II. 


77. Consider the circles S,:x° +y? —4x—6y+12=0and 
Sy (x—-5)* +(y-6)? =r? >1 


Column I Column IT 
(A) S, and S, touch internally, then (r — 1)? is (p) 3 
divisible by 
(B) S, and S, touch externally, thenr? + 2r + 3 (q) 4 
is divisible by 
(C) S, and S, intersect orthogonally, then r? —1 (r) 5 
is divisible by 
(D) SS, and S, intersect so that the common chord — (s) 6 


is longest, then r’ + 5 is divisible by 


73. 


74, 


79. 


76. 


78. 
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A circle x? + y? +4x—2,2y+c =Ois the director circle 


of the circle C, and C, is the director circle of circle C, 
and so on. If the sum of radii of all these circles is 2 and 


if c = X-V2, then the value of A is 


If the area bounded by the circles x? +y? =r’,r=12 
and the rays given by 2x” —3xy—2y” =0, y>0is At sq 
4 


units, then the value of A is 


The length of a common internal tangent of two circles 
is 5 and that of a common external tangent is 13. If the 
product of the radii of two circles is A, then the value of 


nr. 

— is 

4 

Consider a circles S with centre at the origin and radius 4. 
Four circles A, B, C and D each with radius unity and 
centres (—3,0), (—1,0), (1,0) and (3,0) respectively are drawn. 
A chord PQ of the circle S touches the circle B and passes 
through the centre of the circle C. If the length of this 


chord can be expressed as v/X, then the value of is 


Match the following 


Column I Column II 


(A) Ifax + by -—5=0 is the equation of the chord (p) a+b=1 
of the circle (x — 3)’ + (y — 4)*= 4, which 
passes through (2,3) and at the greatest 
distance from the centre of the circle, then 


(B) Let O be the origin and P be a variable point (q) at+b=2 
on the circle x + y* + 2x + 2y=0. If the 


locus of mid-point of OP is x? + y? + 2ax 
+2 by = 0, then 


(C) If @ b) be coordinates of the centre of the (r) | a? +b? =2 
smallest circle which cuts the circle 


x? +y?-2x-4y-4=0 and 
x? +y*-10x+12y+52=0 — orthogonally, 
then 


(D) Ifaand bare the slope of tangents which are (s) a? +b’ =3 
drawn to the circle x? + y? — 6V3x — 


6y + 27 = 0 from the origin, then 


332 Textbook of Coordinate Geometry 


79. Match the following 


Column I Column I 


(A) Ifthe shortest and largest distance from the (p) M+ L=10 
point (10,7) to the circle x” + y” — 4x —2y 
—20 = 0 are L and M respectively, then 


(B) Ifthe shortest and largest distance fromthe (q) M+ L=20 
point (3, -6) to the circle x? + y? - 16x 
—12y —125= 0 are L and M respectively, 
then 

(C) Ifthe shortest and largest distance from the (r) M+L=30 
point (6, -6) to the circle x? + y? — 4x + 6y 
—12 = 0 are L and M respectively, then 


(t) M-L=26 


Circle Exercise 6 : 
Statement | and II Type Questions 


= Directions (Q. Nos. 81 to 88) are Assertion-Reason type 
questions. Each of these questions contains two 
statements: 
Statement I (Assertion) and Statement II (Reason) Each 
of these questions also has four alternative choices, only 
one of which is the correct answer. You have to select the 
correct choice as given below : 


(a) Statement I is true, Statement II is true; Statement IT 
is a correct explanation for Statement I 


(b) Statement I is true, Statement II is true; Statement II 
is not a correct explanation for Statement I 


(c) Statement I is true, Statement II is false 
(d) Statement I is false, Statement II is true 


81. Statement I Only one tangent can be drawn from the 
point (1, 3) to the circle x* +y? =1 


[3 ml 


Statement II Solving 
(1+m’) 


= 1, we get only one 


real value of m 

82. Statement I Tangents cannot be drawn from the point 
(1,4) to the circle x? +? +2x-4y =0 
Statement II (1+1)? +(A +2)°< 17 +2? 


83. Statement I Number of circles passing through (1, 4), 
(2, 3), (—1, 6) is one 


Statement II Every triangle has one circumcircle 


80. 


84. 


85. 


86. 


87. 


88. 


Match the following 
Column I Column II 
(A) If the straight lines y = a,x + band (pP) ap+ap=4 


y =a,x + b(a, #a,) and be R meet the 
coordinate axes in concyclic points, then 


(B) Ifthe chord of contact of the tangents drawn (q) a + a, =3 
tox? + y? =b’ and be R from any point on 
x’ + y” =a/, touches the circle x* + y* =a} 
(a, #az), then 


(C) If the circle x? + y? + 2a,x + b=0 and (r) aa,=b 


x’ + y’ + 2a,x +b=0(a, #a,) andbe R 


cuts orthogonally, then 
(s) aa, =1 


(t) aa,=b* 


Statement I Two tangents are drawn from a point on 
the circle x* +y* =50to the circle x” +” =25, then 


. 1 
angle between tangents is = 


Statement II x” + y’ =50is the director circle of 

x + y e225, 

Statement I Circles x’ + y* = 4 and x? +y” —6x+5=0 
intersect each other at two distinct points 


Statement II Circles with centres C,, C, and radii 7, r2 
intersect at two distinct points if|C,C.|<r, +12 


Statement I The line 3x — 4y =7 is a diameter of the 
circle x* +y* —2x+2y—47 =0 
Statement II Normal of a circle always pass through 


centre of circle 


Statement I A ray of light incident at the point (—3, —1) 
gets reflected from the tangent at (0,—1) to the circle 
x? +y* =1. If the reflected ray touches the circle, then 


equation of the reflected ray is 4y—3x =5 
Statement I The angle of incidence = angle of reflection 
Le. Zi= Zr 


Statement I The chord of contact of the circle 
x? +y’ =1w.r.t. the points (2,3), (3,5) and (1,1) are 
concurrent. 


Statement II Points (1, 1), (2, 3) and (3,5) are collinear. 


Circle Exercise 7 : 
Subjective Type Questions 


= In this section, there are 16 subjective questions. 


89. Find the equation of the circle passing through (1, 0) and 
(0, 1) and having the smallest possible radius. 


90. Find the equation of the circle which touches the circle 
x’ +y* —6x + 6y +17 =0externally and to which the 


lines x” —3xy —3x + 9y =Oare normals. 


91. A line meets the coordinate axes at A and B. A circle is 
circumscribed about the triangle OAB. If the distance of 
the points A and B from the tangent at O, the origin, to 
the circle are m and n respectively, find the equation of 
the circle. 


92. Find the equation of a circle which passes through the 
point (2 , 0) and whose centre is the limit of the point of 
intersection of the lines 3x + 5y = 1 and 
(2+c)x+5ce’y=1lasc1. 


93. Tangents are drawn from P (6, 8) to the circle x4 y? =r’, 


Find the radius of the circle such that the area of the A 
formed by tangents and chord of contact is maximum. 
94. 2x — y+ 4=0is a diameter of the circle which 


circumscribed a rectangle ABCD. If the coordinates of A 
and Bare A (4,6) and B(1,9), find the area of rectangle 
ABCD. 


95. Find the radius of smaller circle which touches the straight 
line 3x — y = 6 at (1, —3) and also touches the line y = x. 


96. If the circle C,, x’ + y” =16 intersects another circle C, 


of radius 5 in such a manner that the common chord is of 
maximum length and has a slope equal to (3/4), find the 
coordinates of centre C4. 


97. Let 2x? + y* —3xy =0be the equation of a pair of 


tangents drawn from the origin O to a circle of radius 3 
with centre in the first quadrant. If A is one of the points 
of contact, find the length of OA. 
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98. The circle x* + y* =1 cuts the X-axis at P and Q. 
another circle with centre at Q and variable radius 
intersects the first circle at R above the X-axis and the 
line segment PQ at S. Find the maximum area of the 
AQSR. 

99. If the two lines a,x + bby +c, =Oanda,x+b,y +c, =0 


cut the coordinate axes in concyclic points, prove that 
aa, = b,b, and find the equation of the circle. 


100. The centre of the circle S = 0 lie on the line 
2x — 2y +9 =Oand S=0 cuts orthogonally the circle 
x’ +y* =4. Show that circle S = 0 passes through two 
fixed points and find their coordinates. 

101. Find the condition on a, b,c such that two chords of 
the circle 
x? +y? —2ax—2by +a? +b? —c*? =0 
passing through the point (a, b + c) are bisected by the 
line y= x. 

102. Two straight lines rotate about two fixed points. If 
they start from their position of coincidence such that 
one rotates at the rate double that of the other. Prove 
that the locus of their point of intersection is a circle. 

103. The base AB of a triangle is fixed and its vertex C moves 


such that sin A = k sin B(k #1). Show that the locus of 
Cis a circle whose centre lies on the line AB and whose 


radius is equal to 


a being the length of the base 


key 
AB. 


104. Consider a curve ax” + 2hxy + by” =1and a point P 


not on the curve. A line drawn from the point P 
intersects the curve at points Q and R If the product 
PQ: PRis independent of the slope of the line, then 
show that the curve is a circle. 
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Circle Exercise 8 : 


Questions Asked in Previous 13 Year's Exams 


= This section contains questions asked in IIT-JEE, ATEEE, 
JEE Main & JEE Advanced from year 2005 to 2017. 


105. 


106. 


107. 


108. 


A circle is given by x” +(y—1)? =1, another circle C 
touches it externally and also the X-axis, then the locus 
of its centre is [IIT-JEE 2005, 3M] 
(a) (xy):x° = 4y} U {(xy):y <0} 

(b) (x y):x* +(y -1)* = 4} U {(xy):y S$ 0} 

(c) {(xy):x" =y} U{(Qy):y SO} 

(d) (x y):x* = 4y} U ((Oy):y < Of 


If the circles x” + y? +2ax+cy+a=0 and 

x’ +y —3ax +dy—1=0 intersect in two distinct points P 
and Q, then the line 5x + by—a=0 passes through P and 
Q for [AIEEE 2005, 6M] 
(a) exactly one value of a (b) no value of a 

(c) infinitely many values of a (d) exactly two values of a 


A circle touches the X-axis and also touches the circle 
with centre at (0, 3) and radius 2. The locus of the centre 
of the circle is [AIEEE 2005, 3M] 
(a) an ellipse 
(c) a hyperbola 


(b) a circle 
(d) a parabola 


If a circle passes through the point (a, b) and cuts the 
circle x’ + y* = p” orthogonally, then the equation of 
the locus of its centre is [AIEEE 2005, 3M] 
(a) x? + y* -3ax —4by + (a* + b? —p*) =0 

(b) 2ax + 2by —(a? —b? + p*) =0 

(c) x° + y® —2ax —3by Ha? —b’ — p?) =0 

(d) 2ax + 2by —(a? +b? + p’) =0 


Paragraph 
(Q. Nos. 109 to 111) 


ABCD is a square of side length 2 units. C is the circle 
touching all the sides of the square ABCD and C, is the 
circumcircle of square ABCD. Lis a fixed line in the same 


plane and R is a fixed point. 


109. 


110. 


If Pis any point of C, and Qis another point on C., then 

PA* + PB’ + PC? + PD” 
QA* +QB* +QC* +QD’ 
(a) 0.75 (b) 1.25 


is equal to 


(c) 1 
If a circle is such that it touches the line L and the circle 
C, externally, such that both the circles are on the same 
side of the line, then the locus of centre of the circle is 
(b) hyperbola 

(d) pair of straight line 


(d) 0.5 


(a) ellipse 
(c) parabola 


111. 


112, 


113. 


114. 


115. 


A line L’ through A is drawn parallel to BD. Point S$ 
moves such that its distances from the line BD and the 
vertex A are equal. If locus of S cuts L’ at T, and T, and 
AC at T,, then area of AT,T,T; is 

[IIT-JEE 2006, 5+5+5 Mj 


(a) ; sq units (b) : sq units 


(c) 1 sq units (d) 2 sq units 
If the lines 3x — 4y—7 =0 and 2x —3y—5 = O are two 


diameters of a circle of area 497 square units, the 
equation of the circle is [AIEEE 2006, 6M] 
(a) x°+y? 2y —47 =0 

2y -62=0 

2y -62 =0 

2y —47 =0 


2x 


Let C be the circle with centre (0, 0) and radius 3 units. 
The equation of the locus of the mid-points of the 


chords of the circle C that subtend an angle of = at its 
3 


centre is [AIEEE 2006, 6M] 
(@) P+y? == (b) xP +y?=1 
2 2 27 2 2 9 
Chix st =— d)x*+ = = 
(c) x+y ri (d) x" +y Fi 


Tangents are drawn from the point (17, 7) to the circle 
ee 

x" +y" =169. 

Statement I The tangents are mutually perpendicular. 

because 


Statement II The locus of the points from which 
mutually perpendicular tangents can be drawn to the 
[IIT-JEE 2007, 3M] 


(a) Statement I is True, statement II is True; statement II is a 
correct explanation for statement I 


given circle is x” +y” =338 


(b) Statement I is True, statement II is True; statement II is 
not a correct explanation for statement I 
(c) Statement I is True, statement II is False 


(d) Statement I is False, statement II is True 


Consider a family of circles which are passing through 
the point (—1,1) and are tangent to X-axis. If(h,k) are 
the coordinate of the centre of the circles, then the set 
of values of k is given by the interval [AIEEE 2007, 3M] 


(a) -5 Sk <= ()k<- 

1 1 
ones Avene 
(c) ; (d) ; 


Paragraph 
(Q. Nos. 116 to 118) 


A circle C of radius 1 is inscribed in an equilateral triangle POR. 
The points of contact of C with the sides PO, OR, RP are D, E, F, 
respectively. The line PO is given by the equation V3x+ y—6=0 


3/3 3 


and the point D is ( 3| Further, it is given that the origin 


and the centre of C are on the same side of the line PQ. 


116. 


177, 


118. 


119. 


120. 


(21, 


The equation of circle C is 


Al 
bo) St 
2 


(a) (x23)? + (y-1)? =1 (b) (x-2v3)" 4 (» 


(c)(x-V3)*+(y +1)? =1 (d)(x-V3)? +(y 1)? =1 
Points E and F are given by 
(2. ‘| (3,0) (b) [= | (3,0) 


(2.3) 8) @(22)(22) 
2 2)\ 272 2° 2 22 


Equations of the sides QR, RP are [IIT-JEE 2008, (4 + 4 + 4) M] 


(a)y = Jgeth yao pecl (b) y= ey =o 
3 V3 


(c)y = ; xt+ly=- ; x-1 (d) y = V3x, y =0 


Consider L, :2x+3y+p—3=0;L,:2x+3y+p+3=0 
where, p is a real number, and C:x? + y* + 6x —10y +30 =0 


Statement I If line L,is a chord of circle C, then line L, is 
not always a diameter of circle C and 


Statement II If line L, is a diameter of circle C, then line 

L, is not a chord of circle C. [IIT-JEE 2008, 3M] 

(a) Statement I is True, statement II is True; statement II is a 
correct explanation for statement I 

(b) Statement I is True, statement II is True; statement II is not a 
correct explanation for statement I 

(c) Statement I is True, statement II is False 

(d) Statement I is False, statement II is True 

The point diametrically opposite to the point P(1, 0) on the 

circle x” +y’ +2x+4y—-3=0is [AIEEE 2008, 3M] 

(a)(3—4) — (b)(-3.4) (©) (-3,- 4) @) G, 4) 

Tangents drawn from the point P(1,8) to the circle 

x’ +y” —6x—4y—11=0 touch the circle at the points A 

and B, The equation of the circumcircle of the triangle PAB 

is [IIT-JEE 2009, 3M] 

(a) x°+y?+4x-6y+19=0 (b) x°+y?—4x-10y +19 =0 

(d) x? + y?-6x—4y +19 =0 


(c) x° +y"-2x+ 6y -29=0 
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122. The centres of two circles C, and C, each of unit 
radius are at a distance of 6 units from each other. Let 
P be the mid point of the line segment joining the 
centres of C, and C, and C be a circle touching circles 
C, and C, externally. If a common tangent to C, and C 
passing through P is also a common tangent to C, and 
C, then the radius of the circle Cis __ [IIT-JEE 2009, 4M] 


123. If P and Q are the points of intersection of the circles 
x’? +y" +3x+7y+2p—5=0and 
x° +y? +2x+2y—p” =Othen there is a circle passing 
through P, Q and (1, 1) for : [AIEEE 2009, 4M] 
(a) all except one value of p 
(b) all except two values of p 
(c) exactly one value of p 
(d) all values of p 
124. The circle x* + y** = 4x+8y+5 intersects the line 
3x —4y = mat two distinct points if [AIEEE 2010, 4M] 
(a) -35 <<m<15 (b)15<m<65 
(c)35<m<85 (d) -85 <m<-35 
125. The circle passing through the point (—1,0) and 
touching the Y-axis at (0, 2) also passes through the 
point. [IIT-JEE 2011, 3M] 
3 5 
—-;0 b)| —=, 2 
(a) ( ; (b) ( ; 
35 
= d) (-4, 0 
(c) ( ; | (d) (-4, 0) 
126. The straight line 2x —3y = 1 divides the circular region 
x? +y’ < 6 into two parts. 
IfS= ‘(2 2\(3 2\(2 ; =\( “| then the number 
4)/\2 4)/\4 4/\8 4 
of point(s) in S lying inside the smaller part is 
[IIT-JEE 2011, 4M] 
127. The two circles x” +y? = ax and x* +y” =c’(c>0) 
touch each other if [AIEEE 2011, 4M] 
(a) |al=c (b) a =2c 
(0) |al=2c (d) 2\a| =¢ 
128. The locus of the mid-point of the chord of contact of 


tangents drawn from points lying on the straight line 
4x —5y = 20to the circle x* + y” =9 is 
[IIT-JEE 2012, 3M] 


(a) 20(x° + y")-36x+ 45y =0 
(b) 20(x? + y?)+36x—45y =0 
(c) 36(x? + y*) -20x + 45y =0 
(d) 36(x? + y*) + 20x—45y =0 
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Paragraph 
(Q. Nos. 129 and 130) 
A tangent PT is drawn to the circle x + y? = 4 at the point 
P(3,1). A straight line L, perpendicular to PT is a tangent to 
the circle (x— 3)° + y? =1 


129. A possible equation of L is 


(a) x- By =1 (b) x+ V3y =1 
(c) x-v3y =-1 (d) x+ V3y =5 


130. A common tangent of the two circles is 
[lIT-JEE 2012, (3+ 3) M] 
(a) x=4 (b)y =2 
(c) x+v3y =4 (d) x+2V2y =6 
131. The length of the diameter of the circle which touches 


the X -axis at the point (1, 0) and passes through the 
point (2, 3) is [AIEEE 2012, 4M] 


10 3 
(a) = (b) 5 
6 5 
(c) 5 (d) 3 


132. The circle passing through (1,— 2) and touching the axis 


of x at (3, 0) also passes through the point 
[JEE Main 2013, 4M] 


(a) (-5,2) 
(c) (6,—2) 
133. Circle(s) touching X-axis at a distance 3 from the origin 
and having an intercept of length 2V7_ on Y-axis is (are) 
(a) x? + y’-6x+8y+9=0 [JEE Advanced 2013, 3M] 


(b) (2-5) 
(d) (-2,5) 


(b) x° + y?-6x+7y+9=0 
(c) x° + y*-6x-8y +9=0 
( 


d) x? + y*-6x-7y +9 =0 


134. Let C be the circle with centre at (1,1) and radius = 1. If T 


is the circle centred at (0, y), passing through origin and 
touching the circle C externally, then the radius of T is 


equal to [JEE Main 2014, 4M] 
1 1 

aS F 
V3 v3 

(c) v2 (d) 2 


135. A circle S passes through the point (0, 1) and is 
orthogonal to the circles (x—1)* +y* =16 and 


x? +y" =1. Then 


[JEE Advanced 2014, 3M] 
(b) radius of S is 7 


(d) centre of S is (—8,1) 


(a) radius of S is 8 
(c) centre of S is (—7,1) 


136. Locus of the image of the point (2, 3) in the line 
(2x -—3y+4)+k(x-2y+3)=0keE Risa 
[JEE Main 2015, 4M] 
(a) circle of radius /2 
(b) circle of radius V3 
(c) straight line parallel to X-axis 
(d) straight line parallel to Y-axis 


137. The number of common tangents to the circles 
x+y" —4x-6x-12=O0and x? + y? +6x+18y +26 =0, 


is [JEE Main 2015, 4M] 
(a) 3 (b) 4 
(c)1 (d) 2 


138. The centres of those circles which touch the circle, 
x° +y” —8x—8y—4 =0, externally and also touch the 
X-axis, lie on [JEE Main 2016, 4M] 
(a) a hyperbola 
(b) a parabola 
(c) a circle 
(d) an ellipse which is not a circle 


139. If one of the diameters of the circle, given by the 
equation, x* + y? —4x+6y—12=0, is a chord of a circle 
S, whose centre is at (—3,2), then the radius of S is 
[JEE Main 2016, 4M] 
(a) 5 (b) 10 
(c) 5W2 (d) 5V3 
140. Let RS be the diameter of the circle x7 + ye =1, where S 


is the point (1, 0). Let P be a variable point (other than R 
and S) on the circle and tangents to the circle at S and P 
meet at the point Q. The normal to the circle at P 
intersects a line drawn through Q parallel to RS at point 
E. Then the locus of E passes through the point(s) 


[JEE Advanced 2016, 4M] 


al die 
(5) (Fs) 
oes | 
of-3] 
141. For how many values of p, the circle 


x° +y* +2x + 4y— p=Oand the co-ordinate axes have 


exactly three common points? [JEE Advanced 2017, 3M] 
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Exercise for Session 1 
1. (d) 2. (b) 3. (b) 4. (b) 5. (a) 
6. (c) 7. (d) 8. (a) 9. (c) 10. (c) 
11. (b) 12. (a) 13. & *\ 2 


15.x° + y?-2x-4y-4=0 
16.x° + y —2x-8y+15=0 
18. (x + 1° + (y- 3) = 4; (-1,3);2 


Exercise for Session 2 
l(c) 2. (b) 3. (b) 4. (c) 5. (a) 
6.(a) 7. (c) 8. (b) 9.(d) 10. (c) 
65 


11. (c) 12. (a) 13.°4 y- y-16= 0:(0 3} e 


14, (- 2,- 7) 15.x° + y —2x-3y-18=0 
16.(° +  —4x-2y+ 4)=0 
17. + Y -6x+ 2y-15=0 


Exercise for Session 3 
1. (d) 2.(a) 3. (a) 4. (d) 5. (d) 


6. (c) 7.(a) 8. (a) 9.(d) 10. (b) 
11. (a) 12.(c) 13.x°+ y+ 10x-6y+9=0 
15. Xe (-1, 4) 16.x° + ° —4x-6y=0 


Exercise for Session 4 


1. (c) 2. (c) 3. (c) 4.(d) 5. (b) 
6. (b) 7. (b) 8. (a) 9. (d) 10. (b) 
11. (d) 12. (a) 


14. (1) 3x- 4y + 20 = Oand 3x- 4y—-10=0(41) 4x+ 3+ 5=0 
and 4x + 3y— 25 =0, 

15. centre of the circle (0, 1, + rV/2), where r is radius 

16.15, — 35 


Exercise for Session 5 


1. (c) 2. (b) 3. (c) 4. (b) 5. (d) 
6. (d) 7. (b) 8. (c) 9. (b) 10. (a) 
11. (c) 12. (d) 14. 8 sq units 


5 
16.3x+2y-13=0 17. [= 
ee Dy [ =) 
Exercise for Session 6 
l(a) 2.(c) 3. (a) 4. (d) 5.(c) 6. (b) 
7.(c)  8.(b) 9.(b)  10.(d) 11. (b) 12. (b) 
13. 4x7 + 4y° + 30x-13 y— 25=0 14, 2/2 


16. Direct common tangents are 3x + 4y = 57, 7x — 24 y = 233, 
Transverse common tangents are 4x — 3 y = 26, 24x + 7y = 156 


Exercise for Session 7 
1. (d) 2.(c) 3. (a) 4. (b) 5. (c) 
6.(a) 7. (b) 8. (d) 9.(b)  10.(a) 11. (d) 
12.(a) 14.° +4 Y-6x-6y+9=0 16. se ) 


17. 4x7 + 4y° + 6x+ 10y-1=0 


Chapter Exercises 
1.(b) 2. (a) 3. (b) 4. (b) 5.(a) 6. (d) 
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25.(a) 26. (b) 27.(b)  28.(c) ~—-29. (b) ~—- 30. (a) 
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41. (a,c) 42. (a,c) 43. (a,c) 44. (a,c,d) 45. (a,b) 46. (b) 
47.(c) 48. (b) 49.(b) 50.(d) 51. (b) ~~ 52. (a) 
53.(c) 54. (b) 55.(b)  56.(b) 57.(b) 58. (a) 
59.(a) 60. (d) 61.(d) 62. (a) ~—s 63. (c)_~— 64. (a) 
65.(d) 66. (c) 67.(4)  68.(6) 69. (1)_—-70. (4) 
71.(9) 72. (3) 73.(4) 74.(3) -75.(9) 76. (7) 
77. (A) (p, 8); (B) > (q, 1); (C) > (q); (D) > (p, 4, 8) 
78. (A) > (q, 1) ; (B) > (p); (C) > (p) (D) > (s) 
79. (A) > (q, s); (B) > Gt); (C) > (ps) 
80. (A) > (p, q, s); (B) > (p, @, , t); (C) > (p, g, 5 8) 
81.(d) 82. (a) 83.(d)  84.(d) 85. (c)_~—-86. (b) 
87.(b) 88. (a) 89.07? + P-x -y)=0 
90.07? + y - 6x-2yt+1=0 
91.7 + ym (m+ n)x+ a(n (m + n) y=0 
92. 25x7 + 25y° — 20x + 2y- 60=0 


93. (5) 94. 18 sq units 
95. 1.5 units 96.(2, =} or (=.2) 
5 65 x 5 
4/3 


97. 3 (3+ VI10) 98. a sq units 


99. a) dy (+ y)t+ (a, &) + a c,) x+ (b) G+ b,c) y=0 
-1 1 

100. (— 4, 4) or (=.5) 
2.2 


101. 4a? + 4b? — c? — 8ab + 4bc — 4ca< 0 

105.(d) 106.(b)  107.(d) 108.(d) 109. (a) 110. (b) 
111.(c) 112.(d) 113.(d) 114. (a) 115. (d)_-:116. (d) 
117.(a) 118.(d) 119. (c) —-:120.(c)—:121. (b)_—-:122.. (8) 
123.(a) 124.(a)  125.(d)  126.(2) 127. (a) 128. (a) 
129. (a) 130.(d)  131.(a) 132. (c)_~—-:133. (a,c) 134. (b) 
135. (b,c) 136.(a) 137. (a) —«:138.(b) 139. (d) ‘140. (a,c) 
141. (2) 


Solutions 


1. AB? = 4AM? = if an 


Hence, required sum = 2(8 —1° + 8-2?) = 22 
B 


Pay 


2. Tangent at (5/2 cos0,5-/2 sin8) is 
xcos8 + ysin® = 5/2 
OP =5/2sec0, OP,= 5/2 cosec® 
«. Area (APP P,) = 2 x area of AOPP, 


il 
=2 x xSv2sec@ x54/2 cosecO 


_ 100 
sin20’ 

Area (APP, P;) min = 100 

= 8 =< = OP =10 

> P =(10,0), (—10,0) 


3. LetS=x?+y*-2=0, P =(2,2) 
5, =2°+2°-2=6>0 


= P lies outside the circle 
PA. PB =(PT)* =S, =6 


. PB 
given — =3 
PA 
T B 
A 
(2, 2)P 


From Eqs. (i) and (ii), we get 
PA = V2, PB =3V2 
=> AB = PB— PA =2/2 = Diameter of circle 
Hence, chord AB passes through the centre (0,0), y = x 
4, LetS =(x-2)’+y’-4=0 
Its centre C = (2, 0) and radius r =2 
Distance between C = (2,0) and (5, 6) is (2-5)? + (0-6) 


. LetS =x" 4 y 


(5, 6) 
2 
(2, 0) 
Le. 35 
fend ae 
ih = f 
2 2 
41 
4 
. Any circle which touches 3x + 4y —7 = 0 at (1, 1) will be of the 
form 
S(x,y) =(x-1)? +(y -1)? + ABxt 4y -7) =0 


Since, S(2,3) =16 314+ 4+ A(11) = 16 
: N=1 

So, required circle will be x’ + y+ x+2y—-5=0 
2 


2x+4y-A=0 
for interval point P(2,8), 

4+64-4+32-2 <0 
> Xr > 96 (i) 
and x-intercept = 2,/(1+ A) and y-intercept = 2,/(4+ 2) 
given 2/4+A)<0 SA<-1 ...(ii) 
and 2(4+2) <0 >A <-4 ...(iii) 


from Eqs. (i), (ii) and (iii), we get 
rE 


. LetSex°+y’+2x+4y—-4=0 


Its centre C =(—1,—2) and radius r = 3. The points on the circle 
which are nearest and farthest to the point P(a,b) are Q and R 
respectively. Thus, the circle centred at Q having radius PQ will 
be the smallest circle while the circle centred at R having 
radius PR will be the largest required circle. 
P (a, b) 
Q 


R 


Hence, the difference between their radii is 
PR—PQ=QR =2X3 =6 


8. Radius = (a—m)’ + (b—e)” 


= irrational =k 
Circle (x—1)’ +(y —e)’ =k? 


9. 


10. 


11. 


12. 


Given AL,L, + UL,L, + vL,L, = 0 


=> My — mx —c2)(y — m3x — 3) +U(y — m3x —c3)(y — mx —¢) 
tv(y —mx—c)(y —m,x —c2) = 0 


for circle coefficient of x” = coefficient of y’ and coefficient of 


xy =0, 
then, A(m,m; —1) + U(m3m, —1) + v(mm, —1) = 0 
and (m, + m3)A +(m, +m) +(m, + m,)v = 0 


 f(uy) = x? + y* + 2ax + 2byte =0 


=> f(x%0)=0 => x? + 2ax +c¢=(x—2)’ 
a a=—24c=4 
and f(0,y)=0= y? + 2by +ce=(y—2)(y —3) 
2b=-5,c =6 
or ae 
2 


Clearly, that data are not consistent. 
Given, (1+ Ox)" =1+8x+24x" +... 
n(n—1) 


=> 1+ n(ax) 4 (ax)? +... 


=14+8x+24x" 4... 


B 
C 
A 
0 
P (2, 4) 
Equating the coefficients of x and x’, we get 
=k no.(no — 0) = 
12 
8(8 -Q) 
or 5 =24 > 8-Qa=6 


Qa =2andn=4 
= 2 = 
Equation of line is "= v 
cos®__sin® 


(2+ rcos6,4+ rsin®) lies on the circle x + y? =4, 


=r, then point 


then, (2+ rcos0)? +(4+rsin0)* = 4 

or r’ + 4r(cos@ + 2sin0) + 16 = 0 
16 

PA: PB =hn are =16 

Aliter : PA- PB =(PC)* =2?+ 4°-4=16 


For interior point OP <5 


C 
(a,at+1) 
B 5 _\A 
(-5, 0) O](O, 0) (5, 0) 
y=0 


. Let S(x,y) ex ty 
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=> Ja’ +(at1) <5 


=> 2a° + 2a-24<0 
a’ +a-12<0 
(a+ 4)(a—3) <0 
=-4 <a <3and for I and II quadrant 
at+1>0 
A a>-l 
Hence, -1 <a <3 


2 


— S(x,2) = 0 

> x°4+4429x+4f +ce=(x—-1) 

a g=-134+4f+c=0 sae(i) 

and S(,y) =0 S1+y?4+2¢+2fy+c=(y—0)(y —2) 
f =-11+2g+c=0 (ii) 


From Eqs. (i) and (ii), we get 
g=-lf=-le=l 

.. Equation of required circle is 
ety? —2x-2y+1=0 


. See the diagram. Since, there is no condition on 9, Q can be 


placed either at Q, or Q, for a particular position of P. So 
option (a) and (b) cannot be definitely true. 


Qz(a-8) 


Consider a line through origin y = mx. If Q and P are reflection 
of each other with line mirror y = mx 


(Slope of PQ) xm =-1 
nf sin8 —sin(a —8) ) es 


cos® — cos(a —@) 
mem 
2cos} — |.sin 
me 2 2 
Oa 
2sin| — |.sin 
2 2 
Gas 
or m|—cot—}=-1 
2 
) 
or m= tan] — 
2 


or 


. Since, x’ + y” <25 and x and y are integers, the possible values 


of x and y €(0,+1,+ 2,4 3,+ 4). Thus, x and y can be chosen in 
9X9 =81 ways. However, we have to exclude cases (3, 4), (4,3) 
and (4,4) iie.3x4=12 cases. Hence, the number of permissible 
values 


=81-12 =69 


340 = Textbook of Coordinate Geometry 


16. «. The point ([P + 1],[P]) lies inside the circle 
x’ + y’—2x—-15 = 0, then 
[P+1]}°+[P]’-2[P +1]-15 <0 


=> ([P]+1)?+[P]’ -2([P]+1)-15 <0 
=> a[P}’-16 <0=>[P]’ <8 
*. Circles are concentric 
.point ([P + 1],[P]) out side the circle 
x+y? -2x-7 =0 
([P]+1)° +[P} -2([P +1])-7>0 


=> ([P]+1)?+[P]’ -2([P]+1)-7>0 
=> a[P}’-8>0 
[Pp >4 


From Eqs. (i) and (ii), we get 
4 <[P]* <8 which is impossible 


..For no value of ‘P’ the point will be within the region. 
17. The circles are x? + y? =2° and(x—4)?+ (y- 0)? =3? 


Y¥ 


For the point P to enclose greatest area, the arbitrarily chosen 


point should be (=. 9 and P should move in a circle of radius ; 22 


aye 1) 
The locus of Pis{ x | t(y o=(2) 


=> x? +y*?-3x+2=0. 


18. Since, y =|x|+ c and x’ + y’ —8|x|—9 = 0 both are symmetrical 


about Y-axis forx >0,y=x+c. 
Equation of tangent to circle x? + y? -8x—9 =0 


Parallel to y=x+cis y =(x—4)+5(1+1) 


— y =x+(52 —4) 
for no solution c > 5V2 — 4, 
c € (52 — 4,0) 


19. Let ZAOL =0 
A =(acos@,asin®) 
M =(a+acos@,asin®) 
x =a+acos0 
=> (x —a) =acos0 
and y =asin0 


...(i) 


From Eqs. (i) and (ii), we get 
(x—a)’ +y’ =’ 


=> x? +y*—2ax =0 


Y 
A 


x’ 


=> x+y” =2ax 


20. Equation of circle is (2x —y + 1)(x-—2y +3) + Axy =0 
for circle coefficient of xy = 0 


ie. —5+2X=0, 
ty N=5 
Circle is 2x” + 2y” +7x—-5y +3 =0 
.. (ii) 7 5 3 
=> ety tix y+-=0 


y 
..Centre is (-2.2) 
44 


2 2 
21. a -+} <5 
4 4 


=> M+(1-A)*-20< 100 


=> 207 -24 -119 <0 
1 — 239 ay alt 4/239 
2 2 
> -72<2<82 


i =-7,-6,—5,...,7,8 
. Let (xy) Sx’ +y? +2ex+2fyteo=0 

O(0,A) =0+47+0+4+2fA+ce=0 

have equal roots, 

Then, 242 =" and 22 == 

Ae f =-2andc=4 

and O(A,0) =A7+0+2gA+0+c=0 
MV +2gA+¢=0 


Here, c = 4 


MV +4+29A4+4=0 
have roots 4/5, 5 


245 = 2 
5 & 


(approx.) 


23. 


24. 


25. 


Circle is x” + y? =r? cos’@+r’sin’@ 
xtyter 

Equation of tangent at 0 is 
xcos8 + ysin® =r ...(i) 


and at(o+2 is e040 * ysin( =) =r 
3 3 3 


a cos =r 


=> o{beos “sino »{ sine 
2 2 2 


=> xcos0 + ysin® — x/3 sin@ + yv3 cos® = 2r 
= r—/3(xsin —ycos@) = 2r 
or xsin® — ycos0 = — a 


Squaring and adding Eggs. (i) and (ii), then we get 


2 2 47? 2 2 2 
=> 3(x°+y°)=4r 


Let MN be the diameter of the circle whose equation is 
4y=x+7 (i) 


and coordinates of A and B are (—3, 4) and (5, 4) respectively. 
Equation of | bisector of AB is [L =(1,4)] 


(slope of AB = 0) 


. ...(ii) 
Solving Eqs. (i) and (ii), we get the coordinates of the centre of 
the circle as (1, 2) 


OL = (1-1)? + (4-2) =2 
BC =20L = 4 unit 
AB =8 unit 
.. Area of rectangle ABCD = 4 x8 
= 32 sq units. 
** OC-OA = ab = OB: OD 
.. A, B, C, D are concyclic. 


1 
—4=-—(x-1 
y . ) 


x=1 


bx+ay=ab 


26. 


27. 


28. 
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Coordinates of P, Q, R are (cosa,sina), (cosB,sinB) and 
(cosy,sin y) respectively. 


and A =(-1,0) 


AP = Va + cosa)” + sin’) — 2eos{ ©] 


AQ = y((1 + cosB)’ + sin’) = 2cos{ 8) 


AR= ya + cosy) + sin’ y) = 2eos() 


»* AP, AQ, AR are in GP, then 


cos( }eos{ 8) cos(2) are also in GP. 
2 2 2 


Let equation of circle be 
x+y? +2ext+2fyte=0 
It pass through (2, 0) and (0, 4), then 4+ 0+ 4g+0+c=0 


ea 
=> ge! pager ereoet 


Radius r = ,|(g? + f? —c) 

_ ffe+4)? , (+16)? - 
Vl 16 64 

_ | fc? +8c + 16} + {c* + 32c + 256} —64c 
\ 64 

_ |{ 5c? +320 
VU 64 

For minimum radius c = 0 


; g=-l, f =-2 
Required circle is + y? —2x-—4y =0 


The particle which moves clockwise is moving three times as 
fast as the particle moving anticlockwise (-. speed in clockwise 
3v and in anticlockwise v). 


A 


This mean the clockwise particle travels (| th of the way 


1 
around the circle, the anticlockwise particle will travel (5 th 


of the way around the circle. So, the second particle will meet 
at P(0,1). 

Using the same logic, they will meet at Q(—1,0), when they 
meet the second time. 
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7 = 
PA 
BP:PA=Q:1 
..Coordinates of P is (? = : 4 
14+0 441 
=> (a +3)? +16 =4(0 41)" 
> 30,” + 20 —21 = 0 
and 50.7 
QA 1 
BQ 
BO:QA =B:1 or 1= 
Q:0A =B OA B 
AB _B-1) 
OA 1 
AB:QA =(B-1):1 
..Coordinates of Q is A) 
B-1 B-1 
Qlieonx’+y’=4 
(B-3)" +16 = 4(B-1)° 
=> 3B" —21B -21=0 
Hence, a is a root of 3x” +2x—-21=0 


and is a root of 3x” —2x—21 =0 
30. -» ZACB = - 


“. ZAOB = = 


= ZAOM = ZBOM = . 


Let mid-point of chord AB is (x,,y,) 
In AAOM, 


cos 


<a), Plieonx?+y*=4 


1 


m OM _ \(x+2)"+(1-3)" 


3. OA 5 


5)" 
or (;) = (x, +2)’ + (y, -3)° 
25 2.2 
=> es a a es ee 


4xj + 4y? + 16x; —24y, +27 =0 


.. Locus of mid-point is 


(." x =rcos0,y = rsin®) 


x4 y? + 4x sy+ =o 
=> (x + 2) + (y -—3)* =6.25 
31. -- r=acos0 + bsin® 
=> r’? =a(rcos®) + b(rsin®) 
or x+y? =ax+ by 
or x? + y* —ax—by =0 


Circle pass through O (origin) 
given ZAOB = 90° 


...(i) 


b 
.. AB is Diameter of circle Eq. (i), Centre is (2.2) 


..Locus of mid point AB (‘.. mid-point of AB is C) 


a b 
x=-,y=- 
2” 2 


32. Slope of PC = ae =1 


If tan6 =1 
6 = 45° 
= =3 
x 7_y = 


1 


ae 2 


Equation of PA is 


é|- 


Jeg) 


ae et) 
v2” 2 
=> (2+2V2,-3+2v2) 
Taking + ve sign for A, —ve sign for B. 
33. LetSax’+y’+2gx+2fy+c=0 
S, =x*+y’?-4=0 


Points [> + 


Sy =x’ +y’-6x—-8y+10=0 


S3=x°+y'’+2x—4y-2=0 


..Common chords are 
S—S, =2gx+2fy+c+4=0 
S—S, =(2g+6)x+(2f+8)y+c-10=0 (ii) 
S—S; =(2g—-2)x+(2f+4)y+ce+2=0 . (iii) 
For cutting the extremities of diameter, chords Eqs. (i), (ii) and 
(iii) pass through the centres of 5,, S, and S; respectively, then 
S c+4=0,(2¢+6)3+(2f +8)4+c-10=0 
and (2g —2)(—1) + (2f + 4)(2)+c+2=0 
after solving c = —4, g = —2, f =-3 


...(i) 


34, 
A 
Kk? 
6/2 
9/2 P (A, 0) 
37. 
e 
B 
20 T T 
<O< > <-< 
2 3 4 3 
=> : < sin($ < v3 
V2 2) 2 
> fe < Z < ae or V2 >—> eo 
i ae V3 
or ee ee eas We 
V3 V3 
35. It is clear that N is the mid-point of M and P 
P(cr, B) 


(a,B) = (5,5) lie on the circle 

Pe 5°45°-4x5-2x5-c=0 
¢=20 

or c” —40c + 400 = 0 
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36. Let M(a,f) 


AM =2AB = AB+ BM =2AB 
AB = BM 
M(ot, B) 


A (0, 3) 
.B is the mid point of AM. 
a 34+8 
a: 


..Coordinates of B are } which lie on 


. Requires locus is 
x? +8x+(y—3)? =0 


or x+y? +8x-6y+9=0 


+ y =1 
2sech 2coseca 


xcosd + ysin® = 2 or 


2seca =+ ve inIV 
and 2coseca =—ve inIV 
value of g in I quadrant 


as (e + gsing =) 


v1 


(0, 0) 


cosa + sing +1 
and value g of in IV quadrant 

£cosa — gsina —2 
o 1 


=> +g = g(cosa —sina) —2 
a 2 
aa cosa —sina +1 
Equation of circles in I quadrant 
(x—g)' +(y—g) = 8" 
And in IV quadrant is (x— g)’ +(y—g)’=g" 
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38. ... 


39. For condition of tangency 


ees =A > 7A-12=+52 


40. Let coordinates of P = (3 cosa,3sina) 
Let x-coordinate of Q is x, then 
y-coordinate of Q is —7x, —3 
Q = (x,-7 4 -3) 
.* x—y+1=0is the perpendicular bisector of PQ, then 
mid-point of PQ lie on x—y+1=0 


3.cosa + 3sina@ —7x, —3 
= x, 3sin x “=t 
2 2 
=> 8x, +3cosa —3sina +5 =0 
=> 24x, + 9cosa —9sina + 15 = 0 


and slope of (x—y+1=0)xslope of PQ=-1 


3sina@ + 7x, +3 
> 1 x ——___——_ = -— 


3cos — xX; 
=> 3sina@ + 7x, +3 =—3 cosa + x, 
=> 6x, + 3sindk +3cosa+3=0 
=> 24x, + 12sin& + 12cosa +12 =0 


Subtracting Eqs. (i) and (ii), we obtain 
—3 cosa —21sina +3 =0 


—s (1— cosa) = 7sina 
=> (1—cosa)* = 49(1 — cos” a) 
=> (1 —cosa)? = 49(1 + cosa)(1 — cosa) 
> (1 — cosa)(1 — cosa — 49 — 49 cosa) = 0 
24 
cosa = 1 and cosa = -—— 
25 
72 21 
..Coordinates of P are (3, 0) and (-2.2) 
25 25 


fi) 44. C= x°+y?-2x-4y-4=0 


...(ii) 


41. Circle possible in I region and centre of circle on X-axis. 
If centre is (h,0), then 
|h-0-]| 


a 


7 
= (h-3)> +- 
(h—-3) ; 


Then, centres are (6, 0) and (4, 0) 
42. -. C, is the director circle of C, 
.. Equation of C; is 
x’ +y? =2(2)? =8 
Again C; is the director circle of C,. Hence, the equation of C; 
is 


x+y” =2(8) =16 


43. The equation of tangent in terms of slope of x’ + y” = 25 is 


y = mx +5\(1+ m’) ..-(i) 
Given Eq. (i), pass through (—2,11), then 

11 =—2m+5,(1+ m’) 
squaring both sides, then we get 

21m* — 44m—96 = 0 
=> (7m—24)(3m+ 4) =0 


There from Eq. (i) we get required tangents are 
24x —7y £125 = Oand 4x + 3y = +25 
Hence, tangents are 24x —7y +125 = 0 and 4x + 3y =25 


(i) 


"4 2x+4y+4=0 (ii) 


and C2, =x’ +y 
. Radical axis is C) -C, =0 

=> —4x—8y -8 =0 

or x+2y +2 =0 which is L = 0 

(a) Option is correct. 

Centre and radius of C, = 0 are (1, 2) and 3. 
** Length of 1 from (1, 2) on L=0 


, tt 4+2l 7 ee 
1 SS SS SS STAG. 
J1+4 5 


.(b) Option is wrong. 

Lis also the common chord of C, and C,. 

.(c) Option is correct. 

*. Centres of C, = 0 and C, = Oare (1, 2) and (—1,—2) 

.. Slope of Line joining centres of circles C, = 0 and C, = 0 is 
2-2 4 


=—2 =m Sa 
1-1 2 1 (say) 


1 
and slope of L = 0 is =m 


Hence, L is perpendicular to the line joining centres of C, and C). 


mm, =—-1 


.. (d) Option is correct. 


45. Let slope of OA is m, 
Then, "| = tan 45° 
1+m 
—1 =] 
> a =+1 or o 
1+m m+1 
> m-1=-m-1 
m=0 


..Equation of OA is y =3 


Solving y =3 and x* + y?-10x-6y +30 =0 


=> x’? +9-10x-18+30=0 
=> x’ -10x+21=0 
> (x -—7)(x-3) =0 
or x=3,7 


.. Two vertices are (3, 3) and (7, 3) and other diagonal is 1 to 
y =3and through centre (5, 3) is x =5. 


Now, solving x =5 and x’ + y’ -10x—6y +30 =0 


=> 25+y*—50-6y +30 =0 
=> y?-6y +5 =0 
> (y-1)(y—-5)=0 or y=1,5 


«Other two vertices are (5, 1) and (5, 5). 


Sol. (Q. Nos. 46 to 48) 
Six? ty?—4x 


-1=0 


L:y =3x-1 


(say) 


...(i) 
...(ii) 


46. 
47. 


48. 


Sol. (Q. Nos. 49 to 51) 


49. 
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From Eqs. (i) and (ii), we get x? +(3x—-1)*-4x-1=0 
or 10x” -10x =0 
= x=0 and x=1 
From Eq. (ii), y =—1 and y =2 
A =(0,—1) and B = (1,2) 


AB = (0-1)? +(-1-2)?= V10 


Let ZACB = 20 
ie a 2 
10 2 
CM 1 
> cos@ = —— = 
V5 v2 
go” 
4 
3 
Required angle = ZAPB = 1 —89 = 1 — . : 


Equation of tangent at A(0,—1) to the circle S is 


0.x+(-1).y -—2(x+0)-1=0 
or 2x+y+1=0 


“. Slope (m,) = —2 


and slope of line L is m, =3 


If be the angle between L and S, then tan® = ioe 
1+(—2)(3) 

ge” 

4 


PQ= PR, 
parallelogram PQRS is a rhombus. 


..Mid-point of QR = mid point of PS and QR | PS 
Therefore, S in the mirror image of P w.r.t. QR. 
Let P(A,6 —2A) be any point on L = 0 

** Circumcircle of APQR always pass through O 


..OP is diameter of circle. 


Then, centre is & - i) So, 


x=% andy =3-2 


or 2x+y =3is the locus of the circumcenter of APOR. 
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: 3 1(24 
50. Area of AORS = Area of APOR = a ...(i) > d= _= -(#) (given) 
R+L Votr? 2X5 
Here, R=2,L= JS, = (6? +87 -4) = /96 r 4 
=> oS 
From Eq. (i), V9-r*) 5 
Area of AQRS = 2%20%V96 _ 1926 _ 192V% es Be r=4 
4+96 25 25 55, .=r=4 
ce dX =6 56. +" (C,C,)* =r? +37 =16+9=25 
51. LetS= (a, B) a“ CC, =5 
** Sis the mirror image of P w.r.t. QR. WAAR and = BM _4-3_1 
Eq. (i) of OR is 3x + 4y = 4, then AB CC, 5 
a= Pte “ Z ” i sin20 =2sin@cos@ =2x_-x 1 (1) - #8 
ade % 5 5) 25 
_ 42 
95 57. Length of direct common tangent = \/(C\C,)’ —(r —3)" 
Gas ndpiee” = V6)’ -() 
é3 a =/24=2% (given) 
Hence, =| — ; 2 
(2) eas 
ol. (Q. Nos. 58 to 60 
Sol. (Q. Nos. 52 to 54) se Nas ) 
52. This is third degree equation which satisfy the point of 4 
intersection of L, = 0, L, = 0 and L; = 0. 
53. ALL, + UL3L, = 0 will always pass through the vertices of the 
parallelogram for all A, € R ~ {0} 
D Lo=0 C 
X'< 
pa= Ly=0 
A L,=0 B 
54. Since, = 0 Yy 
So, LL, + ALL, = 0 Let equation of line AB be 
=> L,(L, + AL;) = 0 x7a_y70_ 
This is the equation of pair of straight lines. cos® sind — 
Sol. (Q. Nos. 55 to 57) Coordinates of any point on the line AB is (a + rcos®,rsin®), 
Let 2d =length of common chord and ZPC,C, = 6, then then 


sing = B=(a+7,cos0,7sin®) 
3 and C =(a+ nm cos0,rmsin8) 
58. 4 =(OA)? +(OB)* + (BC) 
=a’ +b? +(R—1m)* cos’OH(n —m)’ sin’ 
= (a? a b*)+(y —17)? 
=(a’ + b”) + 4a’ cos’@ — 4(a” —b”) 
(.. Band C lie on x + y? =p? 


(a+rcos0)’ +(rsin@)? = b? 


or r’ + 2arcos0 +. a*—b* =0 
ee 4a’ cos?0 — 4(a? —b*) 
and sin(90°—-o) = a or cosd = z => X = 5b" —3a” + 4a’ cos’6 
a @ ’ / = 0 <cos’@ <1 


9° 7 ” 0 € (5b? -3a2,5b? + a7] 


59. Let (h,k) be the mid-point of AB and let (,f) be the coordinates 


of B, then 
BOE eng ap 

> a =2h-—aand B =2k 
Since, (8) lies on x*° + y? = b? 
> (2h—a)*? + (2k)? =b? 

2 2 
or (a igo 

2 4 


Hence, locus of (h,k) is 


60. The locus of mid-point of AB, when BC is maximum is a fixed 
point M on X-axis. 


Sol. (Q. Nos. 61 to 63) 
61. From the figure OA = OB = AB =a 


: ZOAB = 60° 
62. Let T be the point of intersection of tangents. 
: ZAOC = 120° 


ZATC = 180°—120°= 60° 


63. Locus of point of intersection of tangents at A and C is 


2 
a 


sin’(%) 
2 


2 
a 2 
a 


= aE er = 4 
sin“(30°) 


x+y = 


(Here, & = 60°) 


Hence, x? + y” = 4a’ 


Sol. (Q. Nos. 64 to 66) 


Here, ty =hP +k? —4, 
=n? +k? —4h, 
is =h’ +k’ —4k 

given tt = 613 +16 


or (Ah? +k? —4)? =(h? +k? —4h)(h? +k? — 4k) + 16 


or (h? +k’)? —8(h? +k?) +16 =(h? +k’)? — 4(h? + k’)(h +k) 
+16hk + 16 

or (h’ + k*)(h+ k) -2(h? + k?) — 4hk = 0 

or (h? + k*)(h+k)—2(h+k)’ =0 

or (h+k)(h? +k? —2(h+k)) =0 

or h+k=0 (i) 


and h? +k? —2h-2k =0 ...(ii) 
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64. Locus of (h,k) is [From Eq. (i)] 


L:ixt+y=0 
65. Locus of (h,k) is 
C:x° + y?-2x-2y =0 


[From Eq. (ii)] 


66. -. Circle C, is equal to circle C, 
Radius of circle C, = radius of circle C, = V2 


. Distance between the centres of C, and C, 


= 2+2 
=2v2 

67. The given circle is 
S:(x-3) +(y -5)? =(@4=A))? 


Since, point P(1,4) lies inside the circle 


(. circles C, and C, touch externally) 


Ae S, <0 
=> 14+16-6-40+A <0 
or Xn <29 ..{i) 
Also, circle neither touches nor cuts the axes, then 
3> 64-2) or A>25 ...(ii) 


and 5 >JG4-2) or A>9 
From Egg. (i), (ii) and (iii), we get 
25 <A <29 
Hence, difference = 29 —25 = 4 
68. x” +y? —2x-2Ay -8 =0 
or (x? + y” -2x—-8)—-2Ay =0 
which is of the form S + AL = 0 
All the circles pass through the point of intersection of the 
circle x’ + y?-2x-8=Oandy =0 


Solving, we get 


x’ -2x-8=0 
or (x-4)(x+2)=0 
: A =(-2,0) 
and B=(4,0) 


Hence, | AB|= 6 
69. -» AO = BO =3+2v2 


and PQ = radius of director circle of C, 


= V2(3+2V2) =3V2+4 


Let ‘r’ be required radius 


3/24+4=34+2V2+r+rv2 
_ (V2 +1) _ 


=> r 1 


(v2 +1) 
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Since, A. x + y —5 = Ois a tangent to the circle at P(2,3), so the 


centre of the circle lies on x—y +1 = 0. Now Q(1,2) lies on the 
circle. 


Equation of right bisector of PQis x+ y—4=0 
..Centre of circle is point of intersection of x-—y+1=0 and 


3 
x+y -—4=0 which is (3.2) 
22 


2... 3 
1 ; ") 5 1 
Radius = 
VK 2 2 
Xx = 
Hence, V=a4 


Since, given circle is (x +5)? +(y —12)? =(14)* 


2 2 
+5 =12 
or = ae y =1 
14 14 
x+5 
14 


or x = 14cos® —5 and y = 14sin® + 12 
x’? + y*® =(14cos0 —5)* + (14sin0 + 12)” 


=12 
Let, =cos@ and — =sin0 


= 196+ 25+ 144+ 28(12sin® —5 cos0) 
= 365 + 28(12sin® —5cos®) 
Maximum value of (x? + y’) = 3654+ 28 x13 =729 


(.* -13 < 12sin® —5cos@ < 13) 


wle 


or maximum value of (x? + y’) =9 


Let the given lines are represented by L;, L,, Ly 
and L,, then 
L=2x+3y-2=0 L,=3x—-2y—-3=0 
L,=x+2y—-3=0 Ly =2x-y—-1=0 
Equation of second degree conic circumscribing a quadrilateral 
whose sides are L, = 0, L, = 0, L,; = Oand L, = 0is 
LL, +kL,L, =0 


or (2x+3y —2)(x+2y —3)+k@Bx—-2y —-3)(2x-y-1)=0 ...(i) 
For circle, coefficient of x? = coefficient of y” 
or 2+ 6k =6+ 2k 
2 k=1 
From, Eq. (i), required circle is 

8x? + 8y? -17x-8y +9 =0 

2,2 =) (?) 
or x" 4 x =0 
. ( 8 - 8 
17 9 
Here, A =-—W=-l1,v= 
8 8 

then, [A + 2u + vj=3 
Let radius of given circle is a 

a=(44+2-c) =./(6-c) ...(i) 

a a 
Now, radius of circle C, = —= and radius of circle C) = ——~ 
1 V2 2 (/2)? 

and so on. 
Also, Pe ey aia ae =2 (gjven) 


74. 


75. 


76. 


Then, a A 
a 
or a=2- 2 = V6-c [From Eq. (i)] 
or 4+2—42 =6-c 
os c= 4y2 
Hence, A = 4 


The rays are given as 2x? —3xy —2y? = OLe. 
(2x+ y)(x-2y) =0 
=> y= . or y =-—2x which are perpendicular. 


.. Required area 


% 


X'< >X 
YW 
1 2 2 
= —(n(2)" — 2(1)") 
3m An iin 
— a ee ve. 
4 4 
XN =3 
Let radii of circles be 7, and r, and distance between centres is 
d, then 


(a —G+ny =5 (i 
yd°—(%-1)” =13 Gi) 


From Eqs. (i) and (ii), we get 
( +n)’ -G -n)* = (13)’ -6)’ 


and 


> 4nr, =144 or A =36 (2 hm =A) 
Xr 
“ =9 
4 

Let ax + by =1 ...(i) 


be a chord PQ. 


A 


xX'< >X 


vy’ 


Ti. oe 


78. 


which pass through (1, 0), thena+0=1 
a a=1 
and touch circle B with centre (—1,0) and radius 1, then 


|-a+0-]| 
ae | 
va? +b? 
or a’ +b? =(a+1)’ 
or b? =2a+1=3 
b= 3 


From Eq. (i), Equation of chord is x + V3 y = 4 


OM = and OP = 4 


PQ =2PM =2,(OP)? —(OM)" 
=a (16-2) = JB = 


A = 63 
nr 

Hence, —=7 
9 


S,(x—2)" +(y —3)? =1 
Centre C, :(2,3) and radius 7:1 and S,:(x—5)* + (y -6)* =r? 


Centre C,:(5,6) and radius r):r 


=> CC, =3V2 
(A) « S, and S, touch internally, then 
CC, =h-h 
or 3/2 =r-l1 
or (r—1)? =18 
(B) «.. S; and S, touch externally, then 
CC, =n+% 
or 3/2 =7+1 
or r?+2r+3=(r+1)?+2=18+2=20 


C) *. S, and S, intersect orthogonally, then 
8 Y 
(C\C2) = Hr + ry 


=> 18=r°4+1 
or r°-1=16 
(D) :. S, and S, intersect, the common chord is S, —S, = 0 
ie. 6x+6yt+r?—49 =0 
Given, common chord is longest, then passes through (2, 3) 
= 12+18+r?—49 =0 
or r?=19 
a r+5=24 
(A) Since (2, 3) lies on ax+ by -5 =0 
2a+3b—-5=0 i) 


Since, line is at greatest distance from centre 


4-3 a F 
> ( i J=ntiea=s 
3-2 b 


From Eq. (i),a=b=1 
: a+b=2anda’+b’ =2 
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(B) Let P be the point (h,k), then h? + k? + 2h+ 2k =0...(i) 


mid-point of OP is (=<) 


h k 
Let x= 2 y= A 
or h=2x,k=2y 
From Eq. (i), 4x’ + 4y’ + 4x4 4y =0 
or x+y txty=0 
On comparing, we get 
2a =1,2b =1 
or a=b= = 
2 
Ae a+b=1 
(C) Centre of circles are C, :(1,2) and C,:(5,—6) 
Equation of C,C; is y-—2 = = — (x-1) 
or 2x+y-4=0 (i) 
Equation of radical axis is 8x —16y —56 = 0 
or x-2y-7=0 ...(ii) 
Point of intersection of Eqs. (i) and (ii) are (3, —2) 
a=3,b=-2 
or a+b=1 


(D) Let S = x’ + y? -6V3x —6y +27 =0 
S$, =0°+0°-0-04+27 =27 
T =0.x+ 0.y —3V3(x + 0)—3(y + 0) +27 
= -3V3x —3y +27 


Eq. of the pair of tangents is given by 

SS, =T? 
=> 27(x? + y? —6V3x —6y + 27) =(-3V3x—3y +27)’ 
or 3(x?+ y? —6V3x —6y +27)= (W3x+ y -9)? 


or 18y? —183xy =0 
or 18y(y —V3x) = 0 
the tangents are y = 0, y = V3x 

a=0,b=3 
then, a’ +h? =3 


. (A): P =(10,7) 


and Sax’ +y’?—4x-2y —20 
os S; =100+ 49—- 40-14-20 >0 
..P outside the circle, radius r = V441+20 =5 
centre C = (2,1) 
.. Shortest distance L = CP —r 

= (10-2)? + (7-1)? -5 

= (64+ 36) -5=10-5=5 
And largest distance M =CP +r 

=104+5 =15 

M+L=20,M-—L=10 
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(B)*- P =@,-6) 
and Sax’ +y’-16x—12y —125 
S; =9+36-—48+72—-125 <0 
P inside the circle radius r = ./(64+36+125) =15 
centre C = (8,6) 
Shortest distance L = r—CP 
=15—/(8-3)? +(6 +6)" 


=15-13=2 

And largest distance M = r + CP 
=15+13=28 
M+L=30, 
M-L=26 

(C) P =(6,-6) 

and Sex’t+y’—4x+6y-12 


5, =(6)? + (6)? -24-36 -12 = 0 
P on the circle 
radius r = /(4+9+12) =5 
Shortest distance L = 0 
and largest distance M = 2r = 10 
M+L=10,M—-L=10 


80. (A) Equation of conic 


(y —a,x —b)(y —a,x —b) + Axy = 0 represent a circle. If 
coefficient of x? = coefficient of y” 

aa, =1 

AM > GM 


a,t+a 
a> aa, =1 


> a, +a, >2 
2, 2 

ata 
and ame > aj7.a3 =|a,a,|=1 

a; + a; >2 
(B) Let (a, cos®,a, sin®) be any point on x? + y” =a;, then 
chord of contact is 

x(a, cos®) + y(a,sin®) = b* 


which is tangent of + y? = a; 


0+0-b? 
| = | = =a, or b? = aa, 
V{(q, cos)? + (a; sin®)?} 
for b=1, aa, =1 
AM > GM 
a,t+a 
= + > Jaya, =|] 
2 
a, + ay > 2\dI, 
for b=1,a,+a,>2 


and then, ay + a; >2 

(C)2gg, +2 ffi =ct+o 

> 2Xa,Xa,+0=b+b 

Be aa, =b for b =1,a,a, =1 
and then, a +a, >2 
Also, ay tax >2 


87. 


82. 


83. 


84. 


85. 


LetS =x’+y’?-1=0 
$(1,3) =1°+3"-1=9>0 
=> Point (1, 3) outside the circle x? + y? =1 
.. Two tangents can be drawn from (1, 3) to circle x’ + y? =1 


= Statement I is false 


3 oe 
Also, [B= ml 


= 1 
(1+ m’) 


Squaring both sides, we get 
94m? -6m=14+m 


4 
or ea 


=> Statement II is true. 
ira x ty? +2x—4y =0 


=> (x+1)? +(y -2)? =17 +2? 
Let S =(x +1)? + (y—2)? -1° -2? 

Value of S(1,A)=(1+1)* +(A —2)? -17 -2? <0 
or (1+1)°+(A—2)? <174+2? 

.. Points (1, A) inside the circle. 


=> No tangents can be drawn from the point (1, A) to the circle 
x+y? +2x-4y =0 


and (141)? +(A—2)? <1? 42? 
> (A—2)? <1 
or -1<i-2<1 
or 1<A <3 


.. Statement II and Statement II are both true and statement II 
is correct explanation for statement I. 


Let A =(1,4), B =(2,3) and C = (1,6) 


1 441 
1 
ae alc 2 3 W=0 
—| 6 1 


= A, B, C are collinear 
i.e. no circle is drawn. 


Hence, Statement I is false and through three non-collinear 
points in a plane only one circle can be drawn. 


.. Statement II is true. 


*« Locus of point of intersection of perpendicular tangents is 
director circle. 


“ x° + y® =50 is director circle of x? + y? =25 
=> Statement I is false and statement II is true. 
Here, C, =(0,0), 4 =2 
and C, =(3,0),m =2 
|C,C,|=3 andR +n =4 
and |, —n|=0 
= In-nl<IGG)<7 +n 
Hence, circles x” + y? = 4 and x* + y* -6x +5 = 0 intersect 
each other at two distinct points. 


=> Statement I is true and Statement II is false. 
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*: Centre of circle (1, —1) lies on3x—4y =7 

“. 3x—4y =7is a diameter of circle 
x+y? 2x4 2y—47=0 

.. Statement I is true. 


Statement II is always true but Statement I is not a correct 
explanation of Statement I. 


Statement I is true, line 4y —3x —5 = 0 passes through 
A(—3,—1) and its distance from O(0,0) is 1 unit = radius of circle 


~X 


The tangent at B(0,—1) is y = —1 and normal at A to line AB is 
x=-3 


4 
.. Equation of incident ray is y+1= (-$}« +3) 


=> 4x+3y+15=0 

Statement II is obviously true. 

Hence, both statements are true and but Statement II is not 
correct explanation of Statement I. 

The given points are A(1,1), B(2,3) and C(3,5) which are 
collinear as 

Slope of AB = Slope of BC =2 

Hence, Statement II is true 


The chords of contact are concurrent, then, 


x MW i 
X, yg 1)/=0 
x3 y3 1 


Hence, points (x;,y;), (x2,y2) and (x3, y3) are collinear. 


Therefore, Both statements are true and statement II is correct 
explanation of statement I. 


Let the equation of circle be 


x+y? +2gx+2fy+c=0 ea(i) 
Since, circle Eq. (i) passes through (1,0) and (0,1) then 
(1 +c) . 
1+2g+c=0 => ; gail) 
aad i4ofeeso = f= ae ili 


Radius of the circle Eq. (ii) = ./(g” + f? —c) 


=e +0) = (45) 
2 


4 4 


90. 


91. 
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For minimum radius, c must be equal to zero, then from 
Eggs. (ii) and (iii), 


1 1 
=--— and =-- 
a 2 f 2 


Equation of required circle, from Eq. (i), is 
ere: _ 
x“+y°-x-y=0 
The given circle is 
x? +y* -6x+ 6y +17=0 
Centre and radius of this circle are 3, —3) and ./9 +9 —17 =1 


respectively. But given the required circle has normals 


x —3xy —3x+9y =0 
or (x —3)(x —3y) =0 
and x—3y=0 pall) 
but point of intersection of normals is the centre of the circle. 


or x=3 


Point of intersection of normals represented by Eq. (i) is 
(3, 1) which is centre of the required circle. Since, given 
circle and required circle touch each other externally, then 
(if radius of required circles is r) 


Sum of radii = Distance between the centres 


r+1= (3-3) +(3-1)? =4 


a r=3 
.. Equation of required circle is 

(x—3)' + -1) =3? 
or x+y? —6x -2y+1=0 


Let OA = a and OB = b then the coordinates of A and B are 
(a, 0) and (0, b) respectively. 
Z AOB=T/2 


Hence, AB is the diameter of the required circle whose 
equation is 


Since, 


(x —a)(x—0) + (y—0)(y—b)=0 
or x’ + y* —ax — by =0 (i) 
; 
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Equation of tangent at (0,0) of Eq. (i) is 


ieetg= 2 we t= We=8 
2 2 
or ax + by =0 
a-a+0 
m= ————— 
Ja? +b? 
a 
or n= > 
Ja’ +b* 
and ee 
Ja’ +b? 
b? 
R= 


Adding Eqs. (ii) and (iii), we get 


From Eqs. (ii) and (iii), we get 

i ae ond b= eM 
From Eq. (i), equation of required circle is 

x+y? + Jm(m+ n)x + .[/n(m+ n)y=0 


Solving the equations 
(2+c)x+5e’y=1 and 3x+5y=1 


1:3: 
then @+ ox se( 2) a1 
or (2+c)x+c?(1—-3x)=1 

1-c* 
Se oe 
2:3 = 36 
1+ Le 1l+ec 
“ _ (+o G-0) _ 
(c+2)(1-c) 3c+2 
‘ 1+ 
x=Lim 
c>13c+2 
2 
x= 
5 
eae? -.f 
: 5 5 25 


2 1 
Therefore, the centre of the required circle is (2 = =| but 


circle passes through (2, 0) 


2 
.. Radius of the required circle = | (= 2 ( 


_ fea 1 _ fi6o1 
V25 625. V 625 


Hence, the required equation of the circle is 


(x 2) +( . Ly = 160 
5) 25 


625 


or 25x" + 25y” —20x + 2y -60=0 


93. Equation of chord of contact (QR) is 6x + 8y —r? =0 
|6-6+8-8-r°| _|100-r’| 


PM = 
\(e? +8?) 10 
and om =loto=r Ir 
(67 +8") 10 
(ii) 
iii) 
then OR =2-QM =2./{(OQ)* —(OM)’} 


=2 ||r? oe 
100 


.. Area of AQPR = yr OR -PM 


1 i 100 —r? 
A(say)=—:2_|| r? r m eI 
2 100 10 
2 2\3 
100 — 
Ne aT. ( a =Z (say) 
1000 
Oe fr? .3 (100 —r?)? . (-2r) + (100 — r?)* -2r} 
dr 1000 
2r (100 — r?)? 
eS) aie 
1000 
: dee dz 
For maximum or minimum — = 0, then we get r =5, (r #10 as 
r 
Pis outside the circle) 
a? | 
and ee =—ve 
P Les 


.. Ais also maximum atr=5. 


94. Since, A (4, 6) and B (1, 9) do not lie on 2x —y + 4=0. 


5 15 
Let M be the mid-point of AB, then coordinates of M is (: %) 


95. 


9-6 _ 


1-4 
Slope of PM =1 


Slope of AB = =1 


15 1.( *) 
es eee 
_y 2 


which passes through P (h, k), then 


Equation of PM is, 


ee ae or k-h=5 
2 
and (h, k) lie on2x-y+4=0 
ae 2h-k+4=0 
Solving Eqs. (i) and (ii), we get 
h=1 and k=6 
2 2 
Now, adazenta2 1-5) + (6-8) 
2 2 
and AB =,{(4 -1)2 + (6-9)? =3 V2 


.. Area of rectangle 
ABCD = AB x AD =3 V2 x3 V2 =18 sq units. 
Let C (h, k) be the centre of the circle. Let AB and C’ D be the 
lines represented by 
3x-—y=6 and y=x respectively. 
Clearly, the circle touches AB at A (1, —3). 


Equation of line | to3x — y =6 is x + 3y = A which passes 
through (1, —3). 


then 1-9=2X 
A =-8 

vLlneis x+3y+8=0 
which passes through C(h, k) 
then h+3k+8=0 
Now, centre C(h, k) = C(—3k —8, k) 
Radius fo a = =¢ 

al+1 

= (-3k —8 -1) + (k +3) 

= 4lk+2| _ |k+3|V/10 


2 


...(ii) 


96. 


...(ii) 
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4|k+2|=2V5|k+3| 
2|k+2|=V5|k+3| 


v5 


k+2=H+ - (k + 3) 


k=-7-2V5 or k=-74+2V5 


Since, radius from Eq. (ii), 
_4|k+2| 


V2 


(radius), .=-7~2J5 


r 


_4(-7-2V5 +2| 
V2 
=10 V2 + 4/10 = 26.79 
_4[-74+2V5 +2] 
V2 
=10 V2 — 4 V10 =15 
Hence, radius of smaller circle is 1.5 units. 


Let the centre of the circle C, is Q (h, k), equation of the circle 
Cy, is 


(radius),. ;=-74 25 


(x —h)’ +(y —k)’ =5° 
+ y* —2xh —2yk + h? + k? 
Cp =x" + y? —2xh —2yk +h? +k? —25 =0 


or x? 25=0 


and equation of circle C, = x” + y” —16 =0 


a 


.. Equation of common chord is 
C.-C, =0 


=> 2xh —2yk + h? +k? -9=0 
or 2hx + 2ky —(h’ + k? —9)=0 ..(i) 
Slope of this line = —h/k 
But, it is given that its slope =3/ 4 
aUa2 
k 4 
or 3k + 4h=0 ... (ii) 
Let p be the length perpendicular from P (0, 0) on chord (1), 
then 
_ W+k-9 
(4h? + 4k’) 
24 p2_ 
or ik ra) ...(iii) 
2 \(h? + k’) 
Length of this chord AB = 2AM 
=2 (16 — p’) 
This chord has maximum length, then p = 0, then from Eq. (iii), 
h?+k?-9=0 ...(iv) 


354 ~~ Textbook of Coordinate Geometry 


On solving Eqs. (ii) and (iv) we get 
(as eae 
5 5 


9 12 9 12 
Centre of C, is (2. -2) or (-2. 2) 
5 5 5 5 


97. -: 2x’ + y? —3xy =0 


= (2x — y)(x—y) =0 
> y=2xy=x 
are the equations of straight lines passing through origin. 
Now, let the angle between tangents is 20, 
Y 


>~X 
then, tan (45° + 20) =2 
tan 45° + tan20, 
=> — = 
1 — tan 45° tan20 
1+tan2a 2 2tan2a 1 
> =-> = 
1—tan2a 1 2 3 
(By componendo and dividendo rule ) 
2 tana 1 
> ae 


1-tan2a 3 
= tan’o +6 tana —-1=0 


~6 + (36 + 4) 


tana = 5 = + /10 
Tl 
=-3+ +10 (vo<a<*) 
3 
Now, in AOAC, tana = aa =(V10 —3) 


— 3 (10 +3) _ 
. (/10 —3) (10 + 3) a0 Psa) 


98. The given circle is x° + y” =1 (i) 


with centre at O (0,0) and radius 1. It cuts X-axis at the points 
when y = 0 then x =+ lie., at P (-1, 0) and Q(1, 0). 


Ay 


Equation of circle with centre at Q (1, 0) and radius r is 
(x -1)? +(y-0)? =r? ...ii) 
(0<r<2) 

Solving Eqs. (i) and (ii), we get 


_ 2 [pp 
i "and y=t 
but R above the X-axis. 
R= 2—r? rf4—r? 
“| @* @ 
[4 — 7? 
So, SQ=r and MR = Y——— 
Area of AQSR =| QS: MR 
de et 4—r? 
2 2 
2 2 
4—-— 
A(say) =~ Ger 
4 
r! 
A=—(4-r)=A sa 
e ) (say) 


1 dA 1 
— =—(16r? —6r°) and == —(48r? — 30r*) 
dr 16 dr 16 


For maximum and minimum area, ae =0 
r 


2 _ 8 
ps2 
3 
d*A 1 8 4 
=—| 48 x--30x—]<0 
dr® fi 16 3 9 
3 


.. Ais maximum. Hence, A is also maximum. 


.. Maximum value of A= : x : x : c =| 
2 3 2 
3. 2 
“3 aa 
= ve sq units. 
9 


99. The equation of any curve passing through 
ax+by+c,=0 


a,x + boy + cp = 0 
y=0 and x=0is 
(a,x + by + c)(a,x + boy + cz) + Axy =0 ..{i) 


where, A is a parameter. 
This curve will represent a circle. If the 


coefficient of x” = coefficient of y”, 


Le. aa, = bb, ...(ii) 
and if the coefficient of xy = 0 
then a,b, + ab, +X =0 


dX = —(a,b, + ayb,) 
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102. Let A =(-a, 0) and B = (a, 0) be two fixed points. 


Let one line which rotates about B an angle 0 with the X-axis 
at any time ¢ and at that time the second line which rotates 
about A make an angle 20 with X-axis. 


as ew : 8. _ 
A(-a0)  0(0,0) B a, 0) 


Substituting the value of A in Eq. (i) then Now, equation of lines through B and A are respectively 
(a,x + by + ¢)) (aax + boy + C2) —(ayb2 + ayb,) xy = 0 y —0=tanO (x —a) ...(i) 
=> aydyx* 4 bboy” + (ayCy + agc,) x + (Dycg + byc,) y = 0 and y — 0= tan20 (x + a) ...(ii) 
From Eq. (ii), bjbp = a,a, From Eq. (ii), y = 2 i Gea) 
.. Equation of required circle is 1—tan"0 
aa,(x° + y*) + (ace 4 ayc) x + (bycy + byc,) y = 0 ( 2y ) 
100. Let circle be _)_ (*~a) (oa) [from Eq. ()] 
S=x’?+y? + 2gx+2fy+c=0 «du (i) exe y* 
(xa)? 


Since, centre of this circle (—g, — f) lie on 2x —2y +9=0 


. 2g +2f+9=0 (ii) = _ 2y (x — a) (x + a) 
and the circle S = 0 and x” + y* — 4 = 0 cuts orthogonally. (x-a)’—y* 

2gx0+2f x0=c-4 => (x—a)?—y? =2(x’ -a’) 
os c=4 ---(ili) or x’ + y” + 2ax —3a” = 0 which is the required locus. 
Substituting the values of g and c from Egg. (ii) and (iii) in 103. Tea te coordimiese Cte yy) 
Eq. (i), then : Led 

gh y +(2f +9) x+2fy+4=0 and let the coordinates of A and B are (0, 0) and (a, 0) 
or (x? + y?+9x+4)4+2f (x+y) =0 C 1. 1) 
Hence, the circle S = 0 passes through fixed point 
(-. form S’ + AP = 0) 
x’ +y?4+9x+4=O0andx+y=0 
11 

After solving we get (—4, 4) or (-33} 

: : (0, 0) (a, 0) 

101. Chords are bisected on the line y = x. Let (x, x) be the A a B 
mid-point of the chord, then equation of the chord is T = S, wa: G6 
xx, + yx, —a(x+ x) -b(y+ »)4 a’ +b? —¢? given ko ae 
sin 
=x) + x? —2ax, —2bx, +a’ +b? —? 2s (BC)? =k? (AC) 
=> (xy -—a)x +(x b) y + ax, + bx, — 2x7 =0 % (x, — a)? + y2 =k? (x2 + y?) 
This chord passes through (a, b + c) ; = 1 -k)24+0-R) y2 be, a= (ok #1) 
=> (x —a)a +(x, —b)(b+c) + ax, + bx, —2x7 =0 4 5 
ax, a 

= 2x? —(2a + 2b +c) x, +a? +b? + be =0 => aS aaa arm a 
which is quadratic in x. Since, it is given that two chords are H l £Ci 
bisected on the line y = x, then x, must have two real roots, aa ; 

B® — 4AC >0 x+y? a ae 

1- 1- 


= (2a + 2b+c)? —4-2(a’ + b? + be) > 0 
This is a circle whose centre is 


= 4a’ + 4b’ +c? + 8ab+4be + 4ac — 8a* — 8b’ 
a 
— 8b" —8bce > 0 [ts | 
=> 4q” + 4b” —8ab + 4bc — 4ac —c? <0 1-k 
Hence, the condition on a, b, c is . a a ak 
and radius = = 


4a’ + 4b*® — c* —8ab + 4be — 4ca < 0 (1—k’?)? (4—k*) (1—k?) 
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Let P be (x, y,) and line through P (x, y,) makes an angle © 
with X-axis, then 
AM AY 
cos) sind 
Coordinates of any point on the curve is 
(x; + r cos®, y, + r sin®). This point must lie on 
ax’ + 2hxy + by? =1 


. a(x +r cos0)’ + 2h(x, +r cos@)(y, + rsin®) 


+ b(y, + rsin@)? =1 


(a cos?@ + hsin20 + b sin’6) r? 


+ 2 (ax, cos® + hx, sin@ + hy, cos@) r 
+ ax? +2hxy, +by? =0 


It is quadratic equation in r. Let roots of this equation are 7, and 


r then 
ie ax; + 2hxyy, + by? 
a (a cos’@ + h sin20 + b sin’@) 
2 2 
2h b 
PQ: PR =“ i 7 PY1__ fora =b,h=0 
a cos’ 8 + hsin20 + b sin 
2 2 
ax; + 0+ ay; 2 2 
PQ-PR= : =x 4 
Q acos’@ + 0+asin’0 ae 


which is independent of 0. 
Then curve ax’ + 2hxy + by’ =1 becomes ax? + 0+ ay? =1 


> x + yo = — 

is a circle with centre (0, 0) and radius —. 
va 

Let the centre of circle C be (h,k). Then as this circle touches 
axis of x, its radius =|k 


~X 


Also, it touches the given circle x? + (y- 1)? =1, centre (0, 1) 
radius 1, externally 


Therefore, the distance between centres = sum of radii 
=> V(h—0)? + (k—1)? =14]k| 

nh +k? -2k+1=(14|k|)’ 

n+ k?—-2k4+1=142|k| +k? 

h? = 2k +2\k| 


Yul 


. Locus of (h,k) is, x” = 2y +2|y| 

Now if y > 0, it becomes x” = 4y 

and if y < 0, it becomes x = 0 

.. Combining the two, the required locus is 

{(y) :x° = 4y} U{Oy):y <0} 
106.s, =x’ +y?+2ax+cy+a=0 
Sy =x°+y"?-3axt+dy-1=0 

Equation of common chord of circles s, and s, is given by 

S$, —S, =0 

> 5ax+(c—d)y+a+1=0 

Given, that 5x + by —a = 0 passes through P and Q 


.. The two equations should represent the same line 


a c-d atl 
=> -= — 
1 b —a 


2 


=> a+1=-a 
a’ t+at+1=0 

No real value of a. 

107. Equation of circle with centre (0, 3) and radius 2 is 

x? +(y-3)? =4 

Let centre of the variable circle is («,B) 

** It touches X-axis. 

It’s equation is (x —a)’ +(y +B)’ =B" 


Y 


Cy 


Circle touch externally 


=> CyCo =H +N 
yo? + (8-3) =2+8 
a? + (8-3) =B? +4448 
> a” =10(8-1/2) 


1 
Locus is x? = fy = ;| which is a parabola. 


108. Let the centre be («,f) 
-: It cuts the circle x* + y” = p” orthogonally 
“Using 22,8) + 2f, fo =c, + cy, we get 
2(-a) x 0+ 2(-B) x0 =¢,-p’ 
> = p 
Let equation of circle is 


x? + y* 20x -2By + p? =0 


It passes through 
(a,b) > a? +b? —20a—2Bb + p? =0 


.. Locus of (a,B) is 
2ax + 2by —(a? +b? + p”) =0 
109. Without loss of generally it we can assume the square ABCD 
with its vertices A(1,1), B(—1,1), C(-1,-1), D(1,--1) 
P to be the point (0,1) and Q as (2,0). 


PA*® + PB? + PC? + PD? 
QA? + QB? + OC? + QD? 
7 1+14+54+5 
2[(v2 -1)? +1] + 2((V2 +1)? +1) 
12 
=—=075 
16 


110. Let C’ be the circle touching circle C, and L, so that C, and C’ 


are on the same side of L. Let us draw a line T parallel to L at a 
distance equal to the radius of circle C,, on opposite side of L. 


Then, the centre of C’ is equidistant from the centre of C, and 
from line T. 


=> locus of centre of C’ is a parabola. 


111. Since, S is equidistant from A and line BD, it traces a Yous. 
is the 


1d 
Clearly, AC is the axis, A(1,1) is the focus and ($2 


vertex of parabola. 
1 


AT, = —>. 
V2 


Chap 04 Circle 357 


T,T; =latusrectum of parabola 
Y 


xX< 


(1, -1) 


ty 
2 
112. Point of intersection of 3x — 47—7 = 0 and 2x—3y—5 = 0is 
(1,-1) which is the centre of the circle and radius =7 
Equation is (x—1)* +(y +1)? = 49 


Area (AT,T,T3) = ; x 2V2 = ; =1sq units. 


=> x+y? —2x4+2y—47=0 
113. Let M(h,k) be the mid-point of chord AB where 
ZAOB = = 


Also, 


-. Locus of (h,k) is x? + y? = “ 


114, Equation of director circle of the given circle x’ + y? = 169 is 
x? ty? =2x169 =338. 
We know from every point on director circle, the tangents 
drawn to given circle are perpendicular to each other. 
Here, (17, 7) lies on director circle. 


. The tangent from (17, 7) to given circle are mutually 
perpendicular. 
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115. Equation of circle whose centre is (h,k) 
(x—h)’ +(y—k) =k? 
Y, 


A 


vy 
(radius of circle = k because circle is tangent to x-axis) 
Equation of circle passing through (—1,+ 1) 
(-1—h)? +(1—-k)? =k? 
1+h?+2h+1+k? —2k =k? 


=> 
> h? + 2h-2k+2=0 D>0 
(2)? -4x1(-2K +2) 20 
=> 4—4(-2k +2) >0 
> 1+2k-220 => kee 
116. Slope erops = 
V3 
.. Parametric equation of CD is 
33 3 
a eae ee 
v3 d 
2 a 


.. Two possible coordinates of C are 


[2 aio 1 4 = 3/3 1 :) 
+ Jor + 


2 2°22 2 2°22 
ie. (2V3,2) or (V3,1) 


As (0, 0) and C lie on the same side of PQ 
.(/3,1) should be the coordinates of C. 


Remark : Remember (x,,y,) and (x3, y2) lie on the same or 


opposite side of a line ax + by + c = 0 according as 
ax, + by, +c : ; . 
————— > 0or<0..-. Equation of the circle is 


ax,+by,+c 
(x- V3)? + (y-1)? =1 
117. APOR is an equilateral triangle, the incentre C must coincide 


with centroid of APQR and D, E, F must coincide with the mid 
points of sides PQ, QR and RP respectively. 


Also, ZCPD = 30° = PD = V3 
Writing the equation of side PQ in symmetric form we get, 
33 3 
ey a eg 
= = Fy3 
1 v3 
2 2 
3. 3vV3 -3 3 
..Coordinates of P = v3 + v3 + | = (23,0) 
2 2 2 2 
—V¥3 3v3 3) 3 
and coordinates of Q = [8 + _ + 3) = (3,3) 


118. 


119. 


120. 


121. 


Let coordinates of R be (,8), then using the formula for 
centriod of A we get 


VHA ang S+O4B 


> a =0andB =0 

..Coordinates of R = (0,0) 

Now, coordinates of E = mid point of QR = 23) and 
coordinates of F = mid-point of PR = (3,0) 


Equation of side OR is y = /3x and equation of side RP is 
y=0 
The given circle is x” + y” + 6x —10y + 30 = 0 Centre (-3,5), 
radius = 2 
L,: 2x+3y +(p—3) =0; 
Ly: 2x+3y+p+3=0 
Clearly, L,|| L, 
Distance between L, and L, 
pt+3-—pt3 6 
dotege | 33 
=> If one line is a chord of the given circle, other line may 
or may not the diameter of the circle. 


2 


Statement I is true and statement II is false. 


The given circle is x’ + y° + 2x + 4y—3 =0 


P (1, 0) Q (a, B) 


Centre (—1,—2) 
Let Q(a,) be the point diametrically opposite to the point 
P(1,0), 

1+Q_ 


then, 1 and =-2 


> a = -3,B = —4, So, Q is (-3,— 4) 
Tangents PA and PB are drawn from the point P(1,3) to 
circle x” + y? —6x—4y —11 = 0 with centre C(3,2) 


Clearly the circumcircle of APAB will pass through C and as 
ZA = 90°, PC must be a diameter of the circle. 


. Equation of required circle is 
(x-1)(x-3)+(y—-2) =0 
> x? +y*?—4x-10y +19 =0 


122. 


123. 


124. 


125. 


Let r be the radius of required circle. 
Clearly, in AC\CC,,C\C = C,C =r+1and P is mid-point of C,C, 


ee CP LCC, 
Also, PM LCC, 
Now, APMC, ~ ACPC, (by AA similarity) 
MC, _ PQ, 
PQ, CG 
C 
1 
=> >r+1=9 > r=s. 
3° I 
The given circles are 
S, =x? t+y?4+3x4+7y+2p-5=0 (i) 
Sy =x’ ty’ +2x+2y-p’=0 (ii) 


.. Equation of common chord PQ is S, —S, = 0 


=> L=x+5y+p’+2p—5=0 

=> Equation of circle passing through P and Q is S, + AL = 0 
=> (x? ty? 43x47yt+2p—5)+A(x+5y + p?+2p—5) =0 
As it passes through (1, 1), therefore 


> (74+ 2p)+A(2p+ p?+1)=0 
= __ 2p+7 
(p+1)° 


which does not exist for p = —1 

Circle x? + y?—-4x-8y —5 =0 

Centre = (2,4) 

Radius = /44+16+5 =5 

If circle is intersecting line 3x — 4y = m, at two distinct points. 


=> length of perpendicular from centre to the line < radius 


|6-16—m| 
=> ——— <5 
5 
> [10+ m|<25 
=> —25 <m+10<25 
> —-35<m<15 


Let centre of the circle be (A, 2) then radius =| hl 
.. Equation of circle becomes (x — h)? + (y -2)/ =p 
As it passes through (—1, 0) 
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% 
(0, 2) 
X’< >X 
C1, 0° 
Ww 
2 2 —5 
> (-1-h)°+4=h ake 


—5 5 
Centre (=) andr =— 
2 2 


5 
Distance of centre from (—4, 0) is . 


.. It lies on the circle. 
126. The smaller region of circle is the region given by 
x+y"? <6 


and 2x—-3y 21 


y’ 


We observe that only two points (2 *) and (2.- 1) satisfy 


both the inequations Eqs. (i) and (ii), we get 
..2 points in S lie inside the smaller part. 
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127. As centre of one circle is (0, 0) and other circle passes through 


(0, 0), therefore 


Aslo, o(S0) C,(0,0) 
i zl. =C 
i” 
GC,=1-n = 
> il Je => c=la| 
2 2 


If the two circles touch each other, then they must touch each 


other internally. 
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128. Any point P on line 4x —5y = 20 is (« ” —*2) 130. se 
Mm 3 
Equation of chord of contact AB to the circle x’ + y” =9 ; Tp 
5 : 
Xl ; L >X 
C,(0, OAC3(3, 0) P 
a Pte Act 29 : 
5 . 
Yr x=2 
Ax-5y=20 
From the figure it is clear that the intersection point of two 
B direct common tangents lies on X-axis. 
Aslo APT,C, ~ APT,C; 
=> PC,;:PC, =2:1 
: 40-20). or P divides C,C, in the ratio 2:1 externally 
drawn from point P| a, is ; 
«Coordinates of P are (6,0) 
40, — 20 Let the equation of tangent through P be 
x+y. =9 (i) 7 
5 y =mx-6) 
: 24.2 
Also, the equation of chord AB whose mid-point is (h,k) is As it touches x" + y" = 4 
hxt+ky =h +k? ...(ii) 6m_|_, 
+ Eqs. (i) and (ii) represent the same line, therefore vm? +1 
ho ki +k? > 36m” = 4(m? +1) 
a 40-20 9 1 
— > m=+—— 
5 2v2 
=> 5ka = 4hoa —20h : 1 
pe ay .. Equations of common tangents are y = +——~(x —6) 
and 9h =a(h? + k?) 2/2 
20h 9h Also x =2 is the common tangent to the two circles. 
=> a= and a =— 
4h—5k h°+k 131. Let centre of the circle ne (1,4) 
> 20h = oh [circle touches x-axis at (1, 0)] 
4h-5k Wh +k? y 
=> 20(h? +k?) = 9(4h —5k) ij 
.. Locus of (A,k) is 20(x? + y*) -36x + 45y =0 
Sol. (Q. Nos. 129 to 130) 
Equation of tangent PT to the circle x” + y’ = 4 at the point B (2, 3) 
P(V3,1) is xV3+y=4 LZ 
Let the line L, perpendicular to tangent PT be — A (1, 0) ca 
x-yvV3+2X=0 (i) Ty 


As it is tangent to the circle (x —3)’ + y’ =1 
. ( yty Let the circle passes through the point B(2,3) 


.. length of perpendicular from centre of circle to the tangent " CA =CB Gadiug) 
= radius of circle. ag CA? =CB? 
=> cL ee eee ee => (1-1)? +(h—-0)? =(1—2)? +(h-3)? 
=> h? =1+h>+9-6h 
129. From Eq. (i) in = 
Equation of L can be = h= a = A 


x—~3y =1 


‘ ‘ 10 
or x—3y =5 Thus, diameter is 2h = os 


132. Since, circle touches X-axis at (3, 0) 


.. The equation of circle be 


(x-3)° +(y—0)? + Ay =0 


A 
A (3, 0) 
xX< > X 
A 
(1-2) 

Ww 
As it passes through (1, —2) 
“. Put x =1,y =—2 
=> (1-3)? + (—2)? + A(-2) =0 SA =4 


Equation of circle is (x —3)’ + y>-8 =0 


Now, from the options (5, —2) satisfies equation of circle. 


133. There can be two possibilities for the given circle as shown in 


the figure 


X'< >X 
.. The equations of circle can be 

(x-3)? +(y—4)? = 4 
or (x-3)? +(y+ 4)? =4 
Le. x+y" -6x+8y+9=0 
or x y? 6x+8y+9=0 

134. ¥ 
C 
(0, y) 
xX UES >X 
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Equation of circle C =(x — 1)? + (y- 1)? =1 
Radius of T =|y| 

T touches C externally 

therefore, 


Distance between the centres = sum of their radii 


= (0-1)°+(y-1)’ =14y] 

> (0-1)° +(y-1)’ = +[y|)” 

> 1t+y?+1-2y =1+y?+2|y| 
2|y|=1-2y 


1 
If y > 0 then, 2y =1—2y mae 
If y < 0 then, -2y =1—2y > 0 =1 (not possible) 


va 


. Let the equation of circle be 


x+y? +2ext+2fytco=0 
It passes through (0, 1) 

14+2f+c=0 (i) 
This circle is orthogonal to (x—1)° + y? =16 


Le. x +y° —2x—-15=0 


and x?+y*-1=0 
..We should have 


2g(-1)+2f(0) =c-15 
or 2gt+ce-15=0 ...(ii) 
and 2g9(0)+2f(0)=c-1 or c=1 


Solving Eqs. (i), (ii) and (iii), we get 
c=1g=7,f =-1 
. Required circle is 
x+y? +14x—-2y4+1 =0 
With centre (—7,1) and radius =7 


. Intersection point of 2x —3y + 4=0and x—2y +3 = Ois (1, 2) 


A (2, 3) 


(1, 2) 


Bo, B) 
Since, P is the fixed point for given family of lines 
So, PB = PA 
(a -1)? +(®-2)? =(-1)? + @-2) 
(a —1)* + (B—2)* =14+1=2 
(x—1)" + (y -2)* = (V2)? 
(x—a) +(y—b) =?’ 


Therefore, given locus is a circle with centre (1,2) and radius V2. 
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137. x’ +y’—4x-6y-12=0 
Centre C, = (2,3) and Radius, 7, =5 units 
x+y? +6x+t 18y +26 =0 
Centre, C, = (—3,—9) 


and radius, 7, = 8 units 


|C,C.|= \(2 +3)? +3+9)° =13 units \ 
R+m=54+8=13 -\ 
|C,C.|= 7 + % Lc) 
Therefore, there are three common 
tangents. 


138. For the given circle, centre : (4, 4), radius =6 


X‘< 36 p >X 


6+k=(h—4)? +(k-4)" 
(h—4)* =20k + 20 
.. locus of (h, k) is (x— 4)? = 20(y + 1), which is parabola. 
139. Centre of S:O(—3,2) and centre of given circle is A(2,—3) 


=> 
Also, AB=5 (AB = radius of the given circle) 
Now, in AOAB, 
(OB)? =(AB)? +(OA)* =25+50 =75 
OB = 53 


140. Circle: x? + y? =1 
Equation of tangent at P(cos®,sin®) 
xcos0 + ysin® =1 
Equation of normal at P 
y =xtanO 
Equation of tangent at S is x =1 


1—cos0 8 
al = Lt 
of sin® of os 2 


...(ii) 


ay 


prs 0, sin 0) 


Q (1, tan 6/2) 


xX 


YW 


.. Equation of line through Q and parallel to RS is y = tane 
. : ) 
.. Intersection point E of normal and y = a, 


i) 
tan 5 = xtan0 


inient” 
=> x= 
Zz 
ty? 2 
Locus of E:x = ory’ =1-2x 


1 1 1-1 
It is satisfied by the points | —,—= | and] —,—= J. 
oo E #) (; 5) 


141. (2) Equation of circle can be written as 


(x +1)? +(y +2)? =pt5 ...(i) 


ak? 0) 


Case I. For p = 0, circle passes through origin and cuts x-axis 
and y-axis at (— 2, 0) and (0, — 4) respectively. 
Case II. If circle touch X-axis, then Yy 
xX are 
(ay =-p>p=-1 (0, -2+V3) 


From Eq. (i), we get 
(x +1)? +(y +2)? =2? 


Cut off Y-axis at (put x = 0) 0, -2-N3) 
(y +2)° =3 y 
=> y=-2t 3 
or (0, -2 +3) 3 
Case III. If circle touch Y-axis, then ia 
Q)'=-p ms a 
=> p=-4 


From Eq. (i), we get 
(x +1)? +(y +2) =1 
Cut off X-axis at (put y = 0) 
(x +1)? =—3 (impossible) 


CHAPTER 


Parabola 


Learning Part 
Session 1 


e 


Introduction 

Section of a Right Circular Cone by Different Planes 
Equation of Conic Section 

How to Find the Centre of Conics 

Standard Equation of Parabola 

Other forms of Parabola with Latusrectum 4a 
General Equation of a Parabola 


The Generalised form (y —k)? =4a (x —h) 


Session 2 


e 


Position of a Point (x,, y,) with respect to a Parabola 
y? =4ax 
ntersection of a Line and a Parabola 


Point of Intersection of Tangents at any Two Points 
on the Parabola 


Point of Intersection of Normals at any Two Points 
on the Parabola 


Co-normal Points 


Session 3 


Pair of Tangents SS, =T? 
Equation of the Chord Bisected at a Given Point 


Lengths of Tangent, Subtangent, Normal and Subnormal 


Reflection Property of a Parabola 


Practice Part 


JEE Type Examples 


Arihant on Your Mobile ! 


e 


e 


e 


e 


e 


e 


e 


Conic Section 

Conic Section : Definition 
Recognisation of Conics 
Parabola : Definition 

Some Terms Related to Parabola 
Smart Table 


Equation of Parabola if Equation of axis, Tangent 
at Vertex and Latusrectum are given 


Parabolic Curve 


Parametric Relation between the Coordinates of 
the Ends of a Focal Chord of a Parabola 


Equation of Tangent in Different Forms 
Equation of Normals in Different Forms 


Relation Between't,’ and'‘t,’ if Normal at ‘t,’ 
meets the Parabola Again at ‘t,’ 


Circle Through Co-normal Points 


Chord of Contact 


Diameter 
Some Standard Properties of the Parabola 


Study of Parabola of the Form 
(ax + By)’ + 29x + 2fy +c =0 


© Chapter Exercises 


Exercises with the |@| symbol can be practised on your mobile. See inside cover page to activate for free. 


Session 1 


Introduction, Conic Section, Section of a Right Circular 

Cone by Different Planes, Conic Section : Definition, Equation 
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Introduction Section of a Right Circular 
The famous Greek mathematician Euclid, the father of Cone by Different P| anes 


creative Geometry, near about 300BC considering various 

plane sections of a right circular cone found many curves, 1. Section of a right circular cone by a plane which is 

which are called conics or conic sections. passing through its vertex is a pair of straight lines, 
lines always passes through the vertex of the cone. 


Conic Section Plane 


Let l, be a fixed vertical line and /, be another line 
intersecting it at a fixed point V and inclined to it at an 
angle a. 


P 
Q 
2. Section of a right circular cone by a plane which 
parallel to its base is a circle. 


Vv 
Plane 
Circle 


3. Section of a right circular cone by a plane which is 


Suppose we rotate the line /, around the line /, in such a ; 
parallel to a generator of the cone is a parabola. 


way the angle remains constant then, the surface 
generated is a double-napped right circular hollow cone. Plane 


The point V is called the vertex, the line 1, is the axis of 
the cone. The rotating line 1, is called a generator of the 
cone. The vertex separates the cone into two parts called 
nappes. The constant angle o is called the semi-vertical 


angle of the cone. Parabola 


4. Section of a right circular cone by a plane which is 
not parallel to any generator and not parallel or 
perpendicular to the axis of the cone is an ellipse. 


5. Section of a right circular cone by a plane which is 
parallel to the axis of the cone is a hyperbola. 


3D View 


LL. BAB 


Circle Ellipse 
Parabola Hyperbola 


Conic Section : Definition 


The locus of a point which moves in a plane such that the 
ratio of its distance from a fixed point to its perpendicular 
distance from a fixed straight line is always constant, is 
known as a conic section or a conic. 


M P 


Directrix 
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The fixed point is called the focus of the conic and this 
fixed line is called the directrix of the conic. Also, this 
constant ratio is called the eccentricity of the conic and is 
denoted by e. 


In the figure, ae constant =e 
PM 


> SP =e PM 


Equation of Conic Section 


If the focus is (1,8) and the directrix is ax + by +c =0, then 
the equation of the conic section whose 
eccentricity =e is SP =e PM 


M Pix y) 
jo) 

= S (at, B) 

a 


lax +by +c| 


= (x-a)? +(y-p)’ = 

(a” +b’) 

= (x-a)* +(y-By* =e? 
(a° +b*) 


Important Terms 


Axis The straight line passing through the focus and 
perpendicular to the directrix is called the axis of the conic 
section. 


Vertex The points of intersection of the conic section 
and the axis is (are) called vertex (vertices) of the conic 
section. 


Focal Chord Any chord passing through the focus is 
called focal chord of the conic section. 


Double Ordinate A straight line drawn perpendicular to 
the axis and terminated at both end of the curve is a 
double ordinate of the conic section. 

Latusrectum The double ordinate passing through the 
focus is called the latusrectum of the conic section. 


Centre The point which bisects every chord of the conic 
passing through it, is called the centre of the conic section. 


Remark 


Parabola has no centre but circle, ellipse and hyperbola have 
centre. 
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Example 1 Find the locus of a point, which moves The nature of the conic section depends upon the position 
such that its distance from the point (0, -1) is twice its of the focus S with respect to the directrix and also upon 
distance from the line 3x +4y +1=0. the value of the eccentricity e. Two different cases arise. 
Sol. Let P(x, y,) be the point, whose locus is required. Case1 (When the focus lies on the directrix) 
Its distance from (0, — 1) = 2x its distance from the line In this case Eq. (i) represents the Degenerate conic 
3x + 4y+1=0. whose nature is given in the following table : 
3x,+4y,+1 
=> Vix, — 0) +(y, +1)? =2x Bai ; M1 ; | Condition Nature of Conic 
a e>1;A=0,h’ >ab The lines will be real and 
= 5 Ix? +(y, + 1) =2| 3x, + 4y, +1| distinct intersecting at S. 
Squaring and simplifying, we have e=1;A=0,h? =ab The lines will coincident 
25 (x? +y, + 2y, +1) e<1;A=0,h’ <ab The lines will be imaginary. 
- 2 2 
=4 (9x, + Loy; +24xy, + 6x, +8Y,41) Case II (When the focus does not lie on the 
or 11x? +39y) + 96x,y, + 24x, — 18y, -21=0 directrix) 
Hence, the locus of (x, y,) is In this case Eq. (i) represents the Non-degenerate conic 
11x” + 39y" + 96xy + 24x — 18y —21=0 whose nature is given in the following table : 
Condition Nature of Conic 
Example 2 What conic does the equation ae eer 
25 (x + y~ —2x+1)= (4x — 3y +1)*represent ? ; ; 
0<e<1;A#0,h° <ab an ellipse 
Sol. Given equation is e>1;A40, h? >ab a hyperbola 


25 (x? + y? —2x +1)=(4x -3y +1)’ ...i) 
e>1;A40,h?>ab;at+b=0 rectangular hyperbola 


Write the right hand side of this equation, so that it appears 
in perpendicular distance form, then 


; Remark 
aa 4x —3y+1 1. If conic represents an empty set, then A #0, h? <ab. 
(4x —3y + 1)" = (4? +3) 2. If conic represents a single point, the A =0, h* <ab. 
then, Eq. (i) can be re-written as Example 3 What conic does 
; ; [ax-sy +1] 13x? —18xy + 37y* +2x + 14y —2=0 represent? 
25 [(x — 1)" +(y—0)"]=25 2 o2 Sol. Compare the given equation with 
| y(4? +3) | P cake. 
ax” + 2hxy + by? +2gx +2fy+c=0 
or (x -1)* +(y -0)° = ay a=13,h=-9,b=37,g=1, f =7,c=-2, 
ee 
(4° +3") then, A = abc + 2fgh — af’ — bg” — ch? 
Here, e=1 = (13) (37) (-2)+ 2(7) (1) (-9) 
Thus, the given equation represents a parabola. It may =13(7) =37(1) + 2-07 


noted that (1,0) is the focus and 4x — 3y + 1 =0is the 
directrix of the parabola. 


= — 962 — 126 — 637 — 37 + 162 = — 1600 #0 
and also h* =(-9)* = 81 and ab = 13 X 37 = 481 
Here, h’ <ab 
So, we have h” < aband A £0. 


Recognisation of Conics 


The equation of conics represented by the general Hence, the given equation represents an ellipse. 


equation of second degree 
i Example 4 What conic is represented by the 


ax” +2hxy + by” +2gx +2fy+c=0 ..-(i) equation Jax + Iby -1? 
can be recognised easily by the condition given in the . face 
Sol. Given conic is Vax + ./by =1 
tabular form. For this, first we have to find discriminant of vby 
the equation. We know that the discriminant of above On squaring both sides, we get 
equation is represented by A, where ax + by +2 yabxy =1 


A=abe + 2fgh—af? —bg*® —ch’ > ax + by -1=-2.Jabxy 


Again, on squaring both sides, then 
(ax + by — 1)" = 4abxy 


=> a’x? + by” +14 2abxy — 2by — 2ax = 4abxy 
=> a’x? + b’y? — 2abxy — 2ax —2by +1=0 
=> a’x? — 2abxy + by” —2ax —2by+1=0 _ ...(i) 


Comparing the Eq. (i) with the equation 
Ax? + 2Hxy + By? + 2Gx + 2Fy + C =0 
A=a’,H =-ab,B=b’,G=-a,F=-b,C=1 
then, A = ABC + 2FGH — AF* - BG* - CH? 
= a’b® —20°b? — a*b® — a*b® - a*b? 
=-—4q"b* #0 and H? =a’b* = AB 
So, we have A # 0 and H? = AB. 


Hence, the given equation represents a parabola. 


Example 5 If the equation x* — y* —-2x+2y+A=0 
represents a degenerate conic, find the value of A. 
Sol. For degenerate conic A =0 
Comparing the given equation of conic with 
ax” + 2hxy + by? +2gx +2fy +c =0 
a=1,b=-1,h=0.g=-Lf=1c=A 
A =abe + 2fgh — af? — bg* — ch® =0 
=> (1)(-1)(A)+0-1x(1)? +1x(-1)? —A(0)’ =0 
=> -A-14+1=0 >A=0 


Example 6 If the equation x* + y* -2x -2y +c =0 
represents an empty set, then find the value of c. 
Sol. For empty set A #0 and h’ < ab. 
Now, comparing the given equation of conic with 
ax” + 2hxy + by® + 29x +2fy+c’=0 
then a=1h=0,b=1,g =-1, f =-1,c’=c 
ne h? <ab 


a 0 <1 which is true 
and A-=abce’ +2fgh—af’ — bg? —c’h® #0 


=> ~ (1)(1)(c) +0-1x(-1)” —1x(-1)? -0 #0 
=> c-2#0 

CA#2 
Hence, c € R~(2) 


Example 7 If the equation of conic 
2x? + xy + 3y? -3x+5y+A=0 
represent a single point, then find the value of A. 
Sol. For single point, 
h? <ab and A=0 
Comparing the given equation with 


ax” + 2hxy + by? +2gx +2fy+c=0 
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isthe 8 oS PS eS 
2 2 
ae 
4 
h? <ab 


A = abc + 2fgh — af” — bg” — ch® 


=(2)(3)(A) #22 x 2x7 


and 


2 
sae? 3x2 4 
4 4 4 
15 25 27 2X 
= 6X 
4 2 4 4 
228M 54g 
4 
N=4 


Example 8 For what value of A the equation of conic 
2xy +4x —6y +A =0 represents two intersecting 
straight lines, if A =17, then this equation represents? 
Sol. Comparing the given equation of conic with 
ax” + 2hxy + by? +2gx +2fy+c=0 
a=0,b=0,h=1,2=2,f=-3,c=A 
For two intersecting lines, 
h? > ab,A =0 
ab=0,h=1 
h? > ab 
A = abc + 2fgh — af® — bg? — ch? 
=0+2x-3x2x1-0-0-A(1)’ 
=-12-A=0 
A=-12 
For A = 17, then the given equation of conic 


2xy + 4x —6y + 17 = Oaccording to the first system but 
here c = 17. 


a=0,b=0,h=1,¢ =2, f =-3,c =17, 

A =abe +2f gh —af* —bg* - ch’ 
=0+2x-3x2x1-0-0-17x(1) 
=-—12-17=-29 #0 

A#0 and h?>ab 


and 


So, we have A # Oandh? > ab. 


Hence, the given equation represents a hyperbola. 


How to Find the Centre of Conics 


If S =ax* +2hxy +by? +2gx +2fy+c=0. 
Partially differentiating w.r.t.x and y, we get 


a =2ax +2hy+2g; a =2hx +2by +2f 
Ox oy 


(Treating y as constant) (Treating x as constant) 
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For centre, os =0 and os =0 
Ox dy 
2ax+2hy+2g=0 and 2hx +2by+2f =0 
> axthy+g=0 and hx + by + f =0 
Solving these equations we get the centre 
hf —be gh-a 
(xyy=| Se 
ab—-h° ab-h 
Remembering Method 
ah eg 
Since, A=|h b f 
Ig f ¢ 


Write first two rows, 
POPS 
ab—h’, hf —bg, gh—af 
hf = bg oat = oe Cu 
ab—h” ab-h’ 
OR 


According to first two rows, 


Le. 


or points 


axthy+g=0 and hx+by+f=0. 


After solving we get find the centre of conic. 


Example 9 Find the centre of the conic 
14x? —4xy + 1ly* —44x — 58y+71=0 
Sol. Let f(x, y) = 14x? — 4xy + lly? — 44x —58y + 71=0 
Differentiating partially w.r.t. x and y, then 


OT 98g dipeias and OF 2 aga xs 
ox oy 
For centre, OF and ier 
x oy 

28x — 4y — 44 =0 
or 7x -—y-11=0 
and —4x + 22y —58=0 
or —2x + 1ly =29 


On solving Eqs. (i) and (ii) we get, 
x =2andy=3 
*. Centre is (2, 3). 
Aliter : Comparing the given conic with 
ax” + 2hxy + by’ + 2gx +2fy+c=0 
a=14,h=-2,b=11, g =—22, f =-29,c =71 


(Repeat Ist member) 


... (ii) 


SZ, then as 


Centre (2 = is sh | 


ab—h*’ ab—h? 

-(' 2)(=29) = (11)(=22) (=22) (2) = (14) ( 2) 
(14)(11) — (—2)° (14) (11) — (-2)° 

or = (2, 3) 


Parabola : Definition 


A parabola is the locus of a point which moves in a plane 


such that its distance from a fixed point (i.e. focus) is 
always equal to its distance from a fixed straight line 
(i.e., directrix). 


Standard Equation of Parabola 


Let S be the focus and ZM be the directrix of the parabola. 
Draw SZ perpendicular to ZM, let A be the mid point of 
AS = AZ 


Y 


OS 


N{x+a 


So, A lies on the parabola. Take A as the origin and a line 
AY through A perpendicular to AX as Y-axis. 


Let AS = AZ=a>0 
then, coordinate of S is (a,0) and the equation of ZM is 
x =-aorx+a=0 


Now, take P (x, y) be any point on the parabola. Join SP 
and from P draw PM perpendicular to the directrix ZM. 


Then, SP = (x -—a)’ +(y—-0)? = V(x -a)y+y’ 
PM=ZN =AZ+AN=a+x 

Now, for the parabola SP =PM 

(SP)? =(PM)’ => (x -a)’ +y? =(at+x)’ 


y® =(a+x) —(x —a)* =4ax 


and 


=> 
=> 
y? = 4ax, 


which is required equation of the parabola. 


Remark 


A parabola has two real foci situated on its axis one of which 
is the focus S and the other lies at infinity. the corresponding 
directrix is also at infinity. 
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Some Terms Related to Pa ra bola 5. Focal chord A chord of a parabola which is passing 


through the focus is called a focal chord of the 


1. Axis The axis of the parabola is the straight line parabola. In the given figure, PP’ and LL’ are the focal 
which is passes through focus and perpendicular to chords. 


the directrix of the parabola. 
AY 


Remarks 
M L P_Q(h, 2Nah) 1. In objective questions use LL’ as focal chord and in 
ro) — ae subjective questions use PP’ as focal chord. 
- Rete ave 2. Length of smallest focal chord of the parabola4a Hence, the 
Fa (0, 0) ordinate latusrectum of a parabola is the smallest focal chord. 
>X 
Z| A 6. Focal distance The focal distance of any point P on 
axis the parabola is its distance from the focus S i.e. SP 
| Also, SP = PM = Distance of P from the directrix. 
Q’ (h, — 2Vah) 
Directrix If P=(x,y) 
For the parabola y” = 4ax, X-axis is the axis. then, SP=PM=x+ta 
Here, all powers of y are even in y = 4ax then, 7. Parametric equations From irae of the 
2_ F —4* _ 
parabola y” = 4ax is symmetrical about its axis (i.e. parabola y" = 4ax, we can write = ap =t 
X-axis). . 
or where ‘?’ is a parameter. 
: ‘ 2 
If the point (x, y) lie on the parabola y” = 4ax, then Then, y=2at and x=at 


the point (x, —y) also lies on it. Hence, the parabola is 


The equations x = at’ and y =2at are called 
symmetrical about X-axis (i.e. axis of parabola). 


parametric equations. The point (at”, 2at) is also 


iS) 


. Vertex The point of intersection of the parabola and 
its axis is called the vertex of the parabola. For the 
parabola y” = 4ax. Remarks 


A(0,0) ie. the origin is the vertex 1. Coordinates of any point on the parabola y* =4ax, may be 
taken as (at?, 2at). 


referred to as the point ‘?’. 


3. Double ordinate If Q be the point on the parabola, 
draw ON perpendicular to the axis of parabola and 
produced to meet the curve again at Q’, then QQ’ is 
called a double ordinate. 


If abscissa of Q is h, then ordinate of Q, 

y? =4ah ory=2 Vah (for first quadrant) 
and ordinate of Q’ is y = —2 Jah (for fourth quadrant) 
Hence, coordinates of Q and Q’ are (h, 2 Jah) and 


2. Equation of chord joining ?, and¢, is 2x —(t, +t) y + 2at,t, =0. 
3. If the chord joining t,t, andt,, t, pass through a point (c,0) 
on the axis, thent,, =t¢, =- ©. 
a 


Other forms of Parabola with 

Latusrectum 4a 

(1) Parabola opening to left (i.e. y” = — 4ax):(a > 0) 
(i) Vertex is A (0,0). 


(h, —2 Vah), respectively. (ii) Focus is S (—a, 0). 
4, Latusrectum The double ordinate LL’ passes through (iii) Equation of the directrix MZ is x — a=0. 
the focus is called the latusrectum of the parabola. (iv) Equation of the axis is y =O i.e. X-axis. 
Since focus S (a,0) the equation of the latusrectum of RO Eqvenon on Mie taneenta ie Sore Yaa 
the parabola is x =a, then solving L + ° 
P M ll 
2 a<taeeccee w 
x=a and y° =4ax oN ] 
1 = 
=+ ‘ Vv 
then, we get y=t2a X’« StanIA ZX 
Hence, the coordinates of the extremities of the 
latusrectum are L (a, 2a) and L’ (a, —2a), respectively. 7 
Since, LS =L’'S =2a y’ 


“. Length of latusrectum LL’ =2 (LS) =2 (L’S) = 4a. (vi) Length of latusrectum = LL’ = 4a. 
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(vii) Ends of latusrectum are L (—a, 2a) and L’ (—a, —2a). 
(viii) Equation of latusrectum is x =—ai.e. x +a =0. 
(ix) Parametric coordinates is (—at’, 2at). 


(ix) Parametric coordinates is (2at, at’ ). 


(3) Parabola opening downwards (i.e. 
x” =—4ay):(a>0) 
(i) Vertex is A(0,0). (ii) Focus is S (0, —a). 
(iii) Equation of the directrix MZ is y — a =0. 
(iv) Equation of the axis is x =0 i.e. Y-axis. 
(v) Equation of the tangent at the vertex is y =0 ie. 


(2) Parabola opening upwards (i.e. x” = 4ay) :(a>0) 
(i) Vertex is A (0,0). 
(ii) Focus is S (0, a). 

(iii) Equation of the directrix MZ is y + a =0. 


X-axis. 
¥ 
A» 
y, 
(iv) Equations of the axis is x =0 i.e. Y-axis. 
(v) Equation of the tangent at the vertex is y =O i.e. X-axis. (vi) Length of latusrectum = LL’ = 4a 
(vi) Ends of latusrectum are L (2a, a) and L’ (—2a, a). (vii) Ends of latusrectum are L (2a, —a) and L’ (—2a, — a) 
(vii) Length of latusrectum =LL’ = 4a. (viii) Equation of latusrectum is y =—aie.y +a=0. 
; : 2 
(viii) Equation of latusrectum is y =a i.e. y —a =0. (ix) Parametric coordinates are (2at, — at"). 


Smart Table : The Study of Standard Parabolas 


Equation and Graph of 


2 2 2 2 
=4ax,a>0 =—4ax,a>0 =4ay,a>0 x" =-4ay,a>0 
the parabola y e y mais y 


S 


p\------be----f9r 


Vertex (0, 0) 

Focus (a, 0) 

Equation of the axis y=0 

Equation of tangent at x=0 

vertex 

Equation of directrix x+a=0 

Length of latusrectum 4a 

Ends points of (a, + 2a) 

latusrectum 

Equation of x-a=0 

latusrectum 

Focal distance of a xta a-x yta a-y 
point P(x, y) 

Parametric coordinates (at’, 2at) ‘eC at’, 2at) (2at, at”) (2at, — at?) 


Eccentricity (e) 1 1 1 1 


General Equation of a Parabola 


Let S(a,b) be the focus, and Ix + my + n=0 is the equation 
of the directrix. Let P(x,y) be any point on the parabola. 
Then by definition SP = PM 


>X 


= Jean Gy by? _|xe+my +n| 
(P +m’) 

= (x-a)? ay by? _ (ix +my +n) 
(I? +m?) 


=> mx? +l’y* —2lmxy +x term+ y term + constant =0 
This is of the form (mx — ly)’ +2gx +2fy +c =0. 


This equation is the general equation of parabola. 


Remark 


Second degree terms in the general equation of a parabola 
forms a perfect square. 


Example 10 Find the equation of the parabola whose 
focus is at (—1,-2) and the directrix is the straight line 
x-2y+3=0. 

Sol. Let P(x,y) be any point on the parabola whose focus is 


S(-1,-2) and the directrix x —2y+3=0. Draw PM 
perpendicular from P(x,y) on the directrix x —2y+3=0. 


X’« >X 


P 
mY) 3 
(-1,-2) 
¥ 
Ma 
Then, by definition 
SP = PM 
=> (SP) * =(PM)’ 


= (x41)? +(y +2)? = [jess | 
Cy ar 
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> 5(x*? + y? +2x + 4y +5) 
=(x? + 4y? — 4xy + 6x - 12y +9) 
4x? +y? + 4xy + 4x +32y +16=0 
Example 11 Find the equation of the parabola whose 


focus is (4,-3) and vertex is (4,—1). 
Sol. Let A(4,—1) be the vertex and S (4, — 3) be the focus. 


=r 
Slope of AS = = 00 
4-4 
which is parallel to Y-axis. 
.. Directrix parallel to X-axis. 
A M Z y-1=0 
X’< aw >X 
A(4,-1) 
P (x, y) 
S(4,-3) 
Y, 
y 


Let Z(x,,y,) be any point on the directrix, then A is the 
mid-point of SZ. 


x,+4 
4 => x,=4 
2 
-3 
and y= 4 => y=1 
2 
Z = (4,1) 


Also, directrix is parallel to X-axis and passes through 
Z (4,1), so equation of directrix is 
y=1 or y-1=0 
Now, let P(x,y) be any point on the parabola. Join SP and 
draw PM perpendicular to the directrix. Then, by definition 
SP = PM 


=> (SP)? =(PM)° 


= 9 ey ea? =[atl 


=> (x4) +(y +3) =(y-1)" 


x? — 8x +8y +24=0 
Aliter : 
Here a= AS =2 
*, Length of latusrectum = 4a = 8 


Equation of parabola with vertex (0, 0) and open downward 


is x? = — By. 


Shifting (4, — 1) on (0, 0), we get required parabola 
(x - 4)’ =-&y +1) 
x? —8x +8y +24 =0 
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Example 12 The focal distance of a point on a Since, R divide QQ" in 1:2 (internally) 
parabola y? = &x is 8. Find it. and T divide QQ’ in 2:1 (internally). 


: 2 : 2 For locus, let R(h,k), then 
Sol. Comparing y =8x with y° =4ax 


=h and “=k = 3k 
i NG Pte. va i; an ; or y, 
x 
3 a On substituting the values of x, and y,in Eq. (ii), then 
a distance = 8 (3k)? =4a(h) or 9k? =4ah 
X 
i Zz A 7 “. The required locus is 9y* = 4ax similarly, let T(h',k’) 
= then, x,=h' and — wok 
x 3 
Rook i or y, = — 3k 
: . me a ~ On substituting the values of x, and y, in Eq. (ii), then 
*. Equation of directrix is x +2 =0. 7 
(— 3k')° = 4a(h') 
Let P(x, y,) on the parabola 
y =8x or 9k”? = 4ah' 
yy = Ox) ...(i) “. The required locus is oy" = 4ax. 
SP =8 Hence, the locus of point of trisection is 
=> PM =8 [SP = PM] Oy" = 4ax. 
= x, +2=8 Aliter : Let Rand T be the points of trisection of double 
or x, =6 ordinates QQ". Let (h,k) be the coordinates of R, 
From Eq. (i), y; =8X6 then, AL=h and RL=k 
y= bas RT = RL+ LT =k +k =2k. 
. The required points are (6, 4 43) and (6, — 41/3), Buse HS Pak 
a LO=IR+ RO =k + 2k =3k 
Example 13 QQ’ is a double ordinate of a parabola Thus, the coordinates of Q are (h, 3k). 


Since, (h, 3k) lies on y” = 4ax 


y? =4ax . Find the locus of its point of trisection . 
= 9k* = 4ah 


Sol. Let the double ordinate QQ' meet the axis of the parabola 
Hence, the locus of (h, k) is 9y” = 4ax. 


y* = 4ax ...(i) 
Pence tat a y1) nage ncaa of QO" be Example 14 Prove that the area of the triangle 
a Q meson BAC) tes 7 inscribed in the parabola y* =4ax is 
yy = 4ax, (ii) 1 
Let Rand T be the points of trisection of QQ'. Then, the 8a (Yi ~Y2) (Yo ~¥3)(¥3 ~ M1); where Yryraysz are 
dinates of R and T ; : 
aes mn me - ( = the ordinates of the vertices. 
“x ag et : 
; = LY a 5 2) or [«.22) Sol. Let the vertices of the triangle be (x, y,),(x, y,) and 
(x3, 3). 
and an yt ee a uae or [«,-%) (x, y,) is a point on the parabola y? = 4ax. 
2+1 2+1 3 7 
respectively. es! 
2 
x, = Yi 
4a 
y2 
Looated Similarly, Xo'= e 
parabola : 
A ‘ai and X= Ya 
4a 
Now , vertices of triangle are 
2 2 2 
Vi v2 ¥3 
—y, |,] —.. jand| —=,y, } 
[atx]. (zr. Jana{ 2 


ye 
1 
— 1 
ie Vi 
1 y 
. Required area of the triangle = —||— y, 1]| 
2|4a 
V3 
= 1 
is ¥3 
2 
Vip - Vi 
ee 1 
=—l]¥2 Yo Wl=— (1 ~Y2) (V2 ~¥3) (V3 ~ Ys) 
8a} 2 8a 
y3 3 1 


Example 15 Find the length of the side of an 
equilateral triangle inscribed in the parabola y* = 4ax, 
so that one angular point is at the vertex. 


Sol. Let ABC be the inscribed equilateral triangle, with one 
angular point at the vertex A of the parabola 


y* = 4ax (i) 
Let the length of the side of equilateral triangle = / 
AB= BC =CA=I 


2 
f 
jo} 

(@) 


vY 
*. The coordinates of B is (I cos 30°, J sin 30°) 


WW3 1 
a2) , 
Since, B lies on Eq. (i), then ({) = ao "| or 1=8aV3 
Example 16 Prove that the equation of the parabola 


whose focus is (0,0) and tangent at the vertex is 
x—-yt+1=Ois x? + y? + 2xy -4x+4y-4=0. 


i.e., 


Sol. Let focus is 5 (0,0) and A is the vertex of the parabola take 
any point Z such that AS = AZ given tangent at vertex is 
x —y+1=0, since directrix is parallel to the tangent at 
the vertex. 


>~X 
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*, Equation of directrix is x — y+ A =0 
where, A is constant. 
** A is the mid-point of SZ. 


SZ =2SA 
JO-O+A| |0-0+1| 
- 
(1? +(-1)’) (1? +(-1)’) 
as IAL 2 
2 42 
A=4t2 
=> X=2 


‘i is positive since directrix in this 
case always lies in II quadrant] 
.. Equation of directrix is x - y+ 2=0. 
Now, take P (x, y) be any point on the parabola, draw 
PM  ZM, then from definition, 


SP = PM 
= (SP) =(PM)’ 
2 

|x-y +2 

=> (+0) +(y-07 =(2=2*4 
v2 

=> 2(x? + y?)=(x -—y +2) 
=> 2x? +2y? =x? +y? -2xy+4x-4y+4 


i. x? +y? +2xy-4x+4y-4=0 


Equation of Parabola if 
Equation of axis, Tangent at 
Vertex and Latusrectum are 
given 


Let equation of axis is ax + by +c =0 and equation of 
tangent at vertex is bx -ay +d =0. 


Equation of parabola is 


(PM)? =(Latusrectum) (PN) 


2 


ax +by +c 
— | rey re =(Latusrectum) 


(a” +b’) 


bx —ay+d 
(b* +a’) 
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Example 17 Find the equation of the parabola whose This is called generalised form of the parabola Eq. (i) 
latusrectum is 4 units, axis is the line 3x+4y—4=Oand and axis A’ X’’|| AX with its vertex at A’ (h, k). Its focus 


the tangent at the vertex is the line 4x -3y +7=0. is at (a +h, k) and length of latusrectum = 4a, the 
Sol. Let P(x, y) be any point on the parabola and let PM and PN equation of the directrix is 
are perpendiculars from P on the axis and tangent at the x=h-a > x+a—h=0 


vertex respectively, then 5 
Another form is (x —h)” = 4a(y —k) axis parallel to 


AY y” 


y=k-ai —" ~ Directrix 


X’< >X 


<< 


Y-axis with its vertex (h,k) its focus is at (h,a+k) and 
length of latusrectum = 4a, the equation of the directrix 


2 
3x +4y—4] _ | 4x—3y+7 - 
a2 4 42 [42 + (3) y=k-a => yt+a-k=0. 


(PM)* = (latusrectum) (PN) 


(3x + 4y — 4)’ =20(4x -3y +7) Remark 
which is required parabola. The parametric equation of (y— k)* = 4a(x —h)are x =h + at® 
and y=k + 2at. 


The Generalised form Parabolic C 

(y—k}* = 4alx —A) arabolic Curve 

The equations y= Ax” + Bx +C and x = Ay” +By+C 
are always represents parabolas generally called 
parabolic curve. 


can be written as (y —0)* = 4a(x —0). Now y = Ax? +Bx+C 


The parabola 
y’ =4ax (i) 


The vertex of this parabola is A(0,0) Bc 
=Alx?t+oxt— 
Y A A 
A 
x=h-a 2 2 
ct 
2A 4A2 A 
a ie 
Z| Alar S 2 pn 
ae Pres _ (BY -4AC) 
2A 4A? 
Directrix 
ie >X B) 1 B’ —4AC 
A or | x+ =—)y+ 
2A A 4A 
Y 
y 


Comparing it with (x —h)? = 4a(y—k) it represent a 
Now, when origin is shifted at A'(h, k) without changing the B B2—-4AC 
direction of axes, its equation becomes parabola with vertex at (h,k) = ; 


: 2A 4A 
(y —k)° =4a(x —-h) (ii) 


. , 1 
and axis parallel to Y-axis and latusrectum = — 


|Al 
and the curve opening upwards and downwards depending 
upon the sign of A and B. 
AY 
V (h, k) 
k 
A 
0 M ee 


The optimum distance of its vertex V from OX is 
_ B’-4AC 

4A 
and x =Ay’ + By+C 


B C 
=Aly? +2 y+— 
Parra 


2 2 
ar. wee B ,& 
2A 4A° A 


B\ _1/(_ , B?-4AC 
=> |yr = xt+ 

2A A 4A 
Comparing it with (y —k)* = 4a(x —h), it represent a 
parabola with vertex at 


io BY -4AC | 


4A 2A 


and axis parallel to X-axis and latusrectum = a 

and the curve opening left and right depending upon the 
sign of A and B. 

AY 


2 


V (h, k) 
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The optimum distance of its vertex Vfrom OY is 
_ B’ -4AC 
4A 


Remarks 


1. The optimum distance of vertex from OX or OY can be easily 
obtained using calculus Method. 


2. Equation of the parabola with axis parallel to the X-axis is of 
the form x = Ay? + By +C. 


3. Equation of the parabola with axis parallel to the Y-axis is of 
the form y=Ax?+ Bxt+C 


Method to Make Perfect Square 


If x=ay’ +Byt+y 
first make the coefficient of y” is unity 
Le., say" Py 

a 106 


Now, in braces write y and put the sign after y which 
between y’ and y ie. + and after this sign write the half 


the coefficient of y ie. Be 
20 


2 
Now, write in braces} y +B 
20 


By _ eB 
and always subtract | —J| = 
Ol 


2 


- [v2 BY (B —4yau) 
~ 20 40.7 


Example 18 Find the vertex, focus, latusrectum, axis 
and the directrix of the parabola x* + 8x+12y +4=0. 
Sol. The equation of parabola is 
x? +8x+12y+4=0 ...(i) 
(x+4)? -16+12y+4=0 
(x+4)? -12+12y =0 
(x +4)? =-12y +12 
(x+4)? =-12(y-1) 
Let x+4=X,y-1=Y ..-(ii) 
Fe x = 1y ...(iii) 
Comparing it with X* =—4aY 


Yuud 


ae a=3 
. Vertex of Eq. (iii) is (0, 0) 
Le. X =0,Y =0 
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From Eq. (ii), 
x+4=0,y-1=0 

ns x=-4y=1 
“. Vertex of Eq. (i) is (—4, 1). 
Foucs of Eq. (iii) is (0, -3) 
i.e. X =0,Y =-3 
From Eq. (ii), 

x+4=0,y-1=-3 
a x=-4,y=-2 
.. Focus of Eq. (i) is (-4, -2). 
and latusrectum = 4a = 12. 
Equation of axis of Eq. (iii) is X =0 
.. Equation of axis of Eq. (i) is x +4 =0 
Equation of directrix of Eq. (iii) is 

Y =3 ory-1=3 
: y-4=0 
.. Equation of directrix of Eq. (i) is 

y-4=0. 


Example 19 Prove that the equation 


y*+2ax+2by +c =0 represents a parabola whose axis 


is parallel to the axis of x. Find its vertex. 
Sol. The equation of parabola is 
y* +2ax +2by +c =0 


(y +b) — b? + 2ax +c =0 


> (y +b) =—2ax + b? -c 

2 b? Cc 
> (y+b)° =—2a] x - (i) 

2a 
b2 
Let yt+tb=Y,x- =X 
2a 

From Eq. (i) , 

Y? = -2aX ...(ii) 


axis of its parabola is Y = 0 

or ytb=0, 

which is parallel to X-axis 

and vertex of Eq. (ii) is X =0,Y =0 


b’ -c¢ 
=> x- =0, y+b=0 
2a 
b? ~c 
=> = . =-b 
2a - 
. _(b’-c 
“. Vertex of given parabola is 5 b|. 
a 


Example 20 Find the equation of the parabola with 
its vertex at (3, 2) and its focus at (5, 2). 
Sol. Let Vertex A(3,2) and focus is S(5,2) 
Slope of AS = aces 0, which is parallel to X-axis. 


Hence, axis of parabola parallel to X-axis. 


AY 


>X 


le) 
The equation is of the form 
(y —k)? = 4a(x —h) 
or (y — 2)? = 4a(x -3) 
as (h,k) is the vertex (3,2) 
a= distance between the focus and the vertex 
Hence, the required equation is 
(y—2)? = 8(x—3) 
or y? -8x — 4y —28 =0. 


Example 21 Find the equation of the parabola with 
latusrectum joining the points (3, 6) and (3, -2). 


—6 : 
= co, since latusrectum 


Sol. Slope of (3,6) and (3, -2) is 


is perpendicular to axis. Hence, axis parallel to X-axis. The 
equation of the two possible parabolas will be of the form 


(y —k)? =+ 4a(x —h) (i) 
Since, latusrectum = ./(3 — 3)” + (6 + 2)” =8 
4a=8 
> a=2 
From Eq. (i), 


(y— ky? = #8(x-h) 
Since, (3,6) and (3, —2) lie on the parabola, then 


(6-—k)* =+8(3-h) ...(ii) 
and (-2-—k)? =+8(3-h) ...(iii) 
i 1 (3,6) 
A , 
te (3) ae 
0 “ 
£*(3,-2) 


On solving Eqs. (ii) and (iii), we get 
k=2 


From Eq. (ii), 


16=+8(3—h), 
h=342 
h=5,1 


Hence, values of (h, k) are (5,2) and (1, 2). 
The required parabolas are 
(y-2)° = 8(x -5) 


and 


Example 22 


(y —2)? = -8(x-1). 


Find the equation to the parabola whose 


axis parallel to the Y-axis and which passes through 


the points (0, 
latusrectum . 


4) (1, 9) and (4, 5) and determine its 


Sol. The equation of parabola parallel to Y-axis is 


y = Ax? + Bx +C ...i) 


The points (0,4) , (1,9) and (4,5) lie on Eq. (i), then 


=> 


4=0+0+C > C=4 
9=A+Bt+C 


ii) 


Exercise for Session 1 


Chap 05 Parabola 377 


> 9=A+B+4 [C= 4] 
A+B=5 (iii) 
and 5=16A+4B+C i C= 4] 
=> 5=16A+4B+4 
16A+4B=1 
= 4A+B=— te 
On solving Eqs. (iii) and (iv), we get 
An Het ..(v) 
12 12 


On substituting the values of A,B and C from Eqs. (ii) and 
Eq. (v) in Eq. (i), then equation of parabola is 


19 79 
y= —-— x? +—x+4 
12 12 
1 12 
Hence, length of latusrectum = =— 
19 19 
12 


1. The vertex of the parabola y? + 6x —2y +13 =Ois 
(a) (-2,1) (b) (2, - 1) 
(c) (4,1) (d) (1, -1) 
2. Ifthe parabola ye =4 ax passes through (3, 2), then the length of latusrectum is 
1 2 
a) — b) = 
(a) - (b) q 
4 
c)1 d)— 
(c) (d) 2 
3. The value of p such that the vertex of y = x? + 2px + 13 is 4 units above the X-axis is 
(a) +2 (b) 4 
(c)+3 (d) 5 
4. The length of the latusrectum of the parabola whose focus is (3,3) and directrix is3 x —4y —2 =0, is 
(a) 1 (b) 2 
(c) 4 (d) 8 
5. If the vertex and focus of a parabola are (3,3) and (-3, 3) respectively , then its equation is 
(a) x? - 6x + 24y -63=0 (b) x? — 6x + 24y + 81=0 
(c) y? - 6y + 24x - 63=0 (d) y? - 6y — 24x + 81=0 
6. If the vertex of the parabola y = x? —8x +c lies on X-axis, then the value ofc is 
(a) 4 (b)-4 
(c) 16 (d) -16 
7. The parabola having its focus at (3,2) and directrix along the Y-axis has its vertex at 


oe 


ole 
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8. The directrix of the parabola x? — 4x —8y + 12 =Ois 


(a)y=0 (b)x=1 
(c)y=-1 (d) x =-1 

9. The equation of the latusrectum of the parabola x? + 4x + 2y =Ois 
(a) 3y -2=0 (b) 3y + 2=0 
(c) 2y -3=0 (d)2y+ 3=0 

10. The focus of the parabola x? -8x + 2y +7=Ois 
1 

(@)(a- 2) (b) (44) 


oles ales 


11. The equation of the parabola with the focus (3,0) and directrix x +3 =Ois 


(a) y? = 2x (b) y* = 3x 
(c) y? = 6x (d) y? = 12x 
12. Equation of the parabola whose axis is parallel to Y-axis and which passes through the points (1,0) , (0,0) and 
(-2), is 
(a) 2x? + 2x = 3y (b) 2x? — 2x = 3y 
(c) 2x? + 2x =y (d) 2x2 - 2x =y 


13. Find the equation of the parabola whose focus is (5,3) and directrix is the line3x —4y +1=0. 
14. Find the equation of the parabola is focus is at (-6, —6) and vertex is at (—2, 2). 


15. Find the vertex, focus, axis, directrix and latusrectum of the parabola 4y? + 12x —20y + 67 =0. 


16. Find the name of the conic represented by (=) + (4) =1 
Via) 


17. Determine the name of the curve described parametrically by the equations 


x=f?+t+1y=t?-t4+1 


18. Prove that the equation of the parabola whose vertex and focus are on the X-axis at a distance a anda’ from 
the origin respectively is y" =4(a’-a)(x -a). 


19. Find the equation of the parabola whose axis is parallel to X-axis and which passes through the points (0, 4) , 
(1, 9) and (-2, 6). Also, find its latusrectum. 


20. The equation ax* + 4xy + y? + ax + 3y +2 =O represents a parabola, then find the value of a. 


Session 2 


Position of a Point (x,, y,) with respect to a Parabola y2 = 4ax, 
Parametric Relation between the Coordinates of the Ends of a Focal 
Chord of a Parabola, Intersection of a Line and a Parabola, Equation of 
Tangent in Different Forms, Point of Intersection of Tangents at any 
Two Points on the Parabola, Equation of Normals in Different Forms, 
Point of Intersection of Normals at any Two Points on the Parabola, 


Circle Through Co-normal Points 


Position of a Point (x,, y) with 
Respect to a Parabola y* = 4ax 


Theorem The point (x,, y, ) lies outside, on or inside the 
parabola y* = 4ax according as 


Ve — 4ax, >,=,or <0. 


Proof Let P(x,,y,) be a point. From P draw PML AX 
(on the axis of parabola) meeting the parabola y* = 4ax at 
Q let the coordinate of Q be (x,, y,). 


AY PP (X14) 


yo few 
. : a ; 
y= 4ax 


Since, Q(x,, y,) lies on the parabola 


i = 4ax 
then, ys =4ax, .. (i) 


Now, P will be outside, on or inside the parabola y” = 4ax 


according as 


PM >, =, or <QM 


> (PM)? >,=,or <(QM)* 

=> ye >, S0r<y; 

=> y, S=\or<4ax, [from Eq. (i)] 
Hence, y, —4ax, >,=,or <0 


Remarks 

1. The point (x,,y,) lies inside, on or outside y? =-4ax 
according as ye + 4ax, <,=,0r >0 
2. The point (x,,y,) lies inside, on or outside x° =4ay according 
as xp —day, <,=,0r>0 


3. The point (x,, y,) lies inside, on or outside x? =—4ay 
according as al + 4ay, <,=,0r >0 


Example 23 Show that the point (2, 3) lies outside 


the parabola y* = 3x. 
Sol. Let the point (h, k) = (2,3) 
We have, k* —3h =3" -32=9-6=3>0 


k*? —3h>0 


This shows that (2,3) lies outside the parabola y” = 3x. 


Example 24 Find the position of the point (—2,2) 
with respect to the parabola y* —4y +9x+13=0. 
Sol. Let the point (h,k) = (—2,2) 
We have, k? — 4k + 9h + 13 = (2) 
— 4(2)+9(-2)+13 =4-8-18+13=-9 <0 
Hence, k* — 4k +9h+13<0 
Therefore, the point (—2,2) lies inside the parabola 
y? —4y +9x4+13=0. 


Parameteric Relation between 
the Coordinates of the Ends of 
a Focal Chord of a Parabola 


Let y’ = 4ax be a parabola, if PQ be a focal chord. 
Then, P=(at?,2at,) and Q=(at> ,2at,) 
Since, PQ passes through the focus S(a,0). 


380 


Textbook of Coordinate Geometry 


Q,S,P are collinear. 


re P (ats? 2at) 


A S@o 


° ae 


%) 


“. Slope of PS =Slope of QS 
2at,-0_O-2at, _, 2t, _ 2k, 


> = 
at? —a a—ats t? -1 te -1 
= ty (t3 -1) =, (t -1) 
= t,t, (t, —t,)+(t, -t,) =0 
=> t,-t, #0 or t,t,+1=0 
1 ‘ 
> tit =-1 or t, =——, ..-(i) 
ty 
which is required relation. 
Remark 
If one extremity of a focal chord is (at ?, 2at,) then the other 


extremity (at3 , 2at,) becomes [3 2) by virtue of relation Eq. (i). 
1 1 


Example 25 If the point (at* ,2at) be the extremity of 


a focal chord of parabola y* =4ax then show that the 
2 
length of the focal chord is oft q 


Sol. Since, one extremity of focal chord is P(at? ,2at), then the 


other extremity is of A *2) [Replacing t by -1/¢] 
t 


$2 
y 
t p (at?, 2a) 
M 
A S@o* 
[exe 
ll 
oN Q 
+ a 22) 
"i a _ 2a 
(2 t 


*, Length of focal chord = PQ 
=S§P480 
= PM + ON 


2 a 
=at'+ta+—>t+a 
t 


ae | 7 
=a|\t° + +2)/=altt 
ie t 


[ «SP = PM and SQ = ON] 


Remark 
t+ 2 efor allt +0 


12 
a{t+) >4a 


= Length of focal chord > latusrectum i.e. The length of 
smallest focal chord of the parabola is 4a. Hence, the 
latusrectum of a parabola is the smallest focal chord. 


[.. AM > GM] 


Example 26 Prove that the semi-latusrectum of the 
parabola y* =4ax is the harmonic mean between the 


segments of any focal chord of the parabola. 
Sol. Let parabola be y* = 4ax 


If PQ be the focal chord, if 


—2 
P= (at? ,2at), then Q= & ; =) 
t t 
*, Length of latusrectum LL'= 4a. 


1 
*, Semi-latusrectum = — (4a) = 2a. 
2 


If sections of focal chord are k, and k,, 


then, k,=SP=PM=a+tat® =a(1+t’) 
1+¢? 
and ky =SQ=QN=at+4=4 : ) 
t t 
y 
oM 
Il 
ia) 
+ 
x< 
Zz 
N 


*. Harmonic mean of k, 


2k,k 
and eer 
k, +k, 
_ 2 - 2 
1 al 2 
Ae fe ,1 
ky ky a(1+t*) a(1+t?) 
2 ; 
= 7 = 2a = Semi-latusrectum. 
a 
Remarks 


1. The length of focal chord having parameters t, and, for its 
end points is a(t, -t,)°. 


2. If /, and /, are the length of segments of a focal chord of a 


parabola, then its latusrectum is 4hlp . 


Example 27. Show that the focal chord of 
parabola y* =4ax makes an angle « with the 
X-axis is of length 4acosec’*a. 


Sol. Let P (at?, 2at,) and Q (at3, 2at,) be the end points of a 
focal chord PQ which makes an angle ® with the axis of 
the parabola. Then, 


PQ = a(t, ~t,)” 
=a[(t, +t,)° — 4t,t, ] ...(i) 


=a[(t, +t,)? + 4] [e tt, =-1] 
tana = slope of PQ 
_ 2at, — 2at, 
at> a at; 
> tana = 
to +t, 
> t, +t, =2cota (ii) 
On substituting the value of t, + t, from Eq. (ii) in Eq. (i), 
then 


PO = a(4cot?a + 4) 


2 
= 4a cosec’ Ol. 


Example 28 Prove that the length of a focal chord 
of a parabola varies inversly as the square of its 
distance from the vertex. 
Sol. Let P(at’, 2at) be one end of a focal chord of the parabola 
y® = 4ax. The focus of its parabola is S(a,0). 


AY 
P (at®, 2at) 

oM 
i 
is) 
+ 
x (0,0) x 

Z A S (a, 0) 

y Q 

(5-2) 
te? ot 


.. Equation of focal chord is (i.e. equation of PS) 
2at — 0 


y-0=—,—_ (x - 4) 
at“ —a 
2t 
> 4=— 3 (4-8) 
(t" — 1) 
> (t? —1)y = 2tx —2at 
=> 2tx —(t? —1)y—2at =0 


If d be the distance of this focal chord from the vertex (0,0) 
of the parabola y* = 4ax, then 


|0 —0—2at | 
(at)? +(t? —1)° 


d= 
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i) 


The other end of the focal chord is o( 5. - 2) 
t t 


If length of focal chord = PQ = (Isay) 
l= PQ = PS +SQ= PM + ON 


l=at?+a+—+a 
t? 
| ey 
> l=a\t° +—+2] > l=altt+ 
2 
t t 
I -\ 
=> —=lt+- 
a t 


From Eqs. (i) and (ii), d? = 


ii) 


4a’ 4a 


i.e. the length of the focal chord varies inversely as the 
square of its distance from vertex. 


Intersection of a Line and a 
Parabola 


Let the parabola be y’ =4ax ..-(i) 


and the given line be y=mx +c ..-(ii) 


On eliminating x from Eqs. (i) and (ii), then 


y’ = an{ 2 =) 
m 


=> my” — 4ay + 4ac =0 


. (iii) 
This equation being quadratic in y, gives two values of y, 


shows that every straight line will cut the parabola in two 
points may be real, coincident or imaginary according as 


discriminant of Eq. (iii) >,=<0 
ie. (-4a)” —4-m-4ac>,=,<0 or a—mc>,=,<0 


or a>,=<mc ...(iv) 


Condition of tangency 

If the line Eq. (ii) touches the parabola Eq. (i), then Eq. (iii) 
has equal roots 

*. Discriminant of Eq. (iii) =0 


=  (-4a) —4m- 4ac =0 
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> c= ~m #0 .(v) 
m 


So, the line y =mx +c touches the parabola y” = 4ax if 


c= (which is condition of tangency). 
m 


Substituting the value of c from Eq. (v) in Eq. (ii), then 


a 
y=mx +—,m#0 
m 


Hence, the line y =mx + * will always be a tangent to the 
m 
parabola y” = 4ax. 


The point of contact Substituting c = fin Eq. (iii), then 
m 


my” —4ay + ao“) =0 


m 
=> my? — 4amy + 4a’ =0 
> (my —2a)* =0 
=> my —2a=0 
2a 
or === 
m 


ae : : a 
Substituting this value of yin y =mx +— 
m 


2a a 
— =mx +— 


=> mx =— OF 


: : 2 : 
Hence, the point of contact is (5. 22) (m #0) this 


m m 
known as m-point on the parabola. 


Remark 
If m=0, then Eq. (ili) gives 
0 -4ay + 4ac =0 
> y=c 


which gives only one value of y and so every line parallel to 
X-axis cuts the parabola only in one real point. 


Example 29 Prove that the straight line 
Ix + my +n=0 touches the parabola y* =4ax, if 
In =am’*. 
Sol. The given line is Ix + my +n =0 
or fea ...(i) 
m m 


Comparing this line with y = Mx +c 


Meo and c=-— 
m m 


The line Eq. (i) will touch the parabola y’ = 4ax, if 


fe = ira 
M 


- (aCe 


In = am? 
Aliter : 
Given line Ix+my+n=0 (i) 
and the parabola y? = 4ax ..-(ii) 
+ 
Substituting the value of x from Eq. (i) i.e. x = — me my in 


l 
Eq. (ii), then 
(we should not substituting the value of y from Eq. (i), in 
Eq. (ii) since y is quadratic, substituting the value of x since 


x is linear). 
ies tal - n ve) 


> ly? + 4amy + 4an =0 ...(iii) 
Since, Eq. (i) touches the parabola Eq. (ii), then roots of 
Eq. (iii) must be coincident and condition for the same is 


B? = 4AC, 
Le., (4am)* = 4-l4an 
=> am” =In 

In = am? 


Example 30 Show that the line xcosa + ysina =p 
touches the parabola y* =4ax, if pcosa + asin* a =0 
and that the point of contact is (atan* a, —2atana) . 


Sol. The given line is 
xcosa + ysina = p 
=> y=-—xcota + pcoseca 
Comparing this line with y = mx + c. 
m = —cota and c = pcoseca 
since, the given line touches the parabola 
a 
c=—orcm=a 
m 
=> (p coseca)(— cota) =a 
=> asin’ 0 + pcosa =0 


‘ : a 2a 
and point of contact is] —, — 


m m 
; a 2a 
Le. me 
cot” cot & 
or (atan’ a, — 2atanc) 
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Example 31 Prove that the line rt / =1 touches the Example 32 Find the equations of the straight lines 
m 


touching both x* + y? =2a* and y* =8ax. 
parabola y? =4a(x +b), if m?(l+b)+al* =0. 


Sol. The given curves are 
Sol. The given parabola is 
y* = 4a(x +b) ...(i) 
Vertex of this parabola is (—b, 0). 
Now, shifting (0, 0) at (—b, 0), 
then, x = X +(-b)andy=Y +0 


or x+b=xX and y=Y (ii) 
From Eq. (i), Y’ = 4aX ...iii) 
and the line ~ + =1 
i m 2 2 2 
X-b Y x" +y° =2a (i) 
reduces to ———+—=1 7 . 
l m and y =8ax ..-(ii) 
Yn (1 _x ; ") The parabola Eq. (ii) is y? = 8ax 
or y? = 4(2a)x 
m b : 
=> i (- =) X + mf + *) ..(iv) .. Equation of tangent of Eq. (ii) is 
2a 
The line Eq. (iv) will touch the parabola Eq. (iii), if y=mx + a 
b a 2 a 
ars = or m°x —my +2a=0 ...(iii) 
m 
(- *) It is also tangent of Eq. (i), then the length of perpendicular 
; from centre of Eq. (i) i.e. (0, 0) to Eq. (iii) must be equal to 
2s n ( 4 ‘) or the radius of Eq. (i) ie. av2. 
_ 2 
: ; “ |0 —0 + 2a| = ae = 4a ae 
m°([+ b)+al° =0 V(m?y? +(-m)? m* +m? 
Aliter : = m' +m’ —2=0 
The given line and parabola are ‘ 
x oy = (m° + 2)(m* —1)=0 
ie ares | Ai 
l om @) m’+2#0 [gives the imaginary values] 
and y® = 4a(x + b) (ii) m? —1=0 
respectively substituting the value of x from Eq. (i) => m=+1 


rd 


in Eq. (ii), then y= sa {1 = ») ai | 
m 
or Pe paageeiae? Gil 
m 


Since, the line Eq. (i) touches the parabola Eq. (ii), then the 
roots of Eq. (iii) are equal. 


2 
. (“| 4 Agie ht 
m 
al’ 
=> —z +(1+ b)=0 
m 
> al’ + m*(1+ b)=0 
=> m*(1+ b)+ al’ =0 


Hence, from Eq. (iii) the required tangents are 
xtyt2a=0. 


Equation of Tangent in 
Different Forms 


1.Point Form: 


To find the equation of the tangent to the parabola 
y” =4ax at the point (x,, y,). 


(First Principal Method) Equation of parabola is 
y*® =4ax ...(i) 


Let P =(x,,y,) and Q =(x,, y,) be any two points on 
parabola (i), then 
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yy) 


06 Ye) 

y, =4ax, ..-(ii) 
and y, Stax, ..-(iii) 
Subtracting Eq. (ii) from Eq. (iii), then 

V2 — Yi =4a(x, — x) 
= WaT Vi, 88 __(iv) 
X2 7X, Yo ty, 
Equation of PQ is 
y-y, = 1 (x —x,) .(V) 
cr a 
From Eqs. (iv) and (v), then 
4a : 
Y-\V= (x — x) ...(vi) 
ye Yi 


Now, for tangent at P,Q > P,ie.x. 4x, andy, > y,, 
then Eq. (vi) becomes 
4a 


y-V. =—(x-x,) > yy, ~y} =2ax -2ax, 
2y, 
> yy, =2ax +y° —2ax, 
=> yy, =2ax + 4ax, —2ax, [from Eq. (ii)] 
=> yy, =2ax + 2ax, 


yy, =2a(x + x,), 
which is the required equation of tangent at (x,,y,). 


Remarks 
1. The equation of tangent at (x,, y,) can also be obtained by 


replacing x” by xx, y” by yy;,x by ee y by 4 and xy by 


a and without changing the constant (if any) in the 
equation of curve. This method is apply only when the 
equations of parabola is polynomial of second degree in x 
and y. 

2. Equation of tangents of all standard parabolas at (x, y;). 


Equations of Parabolas Tangent at(x,, y,) 


y? =4ax Vy =2a(x + xX) 
y? =—4ax Vy, =—2a(x + x,) 
x° =4ay XX, =2a(y + y;) 
x? =— day XX, =—-2a(y + yy) 


2. Parametric Form : 

To find the equation of tangent to the parabola y” = 4ax 
at the point (at” , 2at) or ‘f. 

Since, the equation of tangent of the parabola y” = 4ax at 


(x1,1) is yy; =2a(x + x,) ..(i) 
replacing x, by at’ and y, by 2at, then Eq. (i) becomes 


y(2at) =2a(x +at?) > ty=x +at? 


Remark 
The equations of tangent of all standard parabolas at ‘?’. 


Equations of Parametric Tangent 
Parabolas coordinates ‘f’ at ‘t’ 
y* =4ax (at?, 2at) ty=x+at’ 
y? =—4ax (-at?, 2at) ty =—x+at’ 
x’ =4ay (2at, at”) tx=y tat? 
x’ =—4ay (2at, — at?) ix=—-y+at’ 


3. Slope Form: 


To find the equation of tangent and point of contact in 
terms of m(slope) to the parabola y” = 4ax. 


The equation of tangent to the parabola y” = 4ax at 


(x,,,) is yy, =2a(x +x). ..-(i) 
Since, m is the slope of the tangent, then 
2a 2a 
m=—_— > yy, =— 
V1 in 


Since, (x, y,) lies on y’ = 4ax, therefore 


2 
4a 
yi =4ax, > —y = 40x 


xy = = 
m 
Substituting the values of x, and y, in Eq. (i), we get 


ii) 


a 
y=mx + — 
m 


a. 
Thus, y =mx + — is a tangent to the parabola y* = 4ax, 
m 
where, m is the slope of the tangent. 4 
. ; a 2a 
The coordinates of the point of contact are (5. =) : 
Comparing Eq. (ii) with y =mx +c, me 
a 
cC=— 
m 
which is condition of tangency. 


when, y =mx +c is the tangent of y* = 4ax. 


Remark 
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The equation of tangent, condition of tangency and point of contact in terms of slope (7) of all standard parabolas. 


Equation of parabolas Point of contact in terms of 


Equation of tangent in terms of Condition of tangency 


slope (m) slope (m) 
y? =4ax Leis yemx+ cae 
oad m m 
y’ =-4ax _ a@ 2a y=mx-* eee! 
mm m m 
x’ =4ay (2am, am’) y=mx-am? c=-am’ 
x’ =—4ay (2am, — am’) y=mx+am c=am 
2 — 
(y ~k)? = 4a(x —h) (r++) iene semhape® 
m m m m 


(y —k)?=—4a(x A) 


y=mx—mh+k-— c+ mh=k-— 
m m 


(x —h)? = 4a(y —k) (h+2am,k + am’) 


y=mx-—mh+k-am* c+mh=k—am’ 


(x —h)* =—4a(y —k) (h + 2am, k —am*) 


Point of Intersection of 
Tangents at any two Points on 
the Parabola 


Let the parabola be y” = 4ax 
let two points on the parabola are 


P=(at?,2at,) and Q=(at3,2at,). 


Equation of tangents at P (at?, 2at, ) 


and Q (até, 2at, ) 
are ty=xtat? ..-(i) 
and toyy=x tat? ..-(ii) 


AY ~ 


xX’< 


(atite, a(t) + te)) 


y’ 
On solving these equations, we get x =at,t,, y =a(t, +t.) 
Thus, the coordinates of the point of intersection of 


tangents at 


(at*,2at,) and (at5,2at,) are (atyty, a(t, +t,)). 


y=mx—mh+k+am c+mh=k+am 


Remarks 

1. The geometric mean of the x-coordinates of P and Q 
(i.e. fat? x ats = at,t,) is the x-coordinate of the point of 
intersection of tangents at P and Q on the parabola. If P and 
Q are the ends points of focal chord, then x-coordinate of 
point of intersection of tangents at P and Q is (-at, t,). 


2. The arithmetic mean of the y-coordinates of Pand Q 
( e, cat + 2aly _ 


(t, + t)) is the y-coordinate of the point of 


intersection of tangents at P and Q on the parabola. 


Remembering Method : 
G O A 


yo 4 


GM of at? and at? ; 


[GOA rule] 


\ 


AM of 2at, and 2at, 


2at, + 2at 
16, aoe) 


Le. at,t, 
| Example 33 Find the equation of the common 
tangents to the parabola y* =4ax and x* =4by. 


Sol. The equation of any tangent in terms of slope (m) to the 
parabola y* = 4ax is 


y=mxt a (i) 
m 
If this line is also tangent to the parabola x” = 4ay, then Eq. (i) 


meets x* = 4by in two coincident points. 
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Substituting the value of y from Eq. (i) in x? = 4by, we get 
cS at{ mx + 4 


m 


4ab 
2 _ Abmx 2 =0 


m 


=> x 


The roots of this quadratic are equal provided 


B’ = 4AC 
ie, (-4bm)? = 4-1 (==) 
m 
= 16b°m? + 16ab = 0, m #0 
or m>=-a/b 
m=—d!3 /p3 
Substituting the value of m in Eq. (i) the required equation is 
Ql? ab? 
yr pe GiB 
a’? 2/3 41/3 
=> y=- ae -—a'°b 


alix + by + @2/3p?/3 =0 


Example 34 The tangents to the parabola y* = 4ax 
make angle 8, and 9, with X-axis. Find the locus of 
their point of intersection, if cot, +cot0, =c. 
Sol. Let the equation of any tangent to the parabola y” = 4ax 
is 
y=mx +(a/m) (i) 
Let (x,, y,) be the point of intersection of the tangents to 
y® = 4ax, then Eq. (i) passes through (x,, y,). 
y, = mx, + (a/m) 
or m’x,— my, +a=0 
Let m, and m, be the roots of this quadratic equation, then 


m,+m,=y,/x, and mm, =a/x, 


or tanO0, + tanO, =y,/ x, 
and tan0,tan0, =a/ x, (ii) 
Now, cot0, + cotO, =c (given) 
1 i! 
=> + =c 
tanO, tan0, 


tanO, + tanO, _ 


> = from Eq. (ii 
tan, tan0, 4. (0) 
= Yy/ x =% 
al x, 
> y, =ac 


The required locus is y = ac, 


which is a line parallel to X-axis. 


Example 35. Show that the locus of the points of 
intersection of the mutually perpendicular tangents to 
a parabola is the directrix of the parabola. 


Sol. Let the points P(at?, 2at,) and Q(at3, 2at,) on the parabola 
y" = 4ax tangents at P and Q are 
ty=x-+at? ..-(i) 


ii) 


and tyy =x tat? 


Directrix 


‘ Point of intersection of these tangents is (at,t,, a(t, + t,)) 
Let this point is (h, k), 


then, h=at,t, ...(iii) 
and k =a(t, + ty) ...(iv) 
; . 1 1 F 
Slope of tangents Eqs. (i) and (ii) are — and —, respectively. 
th ty 

Since, tangents are perpendicular, then 

1 1 

—x—=-]1 

ft 
or ity =—1 .(v) 
From Eqs. (iii) and (v), we get 

h=-a or h+a=0 
Locus of the point of intersection of tangents is 
x+a=0 


which is directrix of y? = 4ax. 
Aliter : 


Let the equation of any tangent to the parabola y” = 4ax is 


y=mx+a/m (i) 
Let the point of intersection of the tangents to y” = 4ax 
then, Eq (i) passes through (x, y,). 
; y, =mx,+a/m 
or mx, —my,+a=0 
Let m,, m, be the roots of this quadratic equation then 

mm, =a/x,=-1 

[since, tangents are perpendiculars] 
=> a+x,=0 
Locus of the point of intersection of tangents is 

x + a= 0 which is directrix of y” = 4ax. 


Remark 


Locus of the point of intersection of the perpendicular tangents 
to the parabola y? = 4ax is called the director circle. Its equation 


is x + a=0, which is parabola’s own directrix. 
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Example 36 The tangents to the parabola y* = 4ax 
at P(at;,2at,) and Q(at3,2at,) intersect at R. Prove 


1 
that the area of the APQR is so ltt —t,)]°. 


Sol. Equations of tangents at P(at?, 2at,) and Q(at3, 2at,) are 


ty=xt at? ...(i) 
2 a 
and toy =x + aly ii) The slope of the tangent at(x,,y,)=2a/y, 
AY : ; s 
2 DD Since, the normal at (x,, y,) is perpendicular to the 


(als 
P tangent at(x,,y,). 


Slope of normal at (x,,y,)=—y, /2a 


X’« >X Hence, the equation of normal at (x,, y, ) is 
yv-V =~ Fh (x— a) 
(atte, alty+ta) : 
. Ory : Remarks 
¥, 
= <Qtyy 1. The equation of normal at (x,, y;) can also be obtained by 
Since, point of intersect of Eqs. (i) and (ii) is uate aed 
X-X yy. 0 


R(at,t,, a(t, + t,)). 
(atta, a(t, +t.) ; ax,+hy,+g hx, + by, +f 

1 at 2at, 1 
. Areaof APQR=-— | ats 2at, 1 


at,t, a(t, +t,) 1 


a’, 6,9, f, hare obtained by comparing the given parabola with 
ax? + Qhxy + by® + 29x + 2fy+c=0 (ii) 


and denominators of Eq. (i) can easily remembered by the 
Applying R, > R, — R, and R, > R, — R, first two rows of this determinant 
2 a hg 
1 at; 2at, 1 i.e. h pb f 
— ats —t') 2a, —%) 0 gfe 
t(t, —t t,-t,) 0 
att, i) at, ) Since, first row a’(x,) + A(y,) + g(1) 
Expanding with respect to first row and second row, /(x,) + b(y,) + f(1) 
_1) aft? — 22) a(t, — ty) Here, parabola y2=4ax 
2lat,(t,—t,) a(t, — ty) or y? -4ax =0 (ili) 
ed a(t if t,+t, 2 Comparing Eqs. (ii) and (iii), then we get 
“9 pod t. 4 a =0,0=1,9 =-2ah=0,f=0 
= 1 a(t ei P(t - 1) From Eq. (i), equation of normal of Eq. (iii) is 
2 1 2 2 a X-X, 7 VY-Y; 
1 0+0-2a O+y,+0 
oe a’(t, Fay Wy ty)| y. 
a or y-ya-2(x-%) 
2a 


2. Equations of normals of all standard parabolas at (x, y;). 


Equations of Parabola Normal at (x,, y,) 

e e 2 = 
Equations of Normals in ia yaya) 
Ditferent Forms fe again gy 
1. Point Form: To find the equation of the normal to ; a 
the parabola y* = 4ax at the point (x,, y,). i y-y. —— —%) 

1 

Since, the equation of the tangent to the parabola y” = 4ax a 2a 

; oo ee ¥~Vy==(x=%) 
at (x,,y;) is x 


yy, =2a(x + x,) 
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2. Parametric form : 


To find the equation of normal to the parabola y” = 4ax 
at the point (at?, 2at) or ‘P. 
Since, the equation of normal of the parabola y” = 4ax at 
(x1,9;) is 7 

ra Ae) will) 
Replacing x, by at” and y, by 2at, then Eq. (i) becomes 

y —2at =—t(x -— at?) 
or y +tx =2at +at? 


Remark 
The equations of normals of all standard parabolas at ‘?’ 


Equations of Parametric Normals 
Parabolas coordinates ‘é’ at‘? 
y? =4ax (at®,2at) y+tx =2at + at® 
y? =-4ax (af Paz) y-tx =2at + at? 
x? =day (2at, at?) x +ty=2at + at? 
x? =—4day (2at, — at’) x -ty =2at + at? 


3. Slope form : 


To find the Equation of normal, condition for 
normality and point of contact in terms of m (slope) to 
the parabola y” = 4ax 


Remark 


The equations of normals, point of contact and condition of normality 


The equation of normal to the parabola y* = 4ax at 
(x1, 91) is 
V1 


yr-y, =-—(x-x,) edd) 
2a 
Since, m is the slope of the normal, 
V1 


then, m= => y, =-2am 


2a 


Since, (x,,y,) lies on y? = 4ax, therefore 


y, =4ax, 
2,2 
> 4a°m" = 4ax, 
2 
x, =am 


On substituting the values of x, and y, in Eq. (i) we get 
y +2am =m(x — am’) 
y =mx —2am—am* ..- (ii) 

Thus, y =mx —2am — am?’ is a normal to the parabola 
y” = 4ax, where mis the slope of the normal. The 
coordinates of the point of contact are (am?, —2am) 
On comparing Eq. (ii) with 

y=mx +c 

c=—2am-am* 
which is condition of normality when y =mx +c is the 
normal of y? = 4ax. 


in terms of slope (m) of all standard parabolas. 


. Point of contact in terms of Equation of normals in Condition of 
Equation of parabolas . 
slope (m) terms of slope (m) normality 
y° =4ax (am, -2am) y=mx-—2am-am® c=—-2am-am* 
y* =—4ax (-am*,2am) y=mx+2am+am* c=2am+am* 
a 
xv = say [-=.4) y=mx+2at c=2a+ 
mm m m 
2 
x°=—4ay [2.-4) y=mx-2a-4 c=-2a-4, 
mm m m 
(y—k)? =4a(x —h) (h+am’,k-2am) y—-k=m(x-h) c=k-—mh-2am-am* 
~2am—am® 
(y-k)? =—4a(x —h) (h-am’,k+2am) y—k=m(x-h) c=k-—mh+2am+am> 
+2am+am> 
2 = 
(xh)? = 4a(y—h) [1-44 3) y-k=mx—h) c=k-mh+2a4—3 
m m 


a 
+2a+—; 
m 


Point of Intersection of 
Normals at any Two Points on 
the Parabola 


Let the parabola be y” = 4ax. 
Let the points on the parabola are 


P=(at?,2at,) and Q=(at>,2at,). 


X’< 


Equations of normals at P(at’,2at,) and Q(at;, 2at, ) are 
..-(ii) 


y=-t,x +2at, +at? 
and y =—t,x +2at, +at? 
On solving Eqs. (i) and (ii), we get 
x=2ata(t? +t? +t,t,) and y=—at,t,(t, +t,) 
If R is the point of intersection, then 
R=[2a+a(t? +t? +t,t,),-at,t,(t, +t,)] 
(Remember) 


Point of intersection of normals at t, and t, 


Point of intersection of 
normals at t, andt, 


Parabola Equation of normal 


at any point ‘? 


3 (Qa + a(t? + tt, + 13), 


=atty(t, + )) 


y? =4ax yt+ tx =2at + at 


3 


y =-4ax y-t=2at+at? (-2a- a(t) + tt, + #3), 
atyty(t) + t)) 
x =4ay x+ty=2at+at? (—atyt,(t, + t)),2a 


+ af; + tit, + B)) 


(att) (t, + ty ),- 2a 


x? =—4Aay x- ty=2at + at? 
- a(t} + tt + 4)) 


Relation between ¢,’ and ‘t,' if Normal 
at ‘t,' meets the Parabola Again at ,' 
Let the parabola be y” = 4ax, equation of normal at 
P(at® ,2at, ) is 

y=-t,x +2at, +at? ..-(i) 
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@ (a2 
y '<ey 


Since, it meet the parabola again at Q(at?, 2at, ), then 
Eq. (i) passes through Q(at, 2at, ). 
2at, = -at,t +2at, + at? 
=> 2a(t, -t,)+at,(t? -t?) =0 
=> a(t, -t,)[2+t,(t, +t,)]=0 
a(t. —t,) #0 

[. t, and t, are different] 

2+t,(t, +t,) =0 


t, =-t, -— 
t, 


Remarks 
1. If normals at ‘t,’ and ‘t,’ meets the parabola y? =4ax at 
same point, then tt, =2. 
Proof Suppose normals meet at ‘7’, then 


=-t,- 


me) 


or tt, =2 [st #5] 
2. If the normals to the parabola y* =4ax at the points t, and t, 


intersect again on the parabola at the point ts, then 
t,=—(t,+t,) and the line joining t, andt, passes through a 
fixed point (—2a,0). 


Example 37 Show that normal to the parabola 
y? = 8x at the point (2, 4) meets it again at (18, -12). 
Find also the length of the normal chord. 
Sol. Comparing the given parabola (i.e. y? = 8x) with 
y? = 4ax. 
4a=8 => a=2 
Since, normal at (x,, y,) to the parabola y” = 4ax is 


a (x — x;) 
‘a 


a 


Here, x, =2and y, = 4. 


Equation of normal is 


4 
-4=-—(x-2 
y ri ) 
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Y 
A 
iy 
ee 
x A x 
OB 
y 12 
=> y-4=-x+2 
> x+y-6=0 (i) 


On solving Eq. (i) andy” = 8x, 

y’ = 8(6-y) 

=> y’+8y-48=0 

= (y+12)(y-4)=0 

ie y=-12 and y=4 

then, x = 18 and x =2. 

Hence, the point of intersection of normal and parabola are 
(18, — 12) and (2, 4), therefore normal meets the parabola at 


(18, — 12) and length of normal chord is distance between 
their points 


= PQ = (18 - 2)? + (-12 - 4)? = 162 


then, 


Example 38 Prove that the chord 
y —xV2+4a/2 =0 is anormal chord of the 
parabola y* = 4ax. Also, find the point on the parabola 


when the given chord is normal to the parabola. 
Sol. We have, y-xv2+ 4av2=0 


ie., y= x2 - 4aV2 ...(i) 


Comparing the Eq. (i) with the equation y = mx +c, then 
m=vV2,c=- 4aV2 


2av2 a(v2)3 


= —2aV2 — 2aV2 = — 4aV2=c¢ 


3 
2am —-am = 


Since, 


Hence, the given chord is normal to the parabola y” = 4ax. 


The coordinates of the points are (am”, — 2am) i.e. 


(2a, = OJ 2a); 
Example 39 If the normal to a parabola ve = 4ax, 
makes an angle with the axis. Show that it will cut 


; if 1 
the curve again at an angle tan (5 tan 0}. 


Sol. Let the normal at P(at?, 2at,) be 
y=-t,x + 2at, +at;. 


tan @ = — t, = slope of the normal, ...(i) 


it meet the curve again Q say (at3, 2at,). 


Y 
A 


ii) 


>X 


Q (at,2, 2at,) 


Now, angle between the normal and parabola 
= Angle between the normal and tangent at Q 


(Le. tpy = x + at?) 
If @ be the angle, then 


— My, ty _ tt, +1 


+r 2] ae. 


i{-s z 2| +1 
=— a [from Eq. (ii)] 


m 
tan6 = — 
1+mm, 


pee 
1 t, 1 
tp ty 
1+t; 2 
—2) —1 
ty 
t 
we [from Eq. (i)] 
2 


4f1 
@=tan™’|—t 
an E ano] 


Example 40 Prove that the normal chord to a 
parabola y” = 4ax at the point whose ordinate is equal 
to abscissa subtends a right angle at the focus. 

Sol. Let the normal at P(at?, 2at,) meet the curve at Q(at3, 2at,). 


PQ is anormal chord 

and in =—t, - ..-(i) 
ty 

By given condition, 2at, = at? 

t, = 2 from Eq. (i), t, = —3 
then, P(4a, 4a) and Q(9a, — 6a) 
but focus S(a, 0). 
4a-—0_ 4a_ 4 


Slope of SP = 
4a-a 3a 3 


Ay 2 ati) 
plat : 
X’< 7 >X 
Q (ato 
Y ato, 2ats) 
y 2 2 
—6a — 0 6 3 
and slope of SQ = ora“ e 
9a-a 8a 4 


* Slope of SP x Slope of SQ= =x -2= -1 
ZPSQ = 1/2 
i.e. PQ subtends a right angle at the focus S. 


Example 41 If the normal to the parabola y* =4ax 


at point t, cuts the parabola again at point t,, prove 
that i; =8. 


Sol. A normal at point t, cuts the parabola again at t,. Then, 


2 
ty=—-t,-— > t)/ +t, +2=0 
th 


Since, t, is real, so (t,)* —4-1-220 


= 228 


Co-normal Points 


In general three normals can be drawn from a point to a 
parabola and their feet, points where they meet the 
parabola are called conormal points. 


Let P (h, k) be any given point and y* = 4ax be a parabola. 


The equation of any normal to y’ = 4ax is 
y=mx —2am —am* 


If it passes through (A, k), then 
k =mh—-2am — am? 


=> am +m(2a—h)+k=0 (i) 
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This is a cubic equation in m, so it has three roots, say 
m,,m, andm,. 
m, +m, +m, =0, 
_ (2a—h) 
mM, +M,m, +M3M, = - 


k 


mmM,M, = —~— 


ii) 


Hence, for any given point P (h, k), Eq. (i) has three real or 
imaginary roots. Corresponding to each of these three 
roots, we have one normal passing through P (h, k). 
Hence, in total, we have three normals PA, PB and PC 
drawn through P to the parabola. 


Points A, B, C in which the three normals from P (h, k) 
meet the parabola are called co-normal points. 


Corollary 1 The algebraic sum of the slopes of three 
concurrent normals is zero. This follows from Eq. (ii). 


Corollary 2 The algebraic sum of ordinates of the feets of 
three normals drawn to a parabola from a given point is 
zero. 


Let the ordinates of A, B,C be y,, y., y3 respectively, then 
y, =—2am,,y, =—2am, andy, =—2am, 
*. Algebraic sum of these ordinates is 
vee 
=-—2a(m, +m, +m,) 
=—2ax0 
=0 
Corollary 3 If three normals drawn to any parabola 
y* =4ax from a given point(h, k) be real then h > 2a. 


2am, —2am, —2am, 


[from Eq. (ii)] 


When normals are real, then all the three roots of Eq. (i) 

are real and in that case 
m: +m, +m,>0 (for any values of m,,m,,m,) 

=> (m,+m,+m,)? -2 


_ 2(2a—h) 


(m,;m, +m,m, +m,m,)>0 


= (0)? >0 > h-2a>0 


h>2a 


Remark 


For a=1normals drawn to the parabola y* =4x from any point 
(h,k) are real, if h>2. 


Corollary 4 If three normals drawn to any parabola 
y* = 4ax from a given point(h, k) be real and distinct, then 
27ak? <4(h—2a)?* 


Let f (m) =am? +m(2a—h) +k 


392 Textbook of Coordinate Geometry 


f’(m) =3am’? +(2a—h) 


Two distinct roots of f’(m) =0 are 


Now, F@) f(B) <0 => f(a) fle) <0 


> (aa? +0(2a — h) +k) (—aa? —a (2a —h) +k) <0 
> k? —(ax? +(2a—h))? a” <0 
2 

= ke [2574 +e | naa) of 

3 3a 
= ye _(4a-2h * (h-2a - 

3 3a 

a 3 
ye EERO 2G) 5 Saeko A da)* <0 


27a 
27ak? <4(h—2a)° 

Corollary 5 The centroid of the triangle formed by the feet 
of the three normals lies on the axis of the parabola. 

If A(x,,V,),B(x2,y,.) and C(x, y,3) be vertices of AABC, 
then its centroid is 

Xy+xX2+%X3 VitVatVs) _( x1 +%2t%s 4 
3 3 3 a 


Since, y, ty, +y, =0 (from corollary 2). Hence, the 
centroid lies on the X-axis OX, which is the axis of the 
parabola also. 


xX, +xX,+Xx 1 
Now, —)—2 "3 = (am? + am? +am3) 
3 3 


=" (m? +m +m) 
3 


a 
=n +m, +m3)° 


—2(m,m, +m,m, +m,m, )} 


_a 2 2a—h||_ 2h—4a 
aa easliae 


*. Centroid of AABC is (2 - ne ; 0 : 


Example 42 Show that the locus of points such 
that two of the three normals drawn from them to 
the parabola y’ = 4ax coincide is 27ay* = 4 (x — 2a)’. 
Sol. Let (h, k) be the point of intersection of three normals to 
the parabola y” = 4ax. The equation of any normal to 


y* = 4ax is 


3 
y=mx -2am—am 


If it passes through (h, k), then 


k = mh —2am—- am? 


=> am> +m(2a—h)+k=0 ..-(i) 
Let the roots of Eq. (i) be m,, m, and m3. 
Then, from Eq. (i), m, +m, +m, =0 ..-(ii) 
(2a — h) beg 
mm, +m,m, + m,m, = ———— ..-(iii) 
a 
k : 
and mm,m, = — — (iv) 


But here, two of the three normals are given to be 
coincident ie. m, = m,. 
Putting m, = m, in Eqs. (ii) and (iv), we get 

2m, +m, =0 .(v) 

k 

and. mm, =- — ...(vi) 
Putting m, = — 2m, from Eq. (v) in Eq. (vi), we get 
k 


OP fas 
— 2m; =-— 


3 k 
=> m? =— 
2a 
Since, m, is a root of Eq. (i). 


am; + m,(2a-h)+k=0 


1/3 
> o(£)+(4) (2a—h)+k=0 
" 1/3] 


tin m, = (=) | 


1/3 
= (=) ee ees 
a 


2 
3 
= ae eee 
2a 8 
> 27ak* = 4(h — 2a)’ 


Hence, the locus of (h, k) is 
27ay*® = 4(x — 2a)’. 


Example 43 Find the locus of the point through 
which pass three normals to the parabola y’ = 4ax 
such that two of them make angles « and B 
respectively with the axis such that tana tanB =2. 
Sol. Let (A, k) be the point of intersection of three normals to 
the parabola y” = 4ax. 


The equation of any normal to y’ = 4ax is 
y = mx — 2am — am? 
If it passes through (h,,k), then 

k = mh —2am — am’ 


> am> +m(2a—h)+k=0 (i) 


Let roots of Eq. (i) be m,, m,, m, then from Eq. (i) 
mmm, = — . (ii) 
a 


Also m, = tana, m, = tanB and tana tanB = 2 
mm, = 2 ..-(ili) 


From Eqs. (ii) and (iii), 2m, = — 


or mM; =— 


Which being a root of Eq. (i) must satisfy it 


ie. am: + m, (2a—h)+k =0 
3 
=> o(-<] of GpaKjak=t 
2a 2a 
3 
> K pa beg 
8a” 2a 
=> k* — 4ah =0 


.. Required locus of (h, k) is y’ — 4ax =0. 


Example 44 If the three normals from a point to the 
parabola y* =4ax cut the axis in points whose 
distance from the vertex are in AP, show that the point 
lies on the curve 27ay* =2(x-2a)?, 
Sol. Let (h, k) be the point of intersection of three normals to 
the parabola y’ = 4ax. The equation of any normal to 


y* = 4ax is y= mx — 2am — am? (i) 


If it passes through (h, k) then 


k = mh-2am — am? 


=> am>+m(2a-h)+k=0 ...(ii) 
Let roots of Eq. (ii) be m,, m,, m, then from Eq. (ii) 
m,+m, +m, =0 ..-(iti) 
2a—h 
mm, +m,m, + m,m, = cee ...(iv) 
a 

k 
and mmm; = — — (Vv) 

a 


Since, Eq. (i) cuts the axis of parabola viz. y = 0 at 

(2a + am”, 0). 

.. The normal through (h, k) cut the axis at A (2a + am/, 0), 
B(2a + am;,0) and C (2a + am, 0) and let V (0,0) be the 


vertex of the parabola y” = 4ax. 
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Then, VA = 2a+am;,VB=2a+am; and 
VC =2a+ ami. 
Given, VA, VB and VC are in AP. 

2VB = VA + VC 


> 4a + 2am; =2a+am; + 2a+ ami 
> 2m; = m: + m3 
> 2m; =(m, +m) — 2mm, 
2m,m,m 
> 2m? =(m, + m, +m, — m,) ees 
my 
2 k 
> 2m; =(0— my)’ 
mM, a 
[from Eqs. (iii) and (v)] 
2k : 
> mn, = — ...(vi) 
a 


_ (2a—h) 


Now, from Eq. (iv), m, (m, + m,)+ m,m, = 


mmm, _ (2a—h) 


=> m,(m,+m,+m,—m,)+ 


mM, a 
a mt wi k _ (2a—h) 
am, a 
> —am3 — k = m,(2a—h) 
> (— am} — k)* = m3 (2a— hy? 
= (eee= eon? fromta Gi] 
a 
> 7k? = zk (h — 2a)’ 
a 
> 27ak? =2(h — 2a)’ 


Hence, locus of (h, k) is 
27ay* =2(x —2a)’. 


Example 45 The normals at P,Q,R on the parabola 
y? =4ax meet in a point on the line y =k. Prove that 
the sides of the APQR touch the parabola 

x? —2ky =0. 


Sol. Any normal to the parabola y? = 4ax is 


y = mx — 2am — am? (i) 
Also, any point on the line y = k is (x,, k). 
If Eq. (i) passes through (x,, k) then k = mx, — 2am — am? 


or am® + m(2a—x,)+k=0 

If the roots of this equation are m,, m,, m, then we get 
m,+m, +m, =0 (ii) 
2a- x sas 
mm, +m,m, + mm, = os) .. (iii) 

a 
and mmm, = —- — (iv) 
a 
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Also, coordinates of three points P, Q and R are 

(am?, — 2am,)(am5, — 2am,) and (am3, — 2am;), 

respectively. 

*. The equation of the line PQ is 
(~2am,) - (2am) 


2 
y ~ (-2am,) = atta) = 2am) (5 — am? 
am, — am, 
2 2 
> y + 2am, = — (x — am, ) 
(m, + m,) 
=> y(m,+m,)+2am(m,+m,)= — 2x + 2am? 
> y(m, + m,) + 2amym, = — 2x 
2 
=> y(m,t+m,+m,—m,)+ ams = -2x 
ns 
2k e : 
> y(0-m,) - —=-2x [from Eqs. (ii) and (iv)] 
ms 
> — ym? — 2k = — 2m,x 


=> ym) -2m,x + 2k =0, 

which is a quadratic in m,. 

Since, PQ will touch it, then 

B’ — 4AC =0 

=> (-2x)? —4-y-2k =0 

te x? —2ky =0 
Example 46 Find the point on the axis of the 
parabola 3y* + 4y —6x+8=0 from when three 
distinct normals can be drawn. 

Sol. Given, parabola is 3y’ + 4y — 6x +8 =0 


> ay? +4y)=o0—8 


2 10 
Let yt-=Y, x-—=xX 
3 9 
Then, yo =3x 
Comparing with Y? = 4aX 
1 
a = 
2 


any point on the axis of parabola is [x = >| 


10 
and X>2a > aes 


Circle Through Co-normal Points 


To find the equation of the circle passing through the three 
(conormal) points on the parabola, normals at which pass 
through a given point (a, B). 


Let A (am*, — 2am, ), B(am3,—2am,) and C(am3,—2am;) 


be the three points on the parabola 


y? = 4ax 
Since, point of intersection of normals is (c, 8), then 
am? +(2a—a)m+B=0 ...(E) 
m, +m, +m, =0 ..-(i) 
mm, +m,m, +m,m, sea). ... (ii) 
and mmm, =— B (iii) 
1 9D) 3 = — eee 
Let the equation of the circle through A, B, C be 
x? +y? +2gx +2fy +c=0 ..-(iv) 
If the point (am?, — 2am) lies on it, then 
(am’)’ +(—2am)? +2g(am’) +2f (-2am) +c =0 
> a’m* +(4a” +2ag)m® —4afm+c=0_ ...(v) 


This is a biquadratic equation in m. Hence, there are four 
values of m, say m,,m,,m, andm, such that the circle 
pass through the points. 


A(am*,-2am, ),B(am;,—2am,), C(am%, —2am,) and 
D(am’,,—2am,). 
m, +m, +m, +m, =0 .(F) 
=> [from Eq. (i)] 
=> 
(am‘,,—2am,) =(0,0) 
Thus, the circle passes through the vertex of the parabola 
y* = 4ax from Eq. (iv), 
0+0+0+0+c=0 
ae c=0 
From Eq. (v), a2m* +(4a” +2ag) m® — 4afm =0 


> am® +(4a+2g)m—4f =0 ...(vi) 


Now, Eqs. (E) and (vi) are identical. 
_4at2g_  4f 
Sg Ol . B 
2g =-(2a+ca),2f =—B/2 
*. The equation of the required circle is 


1 


x? +y? -@a+a)x—E y=0 


[from Eq. (iv)] 
Corollary 1. The algebraic sum of the ordinates of the four 
points of intersection of a circle and a parabola is zero. 


Sum of ordinates 


=—2am, —2am, —2am, —2am, 
=-2a(m, +m, +m, +m,) [from Eq. (F)] 
=—2ax0=0 


Corollary 2. The common chords of a circle and a parabola 
are in pairs equally inclined to the axis of the parabola. 


Let A, B,C, D be the points of intersection of the circle and 
the parabola with A(am*,—-2am,), B(am3,—2am,) 
C(am;,—2am,) and D (am‘,,-2am,) then equation of AC 
and BD are 
y(m, +m,)=—2x —2am,m, 
and y(m, +m,) =—2x —2am,m,, respectively. 
Slopes of the chords AC and BD are 


2 , 
—— and - , respectively. 
m, +m, m, +m, 
2 
Slope of AC = —- ———— 
m, +m; 
2 
=——____ [.m, +m, +m, +m, =0] 
m, +m, 


= =-— Slope of BD 
m, +m, 
Their slopes are equal in magnitude and opposite in 
sign. 
. The chords of AC and BD are equally inclined to the axis. 
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Remark 
This is likewise true for the pairs of chords AB, CD and AD, BC. 


Corollary 3. The circle through conormal point passes 
through the vertex (0,0) of the parabola. 


Corollary 4. The centroid of four points; in which a circle 
intersects a parabola, lies on the axis of the parabola. 


4 4 
Yam; S'(-2am,; ) 
Centroid =| = : = 
4 4 


= (¢ {(2m,)" —2 2mm, }, - 2 (2m, | 


-(s [° 2 (4a? r220) 0) 
4 a’ 


=(—-2a — g,0) 


Here y =0, which is axis of the parabola y” =4ax. 


Example 47 A circle cuts the parabola y* = 4ax at 


right angles and passes through the focus, show that 
its centre lies on the curve y* (a+ 2x) =a(a+ 3x)’. 


Sol. Let the circle x? + y’ + 2gx + 2fy+c=0 (i) 
meet the parabola y” = 4ax at any point P (at”, 2at) cutting 
it at right angles. 

We have to find locus of centre of circle Eq. (i), 

ie, (-g.-f) 

But given circle Eq. (i) passes through the focus (a, 0), then 
a’ +0+2ga+0+c=0 


(ii) 


Now, the circle and parabola intersect at P (at”, 2at) at 
right angles. 
Since, tangent at P (at’, 2at) to the parabola y” = 4ax is 
ty=xt+ at? 

Hence, this tangent must pass through the centre (—g, — f) 
of the circle 

— ft=-gtat’ 
=> ft=g-at’ ...(iii) 
Also the point P (at*, 2at) lies on the circle (i), then 
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a’t* + 4a’t* + 2agt® + 4aft +c =0 a — 2g a — 2g 

Hence, from Egg. (ii) and (iii) when we put values for c and ft. f a as ( a 

a’t* + 4a°t? + 2agt? + 4ag — 4a°t? — a? — 2ag =0 a= 98 
=> a’t* + 2agt” + 2ag — a =0 = f (78) =e ><) 
=> at* +2gt? +2¢ —-a=0 = f? (a—2g) =a(3g - a)’ 
= a(t* —1)+2g(t? +1)=0 => (-f)? [a+2(-g)]=a(a—3g) 
> (t? +1)[a(t? -1)+2g]=0 But t? +140 => (—f)? [a+ 2(-g)] =a [a+3(-g)} 
= a(t?-1)+2g=0 = t?= a— 2g Hence, locus of the centre (—g, — f) is the curve 


a y? (a+ 2x) =a(at 3x)’. 


Hence, from Eq. (iii), 


Exercise for Session 2 


1. 


2. 


10. 


11. 


12. 


13. 


If2x + y + A=Ois a normal to the parabola y* = - 8x, then the value of A is 
(a) — 24 (b) —16 (c) -8 (d) 24 
The slope of a chord of the parabola y? =4ax which is normal at one end and which subtends a right angle at 


the origin is 


1 1 
(a) a (b) V2 (c) - a7] (d) - V2 


The common tangent to the parabola y- =4ax and x? =4ay is 

(a)x+y+a=0 (b)x + y-a=0 (c)x -y+a=0 (d)x -y-a=0 

The circle x? + y + 42x =O which A €R touches the parabola iy" = 8x. The value of A is given by 

(a) A € (0, ) (b) A € (-, 0) (c) A €(1 -) (d) A €(-+, 1) 

If the normals at two points P and Q of a parabola yr = 4ax intersect at a third point R on the curve, then the 
product of ordinates of P and Qis 

(a) 4a? (b) 2a? (c) - 4a? (d) 8a? 

The normals at three points P, Q, R of the parabola y? =4ax meet in (h,k). The centroid of APQR lies on 
(a)x =0 (b)y=0 (c)x=-a (d)y=a 

The set of points on the axis of the parabola y" —4x -—2y + 5=0 from which all the three normals to the 


parabola are real, is 
(a) (A, 0) ;A>1 (b) (A, 1) ;A>3 (c) (A, 2) ;A>6 (d) (A, 3) ;A>8 


Prove that any three tangents to a parabola whose slopes are in harmonic progression enclose a triangle of 
constant area. 


A chord of parabola ye =4ax subtends a right angle at the vertex. Find the locus of the point of intersection of 
tangents at its extremities. 


Find the equation of the normal to the parabola y? = 4x which is 
(a) parallel to the line y =2x —5. (b) perpendicular to the line 2x + 6y +5 =0. 


The ordinates of points P and Q on the parabola y? = 12x are in the ratio 1 : 2. Find the locus of the point of 
intersection of the normals to the parabola at P and Q. 


The normals at P, Q,R on the parabola y? =4ax meet in a point on the line y =c. Prove that the sides of the 
APQR touch the parabola x? = 2cy. 


The normals are drawn from (2A, 0) to the parabola ye =4x. Show that A must be greater than 1. One normal is 
always the X-axis. Find A for which the other two normals are perpendicular to each other. 


Session 3 


Pair of Tangents SS, = T2, Chord of Contact, Equation of the Chord Bisected at 

a Given Point, Diameter, Lengths of Tangent, Subtangent, Normal and Subnormal, 
Some Standard Properties of the Parabola, Reflection Property of a Parabola, 
Study of Parabola of the Form (cx2 + By)? + 2gx + 2fy+c=0 


Pair of Tangents SS, = 77 


If y, —4ax, >0, then any point P (x,,y,) lies outside the 
parabola and a pair of tangents PQ, PR can be drawn to it 
from P. We find their equation as follows. 

Let T (h, k) be any point on the pair of tangents PQ or PR 
drawn from any external point P(x,,y,) to the parabola 
y? = 4ax. 

Q 


65.9) 


R 
Equation of PT is 
BS 
V~-yi= Za (x —x,) 
h-x, 
= y= k-yy se hy, —kx, 
h-x, h-x, 
which is tangent to the parabola 
y? =4ax 
a 
o—— 
m 
= m2 = na i) Vs =a 
h-x, h-x, 
= (k-y,) (hy, —kxy)=a(h—x,)° 


Locus of (h, k), equation of pair of tangents is 


(yy) 1 — 21y) = a(x - x4)’ 
= (y* —4ax) (y;} — 4ax,) = {yy —2a(x +x, )} 
ew i 
where S=y’ —4ax,S, =y; —4ax, 
and T=yy, —2a(x+x;,). 
Aliter : 
Let the parabola be y? = 4ax ..-(i) 


Let P(x,,y,) be any point outside the parabola. Let a 
chord of the parabola through the point P (x,, y,) cut the 
parabola at QO and let R(h, k) be any arbitrary point on the 
line PQ (R inside or outside). 


Let Q divide PR in the ratio 4:1, then coordinates of Q are 


Ah+x, Ak+y, [--PO:OR=h:1] 
Reet Rea 


Since, Q lies on parabola Eq. (i), then 
2 
Ak+y, = Ah+x, 
A+1 A+1 


R(h,k) 


P (X.Y) 


=> (Akt+y,)? —4a(Ah+x,)(A+1) =0 
=> (k’ —4ah) i? +2[ky, -2a(h+x,)]a 
+(y? —4ax,)=0 ...(ii) 
Line PR will become tangent to parabola Eq. (i), then roots 
of Eq. (ii) are equal 
4[ky, —2a(h+x,)) —4(k’ —4ah)(y{ —4ax,)=0 
or {ky, —2a(h+x,)}* =(k’ —4ah) (y? — 4ax,) 
Hence, locus of R (h, k) i.e. equation of pair of tangents 
from Ax,,y,) is 
{yy1 —2a(x +x,)}" =(y" — 4ax) (yj — 4ax,) 
ie. Tt 285,..or 55, ST" 


Remark 


S=0 is the equation of the curve, S, is obtained from S by 
replacing x by x, and y by y, and7 =0 is the equation tangent at 
(x,,¥;) toS =0. 
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Chord of Contact Let Pa(x,y,) 


and the tangents from P touch the parabola at O(at/, 2at,) 


2 4 5 ‘ : 
The chord joining the points of contact of two tangents and R(at;, 2at,) then Pis the point of intersection of 
drawn from an external point to a parabola is known as the tangents. 
chord of contact of tangents drawn from external point. “ X,=att, and y, =a(t, +t,) 
Theorem The chord of contact of tangents drawn from a => tt, =~) and t, +t, =~...(ii) 

a a 


point (x,,y,) to the parabola y” = 4ax is 


Now, OQR= (at? —at2)” + (2at, — 2at,) 


Vy, =2a(x + x,). 


_ f2 2 2 
Proof Let PQ and PR be tangents to the parabola y” = 4ax ~ a (t-te) Uh +t.) + 4] 
drawn from any external point P (x,, y, ), then QR is called =|al|t,-—t,|y{(t, +t.) +4} 


chord of contact of the parabola y” = 4ax. ey al fit, + ty)? — Atty} Vt, +t)? +4} 


“ee S} 


[from Eq. (ii)] 


. a Uo? = 4ax) yo? + 40%) 
ie “— Chord of contact =|a| . 
(1, ¥1) | a | a| 
Rix? 
oe = Vv? — 4ax,)(y? + 4a’) 
a 

Let Q=(x’,y’) and R=(xy") Aliter : 
Equation of tangent PQ is Equation of QRis yy, =2a(x + x,) 

yy’ =2a(x +x’) (i) ~ ye Di 70% 

2a 


and equation of tangent PR is 
The ordinates of Q and Rare the roots of the equation 


pn. he ee rs nae ) any y? = 4a 224% 
Since, lines Eqs. (i) and (ii) pass through (x,, y, ), then 2a 
yiy'=2a(x,+x’)and y,y =2a(x,+x ) = ¥ =26y,— ax) ae 


Hence, it is clear Q(x’, y’) and R(x”,y”) lie on 


=2a(x + 
V1 =2a(x + x;) k, +k, =2y, and kk = 4ax, 


which is chord of contact OR. 7 (ky — k) le +h) — 4hk, 
ee 2— Ky) = Vly tka) — 4K, 
Example 48 Tangents are drawn from the point 2 2 r 
= J (4y7 — 16ax,) =2y(y7 - 4 a 
(x,, y;) to the parabola y* =4ax, show that the length Vay ~ t6ax,) =2y(0" ~ 4a) “ 


of their chord of contact is (vy? —4ax, )(y? +4a’). 


|| 


=> yf — 2yy, + 4ax, =0 


Sol. Given parabola is 
y? = 4ax (i) Xx" 


Q (aty?, 2at,) 


Since, Q (h,, k,) and R(h,, k,) lie on the parabola y” = 4ax , 
X’< >X therefore 


k? =4ah, and kj} = 4ah, 
=> k3 —k? = 4a(h, —h,) 
(ky + ky) (ky — ky) = 4a (hy — hy) 


R (ats?, 2ats) 


=> 2y, (ky — ky) = 4a(h, — h,) 
=> (h, -h,) =~ ia) (iii) 
2a 


Now, OR = (k, — ky)? + (hy — hy)? 


2 12 
= |e k,)? fe VN (ky ky) 
tf 


[from Eq. (iii)] 


2 
a 


. Boe ' - Vo? + 4a”) 
Bea a) Pe 


from Eq. (ii 
2 Ja [ q- (ii)] 


1 
“al (ov? - 4ax,) (y? + 4a’) 


Example 49 Prove that the area of the triangle 
formed by the tangents drawn from (x,, y,) to y* =4ax 
and their chord of contact is (y? — 4ax,)*/* /2a. 
Sol. Equation of QR (chord of contact) is 
Yy, = 2a(x + x1) 
=> yy, — 2a(x + x,)=0 
* PM= Length of perpendicular from P(x,, y,) on QR 
_ Lis = 2a (x, + %)| _ (yr = 404)! 
Voi +4a’) yy + 4a’) 


[Since, P(x,, y,) lies outside the parabola. So, y? — 4ax, > 0] 


R 


Now, area of APQR= : OR: PM 


11 2 _ dax 
1h Woy? = aax,)(y? + 402) Ae) 
2|al (y; + 4a’) 


=(y? — 4ax,)*’” /2a, ifa>0 


Equation of the Chord Bisected 
at a Given Point 


Theorem The equation of the chord of the parabola 
y’ = 4ax which is bisected at (x,, y,) is 


yy; ~2a(x+x,)=y; —4ax, 
or T=S,, 
where, T = yy, —2a(x +x,)andS, =y? —4ax,. 
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Proof Since, equation of the parabola is 
y? =4ax .. (i) 
Let QR be the chord of the parabola whose mid-point is 


P(x,,y1)- 
Qe: Ya) 


P (x4, Y1) 


R 
(x3, Y3) 
Since, Q and R lie on parabola (i), 
y, =4ax, and y, =4ax, 
V5 -¥; =4a(x3—X,) 
V3 — 2 4a 


=> = 
X3—X_2 Y3tYo 


= [.P (x1, 1) is mid-point of OR] 
Vi 


V3 V2 _ 2a _ Slope of OR 
X3—~X2 Vi 


Equation of QRis y-y, mae =x;) 


Vi 
=> YY ~ Yi =2ax —2ax, 
> yy ~2a(x+x,)=y; —4ax, 


[subtracting 2ax, from both sides] 
T=S;; 


where T=yy, —2a(x +x,)andS, =y% —4ax,. 


Example 50 Find the locus of the mid-points of the 
chords of the parabola y* =4ax which subtend a right 
angle at the vertex of the parabola. 
Sol. Let P (h, k) be the mid-point of a chord QR of the parabola 
y” = 4ax then equation of chord QR is 
T=S, 
or yk — 2a(x +h) =k? — 4ah 
=> yk —2ax =k? —2ah ..-(i) 
If A is the vertex of the parabola. For combined equation of 
AQ and AR making homogeneous of y” = 4ax with the help 
of Eq. (i). 
y" = 4ax 


=> y? = 4ax yk = 
k* —2ah 
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=> y® (k? — 2ah) — 4akxy + 8a’x*? =0 


Since, ZQAR = 90° 
.. Coefficient of x + Coefficient of y* =0 
k* — 2ah + 8a" =0 
Hence, the locus of P (h, k)is y’ — 2ax +8a’ = 0. 


Example 51 Show that the locus of the middle points 
of normal chords of the parabola y? = 4ax is 


y" —2a(x-2a) y*+8a" =0. 
Sol. Equation of the normal chord at any point (at’, 2at) of the 
parabola y? = 4ax is 
y + tx =2at + at® .:(i) 


gat) 


R cat’ 


M (X.Y) 


Q 
But if M (x,, y,) be its middle point its equation must be 
also 
T=S, 
=> yy, — 2a(x + x,)=y? — 4ax, 
> yy, — 2ax = yz — 2ax, (ii) 
* From Eqs. (i) and (ii) are identical, comparing, them 
1 ¢t _ 2at+at? 
y, 2a ye — 2ax, 
: 2a bs 
From first two relations, t = — — ... (iii) 
Vi 


. t  2at + at? 
From last two relations, —— = ———— 


2a yy — 2ax, 


2 — 2ax 
=> Ya 7 0" = 2a + at® 
—2a 
; 2 2a) 

— 2ax —2a 
> v1 1=2a+a [from Eq. (iii)] 

~2a Vi 
= yy — 2ax, _ 2ay; +4a° 

~2a Yi 
=> y; = 2ax,y; = 4a’y; — 8a‘ 
> yy — 2a(x, — 2a) y? + 8a* =0 


Hence, the locus of middle point (x,, y,) is 
y* —2a(x — 2a) y* + 8a* =0. 


Diameter 


The locus of the middle points of a system of parallel chords 
is called a diameter and in case of a parabola this diameter 
is shown to be a straight line which is parallel to the axis of 
the parabola. 


Theorem The equation of the diameter bisecting chords 


of slope m of the parabola y” = 4ax is y = as 
m 


Proof Let y=mx +c be system of parallel chords to 
y’ = 4ax for different chords c varies, m remains constant. 


Let the extremities of any chord PQ of the set be P(x,, y,) 
and Q(x,, y,) and let its middle point be M(h, k). 


p (%.Y4) 


On solving equations 


y’ =4ax and y=mx te. 


y” =40(2—) 
m 


my” — 4ay + 4ac =0 


4 + 2 
yo typed op HAY Ae 


2 m 
[.. (h, k) is the mid-point of PQ] 


Hence, locus of M(h, k) is y = as 
m 


Aliter : 
Let (A, k) be the middle point of the chord y = mx +c of the 
parabola y* = 4ax then 
T=S, = ky-2a(x +h) =k’ —4ah 
2a 


dese = => k=— 
k m 


3 baste 2 
Hence, locus of the mid-point is y = = 
m 
Remarks 
1. The point in which any diameter meets the curve is called 
the extremity of the diameter. 


2. Any line which is parallel to the axis of the parabola drawn 
through any point on the parabola is called diameter and its 
equation is y-coordinate of that point. 


If point on diameter (x,, y,), then diameter is y = y,. 


Corollary 1. The tangent at the extremity of a diameter of 
a parabola is parallel to the system of chords it bisects. 


y=mx+c 


a , <2) Diameter 
m2 m 


Let y =mx +c (c variable) represents the system of parallel 


: , 3 2 
chords, then the equation of diameter of y? = 4ax is y = aa 


m 


. 2 
The diameter meets the parabola y =4ax at (=. 22) 
m m 


; ae 
and tangent is y =mx + — which is parallel to y=mx +c. 
m 


Corollary 2. Tangents at the end of any chord meet on the 
diameter which bisects the chords. 

If extremities of the chord be P (at? , 2at, ) and Q (at5, 2at, ) 
then its slope 


2at, —2at, 2 
m= => m 


at? —at? (t, +t,) 


y=mx+c 
P 


Diameter 
a 
(Ky, V4) 


(at§, 2at,) 


Equation of diameter is 
y=2a/m => y=a(t, +t.) (i) 
Now, tangents at P (at*,2at, ) and Q (at3, 2at, ) meet at a 
point [at,t,,a(t, +t,)] which lies on Eq. (i). 
Aliter 
Let equation of any chord PQ be y =mx +c. 


If tangents at P and Q meet at R(x,, y,), then PQ is the 
chord of contact with respect to R(x,,y,)- 


*, Equation of PQ is 
2 
yy, =2x(x+x,) or joe es 
V1 V1 
which is identical to y =mx +c 
2a 2a 
m=— or y,=—. 
V1 a 


Hence, locus of R(x,,y,)is y= 2 which bisects the 
chord PQ. ae 


Chap 05 Parabola 401 


Corollary 3. To find the equation of a parabola when the 
axes are any diameter and the tangent to the parabola at the 
point where this diameter meets the curve. 


Let the equation of the parabola be 
y*® =4ax (i) 
Let AB be the diameter of the parabola Eq. (i), then its 


ba 2a 
equation is y = — 


Since, A is the extremity of the diameter 


Coordinates of A is (5. 22) 


where, m = tanO 
then, the equation of tangent AT at A is 
a 
y=mx +—. 
m 


Now, let P be any point on the parabola Eq. (i), whose 
coordinates referred to Vx and Vy are(x, y) and referred 
to diameter AB and tangent AT are (X,Y). 


then X=AQ and Y=QP [since, PQ|| AT] 
Now, VN=VL+LIN =VL+ AM =VL+AQ+QM 


=" +X +QP cos 
m 


or x=“ +X +Ycos0 (ii) 
ae 
and PN = PM + MN = PM + AL 
=OP anda 
m 


... (iii) 


y =YsinO + ee 
m 
From Eqs. (ii) and (iii) coordinates of P are 


# ey ay web Yaad 
m m 


Now, P lies on Eq. (i). 
2 
[y sin® + 22) = 4a (= +X + ¥ cox 


m m 
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4a” 4a 
> Y’ sin? @ + —_ + —_ Y sinO 
m m 
4a’ 
= — + 4aX + 4aY cosO0 
ine 
=> Y’ sin? 0 + 4a’ cot? 0 + 4a cosOY 


= 4a’ cot?@+4aX +4aYcosO [--m=tanO] 


= Y’sin?0@ =4aX 
Y* =(4acosec’®) X, 


which is the required parabola referred to diameter and 
tangent at the extremity of the diameter as axes. 


Remark 
The quantity 4acosec 0 is called the parameter of the diameter 


AQ. It is equal to length of the chord which is parallel to A7 and 
passes through the focus. 


i.e. acosec’@ = a1+cot® 6) =a+ acot’ 6 
a 
=@+ — 
me 
=at+VL=SP 
2 
But length of focal chord if P(at*,2at) is [S(a0)] ft + "| : 


2at-O_  2t 


at?-a t?-1 


2 2 
a{t+2] si (‘-7) +4 
t St 
=a{(2cot6)* + 4} 
=4acosec*@=4-SP 


tand= 


r {-1=2c0t0 


Example 52 If the diameter through any point P of a 
parabola meets any chord in A and the tangent at the 
end of the chord meets the diameter in B and C, then 

prove that PA? =PB-PC. 


Sol. The equation of the parabola referred to the diameter 
through P and tangent at P as axes is 


y? =4)dx (i) 


where, i =a cosec’® [from previous corollary] 


Let QR be any chord of the parabola Eq. (i). Let the 
extremities Q and R be (At, 2At,) and (At5, 2At,). 
Then, the equation of QR is 

y(t; +t) -—2x — 2At,t, =0 ... (ii) 
It meets the diameter through P i.e. X-axis or y = 0, then 
Eq. (ii) reduces 

0-2x -2A tt, =0 
> x=-Atjt,=PA 
...(iii) 


Now, tangent at Q is ty=x+At? 


It meets the diameter through P i.e. X-axis or y = 0, then 
Eq. (iii) reduces 


O=x+At? 
> x=— At? = PB ..(iv) 
Similarly, — At} = PC ..(v) 


(PA)’ = (-Atyt,)’ = Mets 
= (—Atz) (-At3) 
= PB- PC 


[from Eqs. (iv) and (v)] 


Lengths of Tangent, Subtangent, 
Normal and Subnormal 


Let the parabola y” = 4ax. Let the tangent and normal at 
P(x, y) meet the axis of parabola at T and G respectively 


and let tangent at P(x, y) makes angle w with the positive 
direction of X-axis. 


>~< 


>X 


Then, PT =Length of Tangent 
PG = Length of Normal 
TN = Length of Subtangent 
and NG=Length of Subnormal 


If A (0,0) is the vertex of the parabola. 

“e PN=y 
PT = PN cosec W = y cosec y 
PG = PN cosec (90° — W) = y sec W 
TN = PN coty =ycoty 


and NG=PNcot(90°-y)=y tany 


where, tany = ae m [slope of tangent at P (x, y)] 


Example 53 Find the length of tangent, subtangent, 
normal and subnormal to y? = 4ax at (at?,2at) . 


Sol. «: Equation of tangent of (at*, 2at) of parabola y* = 4ax is 
ty=xt at? 


1 
Slope of this tangent m = — 
t 


Let tangent makes angle w with positive direction of X-axis 
1 
tany =—- 
t 
then t=coty 


.. Length of tangent at 
(at”, 2at) = 2at cosecy 


= 2at va + cot? y) =2at Ja +t?) 


Length of normals at 


(at’, 2at) = 2at sec w = 2at «(1 + tan” y) 


=2a\(t? +t? tan’ y) =2a y(t? +1) 


Length of subtangent at (at*, 2at) = 2at cot y 
= 2at® 
Length of subnormal at (at”, 2at) = 2at tan 


= 2a 


Some Standard Properties 
of the Parabola 


(1) The tangents at the extremities of a focal chord 
intersect at right angles on the directrix. 


The extremities of a focal chord PQ are 


P =(at’,2at) and O=( a 2) 


ot 


Let parabola is y” = 4ax 
Tangent at P (at’, 2at) is 


ty =x +a?’ (i) 


Its slope Pe m, (say) 
t 


t 
-Yax4+4 (ii) 
t t? 
=> —ty= xt? +a 
Its slope —t=m, (say) 
mm, =-1 
ZPTQ =90° 
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and adding Eqs. (i) and (ii), we get 
(x +a)(1+2#7)=0 = 142? #0 
x +a=0, which is directrix. 


(2) The portion of a tangent to a parabola intercepted 
between the directrix and the curve subtends a right 
angle at the focus. 


The equation of the tangent to the parabola y” = 4ax at 
P (at”, 2at) is 

ty =x +at’ (i) 
Let Eq. (i) meet the directrix x +a =0 at Q, 


i? - 
then coordinates of Q are [- a, . ‘) , also focus S 
is (a, 0). 
Pp (at? 2a) 
Q 
Z V S@0) = 
x+a=0 
Directrix 
Slope of SP = os 
at =< 
2t 
= 1 =m, (say) 
t= 1 
2 
at a _0 ”, 
and slope of SQ = + = =m, (say) 
—a-a —2t 
mm, =~-1 


i.e. SP is perpendicular to SQ i.e. Z PSQ = 90° 

(3) The tangent at any point P of a parabola bisects 
the angle between the focal chord through P and the 
perpendicular from P to the directrix. 

Let the tangent at P (at’,2at) to the parabola y* = 4ax 
meets the axis of the parabola i.e. X-axis or y =0 at T. The 
equation of tangent to the parabola y” = 4ax at P (at’, 2at) 


is 


ty =x +at’ 


Directrix 
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For coordinates of T solve it with y =0. 
T (—at”,0) 
ST =SV +VT =a+at® =a(1+t’) 


Also, SP =PM=a+at® =a(1+t’) 
SP =ST, ie. ZSTP = ZSPT 
But ZSTP = Z MPT [alternate angles] 
ZSPT = Z MPT 


(4) The foot of the perpendicular from the focus on any 
tangent to a parabola lies on the tangent at the vertex. 


Equation of tangent at P (at”, 2at) 

On the parabola y? = 4ax 

is ty=xt+ at” 

> x —ty +at’ =0 ..-(i) 


Now, the equation of line through S (a, 0) and 
perpendicular to Eq. (i) is 


ix+y=A 
Since, it passes through (a, 0). 
: ta+0=A 
Equation tx+y=ta or t?x+ty-at’=0 _ ...(ii) 
By adding Eqs. (i) and (ii), we get 
x (1+t?) =0 
= ao [1427 #0] 


Hence, the point of intersection of Eq. (i) and (ii) lies on 
x =0 ie. on Y-axis (which is tangent at the vertex of a 
parabola). 


(5) If S be the focus of the parabola and tangent and 
normal at any point P meet its axis in T and G 
respectively then ST = SG = SP. 

Let P (at”, 2at) be any point on the parabola y’ = 4ax, 


then equation of tangent and normal at P (at’, 2at) are 
ty=x-+at’ and y=-tx+2at+at’, respectively. 


Since, tangent and normal meet its axis in T and G. 


. Coordinates of T’ and G are (—at?,0) and (2a + at’,0) 
respectively. 


¥ 
x+a=0 p(at*2at) 
M 
90° 
a | Zl V mee A 

(a, 0) 

Directrix 

y 


SP = PM =a +at’ 
SG =VG -—VS =2a + at’ —a 
=a+at? 
and ST =VS +VT =a+at? 


Hence, SP =SG =ST 


(6) If S be the focus and SH be perpendicular to the 
tangent at P, then H lies on the tangent at the vertex 
and SH” = OS. SP, where O is the vertex of the 


parabola. 


Let P (at”, 2at) be any point on the parabola 
y*® =4ax (i) 
then, tangent at P (at*, 2at) to the parabola Eq. (i) is 
ty=xt+ at’ 


It meets the tangent at the vertex i.e. x =0. 


>X 


Directrix 


Coordinates of H is (0, at) 
and SP=PM=a+at? > OS=a 


and SH =,(a—0)” +(0—at)® =a’ +a’?’ 


or (SH)? =a {a(1+t”)} =OS- SP. 


Reflection Property of Parabola 


The tangent (PT) and normal (PN) of the parabola 
y? = 4ax 
at P are the internal and external bisectors of ZSPM and 


BP is parallel to the axis of the parabola and 
ZBPN = ZSPN. 


AY 
Light ray 
M B 


Reflected ray 


xX’ < >X 


All rays of light coming from the positive direction of 
X-axis and parallel to the axis of the parabola after 
reflection pass through the focus of the parabola. 


Example 54 A ray of light is coming along the line 
y =b from the positive direction of X-axis and strikes 
a concave mirror whose intersection with the 
xy-plane is a parabola y* = 4ax. Find the equation 
of the reflected ray and show that it passes through 
the focus of the parabola. Both a and b are positive. 


Sol. Given parabola is y” = 4ax 


<< 


2 2 
Equation of tangent at P [F | is yb = 2a [. + *| 
4a 4a 
Slope of tangent is a 


b 
Hence, slope of normal = — — = tan (180° — a). 
2a 


tana = — 
2a 
Slope of reflected ray = tan (180° — 20) 
= — tan2a 
2. 
2 tana 2a | 4ab 
1— tan? a i b? (4a” — b”) 


Hence, equation of reflected ray is 


= 4ab b° 
y 2 22 * 
(4a” — b’) 4a 


> (y — b) (4a” — b”) = — (4ax — b’) 
which obviously passes through the focus S (a, 0). 


Study of Parabola of the Form 
(ox +By)* +29x+2fy+c =0 


Given equation can be written as 
(ax +By)? =-2gx -2fy—c 


Now, add an arbitrary constant A in the square root of the 
second degree terms. Then the equation will be of the form 


ie. (ax +By +A)? = xf,(A) + yfp (A) + f(A) sa) 
Now, choose A such that the lines 
ax+By+A=0 and xf, (A) +yf.(A) + f(A) =0 


are perpendicular 
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ie. (slope of ax +By + A=0) x (slope of 
xf (A) + yfy(A) + fz (A) =0) =- 


= O x fia _ 
Bo f,(A) 
= of, (A) + Bf, (A) =0 (ii) 


Now, substitute the value of A in Eq. (i) from Eq. (ii). 
Multiply and divide (a? +8”) in LHS of Eq. (i) 

2 
ax+Byt+a 


ie. (ax +By +A)? =(a” +87) Jor +B 
and RHS of Eq. (i) by (a? +B”) 

ie. xf (A) + yfo(A) + f3(A) 

xf, (A) + yf2(A) + f(A) 


(a* +B") 


(a* +B") 


Then, Eq. (i) reduce in the form 


ax+By+a = Bx -Oy +p 
Ja? +B? (a? +B") 


which is of the form Y? = 49X 
ox tPy +A y i pe= ay + 


and 4p9= 
V(a? +B") - +B’) - V(a? aa 
Latusrectum is 49 = —_____— 
va a 
Axisis Y=0 or ax+By+A=0. 
Equation of tangent at vertex is 
X=0 or Bx-oyt+u=0. 


Vertex is the point of intersection of 

X=0 and Y=0 
ie. Bx -GQy+uU=0 and ax+Py+A=0. 
X+p=0. 
Equation of latusrectum is X —p =0. 


Equation of directrix is 


Focus Since, axis and latusrectum intersect at the focus S 
its coordinates are detained by solving 


X-p=0 and Y=0. 


Example 55. Find the length of latusrectum of the 
parabola (a? +b) (x? + y’) = (bx + ay — ab)’. 
Sol. Given equation may be written as 

ax +a’y? +b’x? + by? =b?x? + a’y?+a°b* 


+ 2abxy — 2a*by —2ab’x 
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2 


=> = a’x® — 2abxy + b’y® = — 2ab’x — 2a*by + a’b? _ |bx + ay — ab| 


= (x? +y") en 2 Py) 
+b 
> (ax - by)? =-—2ab G t+ay- *) (a ) 7 
s => (x0) +(y-0) Sly 
Since, ax — by = 0and bx + ay — v = 0 are perpendicular. _ | bx + ay — ab| sh Geeatt ane S (0,0) 
(a? +b) 5 


i, ab 
bx + ay — — ats 
“(a + poh ae (a? 7} sabe g 2 | which is of the form SP = PM. 


ath (a’ +b’) Since, distance from focus S to ( bx + ay — ab=0) = ; (4p) 


1 ab Y ) 
2 ab => = (49) = ——— pay 
ax—by | | —2ab [tx + ay - 2 2 a+b? N 
e+e?) fa? “| (a? +B”) 4p = 20h : ‘ 
- (a? +b’) oh, ae 
which is of the form Y* = — 4pX. 


Therefore, the latusrectum = 49 = es Remark 
(a’ +b’) Consider the equation of parabola is y* =4ax. 
Aliter : i.e. (MP)? = (Latusrectum) NP. 
Given equation may be written as i.e. if Pis any point on the given parabola, then 
ag (bx + ay — ab)? (the distance of P from its axis)* = (Latusrectum) 
(a* +b’) (The distance of P from the tangent at its vertex). 


Exercise for Session 3 


1. If m,,M, are slopes of the two tangents that are drawn from (2, 3) to the parabola y =4x, then the value of 


1 4 
—+— jis 
m, Mg 
2 3 
(a) -3 (b) 3 (c) 5 (d) 3 


2. The angle between the tangents drawn from the origin to the parabola y? =4a(x -—a)is 


(a) 90° (b) 30° (c) tar“ 3) (d) 45° 


3. If (a, b) is the mid-point of chord passing through the vertex of the parabola y* = 4x, then 
(a)a = 2b (b) 2a =b (c)a* = 2b (d) 2a = b? 

4. The diameter of the parabola v7 = 6x corresponding to the system of parallel chords 3x — y +c =Ois 
(a)y-1=0 (b)y-2=0 (c)y+ 1=0 (d)y+2=0 

5. From the point (—1,2) tangent lines are drawn to the parabola y =4x, the area of triangle formed by chord of 
contact and the tangents is given by 
(a) 8 (b) 8/3 (c) 8/2 (d) None of these 

6. For parabola x* + y? + 2xy —6x —2y +3 =0, the focus is 
(a) (4 - 1) (b) (-1, 1) (c) (3, 1) (d) None of these 


7. The locus of the mid-point of that chord of parabola which subtends right angle on the vertex will be 
(a) y? — 2ax + 8a =0 = (b) y? = a(x — 4a) (c) y? = 4a (x - 4a) (d) y? + 3ax + 4a? =0 
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8 A ray of light moving parallel to the X-axis gets reflected from a parabolic mirror whose equation is 
(y =) =4(x + 1). After reflection, the ray must pass through the point 


(a) (-2, 0) (b) (-1, 2) (c) (0, 2) (d) (2, 0) 


9. Prove that the locus of the point of intersection of tangents to the parabola y? =4ax which meet at an angle ais 
(x +a)? tan? o = y? —4ax. 


10. Find the locus of the middle points of the chords of the parabola ye? =4ax which pass through the focus. 


11. From the point P(—1,2) tangents are drawn to the parabola y* = 4x. Find the equation of the chord of contact. 
Also, find the area of the triangle formed by the chord of contact and the tangents. 


Shortcuts and Important Results to Remember 


Second degree terms in the equation of a parabola 9 If the normals to the parabola y* = 4ax at the points t, and 
should make perfect squares. t, intersect again on the parabola at the point 
If /, and /, are the lengths of segments of a focal chord t,', thentt, =2;t3 =—(¢,+t.)and the line joining t, andt, 
then the latusrectum of the parabola is ae, passes through a fixed point (—2a, 0). 
i tls 10 lf the length of a focal chord of y* = 4ax at a distance b 

If a be the inclination of a focal chord with axis of the from the vertex is c then b*c = 4a°. 

F ; 2 
parabola then its length is 4acosec’a. 17 From an external point only one normal can be drawn. 


2. 
IMengeliiiah ys Saercat i ale ita) mieels-al A, Ion 12 If anormal to y* = 4ax makes an angle @with the axis of 


|| 
area of APQR is 5 a’, -to). y” = 4ax then it will cut the curve again at an angle of 


_4{ tan® 
The foot of the perpendicular from the focus on any tan a : 
tangent to a parabola lies on the tangent at the vertex. 
The area of the triangle formed by three points on a 13 The orthocentre of any triangle formed by the three 


2_ ua ig 3 gic (4 
parabola is twice the area of the triangle formed by the langeyis me Pahoa) ee fia ta BNE ea tes On ae 
tangents, at these points. directrix and has the coordinates 


= t, +to +t, +h : 
The equation of the common tangent to the parabolas aaa s ds) 
x? = day and y? = 4axisx+y+a=0. 14 Normals at the end points of the latusrectum of a parabola 


y® = 4ax intersect at right angle on the axis of the parabola 


If the chord joining t,,t. andt,,t, pass through a point and their point of intersection is (3a, 0). 


(c, 0) on the axis, then 
tts =tet, =-Cc/a 15 A line ray parallel to axis of the parabola after reflection 


passes through the focus. 


JEE Type Solved Examples : 
Single Option Correct Type Questions 


= This section contains 10 multiple choice examples. 
Each example has four choices (a), (b), (c) and (d) out of 
which ONLY ONE is correct. 


® Ex. 1 A ray of light travels along a line y = 4 and strikes 
the surface of curves y*=4(x +y), then the equation of the 
line along which the reflected ray travels is 

(a) x =0 (b) x =2 

(c)x ty =4 (d)2x +y =4 
Sol. (a) The given curve is (y —2)* = 4(x +1) 


ay 


(1,2) |---4 0.2) 


>X 


(0,0) 


The focus is (0, 2). 

The point of intersection of the curve and y = 4 is (0,4). From 
the reflection property of parabola the reflected ray passes 
through the focus. 


Therefore, x = 0 is the reflected ray. 


Ex. 2 A parabola is drawn with focus at (3, 4) and vertex 
at the focus of the parabola y? —12x — 4y + 4=0. The 
equation of the parabola is 

(a) x? —6x —8y + 25=0 (b)y’? —8x —6y + 25=0 
(c) x? —6x +8y —25=0 (d) x* +6x —8y — 25=0 
Sol. (a) y?-12x-4y+4=0 => (y 2)’ =12x 
S (3,4) 


A (3,2) 

Its vertex is (0,2) and a =3, 
its focus =(3, 2). 
Hence, for the required parabola; focus is (3, 4), vertex =(, 2) 
and a =2, 
Hence, the equation of the parabola is 

(x 3)’ = 4(2)(y -2) 
or x’ —6x —8y +25 =0 


Ex. 3 Two parabolas have the same focus. If their 
directrices are the X-axis and the Y -axis, respectively, then 
the slope of their common chord is 


4 3 
(b) a (c) 4 


Sol. (a) Let the focus be (a, b) 


(a) +1 (d) None of these 


Then, equations are (x —a)’ +(y —b)’ =y’ and 
(x—a)’ +(y —b)? =x? 

If S, =(x-a)’ +(y —b)’ -y? =0 

S, =(x a)’ +(y—b)?-x? =0 


and 
.. Equation of common chord S, —S, = 0 gives 
x? -y?=0 or y=tx 


Hence, slope of common chord is + 1. 


Ex. 4 Let us define a region R in xy-plane as a set of 
points (x, y) satisfying[ x* ] =[y] (where[x] denotes greatest 
integer < x), then the region R defines 

(a) a parabola whose axis is horizontal 
(b) a parabola whose axis is vertical 

(c) integer point of the parabola y = x? 
(d) None of the above 


Sol. (d) ~[x?]=[y] 

If 0<y<1, - 
then, [y]=0 

[x*]=0 

0<x°<1 

> x €(-1,1) 
for 1<y<2, 
then [y]=1 

[e]=1 a a 5rXx 
=> 1<x°<2 y 


= = xe(-V2,-1]U[1, v2) 
for 2<y<3,then[y]=2 
then, [x’?]=2=>2<x’ <3 

x €(-V3, - V2] U[v2,v3) 


The graph of the region will not only contain of the parabola 
y =x’ but [x’]=[y] contain points within the rectangles of side 


1,2,;1, V2 -1;1, V3 -v?2 ete. 


Hence, a, b,c are incorrects. 


Ex. 5 The minimum area of circle which touches the 


parabolas y = x? +1andx =y’ +1is 
on 9 
a) — sq units b) — sq units 
(a) Co (b) a 
(0) sq units (4) sq units 


Sol. (b) The parabolas y = x” +1 and x=y* +1 are symmetrical 


about y = x. 
Therefore, the tangent at point A is parallel to y=x 
then dy =2x=1 
dx 
1 5 
or x=-, — 
2 4 4 
15 
“(9 
24 ea 
and B= (=. ;) 
4 2 


9 . 
Area = mr? =— sq units 
32 


Ex. 6 Let the line lx + my =1 cut the parabola y? = 4ax 
in the points A and B. Normals at A and B meet at point C. 
Normal from C other than these two meet the parabola at D, 
then the coordinate of D are 


4am 4a 
(a) (a, 2a) (b)| — 2) 
l l 
2am* 2a 4am” 4am 
c — d ; 
> hae | ) i i l 
Sol. (d) Let A =(am7, —2am,) and B =(am;, —2am,) 
Now, A and B lie on lx + my =1 
=> (am?) + m(-2am,) =1 ...(i) 
and (am) + m(-—2am,) =1 sa(11) 


Subtracting Eq. (ii) from Eq. (i), then 
la(m; — m;) —2am(m, —m,) =0 


=> a(m, —m,) #0 
I(m, + m,)-2m=0 

2m oe 

=> m, +m, mor ...(iii) 


Let D=(ami, -2am,) and C =(h,k) 
.. Equation of normal in terms of slope 
y=Mx —2aM —aM? 
then aM? —(h—-2a)M+k=0 
m +m, +m, =0 


2m 
=> ra 
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Ex. 7 Ifd is the distance between the parallel tangents 
with positive slope to y* = 4x and 
x* +y* —2x + 4y -11=0, then 
(a) 10<d< 20 (b)4<d<6 
(c)d<4 (d) None of these 


Sol. (c) Tangent to the parabola y’ = 4x having slope m is 
1 
y =mx + — 
m 


and tangent to the circle (x —1)’ +(y +2)° = 4” having slope mis 


y+2=m(x-1)+4,J(1 +m’) 
4,/(1 + m’) ee 
m 
(1 +m?) 
P 2 (+m) 
y(i +m?) m 


(given) 


.. Distance between tangents (d) 


As m>0 
we get d<4 

Ex. 8 Two parabolas C and D intersect at two different 
points, where C is y = x* —3 and D is y =kx?. The 
intersection at which the x value is positive is designated 
point A , and x =a at this intersection the tangent line | at A 
to the curve D intersects curve C at point B, other than A. If 
x-value of point B is 1, thena is equal to 


(a) 1 (b) 2 (c) 3 (d) 4 
Sol. (c) C:y =x? -3 and D:y =kx* 
Solving C and D, then 
kx? =x" —3 (i) 
or va, 
1-k 
3k 
then, =—— 
y (= 
A= Se, nA (given x-value of A is positive) 


and 


then A=(a,ka’) =(a,a* -3) [from Eq. (i)] 
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tangent ‘l’ at A to the curve Dis Hence, the corresponding point on the parabola is (1,2) 
2 =— 
oe =kx-a nal, a a) +(3+ vl = <) —f 4X, = V(x, —x,)° +(y, -y2)° 
3 = Distance between (1,2) and (0,3) — radius 
> +a* —3 =2ax| 1—-— {from Eq. (i)] ...(ii) _ a _ 
y [ =] q = (+1) -1=(v2 -1) 
% B=(1,-2)(a#1) or (x, — x)? +8 + (1 — x”) — 4x, )? =(v2 -1) 
3 
From Eq. (ii), —2+a” s=2a(1 | = min: [(x, — x,)* +(3+ (1—x?) —./4x, )?]=3 -2v2 
a 
3 2 
—5a=2a" —6 ion 
= sie » Ex. 10 The condition that the parabolas y* = 4c (x —d) 
a _ 
- faa and y” = 4ax have a common normal other than X-axis 
> (a—1)(a+2)(a—3)=0 (a>0,c>0) is 
ae ade =z) (a) 2a< 2c +d (b) 2c < 2a+d 
(c) 2d < 2a+c (d) 2d<2c+a 
‘ 2 | 2 | 2 
Ex. 9 min[(x, — x2)" +B +y— x7) —V4xn) LV Sol. (a) Normals of parabolas y* = 4ax and y* = 4c(x—d) in terms 
X1,X_ ER, is of slope are 
(a) 4V¥5+1 (b)3-2V2 (c)V¥5+1  (d)V¥5-1 y =mx—2am-am' ...(i) 
Sol. (b) Let y,=3+J(1-x7) and jee Ax, and y =m(x-d)-—2cm—cm? .. ii) 
or x; +(y,-3)°=1 and yi =4x, Subtracting Eqs. (ii) from (i), then 
Thus, (x,,y,) lies on the circle x” + (y —3)? =1 and (x,y) lies md —2am—am* + 2cm+ cm* =0 
on the parabola y? = 4x. m#0 
Thus, the given expression is the shortest distance between oe d -—2a—am’ + 2c + cm’ =0 
the curve x? +(y —3)?=1 and y* =4x. > (a—c)m? =d —2a + 2c 
Now, the shortest distance always occurs along the common » d-2at+2c 
normal to the curves and normal to the circle passes through a = la=e) 
the centre of the circle. 
Normal to parabola y’ = 4x is y=mx—2m—m’. It passes > -—2>0 
through centre of circle (0,3). a -% 
Therefore, 3 =—2m—m’ > m? + 2m+3=0 which has only one = d > 2a —2c 
> 2a<2ct+d 


real value m=~1. 


JEE Type Solved Examples : 
More than One Correct Option Type Questions 


= This section contains 5 multiple choice examples. Each _ Sol. (a, b, c, d) Let P(at’,2at) be a point on the parabola y” = 4ax 


example has four choices (a), (b), (c) and (d) out of which with focus S(a, 0) 
MORE THAN ONE may be correct. Now, mid-point of focal radii SP is nfs (t? +1), at} 
© Ex. 11 The locus of the mid-point of the focal radii of a Let xa +1) andy =at 
variable point moving on the parabola y” = 4ax is a aly? 
parabola whose or x5. & 7 | 
(a) latusrectum is half the latusrectum of the original 7 
parabola => y’ =2ax—a" or yt=2o{ x5) 
(b) vertex is (é | which is a parabola with vertex (5: o} and latusrectum is 2a, 
2 2 
c) directrix is Y-axis directrix is x“ = “ie. x=0 (Y) and focus an a 0 | i.e. (a, 0). 
2 2 2 2 


(d) focus has the coordinates (a, 0) 


Ex. 12 If P,P, andQ,Q,, two focal chords of a parabola 
y* =4ax at right angles, then 


(a) area of the quadrilateral P,Q,P,Q, is minimum when 
the chords are inclined at an angle 11/4 to the axis of 
the parabola. 


(b) minimum area is twice the area of the square on the 
latusrectum of the parabola. 


(c) minimum area of quadrilateral P.Q,P,Q, cannot be 
found. 


(d) minimum area is thrice the area of the square on the 
latusrectum of the parabola. 


Sol. (a, b) Let coordinates of P are (at”,2at), then coordinates of P, 


ty 


Po 


Qe 


y’ 
i 4 
Let focal chord P,P, makes an angle o& with X-axis, then 


t 
1)’ iy 
Now, ap, =o t+) -e((:-2) 4} 
t t 


=a{4cot? a+ 4}=4acosec’a, [from Eq. (i)] 


Similarly, QQ, = 4a cosec*(90 — 0) = 4a sec*ar 


.. Area of quadrilateral P.Q,P,Q, = ; (RP,)(Q,Q2) 


=8a’sec’or cosec’ =32a” cosec*a 
.. Minimum area =32a” =2(latusrectum)’ and is inclined at 


a=n/4 (." cosec 20 =1) 


Ex. 13 The equation of the line that touches the curves 
y =x|x|andx* +(y — 2)? =4, where x #0, is 
(a) y = 4V5x + 20 (b) y = 4V3x — 12 
(c)y =0 (d) y = — 45x — 20 


x, x20 


x, x<0 


Sol. (a, b, c) “y=x| x| -| 


-: Equation of tangent in terms of slope (m) of x” = 4ay is 


y=mx-am? . (i) 
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Also, line (i) touches the circle x? + (y —2)’ =4, then 


|2+ am’ | 7 
(1+ m’) 
> 4+a°m'* + 4am? =4+ 4m? 
m? = 5% and m? =0 
a 
Put 4a=1 for y=x’, x>0, then m? = 48 


and put 4a =—1 for y =— x’, x <0, then m? =80 
.. Common tangents are 


y =0, y=4V3x-12 and y =4v5x +20 


Ex. 14 LetV be the vertex and L be the latusrectum of 
the parabola x* = 2y + 4x — 4. Then, the equation of the 
parabola whose vertex is at V, latusrectum L / 2 and axis is 
perpendicular to the axis of the given parabola. 
(b)y°=x-4 
(d)y* =4-x 


(a)y?=x-2 
(c)y? =2-x 
Sol. (a, c) Given parabola is x” =2y + 4x-4 
> (x —2)? =2y 
Vertex of the parabola is (2, 0) and length of latusrectum =2 
V(2, 0) and L=2 


AY 
axis of 
7 parabola 
X’< ©0) > X 
YY 


Length of latusrectum of required parabola = L /2=1 
.. Equation of the required parabola is (y — 0)’ =+ 1(x —2) 


=> y?=x-2ory*=-x4+2 


Ex. 15 Consider a circle with its centre lying on the 
focus of the parabola y? = 2ax such that it touches the 
directrix of the parabola. Then a point of intersection of the 
circle and the parabola is 


(5) 
oF] 


Sol. (a, b) Given parabola is y” =2ax (i) 


. Focus and equation of directrix are (8. 0} and x=—“ 

respectively. - ‘ 
2 

.. Equation of circle is (« - :) t+(y- 0)* =a’ .. (ii) 


(.: radius = distance between focus and directrix) 
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From Eqs. (i) and (ii), 


or x=-, x #-— 
2 


JEE Type Solved Examples : 
Paragraph Based Questions 


= This section contains 2 Solved Paragraphs based upon 
each of the paragraph 3 multiple choice question. Each 
of these questions has four choices (a), (b), (c) and (d) out of 
which ONLY ONE is correct. 
Paragraph I 
(Q. Nos. 16 to 18) 
Tangents are drawn to the parabola y* = 4x at the point P 


which is the upper end of latusrectum. 


16. Image of the parabola y* = 4x in the tangent line at 
the point P is 
(a) (x + 4)? = l6y 


(c)(x + 1° = 4(y -1) 


(b) (x +2)* =8(y -2) 

(d) (x — 2)’ = Ay - 2) 

17. Radius of the circle touching the parabola y” = 4x at 
the point P and passing through its focus is 


(a)1 (V2 @vB 2 
18. Area enclosed by the tangent line at P, X-axis and the 
parabola is 


(a) : sq units (b) : sq units 


(c) ~ sq units (d) . sq units 


Sol. Upper end of latusrectum is P (1,2) 


.. The equation of tangent at P (1,2) is 
y:2=2(x+1)>x-y+1=0 
16. (c) Any point on the given parabola is (t”, 2t). The image of 
(h, k) of the point (t”, 2t) on x—y + 1=0is given by 
h-t?  k-2t_ -2t°-2t+1) 


1 -1 1+1 
=> h=2t-landk=t' +1 
é e-(*) $1 = (h41)? =4k-1) 


The required equation of image is (x + 1)"= 4(y —1). 
17. (c):« Focus is S(1, 0) and P is (1,2). 


Equation of circle touching the parabola at (1, 2) is 
(x-1)? +(y -2)? + A(x—y +1) =0 it passes through (1, 0). 


y=ta 


‘ F : : a 
Hence, required point of intersection are (¢. + a} 
2 


Therefore, 4+2A=0o0rrA=-2 
Thus, the required circle is 

(x-1)’ + (y -2)’ -2(x-y +1)=0 
or x+y’ —4x-2y+3=0 


>X 


Its radius is ./(4 + 1-3) =/2. 
18. (a) Area bounded by AOPA = Area of AAOB + Area of OPBO 
AY 


2X 
1 ay? 4 [y?3} 8 2 
=-x1x1+[*dy--x1x1= — | =—=-sq unit 
2 04 2 [12 |, 12 3 
Paragraph II 


(Q. Nos. 19 to 21) 


LetC, andC, be respectively, the parabolas x* = y —1and 
y’ =x-1. Let P be any point onC, andQ_ be any point on 
C,. Let P, andQ, be the reflections of P andQ , respectively 


with respect to the line y = x. 


19. P, and Q, lie on 
(a) C, and C, respectively (b) C, and C, respectively 
(c) Cannot be determined (d) None of these 


20. 


21. 


Sol. 


If the point P(A, A” +1) and Q(u? +1,p), then P, and 
Q, are 

(a) (22 +4,A) and(u2 +4p) (b)(22 +142) and (up? +1) 
(c)(A, A? + 1) and (uu, 7 + 1) (d)(A, A? +1) and (u? + 4) 


Arithmetic mean of PP, and QQ, is always 


less than 


(a) PQ (b) PQ (c) 2PQ (4) = PQ 


Since, the reflection of a point (p, q) with respect to line y = x is 
(4 P). 

Let P(A, A’ +1) and Q(u? + 1,u) be points on C, and C,, 
respectively. 

. Reflection of P(A, 4° +1) with respect to line y = x is 

P(X’ +1,A)and reflection of Q(u? + 1,u) with respect to line 


y =x is Qu, m+ 1). 


x2=y-1Y rer 
t Q, 


JEE Type Solved Examples : 
Single Integer Answer Type Questions 


= This section contains 2 solved examples. The answer to 
each example is a single digit integer, ranging from 0 to 
9 (both inclusive). 


Ex. 22 Points A, B,C lie on the parabola y* = 4ax. The 
tangents to the parabola at A, B, C taken in pairs intersect at 
points P,Q, R, then, the ratio of the areas of the AABC and 
APAQR is 
Soll. (2) Let (at?, 2at,), (at;,2at,) and (at, 2at,) be the points A, B 


and C respectively. 
2 


‘ at; 2at, 1 14 & 
“. Area of AABC = - at; 2at, 1||=a7|/1 t, t 
at; 2at, 1 1: te 48 


=a" |(é, — ty) (t, — ts) (t, -t,)| 


Coordinates of P,Q and R are (att, a(t, + t;)), (atst,, a(t, + t,)), 
(at,t,, a(t, + t,)) respectively, then 


Chap 05 Parabola 


P andQ, are (A° +1,A) 


(um? +1) 
Also, P, and Q, lie on y?=x-1 


and 


2 


and x =y-1, 


Hence, P and Q, lie on C, and C, , respectively. 


21. (a)*. Ais mid-point of PP, and B is mid-point of QQ,. 
PA= 2 PP, 
2 
1 : 
and QB = 528 ...(i) 
=> PC2PA ..(ii) 
and QC = QB ...(iii) 
On adding Eqs. (ii) and (iii), then 
PC + QC 2 PA+QB 
=> PR +00, [from Eq. (i)] 
. ( PP + QQ, ) 
2 
PC+0C> (528) 
=> PQ2 (AM of PP and QQ,) 


1 [atts Att) 1) 02 [hots htt 1 
Area of APOR=—|jat,t, a(t,+t,) 1)=—|}t,t, t,+4 1 

2 \att, alt;+t) 1 tt, ttt, 1 
a 
=— Xt,t,(t, —ty)| 

2 

2 

a 
“5 (t, ty) (ty tz) (t t,)| 


=; x Area of AABC 


Area of AABC _ 4 
Area of APQOR 


Ex. 23 If the orthocentre of the triangle formed by the 


points t,,t,,t, on the parabola y* = 4ax is the focus, the 
value of | t,t, +t,t, +tst, | is 
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Sol. (5) ° SA is perpendicular to BC[S is focus (a, 0)] 
2at, —0 || 2at, —2at, | _ 
at? —a )\ ati —at3 
2t, 2 
= : =-1 
f-1)\ itt, 


> 4t, + t?(t, + t,)=t + ty i) 


Similarly,  4t, + H(t, +t.) =t, +t, ..(ii) 


JEE Type Solved Examples : 
Matching Type Questions 


= This section contains one solved example. Example 24 
has three statements (A, Band C) given in Column I and 
five statements (p, q, r, s and t) in Column II. Any given 
statement in Column I can have correct matching with 
one or more statement(s) given in Column II. 


® Ex. 24 Match the following. 


Column | Column II 


(A) If PQ is any focal chord of the parabola y=32x (p) 2 
and length of PQ can never be less than A units, 
then A is divisible by 

(B) A tangent is drawn to the parabola y=4x atthe (q) 3 


point ‘P’ whose abscissa lies in the interval [1,4]. 
If maximum possible area of the triangle formed 
by the tangent at ‘P’, ordinate of the point ‘P’ and 
the X-axis is A sq units, then A is divisible by 


(C) The normal at the ends of the latusrectum of the (r) 4 
parabola y = 4x meet the parabola again at A and 


A’. Iflength AA’=A unit, then A is divisible by 


Sol. (A) >(p, 5, t); (B) > (p, r, t); (C) > (p, 4. 5 5) 
(A) Let P(at’,2at) be any point on the parabola y” = 4ax and 
S(a, 0) be the focus, then the other end of focal chord through 


P will be (4 = “2) 
t t 


or PQ232 


Alat?, 2at;) 


B Cc 
(até, 2atr) (at§, 2ats) 


On subtracting Eq. (ii) from Eq. (i), then 


44+ (it, + tot, +tt,)=-1 => tt, + tot, + tt, =—-5 
| tt, + tot, + t.t,|=5 


(B) Equation of tangent to parabola y* = 4x at P(t”, 2t) is 
ty=xt+ e 
Given ? €[1,4] 


& Aen of MAPN = ; (AN) (PN) 


(2, at) 
P 


X’« >X 


1), 2 
=r )@n) 
3 
=> Az=2t? =2(t7)2 
? €[1,4] 
=> Awmax occurs, when t? = 4 
3 
> Avis =2(4)2 =16 sq units 
A=16 
(C) Given parabola y” = 4x. Now, the ends of latusrectum are 
P(1,2) and Q(1,—2) or P(t’, 2t) and Q(t?, 2t,), where t=1, t, =-1. 


2 
We know that the other end of normal is given by t, =—t—- 
t 


=> A(ts,2t)) and A’(t5, 2t3), 
where t, =—3, t, =3 
or A(9, —6) and A’(9,6) 
AA’ =12 units 
A=12 


JEE Type Solved Examples : 
Statement | and II Type Questions 


= Directions (Ex. Nos. 25 and 26) are Assertion-Reason 
type questions. Each of these question contains two 


statements : 
Statement I (Assertion) and 
Statement IT (Reason) 


Each of these examples also has four alternative choices, 


only one of which is the correct answer. 

You have to select the correct choice 

(a) Statement I is true, Statement II is true; Statement II is a 
correct explanation for statement I. 


(b) Statement I is true, Statement II is true; Statement II is not a 


correct explanation for Statement I. 
(c) Statement I is true, Statement II is false. 
(d) Statement I is false, Statement II is true. 


Ex. 25 Statement! Through the point(A, A +1), A < 2, 
there cannot be more than one normal to the parabolay* = 4x. 


Statement II The point (A, A +1) cannot lie inside the 
parabola y* = 4x. 


Sol. (b) Let S=y*? —4x 
S,=(A +1)? -44=(A-1)° 20 
*. Point (A, 4+ 1) cannot lie inside the parabola y” = 4x. 
.. Statement II is true. 
Now, equation of normal at (t”,2t) is y + tx =2t + t° passes 
through (A, A + 1). 
= A+1+tr=2t+8 


=> t+(2—-A)t-(A+1)=0 ...(i) 


Subjective Type Examples 


= In this section, there are 16 subjective solved 
examples. 


Ex. 27 The two parabolas y” = 4a(x — 1) and 
x? =4a(y —L,) always touch one another, | and L, being 


variable parameters. Prove that the point of contact lies on 


the curve xy = 4a’. 


Sol. Let (h,k) be the common point and if the parabolas touch 


each other, then the tangents at (h,k) should be identical. 
Their equations are 


ky =2a(x —1+h) 
> 2ax — ky =2a(Il —h) (i) 
and hx =2a(y —1, + k) 
> hx —2ay =2a(k —1,) (ii) 


On differentiating w.r.t. t, we get 

3t° +(2—-A)>0, for A<2 
The cubic Eq. (i) has only one real root. 
“. Statement I is true. 


Hence, both statements are true but Statement II is not correct 
explanation for Statement I. 


Ex. 26 Statement I /f there exist points on the circle 
x? +y? =)? from which two perpendicular tangents can be 


drawn to the parabola y* = 2x, thend= * 


Statement II Perpendicular tangents to the parabola meet 
at the directrix. 
Sol. (a) Statement II is true as it is property of parabola. Equation 


of directrix of parabola y* =2x is x= = 


1 
Any point on directrix is (- y) , now this point exists on the 


circle, then 


1 
—+y =H 
4 
2 2 1 
n> 
2 


Hence, both statements are true and Statement II is correct 
explanation for Statement I. 


On comparing the coefficients of x and y in Eq. (i) and (ii), 


we get 24 
. h- 2a 
=> hk = 4a? 


Hence, the locus is xy = 4a’, 


which is independent of J and |,. 


Ex. 28 Show that the area formed by the normals to 
ve = 4ax at the points t,,t,,t, is 
1 


2 
Sol. Equation of normals at P,Q, R are 


a*|(t; —ty) (tp -ts)(ts —t))|A?, where A=(t, +ty +ts). 


y=-t,x + 2at, +at; 
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y= t,x + 2at, + at}, y =—13x + 2at, + ats, respectively. 


(at, 2at}) 


P 
N 
M 
Q 
(até. , 2ats) 
Fat? 2at,) 


Subtracting them two by two, coordinates of L, M and N are 
L={2a+ a(t) + tity +t), —atty(t, + t,)} 


M=({2a + a(t? + tt, + t3), — abyta(t, + t,)} 


N= {2a + a(t; + tots + t3), —Atyts(ty + ty)} 
*, Area of ALMN 
2a + alt; + tt, + t2) -att(t;+t,) 1 
2a+ a(t? +tt,+t2) —att,(t,+t,) 1]| 
at alts + tyty+tz) —Atots(t, + tz) 1 


1 
=" 


On applying R, > R, — R, and R; — R, — R, 
2 | 2+(t? +4t, + ti) -tt,(t, + ty) 1 
=—||(4-bL)(Athtt) 4 -—th)h+t,+t,) 0]| 
(t,t, )(, tt, +t,) t(t,-t4)(,+t,+t,) 0 


Expanding by last column 
t 


1 
A 


2 
a 
ae — h(t — ty), +t, + ts)°| 


=5°U( ty ty — ty (ty —t)I(t, + ty + ty)? 
= a°l( t,)(ty —t,)(t, —t,)|22 
Aliter 


Equations of sides of ALMN formed by the normals are 
y + t,x —(2at, + at?) =0 
y + t,x —(2at, + at3)=0 
y + t,x —(2at, + at?) =0 
t, 1 at, +at,) ; 
1 —(2at, + at;) 
1 _(2at, + at?) 


2 


“. Required area =———_—_. 
2|C,C,C3| i 


3 2 
2 t 1 2h+h 
= t, 1 2t,+t3 


|2(t, — ts (ts — 4 (h - t)| t, 1 2t, +t: 


t 
a 3 
= ty 1 2t,|+]t, 1B 
2| (tz — t3 (tz — ty (th — te) | t, 1 2t,) jt, 1 2 
3 


2 
a 


2\(t — ty )(ty —t)(t, —ty)| 


2 
3 
2 1 2t¢, ae 


{0-(h —ty)(ty — ty (ty — YE, + ty + t)P 


= a*|(t, t (ty — ts) (ts Wty rey 


=a’ |(t, -t,)(t) —t, (tz —t,) |. 


Ex. 29 Prove that the two parabolas y* = 4ax and 


y * = 4c(x — b) cannot have common normal, other than the 


axis unless b/(a—c) > 2. 
Sol. Given parabolas y* =4ax and y* = 4c(x—b) have common 


normals. Then equation of normals in terms of slopes are 
y =mx —2am-am? 
and y =m(x—b) —2cm—cm* 


respectively then normals must be identical, compare the 
coefficients 


f= 2am+am°* 
mb + 2cm+ cm? 
=> m[(c—a)m? + (b + 2c —2a)]=0, 
m#0 (‘other than axis] 
2a-—2c—b 
and mn =— 
c-a 
iat 2a-—c)—-b 
\ cpa 
=> m=+ || -2- 
\ ca 
b 
—2- >0 
c-a 
=> —2+ >0 
a-c 
b 
=> >2 
a-c 


Ex. 30 If ona given base BC, a triangle is described such 


that the sum of the tangents of the base angles is m, then 
prove that the locus of the opposite vertex A is a parabola. 
Sol. Let the given point B and C be (0, 0) and (a, 0), respectively. 


Given, tana + tanB = m (constant) 


AY 
A(x) 
X’< 7 B > X 
B| (0,0) D C (a,0) 
yy’ 
=> ¥, 7 =m 
x a-x 
= a 
x(a — x) 


2 
ay =amx — mx 


which is the equation of parabola. 


Ex. 31 A parabolic mirror is kept along y? = 4x and two 
light rays parallel to its axis are reflected along one straight 
line. If one of the incident rays is at 3 units distance from the 
axis, then find the distance of the other incident ray from the 
axis. 

Sol. Let the incident rays be PA and QB. 


After reflection, both rays passes through the focus S(1, 0). 


AY 
a P 


X% >X 


yY 
Therefore, AB is a focal chord. 
1, =2 
Let A be (t”, 2t), then B be & = 
t t 
Given, 2t=3 .. t=3/2 


4, 
=— units. 


Hence, distance of B from the axis of parabola is 


Ex. 32 Prove that the length of the intercept on the 
normal at the point P(at?, 2at) of a parabola y* = 4ax made 


by the circle on the line joining the focus and point P as 


diameter isa(1+t*) . 


Sol. Let the normal at P(at’,2at) cut the circle in K and the axis 
of parabola at G then PK is required intercept. 


SP = PM =a +at’ 


Xx 
Directrix (k+a=0) 
Since angle in a semi-circle being right angle. 
Z SKP =90° 
and normal at P(at’, 2at) is 
y =-tx + 2at+at? 
=> ix+ y —2at—at® =0 (i) 


.. SK is the perpendicular distance from S(a, 0) to the normal (i), 


t+0—2at—at® 
then x =| OT Pata alte? 


vt +1 
In ASPK, (Pk)? =(SP)? —(SK)” 
=a'(1+ 0°) -a’t’? (1407) =a°(14+ 10’) 


PK =a,/(1 + t”) 
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Ex. 33 A parabola of latusrectum 4a , touches a fixed 
equal parabola , the axes of the two curves being parallel; 
prove that the locus of the vertex of the moving curve is a 
parabola of latusrectum 8a. 

Sol. Let the given parabola is 
y? = 4ax esa(i) 
If the vertex of moving parabola is (o, 8), then equation of 
moving parabola is 


(y —B)? =—4a(x —@) ...(ii) 
2 
On substituting the value of i.e. x= : in Eq. (ii), 
a 
(0,0) 
aan 
(a, B) 
2 
then (y -B)? = “al - a| 
4a 
=> y’ -2By +B’ =-y’ + 4aa 


2y’ —2By +B’ —4ac = 0 ... (iii) 
Since, two parabolas (i) and (ii) touch each other. 


Hence, roots of Eq. (iii) are equal i.e. Discriminant = 0 


> “B’ —4AC =0” 

(-2B)° =4-2-(B? — 4acr) 
=> 4B” =32ac 
or B? =8ac 


the required locus is y? =8ax 


which has latusrectum double that of given parabola. 


Ex. 34 The normal at point P on a given parabola meet 
the axis of parabola at Q. Then prove that a line through Q 
and perpendicular to this normal always touches a fixed 
parabola whose length of latusrectum is same as that of 
given parabola. 

Sol. Let the equation of parabola is 
y® =4ax. (i) 
Let P(at”, 2at) 


Normal at P is y + tx =2at + at? 


* Normal meet the axis of parabola (i.e. X-axis), then 
Q(2a + at”, 0). 


Now, equation of the line through Q and perpendicular to the 
normal is 


1 
y —0=—(x—2a — at’) 
t 
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=> ty=x-2a- at® 
> ty =(x-2a)—at? 
which is clearly tangent to the parabola 


y? = 4a(2a — x). 


Ex. 35 TP andTQ are any two tangents to a parabola 


and the tangent at a third point R cuts them in P’ and Q’, 
TP’ TQ’ _ 


Sol. Let parabola be y? =4ax and coordinates of P and Q on this 
parabola are P =(at’, 2at,) and Q =(at3,2at,) ; T is the point of 


intersection of tangents at t, and tf). 


p ty) 


. Coordinates of T = {at,,t,, a(t, + t,)} 


Similarly P’={atst,, a(t, + t,)} 
Q’= {atyts, a(t, + ts)} 
Let TP’: TP =A:1 
a ar TP’ _t3~t, 
t, -t, TP t,-t, 
Similarly, TQ anh 
TQ t-t 
TP’ TQ’ 
¢ ey 
TP TQ 


Ex. 36 Prove that on the axis of any parabola there is a 
certain point ‘kK’ which has the property that, if a chord PQ 


of parabola be drawn through it, then + is the 
PK*> QK? 
same for all positions of the chord . 
x-d_y-0 


Sol. Any line passing through K is = = 
cos@ sin® 


.. Coordinates of P and Q are 
(d + KP cos 9, KP sin 0) 


and (d — KQcos®,— KQsin 8). 
Y 
P 
x. X 
A K(d,0) 


Points P and Q lie on y” = 4ax then 
(KP) sin? 0 = 4a(d + KP cos®) ...(i) 
and (KQ)’ sin® 0 = 4a(d — KQ cos) ...(ii) 


4acos0+ (16a? cos” 6+ 16ad sin’ 0) 


From Eq. (i), | KP 


2sin’ @ 
. —4acos0+ (16a? cos? 0+ 16ad sin’ ) 
From Eq. (ii), KQ= : 
2sin“ 0 
1 1 2acos” 0+ dsin? 0 
zt 2 2 
(KP) (KQ) 2ad 
For d=2a 
1 1 1 


(KP (KO 


= — which is independent of 0. 
4a 


Ex. 37 If the distribution of weight is uniform, then the 
rope of the suspended bridge takes the form of parabola. The 
height of the supporting towers is 20 m, the distance between 
these towers is 150 m and the height of the lowest point of 
the rope from the road is 3 m. Find the equation of the 
parabolic shape of the rope considering the floor of the 
bridge as X-axis and the axis of the parabola as Y-axis. Find 
the height of that tower which supports the rope and is at a 
distance of 30 m from the centre of the road . 

Sol. Here MZ is the road let V is lowest point of the rope given 


VZ=3 m. 
S 
{_, (75, 20) 
20m 
aur 
M Road Z 


Let MZ is X-axis and let MVS is Y-axis. 


Taking X and Y-axes as shown in the given figure, the equation 
of parabola is of the form 


x= 4ay 
if V is origin 


1 
Coordinates of P is {150,20 -3} ie. (75,17) P lies on 


Eq. (i), then 
(75)° = 4a(17) 
5625 
or 4a = 
17 
5625 
From Eq. (i), x= ae y 


Now, shifting the origin (0, 0) to M (0, —3), 
then equation of parabola in new form is 


5625 

2 i 

x" =——(y -3) ...{ii) 
17 ‘s 

Again, let the required height of supporting tower at a distance 

of 30 m from the centre of road be h metres, then the coordinates 

of the top of this tower are (30, h) referred to given axes 


from Eq. (ii), (30)? = — (h—-3) 


900 x1 
h=( d 


+3=5.72m 
5625 


Ex. 38 Tangent is drawn at any point(x,, y,) on the 
parabola y? = 4ax. Now tangents are drawn from any point 
on this tangent to the circle x” +y? =a* such that all the 
chords of contact pass through a fixed point (x,,y,). Prove 


2 
tat a{ [2 2h, 
Xo Y2 


Sol. Tangent at (x,,y,) on the parabola y” = 4ax 
yi =2a(x + x) 


Any point on this tangent will be [» “e+ 


Vy 


2a(x’ + 
Equation of chord of contact of the point [x. sot) w.r.t. 
Vi 


2a(x’+x,) 2 


circle x’ + y? =a’ is xx’ + y-———— =a 
Vi 

> xx’y, + 2ayx’ + 2ayx, =a’y, 

> (2ayx, —a’y,)+ x’ (xy, + 2ay) =0 


which is family of straight lines passing through point of 
intersection of 


2ayx,—a’y,=0 and xy,+2ay=0 


an ee al ales 
V1 Vy) 2% 


2 
x=-4 and y =o 
xX, 2x, 
2 2 
4 x 4 Vi} _ 4 x Vi 
Xo Yo -a? | xX ay, / 2x, 
eae, 
a a 


2 
Hence, (2) + [>| =0. 
Xo V2 
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Ex. 39 A variable chord PQ of the parabola y = 4x* 


subtends a right angle at the vertex. Find the locus of the 
points of intersection of the normals at P and Q. 


So/. Parametric point on the parabola 


y= 4x” is (t, 4t”) 
Let P(t, 4t7) and Q(t,, 4t3), 


if A is vertex of the parabola, then 


Slope of AP x Slope of AQ=~-1 [- APL AQ] 
: 4t, X 4t, =—1 
tit =— 2 
16 
Equations of normals at P and Q are 
x+ 4ty =t,+ 164) ..(i) 
and x+ 4t,y =t, + 16t} ii) 


Let the normals (i) and (ii) intersect at (h, k), then 
on solving Eqs. (i) and (ii), then we get 
14+16(t? +t) + tt,) 


k = 
4 
2 2 
= gait elt + t)) + 16tt, 
4 
1+16((t, + t,)° —2ht))-1 
= ((4 2) ity) [.16t,t, =-1] 
+ 
1 
=4f¢ +t)? + +} 
8 
5.1 = 
k=4(4,+t,) ue ...(iii) 
Again h=—-16t,t,(t, + t,) 
=> h=t, +t, ...(iv) 
On eliminating t, and t, from Eqs. (iii) and (iv), we get 
1 
k=4h? +- 
2 
> 2k =8h’ +1 


Hence, locus of (h,k) is 2y =8x" +1. 


Ex. 40 Equilateral triangles are circumscribed to the 
parabola y? = 4ax. Prove that their angular points lie on the 


conic (3x +a) (x +3a) =y’. 


Sol. Let coordinates of P and Q are (at?,2at,) and (at, 2at,), 


respectively. 


AQ 
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Tangents at P and Q are ty =x + at; andt,y =x + ati, 
respectively. 
1 1 
Slope of tangents at P and Q are — and —, respectively. 
h t 
Let one angular point of equilateral triangle is A. 
A= (Atty, a(t, + ty)) 


1 1 
t,t t, —t, 
Given, tan60° =| —1—2- | =] “4 
feos.) [Pee 
q ty 
=> (WB) (1+ ht)’ =( 4)” 
> 3(1 + tt,)° =(t, + tp)? — 4tt, 


For locus of A, put at,t, = x and a(t, + t,) =y, then 


x , x 
ceed iene ewe cal 
a a a 
=> y? =3x" + 10ax+3a" 


(3x +a)(x+3a)=y" 


Ex. 41 A parabola is drawn to pass through A and B, the 
ends of diameter of a given circle of radius a and to have a 
directrix a tangent to a concentric circle of radius b, the axes 


being AB and the perpendicular diameter. Prove that the 
2 2 
2X 
locus of the focus of the parabola is ot — =1. 
be b’-a 
Sol. Let AB be taken along X-axis, it mid-point O as origin and a 
line through O perpendicular to AB as Y-axis. 


4 


A 


>X 


Equation of circle on AB as diameter is 
ety =a’ (i) 
The equation of a circle of radius b and concentric to circle (i) is 
ety =b? ...(ii) 
Let S(h, k) be the focus of the parabola which passes through 
A(—a, 0) and B(a, 0). 
Let equation of tangent to circle (ii) be 


xcos0+ ysinO=6. ..-(iii) 


This is taken as directrix, then 
SP =PM 
=>  BS=BM=%(h-a)’ +(k-0)’ =(acos0-b)* 
and AS=AN 
> (h+a)’ +(k—0)? =(acos6+ b)* 
On adding Eqs. (iv) and (v), then 
a’cos’0+b°=h* +k? +a’ 
On subtracting Eq. (iv) from Eq. (v), then 


4ab cos0= 4ah or cos0=— 


From Eqs. (vi) and (vii), we get 


2,2 
“5 +b =h +k +0? 
2_ 42 
= yl OO) aba! 
a 
h? ke 
=> + =1 


Ex. 42 Two straight lines are at right angles to one 
another and one of them touches y* = 4a(x +a) and the 


other y* = 4b(x +b) . Prove that the point of intersection of 
the lines lies on the line x +a + b=0. 


Sol. We know that any tangent in terms of slope (m) of the 
a 


parabola y” = 4ax is y=mx+—. 
m 


Replacing x by x + a, we get 


a pis 
y =m(x+a)+— which is tangent to 
m 


y? =4a(x +a) 


Similarly, tangent in terms of slope of y” = 4b(x + b) is 


y =m(x-+ b)+— 
™, 


Given tangents are perpendicular, we have 
1 

mm=-1 or m=-— 

m 


(x + b) 


m 


then Eq. (ii) becomes y = — —bm 
On subtracting Eqs. (i) and (ii), then 


v=(xtatb)(m+ | 


m 
1 

> m+—#0 
m 

Hence, xtat+b=0 


...(iv) 


...(vi) 


...(vii) 


(i) 


ii) 


Parabola Exercise 1: 
Single Option Correct Type Questions 


If a #0 and the line 2bx + 3cy + 4d =0 passes through 
the points of intersection of the parabolas y” = 4ax 


= This section contains 30 multiple choice questions. 8. 
Each question has four choices (a), (b), (c) and (d) out of 
which ONLY ONE is correct 


1. A common tangent is drawn to the circle 


x* +y* =a’ and the parabola y” = 4bx. If the angle 
which this tangent makes with the axis of x is —, then 
the relationship between a and b is (a, b > 0) 


(a)b=V2a (b)a=bV2 (c)c=2a (d)a=2c 


. The equation of parabola whose vertex and focus lie 
on the axis of x at distances a and a, from the origin 
respectively, is 


(a) y? = 4 (a,—a) x (b) y* = 4 (a, — a) (x ~ a) 


11 
(a)(1,1) — (b) (22) () G3) ) =. ;) 
. The circle x’ +y* +2px =0, p€ R, touches the 
parabola y” = 4x externally, then 


(a)p>0 (b)p<0  ()p>1_— (dp >2 


and x” = 4ay, then 
(a) d* +(2b +3c)’ =0 
(c) d? +(2b — 3c)? =0 


(b) d* + (3b + 2c =a 
(d) d* +(2b+3c) =a 


. A parabola y = ax’ + bx +c crosses the X-axis at (a, 0) 


and (8,0) both to the right of the origin. A circle also 
passes through these two points. The length of a 
tangent from the origin to the circle is 


(a) fe (ac? @2 |e 
a a a 


()y? =4(a,-a)(x —a,) (d)y? = 4aa, x 10. Two mutually perpendicular tangent of the parabola 
5 y* =4ax meet the axis at P, and P,. It Sis the focus of 
. If parabolas y“ =ax and 1 1 
25[(x —3)* +(y + 2)?] =(3x — 4y — 2)? are equal, the parabola, then —- + —— is equal to 
then the value of a is ql 5 
(a) 3 (b) 6 (c)7 (d) 9 (a) - Oe oe (ae 
. ABCD and EFGC are squares and the curve y = Ax 4 . : . 
as 11. If the normal to the parabola y” = 4ax at P meets the 
passes through the origin D and the points B and F. : ; 
FG. curve again at Q and if PQ and the normal at Q make 
The ratio BC 1s angles and B respectively with the X-axis, then 
aY tan (tan a + tan B) has the value equal to 
@)-2  ()-1 @-. @o 
E F 2 
aL8 12. If the normals to the parabola y* = 4ax at three 
points P,Q and R meet at Aand S is the focus, then 
& >X SP+SQ-SRis equal to 
7 : Pe . 7 P (a)(SA)?_(b)(SA)?_ (a SA)?_ (A) a(SA)’ 
3 +1 3 +1 5 +1 5 +1 
(a) ‘i (b) 5 (c) ri (d) 5 13. The length of the shortest normal chord of the 
; parabola y* = 4ax is 
. Let A and B be two points on a parabola y* = x with (a) 2aV27_(b) 9a (c)av54—(d) 18a 
vertex V such that VA is perpendicular to VB and 0 is 
the angle between the chord VA and the axis of the 14, The largest value of a for which the circle x* + y* =a* 
parabola. The value of | VA | is falls totally in the interior of the parabola 
| VB | y’? =4(x +4) is 
2 3 3 
(a) tanO (b) cot°@ (c)tan°@ = (d)cot’ 6 (a) 43 (b) 4 (c) 46 (d) 2/3 
. The vertex of the parabola whose parametric d 
equation is x =t? —t+1,y =f? +£+1tE Ris 15. From a point (sin 9, cos 8), if three normals can be 


drawn to the parabola y* = 4ax, then the value of a is 


“ey aaa 


o( ala 
2 2 
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16. 


17. 


18. 


19. 


20. 


21. 


22. 


23. 
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If two different tangents of y* = 4x are the normals 


to x? =4 by, then 

1 1 
a — b eae, 
eS 5 PS 
1 1 
OI ag OE 


The shortest distance between the parabolas 
2y? =2x—1and 2x? =2y -1is 


(a) (b) 5 (22 (d)4 


1 
nf? 
Normals at two points (x,,y,) and(x,,y,) of the 
parabola y? = 4x meet again on the parabola, where 
x, +x, =4,then|y, +y, |is equal to 
(a) V2 (b) 22 (c)4v2 (d) 8/2 
A line is drawn from A (— 2,0) to intersect the curve 


y? =4x at P and Q in the first quadrant such that 


aus + wt < i . Then the slope of the line is always 
4 


AP AQ 


1 1 
a b) > —_ 
ws 


An equilateral triangle SAB is inscribed in the 


(c)>V2 (dd) > V3 


(a) < 


parabola y” = 4ax having its focus at S. If chord AB 
lies towards the left of S, then the side length of this 
triangle is 

(a) a(2- V3) 
(c) 4a (2 - V3) 


(b) 2a (2 - V3) 
(d) 8a(2— V3) 


Let C be a circle with centre (0, 1) and radius unity. P 
is the parabola y = ax’. The set of values of a for 


which they meet at a point other than origin is 
1 11 1 

@oy ot) o(h3) @f-) 
2 4 2 2 


Let S be the focus of y* = 4x and a point P be moving 


on the curve such that its abscissa is increasing at the 
rate of 4 units/s. Then the rate of increase of the 
projection of SP on x + y =1when pis at (4, 4) is 


(a) - V2 (>) - = (c)-1 (a) J2 


If P is a point on the parabola y* =3(2x —3) and M is 


the foot of perpendicular drawn from P on the 
directrix of the parabola, then the length of each side 
of the equilateral triangle SMP, where S is the focus 
of the parabola, is 
(a) 2 (b) 4 


(c) 6 (d) 8 


24. 


25. 


26. 


27; 


28. 


29. 


30. 


Consider the parabola y* = 4x. Let A =(4,— 4) and 
B =(9,6) be two fixed points on the parabola. Let C be 


a moving point on the parabola between A and B 
such that the area of the triangle ABC is maximum. 
Then the coordinates of C are 


(a) | (b) (3, — 2v3) 


(c) (3, 2V3) (d) (4, 4) 


Through the vertex O of the parabola y” = 4ax, two 
chords OP and OQ are drawn and the circles on OP 
and OQ as diameters intersect at R. If8,,0, and dare 
the angles made with the axis by the tangents at P 
and Q on the parabola and by OR, then the value of 
cot 0, +cot®, is 
(a) — 2tan@ 

(c) 0 


AB is a double ordinate of the parabola y* = 4ax. 


(b) 2 tan 
(d) 2 cot 


Tangents drawn to the parabola at A and B meet the 
Y-axis at A, and B, respectively. If the area of 
trapezium AA,B,B is equal to 24a”, then the angle 
subtended by A,B, at the focus of the parabola is 
equal to 


(a) tan”! . 


1 


2 (b)tan7'3  (c)2tan”'2 (d)2tan™'3 


If the 4th term in the expansion of x + +) ,neN 
x 


is a and three normals to the parabola y* = x are 
ok through a point (q, 0), then 

(ajq=p  (b)qg>p (c)g<p_ (d)pq=1 

The set of points on the axis of the parabola 

y? —4x —2y +5 =0 from which all the three normals 


to the parabola are real is 
(a) (k,0);k >1 (b) (k, 1);k >3 
(c) (k, 2); k >6 (d) (k,3);k >8 


The triangle formed by the tangent to the parabola 
y =x’ at the point whose abscissa is x, (x) €[1, 2]), 
the Y-axis and the straight line y = x¢ has the 


greatest area if x. is equal to 
(a) 0 (b) 1 (c) 2 


The set of points (x, y) whose distance from the line 


(d) 3 


y =2x +2 is the same as the distance from (2, 0) is a 
parabola. This parabola is congruent to the parabola 
in standard from y = kx? for some k which is equal to 


4 12 V5 
(a) = (b) te (c) 7 (d) Ts 


= This section contains 15 multiple choice questions. 
Each question has four choices (a), (b), (c) and (d) out of 
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More than One Correct Option Type Questions 


which MORE THAN ONE may be correct. 


31. 


32. 


33, 


34, 


35. 


36. 


Equation of the common tangent to the circle 

x* +y* =50 and the parabola y* = 40x can be 

(a)x ty —10=0 (b) x -y +10=0 

(c)x ty +10=0 (d) x -y-10=0 

Let PQ be a chord of the parabola y* = 4x. A circle 
drawn with PQ as a diameter passes through the 
vertex Vof the parabola. If area of APVQ = 20 unit”, 


then the coordinates of P are 


(a) (16,8) (b) (16, — 8) 
(c) (— 16,8) (d) (— 16, — 8) 
Let y? = 4ax be a parabola and x* +y* + 2bx =Obea 


circle. If parabola and circle touch each other 
externally, then 
(a)a>0,b <0 
(c)a<0,b>0 


(b)a>0,b>0 

(d)a<0,b <0 

Tangent is drawn at any point (x,, y,) other than the 
vertex on the parabola y? = 4ax. If tangents are 
drawn from any point on this tangent to the circle 
x? +y? =a’ such that all the chords of chords of 
contact pass through a fixed point (x,,y,), then 


a) x,,a, X, are in GP b ‘ar are in GP 
1 2 5 Y2 


(c) - 4, Yi ate in GP 
Vo oXg 


(d) xx) + YW =a 


Let P,Q and Rare three co-normal points on the 

parabola y? = 4ax. Then the correct statement(s) is/at 

(a) algebraic sum of the slopes of the normals at P,Q and R 
vanishes 


(b) algebraic sum of the ordinates of the points P,Q and R 
vanishes 


(c) centroid of the triangle POR lies on the axis of the 
parabola 

(d) Circle circumscribing the triangle PQR passes through 
the vertex of the parabola 

Let P be a point whose coordinates differ by unity 

and the point does not lie on any of the axes of 

reference. If the parabola y” = 4x +1 passes through 

P, then the ordinate of P may be 

(a) 3 (b)-1 

(c)5 (d) 1 


37. 


38. 


39. 


40. 


41. 


42. 


43. 


If a point Pony” = 4x, the foot of the perpendicular 
from P on the directrix and the focus form an 
equilateral triangle, then the coordinates of P may be 
(a) (3, - 2v3) (b) (— 3, 2v3) 

(0) (3, 2v3) (d)(—3, ~ 2v3) 


The locus of the foot of the perpendicular from the 
focus on a tangent to the parabola y” = 4ax is 


(a) the directrix 
(c)x =a 


(b) the tangent at the vertex 
(d) x =0 


The extremities of latusrectum of a parabola are (1, 1) 
and (1, —1). Then the equation of the parabola can be 
(a)y* =2x -1 (b) y* =1- 2x 
(c) y? =2x -3 (d) y? =2x -4 


If from the vertex of a parabola y? = 4ax a pair of 


chords be drawn at right angles to one another and 
with these chords as adjacent sides a rectangle be 
made, then the locus of the further angle of the 
rectangle is 

(a) an equal parabola 

(b) a parabola with focus at (8a, 0) 

(c) a parabola with directrix as x — 7a =0 

(d) not a parabola 


If two chords drawn from the point (4, 4) to the 
parabola x* = 4y are divided by the line y = mx in the 
ratio 1:2, then 

(a) mE (— ~, — V3) (b) mE (— ©, — ¥3 -1) 

(c) me (V3, 9) (d) me (v3 — 16) 

Through a point P(— 2,0), tangents PQ and PR are 


drawn to the parabola y* =8x. Two circles each 


passing through the focus of the parabola and one 
touching at Q and the other at R are drawn. Which of 
the following point (s) with respect to the triangle 
PQR lie (s) on the common chord of the two circles? 
(a) centroid (b) orthocentre 

(c) incentre (d) circumcentre 


The set of points on the axis of the parabola 


(y-2)? =4 [. - 4 from which three distinct 


normals can be drawn to the parabola are 
(a) (3, 2) (b) (1, 2) 
(c) (4, 2) (d) (5, 2) 
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44, Three normals are drawn from the point (14, 7) to the 
curve y’ —16x —8y =0. Then the coordinates of the 
feet of the normals are 
(a) (3, - 4) 

(c) (0, 0) 


(b) (8, 16) 
(d) (2, 2) 


Parabola Exercise 3 : 
Paragraph Based Questions 


= This section contains 8 paragraphs based upon each of 
the paragraph 3 multiple choice questions have to be 
answered. Each of these questions has four choices (a), (b), 
(c) and (d) out of which ONLY ONE is correct. 


Paragraph I 
(Q. Nos. 46 to 48) 


Consider a parabola P_ touches coordinate axes at (4,0) and 
(0, 3). 


46. If focus of parabola P is (a, b), then the value of b —a is 


1 3 4 12 
(a) — (b)— (ci (d) — 
25 25 29 25 
47. Length of latus rectum of parabola P is 
72 144 
(a) —— (bj —— 
125 125 
288 576 
(c) —— (d) —— 
125 125 
48. Equation of directrix of parabola P is 
(a) 4x +3y =0 (b) 3x +4y =12 
(c) 3x + 4y =0 (d) 4x +3y =12 


Paragraph II 

(Q. Nos. 49 to 51) 
Let C be the locus of the circumcentre of a variable triangle 
having sides Y-axis, y = 2 and ax + by =1, where (a, b) lies on 
the parabola y* = 4Ax. 


49. For A =2, the product of coordinates of the vertex of 
the curve C is 


(a) -8 (b) —6 (c)6 


50. ForA= > the length of smallest focal chord of the 


(d) 8 


curve C is 
@> 2 4 (d) 8 
51. The ae C is symmetrical about the line 
3 
(a) x=-= (b)y=—5 
3 5 
(6) x=5 (A) y=5 


45. A quadrilateral is inscribed in a parabola, then 
(a) the quadrilateral may be cyclic 
(b) diagonals of the quadrilateral may be equal 
(c) all possible pairs of adjacent sides may be perpendicular 
(d) None of the above 


Paragraph III 
(Q. Nos. 52 to 54) 


Consider a parabola(P) x? —4xy + 4y” —32x +4y +16 =0. 


52. The focus of the parabola (P) is 
(a)(2,1) — (b)(— 2,1) (©) (— 2,- 1) (d) (2, -1) 


53. Length of latusrectum of the parabola (P) is 
3 6 12 24 
(a) — (b) — (c) = (d) — 
v5 v5 
54. Equation of directrix of parabola (P) is 
(a) x -2y — 4 =0 (b) 2x +y -3=0 
(c)x -2y+4=0 (d) 2x +y +3 =0 
Paragraph IV 
(Q. Nos. 55 to 57) 
If land m are variable real numbers such that 
51° —4lm + 6m +31 =0, then the variable line lx +my=1 
always touches a fixed parabola, whose axis is parallel to the 
X-axis. 


55. If (a, b) is the vertex of the parabola, then the value of 


|a—b|is 
(a) 2 (b) 3 
(c) 4 (d) 5 
56. If (c,d) is the focus of the parabola, then the value of 
gl¢-<l ig 
(a) 1 (b) 2 (c) 4 (d) 8 


97. If ex + f =0 is directrix of the parabola and e, f are 


prime numbers, then the value of | e — f |is 


(a) 2 (b) 4 
(c) 6 (d) 8 
Paragraph V 


(Q. Nos. 58 to 60) 


C, is acurve y* = 4x, C, is curve obtained by rotating C,, 
120° in anti-clockwise direction C, is reflection of C, with 
respect toy = x andS,,5,,S, are focii of C,,C, andC;, 
respectively, where O is origin. 


58. 


59. 


60. 


If (t?, 2t) are parametric form of curve C,, then the 


parametric form of curve C, is 


(a) (Fe + 2/30), = (3? i 20) 
(b) Gee +30), 9 (30 +2] 
(c) Gee + WBE) (- J3t? +28] 
(d) ce + 230), 2 (V3 25] 
Area of AOS,S, is 
(b) — 

4 
(d) 1 


If S,(x1, ¥1)s So(X2,¥2) and S$; (x3, y3), then the value of 
Lx? +Zy? is 


(a) 2 (b) 3 
(c) 4 (d) 5 
Paragraph VI 


(Q. Nos. 61 to 63) 


Tangent to the parabola y = x” +.ax +1 at the point of 


intersection of the Y-axis also touches the circle x* +y? =c’. 


It is known that no point of the parabola is below X-axis. 


61. 


62. 


2 A . : 
The value of 5c* when aattains its maximum value is 


(a) 1 (b) 3 
(c) 5 (d)7 


The slope of the tangent when C is maximum, is 
(a)-1 (b) 0 (c) 1 (d) 2 


Parabola Exercise 4: 


Single Integer Answer Type Questions 


= This section contains 10 questions. The answer to each 
question is a single digit integer, ranging from 0 to 9 (both 
inclusive). 


70. 


71. 


Two tangents are drawn from the point (— 2, —1) to the 
parabola y” = 4x. If @ is the angle between these 
tangents, then the value of tan® is 


If the distances of two points P and Q from the focus of 
a parabola y* = 4x are 4 and 9 respectively, the 
distance of the point of intersection of tangents at P 
and Q from the focus is 
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63. Let A be the minimum area bounded by the tangent 
and the coordinate axes, then the value of 8A is 
(a) 1 (b) 2 (c) 4 (d) 8 
Paragraph VII 
(Q. Nos. 64 to 66) 


A parabola (P) touches the conic 


x? +xy ty? —2x-2y +1=0 


at the points when it is cut by the line x + y +1=0. 


64. If equation of parabola (P) is 
ax* +2hxy + by? +2gx +2 fy +c =0, then the 


value of|atb+c+f+gth|is 


(a) 8 (b) 10 (c) 12 (d) 14 


65. The length of latusrectum of parabola (P) is 
(V2 (b)3V2— @)5V2_— TV 

66. If (a, b) is the vertex of the parabola (P), then the 
value of |a—b|is 


(a) 0 (b) 2 


2 


Paragraph VIII 
(Q. Nos. 67 to 69) 


= 3x is tangent to the parabola 2y =ax* +b. 


(c) 1 (a) 2 
Z 


67. The minimum value of a + bis 
(a) 2 (b) 4 (c) 6 (d) 8 
68. If (2,6) is the point of contact, then the value of 2a is 
(a) 2 (b) 3 (c) 4 (d) 5 
69. If b =18, then the point of contact is 
(a) (1,3) (b) (2, 6) 
(c) (3, 9) (d) (6, 18) 


72. The tangents and normals are drawn at the 
extremities of the latusrectum of the parabola 
y’ =4x. The area of quadrilateral so formed is A sq 
units, the value of A is 


73. Three normals are drawn from the point (a, 0) to the 
parabola y” = x. One normal is the X-axis. If other 
two normals are perpendicular to each other, then 
the value of 4a is 
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74. AB is the chord of the parabola y* =6x with the 
vertex at A. BC is drawn perpendicular to AB meeting 
the axis at C. The projection of BC on the axis is A 
units, then the value of A is 


75. The parabolas y = x* —9 and y =Ax? intersect at 
points A and B. If length of AB is equal to 2a and if 
ha? + =a’, then the value of Lt is 


76. Let n be the number of integral points lying inside 
the parabola y* =8x and circle x* + y” =16, then the 
sum of the digits of number n is 


Parabola Exercise 5: 
Matching Type Questions 


= This section contains 3 questions. Each question has four 
statements (A, B, C and D) given in Column I and four 
statements (p, q, r and s) in Column II. Any given 
statement in Column I can have correct matching with 
one or more statement(s) given in Column II. 


80. Match the following. 
Column | Column II 
(A) The number of common chords of the (p) Prime number 
parabola x = y —6y+ lland 
2 . 
y=x° -—6x+4+1lis 
(B) AB isachord of the parabola j7=4x (q) Composite 
with vertex A, BC is drawn number 
perpendicular to 4B meeting the axis 
at C. The projection of BC on the 
axis of the parabola is 
(C) The maximum number of common (r) Perfect number 
normals of y =4ax 
and x* = 4byis 
(D) Ifthe locus of the middle of point of | (s) Even number 
contact of tangents drawn to the 
parabola yy = 8x and the foot of 


perpendicular drawn from its focus to 
the tangents is a conic, then the length 
of latusrectum of this conic is 


81. Match the following. 
Column | Column II 
(A) If the parabola x= ay makes an intercept of (p) =2 
length 40 on the line y—2x =], then the 
values of a are 


77. Radius of the largest circle which passes through the 
focus of the parabola y* = 4x and contained in it, is 


78. 


79. 


(B) 


(C) 


(D) 


82. 


(A) 


(B) 


(C) 


(D) 


If the circle(x —6)* +y* =r’ and the parabola 


y’ =4x have maximum number of common 
then the least integral value of r is 


chords, 


The slope of the line which belongs to the family of 
lines (1+a)x +(a—1)y + 2(1— a) =0 and makes 


shortest intercept on x? - 4y +4=0is 


If the tangents drawn from the point (0, 2) to (q) 
the parabola ” = 4.ax are inclined at an angle 


a then the values of a are 


If two distinct chords of a parabola y =4ax (r) 


passing through (a, 2a) are bisected on the line 
x+ y=1, then the length of latusrectum can be 


If the focus of the parabola x= ay+ 3=0is (s) 
(0, 2) and if two values of a are a,, a, such that 


aq. 
a, >, then the value of + is 
7) 


Match the following. 


Column I Column II 


The common chord of the circle x7 + y =5 (p) 
and the parabola 6 y= 5x” + 7x will passes 
through the point (s) 

Tangents are drawn from point (2,3)to the (q) 
parabola y~ = 4x. Then, the points 

of contact are 

From a point P on the circle x7 + y°=5, the (r) 
equation of chord of contact to the parabola 

yy =4x is y=2(x — 2). Then, 

the coordinates of point P will be 

P(4,—4)and Q are points on the parabola _—_(s) 
¥ =4x such that the area of APOQ is 6 sq 


units, where O is the vertex. Then, the 
coordinates of O may be 


(1,2) 


(4,4) 


(- 2, 1) 


(9,— 6) 


Parabola Exercise 6 : 
Statement | and II Type Questions 


= Directions (Q. Nos. 83 to 90) are Assertion-Reason type 
questions. Each of these questions contains two 
statements: 
Statement I (Assertion) and 
Statement IT (Reason) 
Each of these questions also has four alternative choices, 
only one of which is the correct answer. You have to select 
the correct choice as given below : 


(a) Statement I is true, Statement II is true; Statement II is a 
correct explanation for Statement I 


(b) Statement I is true, Statement IJ is true; Statement II is not a 
correct explanation for Statement I 


(c) Statement I is true, Statement II is false 
(d) Statement I is false, Statement II is true 


83. Statement I The equation of the common tangent to 
the parabolas y? = 4x and x” =4y is x ty +1=0. 
Statement II Both the parabolas are reflected to 
each other about the line y = x. 


84. Statement I Two perpendicular normals can be 


drawn from the point (>. — 2 to the parabola 
2 


(y +2)? =2(x -1). 
Statement II Two perpendicular normals can be 
drawn from the point (3a, 0) to the parabola y* = 4ax. 


: a. 
85. Statement I The line y = mx + — is tangent to the 
m 


parabola y? = 4ax for all values of m. 


Statement II A straight line y = mx + c that intersects 
the parabola y” = 4ax one point is a tangent line. 


Parabola Exercise 7 : 
Subjective Type Questions 


= In this section, there are 15 subjective questions. 


91. If the tangent to the parabola y* = 4ax meets the axis 
inT and tangent at the vertex Ain Y and the 
rectangle TAYG is completed, show that the locus of 
Gis y° +ax =0. 

92. If incident ray from point (—1, 2) parallel to the axis of 
the parabola y* = 4x strikes the parabola, find the 


equation of the reflected ray. 


86. 


87. 


88. 


89. 


90. 


93. 


94. 


95. 


Statement I The conic Vax + by =1represents a 
parabola. 

Statement II Conic 

ax? +2hxy + by? + 2gx +2 fy +c =0 represents a 
parabola, if h? = ab. 

Statement | The lines from the vertex to the two 
extremities of a focal chord of the parabola y* = 4ax 
are perpendicular to each other. 

Statement II If extremities of focal chord of a 


parabola are (at?, 2at,) and (at3, 2at, ), then t,t, =—1. 


Statement I Length of focal chord of a parabola 
y’ =8x making an angle of 60° with X-axis is 32/3. 


Statement II Length of focal chord of a parabola 
y’® =4ax making an angle o with X-axis is 


Aasec’ (a / 2). 


Statement I Straight line x + y =A touch the 


parabola y =x —x’, ifk=1. 


Statement II Discriminant of (x —1)? =x — x? is 


zero. 
Statement I Length of latusrectum of parabola 
(3x + 4y +5)? =4(4x +3y + 2) is 4. 


Statement II Length of latusrectum of parabola 


y? = 4ax is 4a. 


Prove that the normal chord to a parabola at the 
point whose ordinate is equal to the abscissa 
subtends a right angle at the focus. 

Find the shortest distance between the parabola 
y” =4x and circle x” +y” — 24y +128 =0. 


Show that the locus of a point that divides a chord of 
slope 2 of the parabola y? = 4x internally in the ratio 


1:2 is a parabola. Find the vertex of this parabola. 
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96. Show that the locus of the points of intersection of 


tangents to y* = 4ax, which intercept a constant 


length don the directrix is(y* — 4ax)(x +a)? =d’x’. 


97. Through the vertex O of the parabola y”? = 4ax two 
chords OP and OQ are drawn and the circle on OP 
and OQas diameters intersect in R. If8, and0, are 
the angles made with the axes by the tangents at P 
and Qto the parabola and is the angle made by OR 
with the axis of the parabola, then prove that 
cotO, +cotO, + 2tano=0. 

98. Three normals with slopes m,,m, and m, are drawn 
from a point P not on the axis of the parabola 
y* = 4x. If mm, =, results in the locus of P being a 
part of the parabola, find the value of a. 

99. Find the locus of centres of a family of circles passing 
through the vertex of the parabola y” = 4ax and 
cutting the parabola orthogonally at the other point 
of intersection. 

100. TP and TQ are tangents to the parabola y* = 4ax. The 


normals at P and Q intersect at Ron the curve. Prove 
that the circle circumscribing the A TPQ lies on the 
parabola 2y” =a(x —a). 


Parabola Exercise 8 : 


101. 


A family of chords of the parabola y” = 4ax is drawn 
so that their projections on a straight line inclined 
equally to both the axes are all of a constant length c; 
prove that the locus of their middle points is the 
curve (y* —4ax)(y + 2a)* +2a’c* =0. 


102. The normals at P,Q, Rare concurrent and PQ meets 


the diameter through R on the directrix x =—a. Prove 
that PQ touches [or PQ envelopes] the parabola 
y? +16a(x +a) =0. 


103. 


If the normals to the parabola y” = 4ax at three 
points P,Q and R meet at A and S be the focus, prove 
that SP-SQ-SR=a(SA)*. 


104. From a point A common tangents are drawn to the 
circle x? + y? =(a?/2) and the parabola y* = 4ax. 
Find the area of the quadrilateral formed by the 
common tangents, the chords of contact of the point 


A, with respect to the circle and the parabola. 


105. Prove that the any three tangents to a parabola 
whose slopes are in harmonic progression enclose a 
triangle of constant area. 


Questions Asked in Previous 13 Year's Exams 


= This section contains questions asked in IIT-JEE, ATEEER, 
JEE Main & JEE Advanced from year 2005 to 2017. 


106. Tangent to the curve y = x* + 6 at a point (1, 7) 


touches the circle x? +y” +16x +12y +c=Oata 


point Q. Then the coordinates of Q are 
[IIT-JEE 2005, 3M] 


(a) (- 6, — 11) (>) (=, = 13) 
(c) (— 10, — 15) (d)(—6,—7) 
107. Let P be a point (1, 0) and Q a point on the locus 


y’ =8x. The locus of mid-point of PQ is 
[AIEEE 2005, 3M] 


(b) x? + 4y +2=0 
(d) y? —4x +2=0 


(a) x? —4y +2=0 
(c)y? +4x +2=0 


108. The axis of a parabola is along the line y = x and the 
distance of its vertex from origin is V2 and that from 
its focus is 2V2. If vertex and focus both lie in the 
first quadrant, the equation of the parabola is 

[IIT-JEE 2006, 3M] 


(a)(x ty)? =(x-y-2) (b)(x-y)? =(x +y +2) 
(c)(x~y)? =4(x + y — 2)(d) (x -y)? =8(x ty — 2) 


109. The equations of the common tangents to the 


parabolas y = x* and y =—(x — 2)? is/are 
(a) y = 4(x -1) (b)y=0 __[IIT-JEE 2006, 5M] 
(c)y=-4(x -1) (d) y =— 30x —50 
110. The locus of the vertices of the family of parabolas 
ax a ; 
= + —2ais [AIEEE 2006, 4.5 M 
(axy2 8 ? (b) xy =2 
Y 6A x7 
35 64 
c) xy =— d) xy = — 
(c) xy re (d) xy (Ge 


111. Angle between the tangents to the curve 
y =x’ —5x +6at the points (2, 0) and (3, 0) is 
[AIEEE 2006, 4.5 M 
(a) 1/3 
(c) 1/6 


(b) /2 
(d) 2/4 


112. Consider the circle x’ +y* =9 and the parabola 
y” =8x. They intersect at P and Q in the first and 


fourth quadrants, respectively. Tangents to the circle 
at P and Q intersect the X-axis at R and tangents to 
the parabola at P and Q intersect the X-axis at S. 


(i) The ratio of the areas of the APQS and APQR is 


(a) 1:42 (b) 1:2 
(c) 1:4 (d) 1:8 
(ii) The radius of the circumcircle of the APRS is 
(a) 5 (b) 3V3 
(c) 3V2 (d) 2V3 


(iii) The radius of the incircle of the APQR is 
[IIT-JEE 2007, (4+ 4+ 4) M] 
(b) 3 
(d) 2 
2 
113. Statement I The curve y =- = + x +1is symmetric 


(a) 4 
(c) 8/3 


with respect to the line x =1 because 


Statement II A parabola is symmetric about its axis. 
[IIT-JEE 2007, 3M] 
(a) Statement I is true, Statement II is true; Statement II is a 
correct explanation for Statement I 


(b) Statement I is true, Statement II is true; Statement II is 
not a correct explanation for Statement I 


(c) Statement I is true, Statement II is false 
(d) Statement I is false, Statement II is true 


114. The equation of a tangent to the parabola y? =8x is 


y =x +2. The point on this line from which the other 
tangent to the parabola is perpendicular to the given 


tangent is [AIEEE 2007, 3M] 
(a)(— 141) (b) (0, 2) 
(c) (2, 4) (d) (— 2,0) 


115. Consider the two curves 
Cyy* =4x,C,:x*? +y* -6x +1=0, then 
[lIT-JEE 2008, 3M] 
(a) C, and C, touch each other only at one point 
(b) C, and C, touch each other exactly at two points 
(c) C, and C, intersect (but do not touch) at exactly 
two points 


(d) C, and C, neither intersect nor touch each other 


116. A parabola has the origin as its focus and the line 
x = 2. as the directrix. The vertex of the parabola is at 
[AIEEE 2008, 3M] 
(a) (0, 2) 
(c) (0, 1) 


(b) (1, 0) 
(d) (2, 0) 
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117. The tangent PT and the normal PN to the parabola 
a = 4ax at a point P on it meet its axis at points T 


and N, respectively. The locus of the centroid of the 


APTN is a parabola whose [lIT-JEE 2009, 4M] 


. {2a 
(a) vertex is [# o 
3 


. 2a 
(c) latusrectum is — 
3 


(b) directrix is at x =0 
(d) focus is (a, 0) 


118. Let A and B be two distinct points on the parabola 
y’ =4x. If the axis of the parabola touches a circle of 


radius r having AB as its diameter, The slope of the 
line joining A and B can be [lIT-JEE 2010, 3M] 


(2 (a) -2 
r r 


119. If two tangents drawn from a point P to the parabola 
y’ =4x are at right angles, the locus of P is 

AIEEE 2010, 4M 
(a) 2x +1=0 (b) x =- [ ] 
(c) 2x -1=0 (d) x =1 

120. Consider the parabola y? =8x. Let A, be the area of 
the triangle formed by the end points of its 


latusrectum and the point (3. 2 on the parabola 


and A, be the area of the triangle formed by drawing 

tangent at P and at the end points of the latusrectum. 
A 

Then, — is 
2 


[IIT-JEE 20114, 4M ] 


121. Let (x, y) be any point on the parabola y” = 4x. Let P 


be the point that divides the line segment from (0, 0) 
to (x, y) in the ratio 1: 3. Then, the locus of P is 
[lIT-JEE 2011, 3M] 


(a) x? =y (b) 
(c)y* =x (d) 


122. Let L be a normal to the parabola y” = 4x. If L passes 


a = 2x 
x 


2 = Oy 


through the point (9, 6), then L is given by 

[lIT-JEE 2011, 4M] 
(b) y+ 3x —33=0 
(d) y-—2x +12=0 


(a)y-x+3=0 
(c)y+x-—15=0 


123. The shortest distance between line y — x =1and curve 


x=y’ is [AIEEE 2011, 4M] 
3/2 
Ne b) —— 
(a) = Ole 
ee (2 
3 4 
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124. Let S be the focus of the parabola y” =8x and let PQ 
be the common chord of the circle 
x? +y* —2x —4y =0and the given parabola. The 


area of the APQS is [IIT-JEE 2012, 4M] 


Paragraph 
(Q. Nos. 125 and 126) 
Let PQ be a focal chord of the parabola y? = 4ax. The 
tangent to the parabola at P and Q meet at a point lying on 
the liney =2x +a,a>0. [JEE Advanced 2013, 3+3 M] 


125. If chord PQ subtends an angle 8 at the vertex of 


y’ =4ax, them tan® is equal to 


@2F W270 225. @d=2G 
Bi 3 3 3 


126. Length of chord PQ is 


(a) 7a (b) 5a (c) 2a (d) 3a 


127. The slope of the line touching the parabolas y? = 4x 


er 
and x° =—32y is [JEE Main 2014, 4M] 


(a) 1/8 
(c) 1/2 


(b) 2/3 

(d) 3/2 

128. The common tangent to the circle x? +y* =2and 
the parabola y* =8x touch the circle at the points 
P,Q and the parabola at the points R, S. Then, the 
area of the quadrilateral PQRS is 

[JEE Advanced 2014, 3 M] 

(d) 15 


(a) 3 (b) 6 


(c) 9 

Paragraph 

(Q. Nos. 129 and 130) 
Let a,r, s andt be non-zero real numbers. Let P(at? 2at), 
a{ 4. =) R(ar’, 2ar) and S(as*, 2as) be distinct points 

t t 

on the parabola y* = 4ax. Suppose that PQ is the focal 
chord and lines QR and PK are parallel, where K is the 


point (2a, 0). [JEE Advanced 2014, (3 + 3) M] 
129. The value of r is 
1 f? #1 1 aes | 
(a)=— (b) (c) - (d) 
t t t t 


130. If st =1, then the tangent at P and the normal at S to 


the parabola meet at a point whose ordinate is 


(a +" (by) He +" 
2t? ar? 

a(t* +1)? at? +2)? 

(c) —_.— (d) —__— 


t t 


131. Let O be the vertex and Q be any point on the 
parabola x” =8y. If the point P divides the line 
segment OQ internally in the ratio 1: 3, then the 


locus of P is [JEE Main 2015, 4M] 
(a) x Sy (b) y? =x 
(c)y* = 2x (d) x? = 2y 


132. If the normals of the parabola y* = 4x drawn at the 
end points of its latusrectum are tangents to the 
circle (x —3)? +(y + 2)? =r’, then the value of r* is 

[JEE Advanced 2015, 4M] 


133. Let the curve C be the mirror image of the parabola 
y* =4x with respect to the line x +y + 4=0. If A and 
Bare the points of intersection of C with the line 
y =—5, the distance between A and B is 

[JEE Advanced 2015, 4M] 


134. Let P and Q be distinct points on the parabola 
y’ =2x such that a circle with PQ as diameter passes 
through the vertex O of the parabola. If P lies in the 
first quadrant and the area of the AOPQ is 3a/7, then 
which of the following is (are) the coordinates of P? 
[JEE Advanced 2015, 4M] 


(a) (4, 2V2) (b) (9, 3V2) 
1 7 
Sa d 

(3 + (d) (1, V2) 


135, Let P be the point on the parabola y* =8x, which is 
at a minimum distance from the centre C of the circle 
x* +(y +6)? =1, the equation of the circle passing 
through C and having its centre at P, is 
[JEE Main 2016, 4M] 
(a) x? +y* —4x +8y +12=0 
(b) x? +y? —x+4y—12=0 


(c)x? +y? —~ 4 2y-24=0 
4 
(d) x? +y? —4x + 9y +18 =0 


136. The circle C, : x? +y” =3 with centre at O, intersects 
the parabola x” = 2y at the point P in the first 
quadrant. Let the tangent to the circle C, at P 
touches other two circles C, and C, at R, and R,, 
respectively. Suppose C, and C, have equal radii 2V3 
and centres Q, and Q,, respectively. If Q, and Q, lie 
on the Y-axis, then [JEE Advanced 2016, 4M] 
(a) Q,Q; =12 
(b) RR, =4V6 
(c) area of AOR, R, is 6V2 
(d) area of APQ,Q, is 4/2 


137. Let P be the point on the parabola y* = 4x which is at 
the shortest distance from the centre S of the circle 
x? +y? —4x —16y +64 =0. Let Q be the point on the 
circle dividing the line segment SP internally. Then, 


(a) SP = 2v5 
(b) SQ: QP =(V5 +1):2 


(c) the x-intercept of the normal to the parabola at P is 6 


[JEE Advanced 2016, 4M] 


(d) the slope of the tangent to the circle at Q is ; 


138. The radius of a circle, having minimum area, which 
touches the curve y = 4— x? and the lines, y =|x| is 


[JEE Main 2017, 4M] 
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(a) 4(/2 + 1) 
(b) V2 + 1) 
(c) {V2 -1) 
(d) 4(V2 - 1) 

139. If a chord, which is not a tangent of the parabola 
y’ =16x has the equation 2x + y = p, and mid-point 
(h, k), then which of the following is (are) possible 
value(s) of p, hand k ? [JEE Advanced 2017, 4M] 
(a)p=2,h=3,k=-4 
(b) p=-1h=1k=-3 
(c)p=-2,h=2,k=-4 
(d) p=5,h=4,k =—-3 


Answers 


Exercise for Session 1 


l(a) 2.) 3. (c) 4. (b) 5.(c) 6. (c) 
7.(b) — 8.(c) 9.(c)  10.(b) I1.(d) 12.(b) 
13. 16x° + 9° + 24xy — 256x- 142 y+ 849=0 
14. 4x7 + y° — 4xyt 104x+ 148 y—124=0 
18(Z, 5) (= 5} ‘ eae 
2’2)\2°2 2 4 
16. Parabola 17. Parabola 
19,75" yp mae 2 20. 4 
5 5 2 
Exercise for Session 2 
1.(d)  2.(b,d) 3. (a) 4. (a) 5.(d) 6. (d) 
7.(b)  9%x+4a=0 10. (a) y=2x-12(b) y=3x-33 
1g = ew 13.4=2 
343 2 
Exercise for Session 3 
1.(b) 2. (a) 3. (d) 4, (a) 5.(c) 6. (c) 
7. (a) 8. (c) 10. y =2a (x- a) 11. y=x—-1,8¥V2 sq units 


Chapter Exercise 


1.(a) 2. (b) 3. (b) 4.(d)  5.(d)_— 6.(a) 
7.(a) 8. (a) 9.(d)  10.(b) Ih. (a) 12. (c) 
13.(a) 14.(d)  15.(d) -16.(a)_—*'17.(a) ‘18. (c) 
19.(d) 20.(c)  21.(d)  22.(a)~—- 23. (c)_~—24. (a) 


25. (a) 26. (c) 27.(b) 28. (b) 29. (c) 30. (d) 
31. (b,c) 32. (a,b) 33. (b,d) 34. (b,c,d) 35. (a,b,c, d) 36. (a, c) 
37. (a,c) 38.(b,d) 39.(ac) 40. (a,c) 41. (b,c,d) 42. (a,b,c,d) 
43. (a,c,d) 44.(a,b,c) 45. (a,b) 46.(d) 47. (d) 48. (c) 
49.(b) 50. (c) 51.(d)  52.(d) 53. (c) 54. (d) 
55.(b) 56. (b) 57.(d)  58.(d) 59. (b) 60. (b) 
61.(a) 62. (b) 63.(b)  64.(c) 65. (d) 66. (a) 
67.(c) 68. (b) 69.(d) 70.(3) 71. (6) 72. (8) 
73.(3) 74. (6) 75.(9) 76.(8) 77. (4) 78. (5) 
79. (0) 
80. (A) > (q,1,8); (B) — (q,8); (C) > (p); (D) > (q) 
81. (A) > (p,q); (B) > (pn); (C) > (r,s); (D) > (8) 
82. (A) > (p.r); (B) > (p,q); (C) > @); (D) > @,s) 
83. (a) 84. (a) 85.(a) 88.(c) ‘87. (d) 88. (c) 
89.(c) 90. (d) 92.x=1 
94. 4(/5 -1) 95. (=.2) 98. (2) 

9°9 
99, 27 (27 + x° — 12ax) = ax (3x- 4a)’ 
104. ae squnits  106.(d) 107.(d) 108. (d) 109. (a, b) 
110.(a) 111. (b) ‘112. [i] (©) [ii] (b) [iii] (d) 113. (a) 
114.(d)  115.(b) 116. (b)—-117. (a,d) 118. (c,d) 119. (b) 
120.(2) 121.(c) 122. (a,b,d)123. (a) 124. 4 sq units 
125.(d) 126.(b) 127.(c) 128.(d) 129. (d) 130. (b) 
131.(d) 132.(2) 133. (4) 134. (a,d) 
135. (a) 136. (a,b,c) 137. (a,c,d)138.(d) 139. (a) 


or ki - 27k, -- =0 


@ 
2 1794 4 


k_1+5 


or = 
v 2 
1. Equation of tangent of y” = 4bx is or a = v5 +4 
b BC 2 
yaa a ---(i) 5. Coordinates of A and B are 
Tt (VA cos®, VA sin®) and (VB sin ®, — VB cos 8) respectively 
Here, m=tan—=1 3 
4 .* Aand B lie on y* = x, then(VA sin8)° = VA cos0 


From Eq. (i), y=xtb 

For common tangent y = x + bis also tangent of circle 
ae eee 

x + y° =a’, then 


|0-0+5| 
[ESSE 2 
j1+1 x 
=> b =aV2 [. a>0,b>0] 


2. The coordinates of vertex and focus of required parabola are 
(a, 0) and (a,, 0) respectively. Therefore, the distance between 


the vertex and the focus is AS = a, — a. So, the length of 


latusrectum is 4 (a, — a). Thus, the equation of the required cos 0 
parabola is =? VA = in? 0 
in 

(y = 0)? = 4(4 ~a) (x ~a) ne 

or y? = 4(a, —a)(x-a). Similarly, VB = mee 
3. The parabolas are equal if the lengths of their latusrectum are | VA | ‘ 
équal a —— =cot” 0 
qual. | | 
The length of latusrectum of y” = ax isa 
2 d 6.5 x=? -t+ly=P+tt1 


The equation of second parabola can be written as ; 
x+y =2t+2 andy —x=2t 


_ (3x -4y -2 ‘ 
(x —3)? + (y + 2)? -(2= 2") or =. A(x + y—2) = 4¢” =(2t)* =(y — x)’ 


Here, focus is (3, — 2) and the equation of directrix is or (x — y)* =2(x + y -2) 
3x -—4y -2=0. 2 
. : xy). Vi xt yr2 
.. Length of latusrectum= 2 xX Distance between focus and or oe ae 2 a 
directrix 
x=y x+y-2 
9-4x-2-2 For vertex, =0Oand =0 
=9| 8" a6 V2 V2 
(9 + 16) 
or x=yandx+y=2 
Thus, the two parabolas are equal if a = 6. = xey=l 
4. Let DC =CB = BA = AD=k Hence, vertex is (1, 1). 
Coordinates of B are (k, k), 7. It is clear from figure 
which lie on y =AVx y 
k=Avk | 
are k= ne y2=4x 
. —~E=32 : 
i BC=k=X (i) Xe = x 
Also, let CGSCF = FE =EC=K (0,0) 
.. Coordinates of F are (X” + k, k), 
which lie on y =AVx 
x: 
Then k, =A? + &) . 


> ki = + Vk, —p<0 or p>0 


8. The point of intersection of the parabolas y” = 4ax and 
x? = 4ay are (0, 0) and (4a, 4a) but a # 0. 
Now, 2bx + 3cy + 4d = 0 passes through (0, 0) and (4a, 4a). 
Therefore, d = 0 and 2b (4a) + 3c (4a) = Oie., 


2b + 3c=0 [. a#0] 
or d’ + (2b + 3c)* =0 
9. -: (OT)? =OA- OB 12 
=a: B 
a 
(0,c) 
X< Bip) >X 

A(a0)T 7 

YY 


or OT = fap ...(i) 


Parabola cuts X-axis at @ and B. 
. 0, Bare the roots of ax” + bx + c = 0 


op =~ (ii) 
a 


From Eqs. (i) and (ii), we get 


or =,f2 
a 


10. - Two perpendicular tangents meet a point on directrix. 
Now, equations of tangents at (at?, 2at,) and (at3, 2 at) are 
ty =x + at; and ty = x + ati, respectively. 

P, =(~aty, 0), P, =(~ atz, 0) 
=> SP =a(1+t?), SP, =a(1+t3)andtt, =-1 
1 1 1 1 
7 2 2 
aQit+t) a(Ql+t) 


2 * 2 = 
a(it+t) a(Ql+t) a 


11. Let P =(at’, 2at,) and Q = (ats, 2at,) 


X« >X 


Equation of normal at P is 


y +t x =2at, + at; 


13. 
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meet the curve again at Q, then 
2 
=-t-— 
h 
Here tan & = — t, and tan B = — t,, from Eq. (i) 


—tanB=tana+ 


tan Ol 


> tan o (tan w+ tan B) =— 


. Let A =(a, B) 


The equation of normal at (at”, 2at) 
y + tx =2at + at? 
(a, B) lie on Eq. (i 0, then 
at? + (2a—a)t-B=0 
Let t,, t, and t; be the roots of Eq. (ii), then 


at? +(2a-a)t-B =a(t-—t)(t-t,)(t-t) 
Let P =(at), 2at,), O = (at, 2at,) and R = (at?, 2at;) 
Since, the focus is  S (a, 0) 


SP =a(1+t;),SQ=a(1+ t3) 


and SR=a(1+ ts) 
On putting t=i =/-1 in Eq. (iii), we get 
—ait+(2a-a)i-f 
=a(i-t) (i-th) G@-ts) 
or |@—a)i-Bl=ali-4|li-hli-t| 


=> v(a— a)? + B* 


=a (1 + #2) J+ #3) Ja 8) 


(1 + t?) 


or a((a—a)*? +8’) =a(1 + #7?) -a(l + t3)-a 
a (SA) = SP -SQ-SR 
or SP -SQ-SR=a(SA)’ 


Let AB be a normal chord, where A = (at;, 2at,) and 


2 
B = (ati, 2at,), we have t, = —t, — — 
t 
Now, AB = (at? —at3)’ + (2at, — 2at,)? 
“hee 
= [s+ = | 
[3 
(tf +1)° 
t} 
2 2 (t? +1)? 
(AB)? = 16a? <1" 
1 
d (AB) 14+ 47)" 
(AB) _ gq? (A+ HY pp 
dt, i; 
d (AB)’ 
For ee) =0 > 454 = 2 
dt, 


For which (AB)’ is minimum, thus 


16a’ (2+ 1)° 


ABmin = = 2aJ27 
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...(i) 


...(ii) 


...(iii) 
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14. 


15. 


16. 


17. 
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On solving 
a eee 2 
x +y° =a’ andy” =4(x + 4) 
> x? 44(x+ 4) =a? 
or x’ +4x+16-a’=0 
If the circle and parabola touch each other, then 
D=0=16 - 4-1-(16 —a”) =0 


=> a’ =12 or a=2y3 
sin 0 >| 2a| 

1 
=> 0<|2a|<1 or N<lel<5 


1 1 
ae(-3.0)U(02) 
2 2 
Tangent to y’ = 4x in terms of mis 
1 
y=mx + — 
m 
and normal to x” = 4by in terms of mis 
b 
y=mx + 2b+—> 


m 


+: Eqs. (i) and (ii) are same, then 


1 b 
m m 
> 2bm? —-m+b=0 


For two different tangents 
D>0=>1-8b* >0 


1 
or eo 


2/2 


The given parabolas 2y” = 2x —1 and 2x” =2y —1 are 


[= 


h > 2a] 


symmetrical about the line y = x . The shortest distance occurs 
along the common normal which is perpendicular to the line 


y=x. 


Therefore, the tangent at point A on 2y” = 2x — 1 is parallel to 


y = x. Therefore, 


iy eg i 
dx dx 2y 
1 3 
or =-— and x=— 
. 2 4 


3 1 
A= (=. 7 then coordinates of B on 2x” = 2y —lis 


.. Shortest distance = AB 


ted G4) 


- [4+2)-4-3 
16 16) 8 22 


18. We know that normals at (at?, 2at;) and (at3, 2at,) meet again 


on the parabola. Then t,t, = 2 


Here, a=1 

and x =at; =t? and y, =2at, =2t, 
x, = ats =ts and Yq = 2at, = 2ty 

Given Htxmy=4 aera 

or (t + tb)” — 2%t, = 4 

> (t, +t)? =8 

or | t, + t| = v8 

or | 2t, + 2t, | =2V8 


or | 1 + Yol =2V8 = 4v2 


. Let any point at distance r from A on the parabola is 


(-2 +r cos 0,r sin 6), 


then r’ sin? 0=4(-2 +r cos 8) 
or r’ sin® @— 4r cos 0+ 8 = 0 
AY 
Q 
P 
2 8 
x x 
AC2,.0) O 
yY 
Let P and Qare distances 7, and r, from A, then 
a 4 cos 9 
Rtn= 
V0? sin? 0 
8 
and hh =a 
sin” 0 
1 1 1 1 #HR+nm ~~ cosO 
Now, + = = = 
AP AQ , fh lr 2 
‘ 1 1 
given that — +—<- 
AP AQ 4 
cos8 1 
> <i. 
2 + 
1 
or cos 8<— 
2 
or tan 0> V3 


[= 


tt, = 2] 


T 
[. cos 0 is decreasing and tan Ois increasing in [0 ) 


Slope (m) > V3 


20. Coordinates of A are (a — 1 cos 30°, | sin 30° ) 


21. 


or 


which lies on y* = 4ax, then 


F=ta[ 0-43] = 1° + 8av3l — 16a” = 0 
4 2 
ve — 8av3 + ,|/(192a? + 64a”) 
2 
_ —8av3 + 16a 
——. 
= 4a (2 — V3) 
Aliter : 
Let A =(at;, 2at,) and B = (at; —2at,). 
Slope of SA = tan (180° — 30° ) 
cell = — tan 30° 
at; —a 
2h 
oe ar 
or =? +: 2V3t, -1=0' or 4 =-v3 +2 
Thus, i, =2-~v3 [- 4 
Here, AB = 4at, = 4a (2 — V3) 


C:x*°+(y-1)? =l1andP:y =ax* 


Putting x? = Yin x? + (y -1)? =1 
a 


[taking +ve sign] 


=-2-3 rejected] 


22. 


23. 
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2 2a-l1 
or x= , >0 
a 
or 2a-1>0 
1 
a>— 
2 


° 
tal 
g 
a 
| 
1 Oe et 
8 
Se 
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> na n 
V=( -1)i+(2A-0)j 
V =(-1)14(2A)j mi 
Y 
pla’, 2a) 
(0,1) M a 
Vv 
a >X 
GL.s xty=1 
> an nx 
and n=(0-1)i1+(1-0) Jj 
=-it+j 
= > 
The projection of Vonn=y [given] 
=> 
_Ven_ +N -1)+2Aa (ii) 
ri = (ii 
|n| 
Given, a =4 
dt 
=> 4 ye -1)=4 =y Spon 
dt dt 
When P = (4, 4), 
We have A = 2, therefore 
dx 
—=1 .. (iii 
a (iii) 
From Eq. (ii), 
d (2 —2A) vy 
= ee [from Eq. (ii)] 
@-4)x1__ 5 
= = 2 
V2 
Given parabola is 


3 
se 
= 2 


3 6 
The equation of directrix is x — A + ri =0 
Le. x=0 


3 3 
Let the coordinates of P be (2 + A ae a] 
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25. 
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Therefore, MS = MP 

3 3 
9+9t?)=—+=¢? 

D2 
9 

or 9+9 ==(14+ 07) 
4 

or 1+ =4 


.. Length of each side = MS 


= 9(1 +t’) = 36 =6 


The area of AABC is maximum if CD is maximum, because AB 
is fixed. 


B (9,6) 


>X 


~Y) 


yy’ 
It is clear that tangent drawn to the parabola at C should be 
parallel to AB. 


For y =4x 
d dy 2 
ay Ya or “Y = = slope of AB 
dx x y 
2 6+4 1 
=> —= =2 or y=1,thenx=— 
y 9-4 4 


1) 
Hence, coordinates of C are & i} 


: Tangent at P (at/, 2at,) is ty=xt+ at;. 


1 
tan 0, =— 
h 


ay é (ati zat) 


>X 


Cee 5 
Ly QU) 


1 
tan 0, = — 


Similarly, 
7) 


: Angle in a semicircle is 90°. 
ZORP = ZORQ = 90° 


26. 


27. 


= P, R, Qare collinear. 
2 


Slope of PQ = [. ORL PQ] 
t, + ty 
Slope of OR = — hob = tan > 
or ti, +t, =—-2 tang 


= cot 0, + cot 0, =—2tan 
Let A = (at”, 2at) and B =(at’, — 2at) 


AY 


>X 


The equations of tangents at A and B are 


at’ and—ty =x + at’. 


ty=x+t 


These tangents meet the Y-axis atA, (0, at) and B,(0, — at) 
respectively. 


Area of trapezium 


AA, BB =" (AB + A,B,) x OM 


1 
24a? = 5 (4at + 2at)x at® 


24a” =3a°t? => 1 =8 


ne t=2 
.. Coordinates of A; and B, are (0, 2a) and (0, — 2a) respectively. 
If ZOSA, = ZOSB, = 9, then 
tan 0= ee =2 
a 
=> @=tan | 2 


Hence, subtended angle =20=2 tan! 2 
5 iy 
Given, : = rexony (+) = "Cz p™~ 4x "78 ...(i) 
x 


Since, LHS of Eq. (i) is independent of x 
a n-6=0=>n=6 
From Eq. (i), 


5 
—= °C3p° = 20p* 
2 
= p= (:) = p=- 
2 2 
Given, parabola is y” = x 
Here, 4a=1 
1 
> a= — 
4 


Since, three normals are drawn from point (q, 0), 


q>2aorq>—orq>p 


28. 


29. 


30. 


y’ —4x -2y +5=0 
=> (y -1)°-4x+4=0 
> (y -1) =4(x-1) 
Let y-1=Yandx-1=xX 


then, y” = 4X comparing with Y° = 4ax 
a=1 


*: All three normals to the parabola are real and meet on the 
axis of parabola, then 


X>2a and Y=0 


ies, x-1>2 and y-1=0 

ee x>3 and y=1 

or (k, 1);k >3 

Let P (x9, x4) be any point on the parabola y = x” 


AY 


Equation of tangent at P (xp, xa) is 
1 
mo = 2 + x8) 
> 2XXyp —Y — x =0 


Tangent meets the Y-axis at T (0, — x9). 
Hence, the area of the triangle APTQ = - x PQ x OT 


_1 23 
=— X Xp X2xXp = XH 
2 


which increases in the interval [1, 2] and hence is greatest 
when x) =2. 


(#=2**)- (x —2)' + (y — 0)" 


> (2x -y +2)? =5(x? + y? — 4x + 4) 


or x? + 4y” + 4xy =28x — 4y —- 16 
=> (x + 2y)’ =4(7x-y-4) 


x + 2y =0and7x — y —4=0and are not perpendicular. 


(x + 2y + A)? =(2A + 28) x + (44-4) y +? -16 
Now, (slope of x + 2y + A = 0) x (slope of 
(20 + 28) x+ (44-4) y +? -16 =0) =- 


Ly (2A + 28) _ 

2 (4A - 4) 
> 2A. +28 =-8A+4+8 
or 10A = — 20 
. N=-2 


From Eq. (i), 
(x + 2y — 2)? =(24x —12y — 12) 


[given] 


31. 


32. 
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(+72) -2(*3 yr *} 


+2y -2 2 - 
Let SE a 28 Sy 
V5 V5 
12 5 
or X?=-=Y or y=35 ye 
V5 12 
5 
ie 


Equation of tangent of parabola 
: 10 
y° = 40x is y = mx + — 
m 


which is also tangent of circle x’ + y* =50, then 


10 
mt = 5/2 
(m* + 1) 
=> m' +m? -2=0 
> (m? + 2)(m? —1) =0 


m =1,m?+2+#0 or mat] 
From Eq. (i), common tangents are 


y=x+10andy=—-x-10 


or x-y+10=0andx+y+10=0 
Let coordinates of P be (t”, 2t) 
-—0 _2 
Slope of PV = = 
= O07 t 


t 
= Slope of QV is — A 
=f 
Equation of QV is y = a x 


; 16 -8 
Solving it with y* = 4x, we get o( =) 
t t 


% 
P 
f >X 
xX'< V 
Q 
Y 
Area of APVQ = 20 (given) 
*  2t 
= =|/16 -8]|=20 
2/9 
t t 
4 
=> t+—=+5 


= ¢-5t+4=0ort? +5t+4=0 
t=1,4ort=-1,-4 


Hence coordinates of P are (1, 2), (16, 8), (1 — 2), (16, — 8) 
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33. Parabola is y* = 4ax and circle is (x + b)’ + (y — 0)? =b’ 


34. 
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If parabola and circle touch each other externally, then 


% 
a>0 


x’ < 


xX >~X 


If a>0,-b<0Oandifa<0,-b>0 
or a>0,b>Oanda<0,b<0 


Let (x, yi) = (at’, 2at) 


Equation of tangent at (at”, 2at) is ty = x + at” 


r+ at? 
t 


Let any point on this tangent is [ 


The chord of contact of this point w.r.t the circle x? + y? =a’ 


1S 


2 
whey [AEE 6 


> faty -a?) + 4-(x42}=0 
t 


which is family of straight lines passing through the point of 


intersection of 


aty —a’ =0andx+~=0 
t 


-aa 
So, the fixed point is (= “| therefore 
t t 
a a 
X»=-—s ; =_— 
2 Zz y2 ; 
Clearly, XX =—-a” , Yo =2a 
> XyX_ + VWiY2 = a’ 
Also, Ae | Maoy? 
x2 y2 
2 
or [>| + (2) =0 
y2 x2 
> -4 eg A” are in G.P. 
2 *X2 


Also, yyy2 = 2a” = a, yz are in GP. 


35. 


36. 


37. 


Equation of normal in slope form is 

y =mx —2am— am’, 
if normals meet at (A, k), then 

am? —(h-2a)m+k=0 


Let P =(am;, —2am,), O = (am3, —2am,) 
and R=(ami, —2am,) 
> M,, Mz, m3 are the roots of Eq. (i), then 


m + mM, +m, =0 


ie. algebraic sum of the slopes of the normals at P,Q and R 


vanishes. 
From Eq. (ii) 
— 2am, — 2am, — 2am, = 0 
ie. algebraic sum of the ordinates of the points P, Q and R 
vanishes. 


Also, y-coordinate of centroid of APQR is zero 
centroid lies on X-axis 


and circle circumscribing the triangle POR always passes 
through the vertex of the parabola. 


Let P =(A, A + 1), where A # 0, -1 

or P=(A, A-1), where A # 0,1 

The point (A, A + 1)is on y” = 4x +1, therefore 
(A+1)P=4A41 

> V-22=0 

= A=2 

Therefore, the ordinate of P is 3 

and the point (A, A —1) is on y? = 4x +1, therefore 
(A-1)° =4(A) +1 

> V -6rA=0 

- A =6 

Therefore, the ordinate of P is 5, 


From figure, 


(-1, 2) A 3 
60 50” 


Slope of AP = 0 and slope of AS = —t 


0O=(=t 

tanoo? =| °C) 
1+ 0 

= V3 =|t| 

=> t=+ 3 


‘. Coordinates of P are (3, + 2V3) 


38. Let M(o, B) be the foot of the perpendicular from the focus 


S(a, 0) on any tangent to the parabola at P(at?, 2at). 
ie. ty+xt at® 


=> a — B+ at? =0 ...(i) 


>X 


Since, SM is perpendicular to the tangent 
1 =0 
ey a 
t Q-a 


=1 


> at+B-at=0 
On solving Eqs. (i) and (ii), we get 
a=0 
The locus of M(o, B) is the tangent at the vertex. 


le. 


...(ii) 


x=0 
39. 


Given that the extremities of the latusrectum are (1, 1) and 


1 
(1, -1), then 4a =2 ora = 
So, the focus of the parabola is (1, 0). 


Hence, the vertex can be & 0} or (3. 0} 


Therefore, the equations of the parabola can be y” = a= 7 *| 


2 
3 
or y* -{x-3) 


=y’ =2x-lory® =2x-3. 
40. Let P =(at’, 2at) and R = (at;, 2at,) 


OP 1 OR 


a 
oN) 


(e) 

> 
oO 
3: 
= 


.. Slope of OP x Slope of OR = — 1 


2 8 
=> —-x—=-1 
tok 
4 
{=-— 
t 
léa -8 
Now, coordinates of R are ( *) 
t t 


41. 


42. 
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*: OPQR is a rectangle. 
.. Mid-point of OQ = mid-point of PR 
2 16a x » 16 
=> x=at' + rage => —=t' + > 
t a t 
4 
and y =2at = = »*=:-= 
2a t 


From Eqs. (i) and (ii), we get 


2 
16 
(=) =? +—-g=~-8 


2a t? a 


= y? = 4ax — 320° 

or y? = 4a(x — 8a) 

which is equal parabola and focus (9a, 0) and directrix 
x-8a=-a 

or x —7Ta=0. 


Let point of intersection of the line y = mx with the chord be 
(A, mA), then 


1.4 + 2. 3-4 
pee = 
1+2 2 
1.44 2, 3mA — 4 
and mh = y= = 
142 2 
Y, 
y=mx 
xe=dy 
P (4, 4) 
(x4, ¥4) 
X'« >X 
y 


‘Q(x, y,) lies on the parabola x” = 4y, then 
Vi p y: 


re 


97 — 24A(1 + m) + 48 = 0 


=> 
For two distinct chords D> 0 
=> (24)? (1 + m)? —4-9-48 >0 


or (1+ m)’ >3 

> 1+m<-v3 

or 1+m>-3 
m<-~v3-1 

or m>v3-1 


Hence , m € (-~, — V3 — 1) U(V3 1, &) 


The given parabola is y* = 4(2)x 
— a=2 


Since, P(— 2, 0) lies on the directrix and the axis. 
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= The tangents will have slope m = + 1 and the equations are 
y=xt2andy=-x-2. 


Directior 


>X 
(-2, 0) F 


The chord of contact of tangents is QR as x = 2 (i.e. L.R.) 
‘+: Common chord of two circles is X-axis. 
ZOQPR = 90° 
.. Circumcentre is S(2, 0) on X-axis and orthocentre is P(— 2, 0) 
on X-axis. 


Centroid and incentre also lies on X-axis, 


(.: orthocentre, centroid, circumcentre and 
incentre are collinear). 


Given parabola is (y — 2)? = {= = | 


Let x--=X,y-2=Y 


2 
. Parabola is Y*? = 4X 


Any point on axis of parabola is (x, 2) for three distinct normals 
X >21 


1 5 
=> xK=—>2- Or 4S 
2 2 


x=3,4,5 
Hence, points are (3, 2), (4, 2) and (5, 2). 
The given parabola is y” — 16x —8y = 0 
> (y — 4)? =16(x + 1) 
Shifting the origin to the point (— 1, 4) the equation of parabola 
becomes y” = 16x 
then the coordinates of the point (14, 7) becomes (15, 3). 
.. Equation of any normal to the parabola is Y + tX =8t + 4t°. 
Since, it passes through (15, 3) 
: 34+15t=8t+4t? = 4t°-7t-3=0 
or (¢+1)@t-3)(t+1)=0> t= 1S ; 
.. Corresponding points are (4, — 8), (9, 12) and (1, — 4). 
Hence, the coordinates of the feet of the normals w.r.t. the 
original system of coordinates are (3, — 4), (8, 16) and (0, 0). 


As a circle can intersect a parabola at four points, the 
quadrilateral may be cyclic. 


The diagonals of the quadrilateral may be equal as the 
quadrilateral may be an isosceles trapezium. 


A rectangle cannot be inscribed in a parabola. 


Sol. (Q. Nos. 46 to 48) 


46. 


Let A =(4, 0) and B =(0, 3). 
* OA and OB are mutually perpendicular tangents to the 
parabola. Therefore, O will lie on the directrix of the parabola. 


ay 


>X 


Let S(a, B) be the focus of the parabola. 


‘« Portion of a tangent to a parabola intercepted between the 
directrix and point of contact subtends a right angle at the 
focus. 


ZOSA = ZOSB =~ 
Now, OS | SA = Slope of OS x Slope of SA =-1 
a-0 a-4 


> o” + B? - 4a =0 (i) 
Again, OS | SB = Slope of OS x Slope of SB = — 1 


= (Ft)<(E8}--1 


= a’ +B? -38 =0 ...(ii) 
From Eqs. (i) and (ii), we get 
40 = 3B iii) 


Since, tangents AO and BO at A and B to parabola are at right 
angles, therefore AB will be a focal chord of the parabola. 


Equation of AB is 


Looe cam a 1 
4 3 4 3 
> 3a + 46 =12 .. (iv) 
From Eqs. (iii) and (iv), we get 
3 48 
a= = and B = — 
25 25 


*. Focus of parabola is (¥. = 
25 25 


* Focus is (a, b). 


2 2 
47. ase,(« %*) +(0 8) ue 
25 25 R) 
2 2 
and asay(0-%) 45-8) 22 
25 25 5 


If 1 be the semi-latusrectum, then / = HM of AS and BS 


2.5 5 _ 125 
1 16 9 144 
288 
=> []=— 
125 
576 
21 = —_ 
125 
48. -. Slope of OS = B =— 
a 
: ; 3 
Slope of directrix LM = — ri 
*. Equation of directrix is y = — ri x 
=> 3x + 4y =0. 


Sol. (Q. Nos. 49 to 51) 
Since, (a, b) lies on parabola, y? =4)hx 
b® =4anr 
It is clear that APQR is right angled at P(0, 2). 


>X 


So, its circumcentre is the mid-point of Q and R, where 


o=(? 2%, 2}and R= (0, 
a b 


1-2b “| 
;1+— 
2a 2b 


Circumcentre = ( 


oe 

enh 2b 
> 2b = : ndage =) 
yo x(y - 1) 


x 
CY =2)=— 7 
oy ca 
=> [»-3) aq oe 


3 
. Vertex is (- 22, *) 


1 
and length of latusrectum is —. 


...(i) 


(ii) 
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49. Product of coordinates of vertex = — 2A x ; =-3A 
=-3x2 [eA =2] 
=-6 
50. Length of smallest focal chord = Length of latusrectum 
_ il 
8h 
aaa ae [va=2| 
past } 32 
32 
57. Lety ->=Y,x+20=X 
= 
8X 
Curve is symmetrical about Y = 0 
=> y= = =0 
2 
a 
yay 


Sol. (Q. Nos. 52 to 54) 
Given parabola (P) can be written as 
(x —2y)? =32x - 4y — 16 
On adding 2(x — 2y)A + 1 both sides, it becomes 
(x —2y + A)? =32x — 4y —16+ Ax —-2y)AF¥ 
= 2A + 16)x —4(A + 1)y +? -16_...(i) 
We choose A such that lines 
x—2y+=Oand aa t+ 16)x — 4(A + 1)y + W? -16 =0 


are perpendicular to each other. It requires 


1 YAr+t 16) _ 

2 4A +1) 
=> A+ 16=-4X-4 
> N=-4 


Hence, Eq. (i) becomes 
(x —2y — 4)? =24x + 12y =12(2x + y) 


x-2y-4) 12 (2x4 4 
or: ) (AR) 2 ox 
_axty . x-2y-4 
where, X= Be y= G 
and 49 = bal > p= 2. 
V5 5 
52. -. Equation of axis is Y =0 
> x-2y-4=0 vai) 
and equation of latusrectum is X =p 
a axt+y _ 3 
V5 V5 
> 2x+y-3=0 ...(ii) 
On solving Eqs. (i) and (ii), 
focus is (x, y) =(2, -1). 
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53. Length of latusrectum = 4p = a 
54. Equation of directrix is KX +p = 0 
a ax+y a 3 aig 
V5 V5 
2x ty +3=0 


Sol. (Q. Nos. 55 to 57) 


Any parabola whose axis is parallel to the X-axis will be of the 


form 
(y — gq)” = 4A(x- p) 


Now, lx + my =1 can be written as 


y-g=-L& py+(ama=') 
m 


m 


Eq. (ii) will touch Eq. (i), then 


1—mq-lIp_ i 

m l 

im 

> —l+mlq+lp=m’r 
> pl? + qlm—Am? -1=0 


But given that 
51? — 4lm + 6m* + 31 =0 
On comparing Eqs. (iii) and (iv), we get 
p_q_-A_-l1 


5 4 
55. -. Vertex is (- —_ 4) 
3 3 
5 4 
Here, a=-——andb=— 
3 3 
a-b=-3 
> |a—b|=3 


56. For focus, 


5 4 
x+-=2andy-—=0 
3 3 


14 
.. Coordinates of focus are (2 “| 


1 4 
Here, c =— andd = — 
3 3 
d-c=1 
= gid-el =2 


5 
57. For directrix (« + =| +2=0 


= 3x+11=0 givenex+ f =0 
AE e =3, f=11 
Now, Je—f|=|3-11|=8 


Sol. (Q. Nos. 58 to 60) 
‘ C,:y? =4x 
5, :(1, 0) 
Letz =x +iyandz, =x, + iy, 


If z, is obtained by rotating z, 120° in anti-clockwise direction, 
then 


i 1 iv3 
z, = ze? = (x +iy) [- 3 + S 


(_*_x8y), {98 9 
oe 2 2 


*, Equation of curve C, is 


me ae y) =4|-~ v3 (i) 
2 2 2 2° ~ 
For focus — ~ — My =1and ey -~7 =o, 
2 2 2 2 
tail ie 
2 2 
(iii) an Sic (- z, = * 
2 2 
(iv) C; is reflection of C, with respect to y = x. 
S3: (- v3 - 4} 
2 2 
58. -.(t’, 2t) are parametric form of curve C,. 
From Eq. (i), 
V3 y V3 2 


x 
—x--+=2tand—-—-—y=t 
2 2 2 2 


1 1 
we getx => (8° + 2./3t), y = eager — 2t) 
Parametric coordinates of C, are 


(5c t° + 238), : (— v30? - 2) 


59. Area of AOS,S; 


1 3 

= 2 2 | 

i ee 

2 

=3/5-3)-3 sq unit 
2,4 4 

2 2 2 2 
60. af + By? =a)? +{ :) +( 4) -o7+[ + *| 


1 3.1 
=1+—+—+0+—+-—53 
4 4 4 


Sol. (Q. Nos. 61 to 63) 
Since, no point of the parabola y = x* + ax + 1is below the 
X-axis. 
D<0 
=> a’-4<0 


=> —-2<a<2 


61. The maximum value of a is 2. 
The equation of the parabola is y = x? + 2x +1. 
It intersect the Y-axis at (0, 1). 
.. Equation of tangent at (0, 1) is 


+d 
= =0O-x+(x+0)+1 
> y=2xt1 
=> 2x-yt+1=0 
Since, 2x —y + 1 = 0 touches the circle x? + y” =c’, then 
0-0O+1 
——_ =¢ [.c > 0] 
V4+1 
= 1 
c= 
V5 
5c? =1 


62. Equation of the tangent at (0, 1) to the parabola 


y=x" + ax+1is 


> y=axtl1 

=> ax-yt+1=0 

As it touches the circle x” + y? =c’, then 
1 


a = CE 
(a’ +1) 
i.e. cis maximum, when a = 0. 
Therefore, the equation of the tangent is y = 1. 
.. Slope of the tangent is 0. 
63. Equation of tangent is 
y=axt1 
=> ax-y=-1 


ane ae es 


cy 


Therefore, the area of the triangle bounded by the tangent and 


> 


the axes is 
1 1 1 
4/2 ha) 
2} a 2\a| 
1 ee 
= [for minimum area a = 2] 
=> 8A =2 


Sol. (Q. Nos. 64 to 66) 
The conic is S = x* + xy + y? -2x-2y +1=0 
and the line isL=x+y+1=0 
It is required to find equation of the parabola (P) which 
touches the conic S = 0 at those (two) points, where the line 


L = O intersect the conic. Obviously at these points the 
parabola is in double contact with the conic. 


.. The equation of any such conic is ¢ =S + AL’ =0 
=> (x7 + xy + y®-2x-2y +1)+ A(x+y 41)? =0 ...(i) 
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=> (1+ A)x? +(1 +2A)xy +(1 + A)y? 
+ (A -—1)x + 2A -1)y +A 4+1=0 
It will be a parabola, if h? = ab 


=> q(t + 2a) =( + AP 
=> 14+ 404 402 =44+ 804+ 4” 
es 
4 


Hence, from Eq. (i), the required parabola is 


3 
(x? +xy ty? -2x-2y +1) gatytiy=0 


> x’ —2xy + y® -14x -14y +1=0 ...(ii) 
64. Comparing parabola (ii) with 
ax’ + 2hxy + by? + 2gx + 2fy +c=0 
a@=lh=-1b=1,g¢=-7, f=-7,c¢=1 
Now,|at+b+c+ft+gth|=|1+1+1-7-7-1|=12 
65. The parabola (P) can be written as 
(x —y)*? =(14x + 14y -1) 


2 
x-y =7/2 14x + 14y -1 
= ( #) (14)? +(14)° 


.. Length of latusrectum is 7/2. 


(iii) 


66. For vertex, 
x-y 14x + 14y -1 
= 0. =0 


v2 a4)? + (04)? 


[from Eq. (iii)] 


=> x=y,14x+ 14y =1 
ree 
x=y= oe 
Vertex is (=. ea (a, b) [given] 
28 28 
|a—b|=0 
Sol. (Q. Nos. 67 to 69 ) 
* y =3x is tangent to the parabola 

2y =ax’ +b (i) 


2(3x) = ax’ +b 


[substitute the value of y =3x in 2y = ax’ + b] 


=> ax* -6x + b=0 
D=0 

[ y=3x is tangent to 2y = ax” + 5] 
36 — 4ab=0 

=> ab =9 ...(ii) 


From Eqs. (i) and (ii), we get 
...(iii) 


9 
2y =ax’ += 
a 


[from Eq. (ii)] 


=> at+b26 


Minimum value of a+ b is 6. 
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* (2, 6) is the point of contact. 
From Eq. (iii), we get 
9 
12 = 4a + — 
a 
=> 4a” -12a +9 =0 
=> (2a —3)* =0 
2a =3 
69. For b=18 
1 
From Eq. (ii), a= " 
<2 The area of the square 
From Eq. (iii), 2y = a +18 ...(iv) MLNL’ is (ML)? =(1 + 1)? + (2-0)? =8 sq units 
On solving y = 3x and Eq. (iv), we get a A=8 
x 73. Parabola is y* = x 
6x =— + 18 
2 1 
2 a a=— 
=> x" -12x +36=0 4 
=> (x -6)? =0 The normal at ¢ is 
3 
x =6, then y =3x =18 Rapel ae 
4 2 


*, Point of contact is (6, 18). iepassectheouehile 0) 


70. Equation of tangent in terms of slope (m) of the parabola ; PB ot 
: 1 on —_—— oo 
y’ =4xisy =mxt+—. 4 2 
m 
2 2 = 
*: Point of intersection of tangents is (— 2, —1), then =F P= : ; midi es 


1 
-1=-2m+— 
m as 4 =2yf n= [a 


> 2m* —m-1=0 
The normals are ai => th =- 


AY 1 
- -fa->)=-1 
2 


4a =3 
X« >X 3 
L) 74. Let Bas (22 3) 
(-2, -1) : 
and let BD L AC and ZDAB = 0 
¥: y y 
3 
4 (30 st) 
Let m,, m, be slopes of the tangents, then 
JD j4+8) 3 f) 
i 2 = = = 
a 2 2 Xx’ 8 +X 
4 1 A DC 
an MM, = — — 
1M . 
- 3/2 
tan@ =| —1—™ l = y’ 
1+ mm, 1-1/2 " 
71. Let S be the focus and point of intersection of tangents at P and BD 3t 2 
Qis R. => tan0 =—— =—_ == 
5 AD 3 pt 
(SR)° =SP-SQ=4x9=36 2 
SR =6 .. Projection of BC on the axis = DC 


72. The four lines form a square. The tangents at L(1, 2) and 
L’(1, —2) are xx -y +1=0andx + y+1=0. They intersect at 
M- 1, 0). o Xr =6 


2 
= BDtan0= a2) = 6 units 
t 


75. The parabolas are y = x” —9 and y = Ax’. 


> x? -9=Ax? => x*(1-A) =9 
> go 
1-A’ 
Or eee eae 
(1 —A) 


Now, from the symmetry about Y-axis, 


6 3 
maa ys) => a= G-) 
=> a(l-A)=9 =~) Aa*4+9=a? 
=> a’ t+u=a’ 
w=9 
76. Given, y’ —8x <0,x° + y’ <16and x >0. 
For x =1, 


y’ <8andy*® <15>y’ <8 


y=0,+1,+2 
5 points. 
For x =2, 


y? <16,y? <12 > y’<12 
y=0,+1,4+2,43 
7 points 

For x = 3, 
y? <24y><7TSy' <7 
y=0,+1,+2 
5 points 

Hence, total points is 17. 
n=17 

Sum of digits of nis 8. 


77. Focus of the parabola y” = 4x is S(1, 0). 
Y 
A 


Let radius of circle be r. 


.. Centre of circle is (1 + r, 0). 


=> Equation of circle is (x — 1 —- r) + y? =f? 


> (x-1-r)?+4x=r° 
=> x°+4+22-1-r)x+2rt+1=0 
> x? +21 —r)x+2r+1=0 


It would have same roots due to symmetry. 


D=0 
=> A1-r)’-—4-1-r+1)=0 
e r=0,4 
Hence, r=4 


[given] 


[er #0] 
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78. For maximum number of common chords, the circle and the 


79. 


80. 


parabola must intersect at four points. 
Now, solving the given curves, we have 
(x-6)? + 4x =r? 


=> x? —8x+36-r?=0 
The curves touch, if D=0 
> 64 — 4-1-(36 —r’) =0 
=> r? =20 
r= 2V5 


Hence, the least integral value of r for which the curves 
intersect is 5. 
Given parabola is 
x? = 4(y — 1) 
*, Focus is (0, 2). 
Now, the shortest intercept of the line on the parabola which 


passes through the focus is latusrectum. The axis of the given 
parabola is the Y-axis. 


Therefore, the latusrectum is parallel to the X-axis. 
Slope = 0 
(A) The given parabolas are symmetrical about the line y = x 


as shown in the figure 


Y 
A 
“( 3 
f 2 
X< 0 < >X 
Y’ 


They intersect each other at four distinct points. 


Hence, the number of common chords is 


te 2 xg 
1-2 
Which is perfect number [e1x2x3=1+2+3=6] 
(B) * tan 0=~ (i) 
x 
AY 


>X 


LC = Projection of BC on X-axis 
= BL tan 0=y tan ®@ 
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=yx y. [from Eq. (i)] 


(C) Normals to y” = 4ax and x = 4by in terms of mare 


_ — — 3 = — 
y = mx — 2am — am’ and y = mx + 2b + —. 
m 
For common normal, 


b 
2b + — =-2am—am’° 
m 
5 3 2 
or am? + 2am> + 2bm* + b =0 


It is clear that at most five common normals. 
(D) Let middle point of P and B be (h,k), then 2h = at” 


AY 
oe 
pe 
(0,at) B 
x x 
i A\ St, 0) " 
YY 
and 2k =3at 
2k 
or 2h=a & i 
3a 
or 2k* =9ah 
.. Locus of mid-point is 
ay? = 9ax 
9a 
.. Length of latusrectum = - 
9 
=—xX2 [a 
2 
=9 


81. (A) Given parabola is x’ = ay 


and the given line is y — 2x =1 


On solving Eqs. (i) and (ii), we get 
x? =a(2x + 1)>x* —2ax -a=0 


Let coordinates of A and B are (x, y,) and (x, y2) respectively, 


then 


2 YP Me + 4a) = 2(a? +a) 


| x — X2 


(iii) 


Also A, B lie on y —2x =1 
y, — 2x, =landy, —2x, =1 
or V2 — Vy = AX, —%) --(iv) 
Length of AB = (x, — x4)" +72 -1)? 
=455 | Xi — Xo | 
=2/5 ‘A (a® + a) 
Given, 2V5 (a? +a) =/40 


[from Eq. (iv)] 
[from Eq. (iii)] 


> at+a=2 
=> a’ +a-2=0 
> (a+ 2)(a—-1)=0 
=> @==—2,1 


(B) If tangents are drawn from (x, y,) to the parabola y” = 4ax 
and angle between tangents is 0, then 


2 
— 4ax, 
| tan 6] = (yi 1) 
|x, +a| 
31 
Here, x, =0,y, sae then 
2 
|-1| 
|O+a| 
=> |a| 
a=1t2 


Aliter : 

Observe that one tangent is the Y-axis, the other tangent is at 
T : ge 2 

0= a and its equation is ty = x + at 

fort =1, we gety=x+a 

=a =2 from the symmetry a = — 2 is also possible. 


(C) Let the other end be at (at’, 2at) 


; ie at? +a 2at+2a 
So, mid-point is 5 oe 


which satisfy x + y =1 


at? +a 


or +at+a=1 


=> at? + 2at + 3a -2 =0 


Since, two distinct chords are possible, so D > 0. 
4a’ — 4a(3a — 2) > 0 


=> —8a" + 8a>0 
=> 8a(a -1) <0 

0<a<l 
or 0<4a<4 


or 0 <Length of latusrectum <4 


.. Length of latusrectum can be 1 or 2 or 3 from the given 
values. 


(D) The given parabola is 
xe ay +3=0 


a 
or x“=aly-— 
a 


82. 


3 
Let x=X,y-—=Y 
a 
Then, the parabola is 
xX’ =aY 
a 
For focus X eG 
= ies? 
x=0, = SS 
2 a 4 


3 a 
Focus is (0 —+ “) given focus is (0, 2) 


a 
3. a 
“4 =2 
a 4 
=> a’ -8a+12=0 
=> (a —6)(a-2)=0 
a=2,6 
Here, a, =6,a, =2 
a 
w= 3 
a 


(A) Points (1, 2) and (— 2, 1) satisfy both the curves. 


(B) Equation of tangent at (t?, 2t) on y” = 4x is 


ty=xt+ t 

It passes through the point (2, 3), then 
3t=240° 

> r —3t+2=0 

or (t-1)(t-2)=0 

or t=lor2 


The point of contact is (1, 2) or (4, 4). 
(C) Let P(V5 cos 0, V5 sin 0), then the chord of contact of the 


parabola y” = 4x w.rt. P is 


y- V5 sin 0 =2(x + 5 cos 8) 


or +2 cot 0 


_ 2x 
-= V5 sin 0 
On comparing with y = 2(x — 2), then 

5 sin 0 =1 and cot 0 =—2 
or V5 sin 0@=1and V5 cos 0=—2 
Hence, coordinates of P are (— 2, 1). 
(D) Let coordinates of Q be (t”, 2t). 


Now, the area of AOPQ is 


Lit lee [given] 
2/4 -4 
=> 2t? + 4t=+6 
or 4+ 2t+3=0 
t? + 2t-3=0 [i t? + 2t4+3 40] 
=> (t+ 3)(t-1) =0 
Then, t=lor-3 


Hence, the point Q are (1, 2) or (9, — 6). 


83. 


84. 


85. -. 


86. -. 
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Equation of tangent to y* = 4x is 
1 
y=mx+— 
m 


it is also tangent to x” = 4y, then 


x" = 4 mx + — 
m 


2. 16 
=> 16m* + — =0 
m 
3 
=> m =-1 
m=-1 


.. Equation of common tangent is x + y +1=0. 


Statement II is also true and it is correct explanation of 
Statement I. 


The vertex of (y + 2)? = 2(x — 1) is (1, — 2) and equation of axis 


isy =— 
Here, 4a =2 
1 3 
a=- => 3a=- 
Zz 2 
‘ ee 3 ; 5 
*, Required point is} 1 + = —2],ie. e —2). 


Hence, both statements are true and Statement II is correct 
explanation for Statement I. 

y=mxt+ec (i) 
and y* = 4ax ...(ii) 


From Eggs. (i) and (ii), 


y? = ao 2 =<) 
m 


> my” — 4ay + 4ac =0 


If line Eq. (i) intersect the parabola y” = 4ax at one point, then 


B’ =4AC 
> (— 4a)’ = 4-m-4ac 
a 
> c=— 
m 


From Eq. (i), equation of tangent is 
a 
y=mx+ — 
m 


.. Statement I and Statement II are individual true and 
Statement II is correct explanation of Statement I. 


ax + alby =1 ..-(i) 
On squaring both sides, then 
ax + by + 2,Jabxy =1 
> (ax + by —1) =—2,/abxy 
Again, on squaring both sides, we get 
a’x? + b*y? +1 + 2abxy —2ax — 2by +1 = 4abxy 
=> a’x? —2abxy + b’y” —2ax -2by +1 =0 
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Now, comparing with 
Ax? + 2Hxy + By? + 2Gx +2Fy+C=0 
A=a’,H =-ab,B=b’,G=-a,F =-b,C=1 
A = ABC + 2FGH — AF? — BG’ - CH® 


=a’b* —2a°b? — a*b? — a*b? — a*b? 
=— 4a’b? #0 
and H? = AB 


Hence, Eq. (i) represent a parabola. 


.. Statement I is true and Statement II is false. 


2at,-O 2 
87. -: Slope of AP = m, = “ =— 
at; -O & 
and slope of AQ = m, = = at23 
at; -0 fy 
mm, =—#-1 
ita 
ay 
prati, 2340 
X's > X 
A S(a,0) 
Vag 
* 224) 
vy 


Also, P, S, Q are collinear, then 
2at,-—0 0 -2at, 


2 
at; —a 


a—ats 
=> t, — tt? =—t?t, + ty 
=> (4 —h) + th(h —f)=0 
. t —t, #0,1+ tt, =0 
iit, =—1 
Hence, Statement I is false and Statement II is true. 


2 
88. Length of focal chord PQ = dt + | 
t 


2a 2 1 
2at + — Fe 
t 2t t 
and tana = I = 
2 4a r-1 1/° 
at’ -— ies 
r : 
t 


’ = tan(a/ 2) 
t 


ay 
pat? 224) 
a 
x’ >X 
~ A S(a.0) 
Q ce 723 


89. 


90. -. 


91. 


From Eq. (i) 
PO = a(cot(ct/2) + tan(c / 2))* 


2 
1 
7 (aaa) 


2 
2 2 
=a| — = 4a cosec* 
sin 


For & = 60°, 4a = 8 and 


2 
2 
PO =8 cosec? 60° = {= = 32/3 


V3 
*, Statement I is true and Statement II is false. 
xty=A>y=A-x (i) 
and y=x- x? ..(ii) 
From Eggs. (i) and (ii), we get 
A-x=x-x? 

> x? -2x+H=0 

* Eq. (i) touch the parabola Eq. (ii), then 


B? —4AC =0 
=> (-2)? -—4-1-7=0 
A=1 


=> Statement I is true. 

From Statement II, 
(x-1)? =x-x’ 

=> 2x’ -3x+1=0 

. Discriminant = (— 3)? — 4:2-1=1#0 

*. Statement II is false. 

3x + 4y +5 =0Oand 4x + 3y + 2 = Oare not perpendicular 

to each other. 

.. Latusrectum #4 

.. Statement I is false and Statement II is true. 

Let P(at’, 2at) be any point on the parabola y” = 4ax. 

Then, tangent at P(at”, 2at) is ty = x + at”. 


Since, tangent meet the axis of parabola in T and tangent at the 
vertex in Y 


. Coordinates of T and Y are (— at’, 0) and (0, at) respectively. 
Let coordinates of G be (x, y;). 

Since, TAYG is rectangle. 

* Mid-points of diagonals TY and GA is same. 

x,+0  -at’? +0 

a 


> x =—at? (i) 


=> 


92. 


93. 


+0 O+at 
and + @ => y,=at ...(ii) 94. 
2 2 
Eliminating ¢ from Eqs. (i) and (ii), we get 
2 
fe 
a 
2 
=> VW = ax, 
=> ye + ax, =0 
Hence, the locus of G(x, y,) is y? + ax = 0. 
Equation of incident ray parallel to axis of parabola (X-axis) is 
y =A, which pass through (- 1, 2), then 2 = i. 
*, Equation of incident ray is y =2 
Incident ray strikes the parabola y* = 4x at (1, 2). 
Y 
(1,2) 
1 (1,2) 
Xx’ Xx 
S(1,0) 
y’ 
95. 


The reflected ray passes through the focus (1, 0). 
Hence, the equation of the reflected ray is x = 1. 
Let PQ be a normal chord to a parabola at P(at?, 2at). 
Since, the ordinate and abscissa of P are equal. 


at’ =2at,t #0 
t=2 


— 


2 
at 2at 
po ) 


Q 2 
(aty, 2at,) 


Since, normal at P (at’, 2at) meet the parabola at Q (at?, 2at;). 


2 
=-t-— 
t 
or ft =-2-1 
or i =-3 
.. Coordinates of P and Q are (4a, 4a) and (9a, — 6a), respectively. 
Slope of SP = HEN ee m (say) 
4a-a 3 
and slope of SQ = eet My (say) 
9a-a 4 
mm, =—-1 


Hence, SP and SQ are perpendicular to each other 


ie. ZPSQ = 90° 
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The centre and radius of the given circle are (0, 12) and 4, 
respectively. 
Now, the shortest distance always occurs along the common 


normal. 
AY 


(0, ie : 


>X 


A=(t’, 2t) 
Equation of normal at A is y + tx =2t+ 2°, 


Let 


which passes through (0, 12), then 
12+ 0=2t+8 

or (t—2)(t? + 2t+6)=0 

t=2 


t+2t-12=0 


fee? + 2t+6 40) 
Coordinates of A are (4, 4). 
. Shortest distance = AP = AC — CP = V80 — 4= 4(V5 —1) 


Let P (t;, 2t,) and Q (t3, 2t,) be extremities of the chord with 
slope 2. 


Qt, —2ty _ 
#-# 
> i +t,=1 (i) 
9) 
Pp 
Rih,k) 
X’< >X 
(6 2t2) 


Let R (h, k) be coordinates of the point which divides PQ in the 
ratio 1: 2, then 


= on +e 
3 
4t, + 2t. 
and k= 
3 
2 2 
=> 3h =2t +(1-4) 
and 3k = 4t, +2(1-4) [from Eq. (i)] 
or 3h =3t) -2 +1 
and 3k =2t, +2 


Eliminating t, 


(#2) (*=) 
3h =3 2 +1 
2 2 

9k? —16k — 4h+8=0 

_16k 4h 8 


+-=0 
9 9 9 


k? 
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2 
-  betfse-9 
9 9 9 
gy 4 2 
.. Locus of R (h, k) is [» -;) ~#[x-2) 


8 2 
which is a parabola with vertex (3 2) 


Let coordinates of P and Q on the parabola y* = 4ax are 
(at), 2at;) and (at3, 2at,). 
Equation of tangents at P and Q are 

ty=x+ at; and by =x+ at; 


Let these tangents meet x + a = 0 at Rand S, then coordinates 


2 2 
of Rand S’ are [-« ia) and [-« “e—0) 
t t, 


respectively. 


y’ 
Given, |RS’| =d 
2 2 
t -1 ty -1 
a| — | - a] 2— ||=d 
h i) 
a 
> — ttt —t, 4 +t |=d 
bly 
a 
= — (( - 2) + htz))) =d 
ite 
2 
a +t. — 4tt.} (1 + tt 
, ie +6)? = 4b} (+ Ht] _ 
hl, 


Let the point of intersection of tangents at Pat Q is T then 
T = (att, a(t, + tz) 


Now, let T =(h,k) 
h=att, and k=a(t, + t,) 
tity = Baa htth= ks ...(ii) 
a a 


From Eqs. (i) and (ii), we get 


k? 4h h 
a a a 


=> (k? — 4ah)(h + a)? = h’d? 
Hence, required locus is 


(y? — 4ax)(x + a)? =d?x’, 


97. 


Aliter : 


Let point of intersection of tangents at P and Q is T(h, k) then 
equation of pair of tangents TP and TQ is 

SS, =T? 
=> (y? — 4ax)(k? - 4ah) = [ky —2a(x + h)]’ (i) 


Let the pair of tangents cut the directrix x + a = 0 are in Rand 
S, then substitute x = —a in Eq. (i), then we get 


hy? —k(h—a)y + af(h+ a)’ —k*}=0 


Now let coordinates of R and S be 


(-a,y,) and (-a, yp). 
dij. 22 k(h — a) 
Vit V2 3 
af(h + a)? —k? 
a jp ee ees 
h 
but given |RS| =d 
=> (RS)? =d? 
=> (y, - Yo) =¢° 
= (1 + 2)? - 4yy2 =? 


2 
=> S(h— a) ht a -K=d 


= k°{(h — a)* + 4ah} — 4ah(h + a)’ = d*h? 
= (k* — 4ah)(h + a)? = d*h? 
Hence, locus of T(h, k) is 

(y? — 4ax)(x + a)’ =d?x’. 


Let P(at?, 2at,) and Q(at3, 2at,) be two points on the parabola 


y? = 4ax 

The equations of tangents at Pand Q are 
ty =xt+ at; 

and ty =x + ats 


1 1 
tan0, =—, tan@, = — 
q t, 


Equations of circles with OP and OQ as diameters are 
(x = 0)(x — aty) + (y - 0)(y — 2a) = 0 


and (x — 0)(x —atz) + (y — 0)(y — 2atz) = 0 respectively. 
ie. x? + y? — axt? - 2aty =0 
and x? + y? — axt? —2aty =0 


then, point of intersection of circles are O (0, 0) 
—4att, 2Zatto(t, + t. 

and Le ial 2) 

(t, +t)° +4 (4 +t) +4 


Since, OR makes an angle with the X-axis. Therefore, 


t, + te 
tang = —| +2 
aes 


cot 0, + cot 0, + 2tand =4, + t, —(4 + ty) 
=0 


Now, 


98. Any normal of the parabola y’ = 4x with slope m is 


99. 


y =mx -2m-m?* 


Y (amg, -2ame) 


It passes through P, then 


k =mh-2m-m? 


=>m'>+(2-h)m+k=0 (i) 
Thus, mmm; = —k 
am, =—k (." mm, = OL) 
: ae: 
a 


*." mis a root of Eq. (i), then 


ke +(2 my “\ek=0 
o 


oa? 


=> ke + (2 —h)ko” - ko? =0 
.. Locus of P(h, k) is 

y? + (2—x)ya” — yo? =0 
> y?+(2-x)a’ - a =0 


[- y #0] 
(P does not lie on the axis of the parabola) 
>  y'=a’x-207+ a 


If it is a part of the parabola y” = 4x 


then, a=4 
2 3 
and -20°+ a =0 
=> o(a — 2) = 0 
=> a-2=0,070 
Q=2 


Let P(at’, 2at) be any point on y” = 4ax. Then, vertex A(0,0). 
The equation of tangent at P is 
ty=x+tat? .-(i) 


Tangent at P will be normal to the circle, AP is a chord whose 
2 


t 2 
mid-point is (= a and slope is —. 
t 


.. Equation of the line passing through mid-point of AP and 
perpendicular to AP is 


(ii) 


100. 


Chap 05 Parabola 451 


Eqs. (i) and (ii) both pass through (24, y,) which is the centre of 
the circle 


ty, =x, + at? 


...(iii) 


and 2tx, + 4y, = at’ + 4at ...(iv) 
Multiplying Eq. (iii) by t and subtracting Eq. (iv), we have 
ry, + t(4a —3x,) — 4y, = 0 ..(v) 


Also, from Eq. (iii), at? — ty; + x, =0 ...(vi) 
Eliminating t from Eqs. (v) and (vi), we get 

£ _ t _ 1 

3x,) 


day, — “yi; yi 


4yy 
On simplyfying, we get 


x,(4a 


2y,"(2y; + x7 —12ax,) = ax,(3x, — 4a)’ 
Hence, required locus is 

2y*(2y" + x” —12ax) = ax(3x — 4a)’. 
Let P (at;, 2at,) and Q (at3, 2at,) be two points on the parabola 
y* =4ax such that the normals at P and Q intersect at a point 
R (aT’, 2aT) on the parabola y” = 4ax, then 

T=-t oe year Oe oh then tt, = 2 
t t 

* Tangents at P and Q intersect at T (atts, a (t, + t2)) 
ie. T (2a, a(t, + te)). 


Y R 


A 


>X 


Q 


Also, the coordinates of R being the point of intersection of 
normals at P and Q are 


(2a + a(t? + th + tty), — att, (t, + tp) 


=> (4a+ a(t) +t), —2a(t, + ty)) 
Now, ZTPR = ZTOR = 90° 
> ZTPR + ZTOR = 180° 


= Quadrilateral PTQR is a cyclic quadrilateral, therefore centre 
of the circle circumscribing the ATPQ is at the mid-point of TR. 


Let its coordinates be (h, k), then 
2h =2a + 4a + a(t? + t3) 


=> ieee =(t, + ty)? —2tjt, 
a 
2h — 2a . 
= =" =(t + t)’ [- ht, =2]..@) 
and 2k =a (t, + t,) —2a(t, + th) 
= a= =(f + ty) ...(ii) 
a 


452 


101. 


Textbook of Coordinate Geometry 


a a 


2 
From Eqs. (i) and (ii), then (# — 2) = (- #) 


=> 2k? =a(h—a) 


Hence, locus of (h, k) is ay? =a(x-a). 


Let the equation of straight line (h, k) as its mid-point, 
then, pies Ly es =r ...(i) 
cos6 — sin® 


Any point on the line Eq. (i) is (A + rcos®, k + rsin®). 


Solving with the equation of parabola 
y? = 4ax, we get 
(k + rsin®)° = 4a(h + rcos@) 


=> r’sin? 0+ 2r(ksin®@ —2acos6) + k* — 4ah =0 (ii) 


which is quadratic in r. 
The roots of the quadratic equation will be equal but of 
opposite sign as (h, k) is the mid-point. 
2(ksin® — 2acosO) _ 
. 2 =0 
sin” 0 
ksin 8 — 2acos0 = 0 


Sum of roots = 


tan6 = a 
k 
Now, from Eq. (ii), 
r’sin? 6 + (k’ — 4ah) =0 
2 4a’ 
(4a? + k?) 
Length of the chord will be 2r. Angle between the two lines 
will be (9 — 1/4) and the projection of the chord on the given 


line will be 2rcos(0 — 1 / 4) =c 
2r 


=> + (k? — 4ah) = 0 


...(iii) 


> cos@ + sin®@) =c 

a ( ) 

2r k+2a 
> =| —————— | =e 

v2 4a? +k? 
=> ar%(k + 2a) =c*(4a* + k’) 

2 2 

= zi s iv) 


(40° +k?) (k+2a)° 
From Eqs. (iii) and (iv), we get 


2.9 
2a°c 


(k + 2a)” 
(k* — 4ah) (k + 2a)” + 2a°c? =0 


+ (k? — 4ah) = 0 


=> 
Hence, the locus of the middle points is 


(y? — 4ax) (y + 2a)’ + 2a°c* = 0. 


102. 


103. 


Equation of normal at (am*, —2am) is 
y = mx — 2am — am? 
If the three normals of P, Q, R meet at (h, k), then 
am + m2a—h)+k=0 
xm =0 
(2a — h) 


Umm, = > 
a 


—-k 


mmm, = = 


P =(am;, —2am) 

QO =(am}3, —2am) 
and R=(am3, —2am,;) 
Equation of PQ is 

—y (m, + m2) = 2(x + amm,) .-(i) 
and equation of diameter through R is 
..-(ii) 
Point of intersection of Eqs. (i) and (ii) is on the directrix and 
hence it must be (— a, —2am;) and it satisfies Eq. (ii), then 


y =-2am, 


2am;(m, + m) =2(— a + amm,) 


> m3 (—m3) = —1 + mm, 


2 
mm, =1—-— m3 


=> 

.. Equation of PQ becomes 

-y(0 — m;) = 2(x + a — am) 
2am; + mgy — 2(x + a)=0 


> [m; is parameter] 


Its envelope is given by the discriminant of this quadratic 
equated to zero. 

(y)? — 4-2a- {-2-(x + a)} =0 
=> y? + 16a (x + a) =0 
Equation of normal at ‘t’ is y =—tx + 2at + at’. 
Let A be(h,k), then k =-—th + 2at + at® 


or at® —t(h—2a)-k=0 (i) 


Let the coordinates of P, Q, R are (at;, 2at,), (at?, 2at,), (at3, 2ats) 
respectively, then from Eq. (i), 


fj +t+t,=0 


h-2a 
tty + tots + tht, = —- 


a 


k 
and ttt, = — 
a 


Since, SP = PM=a+ at; 
Similarly, SQ =a+ ats 
and SR=a+ats 


SP-SQ-SR =a(1 + t?)-a(1 + t3)-a(1 + #2) 
=a {1+ (ty + ty” + th) + (tts + 3th + 3 7) + ( 


=a? {1+ (t; + ty + ty)” — Atty + tots + tt) 


+ (tity + tots + toh)? — 2ttota(t + ty + ty) + (tets)°} 


‘ (=) (2) k? 
=a41+0+2 + O+ 
a a a’ 
(< i _ 
=a +1 Sey 
a a 


=a{(h—a)* + (k —0)?}=a(SA)’ 


104. Equation of tangent at P(at”, 2at) is 
ty =x+tat’ => x-ty + at? =0 
which is also tangent to the circle 


x+y? =a" /2 


tf tf tf 


} 


...(i) 


...(ii) 


then, length of perpendicular from centre of Eq. (ii) to Eq. (i) 


radius of the circle 


= |at?| _a 

jite v2 
=> at* =(14+ t’) 
=> (te? —1)(2t? +1) =0 

2° +140 4 =150 
then, t=+1 
then, coordinates of P and Q are (a, 2a) and (a, — 2a) 
respectively. 


ce PQ = 4a 
.. Equation of tangent at P(a, 2a) is 


x-y+a=0 


...(iii) 


[from Eq. (i)] 


Let R be (x, y:) 
then, equation of tangent at R(x,, y,) on Eq. (ii) is 
xX, + YY = . 
2 
Hence, Eqs. (iii) and (iv) are identical. 


eM 28 


...(iv) 
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aa 
Hence coordinates of S are (- 7 “| 


RS’ =a 


Hence, quadrilateral PORS’ is trapezium whose area 
1 a 
=—(PQ + RS’) x|a+— 
(PO + RS')x(a+S) 


2 


sq units. 


Aliter : 


453 


Here, centre of the circle is the vertex of the parabola and both 
circle and parabola are symmetrical about axis of parabola. In 
this case the point of intersection of common tangents must lie 


on the directrix and axis of the parabola. 
A(-a, 0). 


Chord of contact of circle w.r.t. A(—a, 0) is 
2 


x(-a) + y-0= 


Le. 


a 
x=-- 
2 
.. Coordinates of R are (- . 2) and chord of contact of 
parabola w.r.t. A(—a, 0) is 
y-0=2a(x — a) 
i.e. x=a 
. Coordinates of P is (a, 2a) 
*. Area of quadrilateral 
PORS’ = 2 {Area of APAS — Area of ARAN} 
1 laa 
-2{3.20-24 = a.) 
2 22: 2 
= pete! sq units 
4 4 _ 


Let parabola be y? = 4ax and let P (at/, 2at,), Q (at, 2at,) and 


R (ats, 2at,) are three points on the parabola. 


- Tangents at P, Q and R on parabola y* = 4ax 


are ty =xt at, by =xt+ ats 
and by =x+ ats 

111 
Slopes of these tangents are —, —, — 

h t bt 


but given slopes are in HP. 
i, to, tz are in AP if d is the common difference. Then, 
tp -t, =d,t, -t =d 


and t, —t, =2d 


..(i) 


Let the tangents at Q and R meet at P’, R and P meet at Q’, P 


and Q meet at R’. 
P’ = {abyts, a (tz + t3)} 
Q’ = {atst,, a (tz + 4) 


and R’ = {atjty, a (t + ty)} 
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tot, 
1 
*. Area of AP’Q’R’ = . atst, 


atyty 


a(t, +t;) 1 
a(tz +t) 1 
a(t +t.) 1 


= jlatasta (t, + ) —(4 + t)}+...4+...} 


1 
= 5a tot (ts — ta) 


= 50 ty) (t, — ty) (tz — 4) 


=a°(-d)(-d)(2d) [by using Eq. ()] 


= a’d°, which is constant. 


Remark 
Lt? (tp — ty) = Dtots (ty 


to) = (t; — ty) fg — ts) (fg — 4) 
Corollary Area of triangle of Plat?, 2at,), Q(at?, 2at.) and 
R(ats, 2ats) is a°(t; —to)(to —ta)(tg —t;) = A (say) 

It is clear from just previous example the area of the triangle 


inscribed in a parabola is twice the area of the triangle 
formed by the tangents at the vertices. 


106. Equation of tangent at (1, 7) toy = x” +6 
1 
> Oe alae 


> y=axt5 ...(i) 
This tangent also touches the circle. 


x+y? + 16x +12y+c=0 :3c(ii) 
Now, solving Eqs. (i) and (ii), we get 
x? + (2x +5)? + 16x + 1222x+5)+c=0 
=> 5x? + 60x +85+c=0 
Since, roots are equal, so 
B’ —4AC =0 
=>  (60)?-4x5x(85+c)=0 
=> 85+ c =180 
> 5x? + 60x + 180 =0 
=> = oe =-6 y=-7 
10 
Hence, point of contact is (—6, —7). 
107. - P =(1,0), let Q =(A,k) 
such that k? =8h ...(i) 
Let (o, 8) be the mid-point of PQ. 
h+1, k+0 
aie 
=> h=20-1,k =28 


From Eq. (i), we get 

(28)? = 8220-1) 
> B? = 4a, -2 
=> p-4a+2=0 


*, Required locus is y” — 4x + 2 = 0. 


108. 


109. 


110. 


111. °. 


Coordinates of S are (2V2 cos 45°, 2/2 sin 45°) i.e. (2, 2). 


X’« 
y 

SP = PM 

> (SP)? =(PM)° 
2 
+ y) 
= (x-2)? +(y—2)? =| & ») 

(x — 2)" + (y —2) = 

> Ax? + y? — 4x —4y + 8)=x7 + y? + 2xy 


) 
=> x + y? —2xy —8x —8y + 16=0 
(x-y)’ =8(x + y -2) 
Equation of tangent to y = x? is 


1 2 
y=mx-—m 
4 


Equation of tangent to (x — 2)’ =— yis 
1 
y =mx —2)+ 7m 


* Eqs. (i) and (ii) are identical. 
=> m=0Oor4 
. Common tangents are y = Oandy = 4x -4=4(x —1). 


Given parabola is 
ax’ a’x a 
= 3 2 
d 3 
For vertex ay = 6 => x=-— 
dx 4a 


3 
Substitute x = — ip in Eq. (i), we get 
a 


_ 35a 
4 16 
3 35 
Coordinates of vertex are (- = 2) 
a 16 
3 35 
For locus let x = — — and y = — 220 
4a 16 


105 
xy = re which is the required locus. 
y= x? —5x +6 


*, Equation of tangent at (2, 0) is 


+0 5 
y =x-2 (x 4 


...(i) 


...(ii) 


(i) 
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and equation of tangent at (3, 0) is 115. The circle and the parabola touch each other at x = 1, ie. at the 
=> y=x-3 ...(ii) points (1, 2) and (1, — 2) as shown in figure. 
‘ Eqs. (i) and (ii) are perpendicular. (1,2) 
.. Angle between tangents is 7t / 2. a 
112. (i) Coordinates of P and Q are (1, 2V2) and (1, — 2/2). x’ ‘ Xx 


Y ve 
117. G=(h,k 
Area of APOR = ~-4V2-8 = 162 @ F) 
2 2a + at® 2at 
1 => h= k= 
Area of APOS = —- 4/2 +2 = 4v2 3 3 
2 2 
‘ oat’) 
*, Ratio of area of APQS and APOR is 1 : 4. plat: 


(ii) Equation of circumcircle of APRS is 
(x+1)(x-9)+y? + Ay =0 


xX 
2 
It will pass through (1, 2V2), then eee) N(2a +at®, 0) 
8 
-16+8+A2V2=0 > A= = 2/2 
22 
Equation of circumcircle is = (* = 2) = 9k 
x’ + y? -8x + 2/2y -9=0 a 4a’ 
Hence, radius is 34/3. .. Required parabola is 
2 
Aliter : 9y" _ Bx —2a) _ (x 2) 
4a” a a 3 
Let ZPSR=0 => sinO= ava da 2a 
pte 
=>  PR=6V2 =2R-sind >R =3V3. rt : 
A “. Vertex = & 0}; Focus = (a, 0). 
(iii) Radius of incircle is r = —. 3 
s 
2t. — 2t 2 
As A= 16/2 118. Slope of AB = = 3: = (i) 
Aaa de (t)-t) (+t) 
+ + 
gai Ne PNET 5 
2 
16/2 
r=—— =2 
8/2 
2 
3 1 
113.y=-—+x+1 > =-=(x-1) 
y j a= 5! ) 
= It is symmetric about x = 1. 


Hence, both statement are true and Statement II is correct 


are: 
i E+ 
explanation of Statement I. M = Mid-point of AB = oe ob | 
114. :. Point of intersection of two perpendicular tangents to the 2 
parabola lies on directrix of the parabola. r=|f{th| = 4+th=tr 
.. Equation of directrix is x + 2 = 0. Now, from Eq. (i), 
So, point is (— 2, 0). slope of AB =+ a 
r 


456 =‘ Textbook of Coordinate Geometry 


119. The locus of perpendicular tangent is directrix, ie.,x+1=0or 123. The shortest distance between y = x —1and y’ = x is along the 


== 1. normal of y? — a 


120. A, = Area of APLL’ 


1 1 
= 1x8 x(2-2)=659 units 
2 2 


X’« 


>X 
vy Y 
Let P(t, t) be any point on y’ = x. 
Now, equation of AB is y =2x + 1, a - ; 
. x 
equation of AC is y = x + 2 and “. Tangent at P is y = 7 a rs 
equation of BC is y =— x —2 
On solving above equations, we get “Slope of tangent = as 
A(1,3), B(-1, —1) and C(-2, 0) - 
1]1+2 3-0 and tangent at P is parallel to y — x =1 
A, =- = 3 sq units 
2° 2|-1+2 -1-0f ~ 9 Sed > t=i > 2(2.3) 
‘A 2t 4 2 
hag 1 4 
‘ 24 '|_ 3 _ 32 
121. Let A(x, y) = A(t’, 2t) be any point on the parabola y” = 4.x, then Hence, shortest distance = PQ = +1) = 42 = 8 


..(i) 124, We observe that both parabola y” = 8x and circle 
x’ + y® —2x — 4y = 0 pass through origin say P(0, 0). 


and ...(ii) ay 


X’< 


From Eqs. (i) and (ii), we get 


2 
x=y 
Let Q be the point (2t’, 41), then it will satisfy the equation of 


122. The equation of normal to ; 
circle. 


(2t?)? + (4t)? — 2(2t7) — 4(4t) = 0 
> 4t* + 121° -16t =0 


y? =4xis y =mx—2m-—m? (i) 
As it passes through (9, 6), then 


6 =9m —2m—m? 


=> «(t-1)(?+t-4)=0 >t=0orl 


> m>—-7m+6=0 a 
For t = 0, we get point P, therefore t = 1 gives point QO as (2, 4). 
=(m—1)(m-2)(m+3)=0 getp = tenes D Q ee 
Here, P(0, 0) and Q(2, 4) are end points of diameter of the given 
= n= he — 38 circle and focus of the parabola is the point S(2, 0). 
From Eq. (i), equations of normals are : ZPSO = 90° 


yH=x-3,y=2x-12, y=-3x + 33 


1 : 
=> y-x4+3=0y-2x4+12=0, y +3x-33=0 Habe anegOn APN ee so aS 


Sol. (Q. Nos. 125 and 126) 
“ PQis the focal chord of y* = 4ax. 


‘. Coordinates of P and Q are (at’, 2at) and f = 72) 


Pot 


4% p (at2,2at) 


Tangents at P and Qare 
ty =x + at’ andty = xt’ +a 
1 
which intersect each other at a{- a, aC _ *)) 
t 


As R lies on the line y =2x + a,a>0 


1 
(1-4) =-20+a 
t 


1 
= t--=-1 
t 


125. -.- Slope of OP = 2 and slope of OQ = —2t 
t 


—+2t 
tan@=| + =—|t+— 
1-4 3 t 
2 
_2 (+2) +4 uf Je 
3 t 3 
6 > 90° 
ends 295 
3 
iy 1)’ 
126. Po=d +2) =o{(+-4 4 
i t 
=a(1+ 4) =5a E 
127. Equation of tangent of y* = 4x in terms of slope is 
p=nee 
m 


*: Line Eq. (i) touches eae 32y 


2 1 
=> x" =-—32| mx + — 
m 


2 32 
=> x" +32mx+—=0 
m 


For touching roots of Eq. (ii) are equal. 


= D=0 
32 
> 2m =4-1.(2) 
m 

1 

=> m = — 

8 

m=1/2 


...(ii) 
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2 
128. Let the tangent to, y? =8xbe y=mx+—. 
m 


rY B 


>X 


If it is common tangent to parabola and circle, then 


2 
y =mx + — isa tangent to x” + y” =2. 
m 


=> (m’+2)(m’-1)=0 
m=+1 
“. Required tangents are y = x + 2andy =— x —-2. 
Their common point is T(— 2, 0). 
Chord of contact PQ to circle is 
x-(-2)+ y-0=2 
> x= —1 


Hence, coordinates of P and Q are (— 1, 1) and (— 1, — 1) and 


chord of contact RS to parabola is 
y:0=4(x -2) 
> x=2 
Hence, coordinates of R and S are (2, 4) and (2, — 4). 


1 
. Area of trapezium PORS = ae + 8) x3 =15 sq units 


Sol. (Q. Nos. 129 and 130) 


* PQis a focal chord, then {4 = / 
t t 


457 


Also, OR || PK = mor = mpx 
oars 28 
ar _ O=2at 
=> = 5 
ar — < 2a — at 
t 
2 —2t 
> TT = 2 
,-l 2-t 
t 
I 
[r+ — #0, otherwise Q will coincide with R] 
t 
=> 2-=-rt+1 
-1 
r= 
t 
2 
C=] 
129. r = 
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130. Tangent at P is ty=x+tat? (i) 
Normal at S is y + sx =2as + as? ...(ii) 
Putting the value of x from Eq. (i) in Eq. (ii), then 

y + s(ty — at?) =2as + as® 
> y + (st)y — a(st)t =2as + as* 
> yty-at= 4S [." st =1] 
=> ay = {« + = + ] 
t t 
_ a(t’ +1)? 
~ oe 


131. 


132. 


133. 


Let any point Q on x’ = 8y is (4t, 2t”) and given P(h, k) divides 
OQ in the ratio 1:3 (internally). 


2 


Then, h= at and k==— = 2k =? 


Required locus of P is x? = 2y. 
End points of latusrectum of 
y? = 4x are (1, + 2). 


Equation of normal to y* = 4x at (1, 2) is 
2 
-2=-—-(x-1) 
sf 2 


=> x+y-3=0 
As it is tangent to circle (x —3)° +(y + a)? =r 
[3-2-3] 


(1 + 1) 


=r >r=2 


Let (t”, 2t) be any point on y? = 4x. Let (h, k) be image of (t”, 2t) 
with respect to the line x + y + 4=0, then 
h-t?  k-2t_ -2(t? +2t+ 4) 


1 1 T-eI 
=> h=—(2t+ 4)andk =—(t’ + 4) 
2 
= wer ge-[A24) 
-2 
=> (h+ 4)? =- 4(k + 4) 


Locus of (h, k) is (x + 4)? =— 4(y + 4). 
Curve C is(x + 4)’ =- Ay + 4) 
Now, intersection of C with y = —5, then 
(x+ 4)? =-4(-54+4)=4 
6,—2 


x+4=42 5 x= 
A(-— 6, — 5) and B(- 2, — 5) 
AB=4 


2 


2 
134, Let (é 7 and ff | such that 4, > 0 


135. 


['. P lies in first quadrant] 


*« Circle with PQ as diameter passes through the vertex O(0, 0) 
of the parabola. 


ss ZPOQ = 90° 
= Slope of OP x Slope of OQ = -1 
Di oD 
=> —x—=-1 
h tb, 
=> it, =-4 [ty < 0] 
Q 
yY i t 
ld 2 
Now, area of AOPQ = 32 
2 
t 
nica 
=> le = 3/2 
2) t 
2 
=> slit —t)=+3V2 
> i —t, =+3V2 [tts =- 4] 
4 
=> i+—=t 3/2 
t 
4 
or t, + — =3V2 [i > 0] 
aT 
> i; —3V2t + 4=0 
+ 
= wake =2,/2, V2. 
Point P can be (4, 2V2) or (1, V2). 
Let P(2t?, 4t) and C(0, — 6). 
(cP) = 4t* + (444+ 6) =z (say) 
dz 
—=0 
dt 
> 16t? + 2(4t + 6)-4=0 
=> Pp+2t+3=0 
=> (t+ 1)(t? -—t+3)=0 
t=-1 
> P(2, - 4) 


Equation of circle is 
(x -2)? + (y + 4)? =(2-0)? +(- 446)’ 


=> x +y?—4x+8y+12=0 


136. 


137. 
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°C,: x" + y® =3 and parabola x’ = 2y, then Alternate (c) Equation of normal at P(4, 4) is 
y?+2y-3=0 > y=1,-3 pote ea) 
P(V2, 1) [. P lies in first quadrant] 2 
ly ; ; => y-4=-2x+8 
Now, tangent at P(/2, 1) on the circle C, is - ax+y =12 
x2 +y =3 . Intercept on X-axis is 6. 
Let Q, or Q3(0, A) Alternate (d) Slope of tangent at Q = Slope of tangent at 
}O+A-3} 1 
1 29,3 pet 
(2 + 1) 2 
> |A-3|=6 138. Centre of circle 
: A =9or-3 Y 
» 


= Q,(0, — 3) and Q,(0, 9). 
Alternate (a) QQ; = 12 
Alternate (b) R,R; = Length of external common tangent 
= (2.03) - v3 + 2v3)° x 
= (aa — 48 = 46 


>X 


Alternate (c) Area of AOR,R, = i. x RR; X pass 
2 (2+1) 
=! Zale x26 y 
2 3 / 
Alternate (d) Area of APQ,O, = os Q,0, x 2 Care 
2 CM=r 
=1x12x 2 =6y2 i iia ae a | 
2 7 
Let P(t’, 21), S(2,8) andr =./(4 + 64 — 64) =2 > 4—r=rJ2 
We know that, shortest distance between two curves lies along be —_ 4 
their common normal. The common normal will pass through V2+1 
centre of circle. = 4/2 -1) 
Slope of PS = Slope of normal to the parabola ; j 
y? = 4x at P(t, 2) 139. (a) Equation of chord of parabola y“ = 16x whose mid-point 
(h, k) is 
2t-—8 , 
> 5 eee ae ee ae T=S, 
t = 
or ky —8(x + h) =k? — 16h 
*. P(4, 4) 2 F 
Alternate (a) SP =,/(2 — 4)? + (8 — 4)’ =2V5 os ie ee as ot) 
Now comparing Eq. (i) and 2x + y = p, then 
Alternate (b) ae 8 -k 8h 2 
Q = Q = : 2 1 Pp 
OP SP-SQ 25-2 : ? eT 
=> =— 4and 4p = 8h — 
2 tg WEST ed i 
(5-1) G5 +1) rm or k=—-4and p=2h-4 
Hence, p=2,h=3,k=-4 


= SQ: QP =(V5 +1):4 


CHAPTER 


Ellipse 


Learning Part 
Session 1 

e Ellipse Definition 
© The Foci and Two Directrices of an Ellipse 
e Some Terms Related to an Ellipse 
y? 


be 


Standard Equation of Ellipse 

Tracing of the Ellipse 

Focal Distances of a Point 
Mechanical Construction of an Ellipse 


e 


e 


2 

e The Shape of the Ellipse af +——=1whenb>a 

a 
Session 2 
e Position of a Point with Respect to an Ellipse 
e Equation of Tangent in Different Forms 
e Properties of Eccentric Angles of the Co-normal Points 
© Smart Table 


Intersection of a Line and an Ellipse 
Equations of Normals in Different Forms 
Co-normal Points Lie on a Fixed Curve 


Session 3 

© Pair of Tangents 

° Chord Bisected at a Given Point 

© Conjugate Diameters 

© Director Circle 

© Cotncyclic Points 

© Reflection Property of an Ellipse 

e Equation of an Ellipse Referred to Two Perpendicular Lines 


e 


Chord of Contact 

Diameter 

Equi-Conjugate Diameters 

Sub-Tangent and Sub-Normal 

Some Standard Properties of the Ellipse 


e 


e 


Practice Part 
e JEE Types Examples 


e 


Chapter Exercises 


Arihant on Your Mobile ! 
Exercises with the |@| symbol can be practised on your mobile. See inside cover page to activate for free. 


Session 1 


Ellipse Definition, Standard Equation of Ellipse, 
Tracing of the Ellipse,Focal Distances of a Point, 

The Shape of the Ellipse x2/a2 + y2/b2 = 1, When b > a, 
Mechanical Construction of an Ellipse, 


Ellipse Definition 


An ellipse is the locus of a point which moves in a plane 
such that its distance from a fixed point (i.e. focus) is a 
constant ratio from a fixed line (i.e. directrix). 

This ratio is called eccentricity and is denoted by e. 

For an ellipse0 <e <1. 


Standard Equation of Ellipse 


Let S be the focus and ZM the directrix of the ellipse. Drow 
SZLZM. Divide SZ internally and externally in the ratio 
e:1(0 <e <1) and let A and A’ be these internal and 
external point of division 


S_ Directrix 


Zs 
= 
p= 
3) 
1) 
= 
a 
q 


(0,-6)|B 
x=-a/e vy’ x=a/e 
Then, SA =eAZ ...(i) 
and SA’ =eA’Z ...(ii) 


Clearly A and A’ will lie on the ellipse 

Let AA’ = 2a and take C the mid point of AA’ as origin 
#3 CA=CA’=a ...(iii) 
Let P(x, y) by any point on the ellipse referred to CA and 
CB as co-ordinate axes 


Then, adding Eqs. (i) and (ii), 
SA +SA’=e(AZ + A’Z) 


> AA’=e(CZ-CA+CA’+CZ) (from figure) 
=> AA’ =e (2CZ) (CA =CA’) 
=> 2a =2eCZ 
CZ=a/e 
“. The directrix MZ is x =CZ=a/e 
or 2agst [vects dou] 
e e 


and subtracting Eqs. (i) from (ii), then 
SA’ —-SA=e(A’Z - AZ) 
> (CA’ + CS) -(CA - CS) =e (AA’) 


> 2CS =e (AA’) (CA =CA’) 
=> 2CS =e (2a) 
CS = ae 
“. The focus S is (CS, 0) i.e. (ae, 0) 
Now draw PM L MZ 
oF 3 or (SP)? =e? (PM)? 
PM 
2 
(x —ae)’ +(y -0) =e? [f-s] 
e 
> (x —ae)’ +y” =(a—ex)’ 
=> x? +a°e" —2aex +y" =a’ —2aex +e? x’ 
=> x? (1—e?)+y’ =a’ (1-7) 
se 2 
= a 


a’ a" (1-e”) 


or ~+% 51 
a b 
where, b* =a? (1-e”) 


This is the standard equation of an ellipse, AA’ and BB’ 
are called the major and minor axes of the ellipse. 
(Here b<a) and Aand A’ are the vertices of the ellipse. 


Remark 


Two ellipse are said to be similar if they have the same value of 
eccentricity. 


Generally, 


The equation to the ellipse, whose focus is the point (h, k) 
and directrix is x +my +n=0 and whose eccentricity is e, 
is 
2 

Gab aye? 2S 

(I? +m?) 
The Foci and Two Directrices 
of an Ellipse 


On the negative side of origin take a point S’ which is 
such that 


CS =CS’ =ae 

and another point Z’, then 
CZ=cz’ =" 
e 


.. Coordinates of S’ are (—ae,0) and equation of second 


sae ; a 
directrix (i.e.,Z’M’)is x =-— 
e 


Let P(x, y) be any point on the ellipse, then 
S’P =ePM’ 
or (S’P)* =e? (PM’)? 


or (x +ae)? +(y—0)? =e? [« 4) 


e 
or (x +ae)’ +y” =(ex +a)’ 
or x? (1—e”)+y’ =a’ (1-e”) 
2 2 
OF Sta etl 
a a‘ (1-e’) 
2 2 
or * 4¥ 21, 
Cn 
where, b? =a’ (1-e”) 
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The equation being the same as that of the ellipse 
when S(ae,0) is focus and MZ i.e. x =a/e is directrix. 


Hence, coordinates of foci are (+ae,0) and equations 
of directrices are x =+a/e. 


Remarks 


1. Distance between foci SS’ = 2ae and distance between 
directrices ZZ’=2a/e 


2. Ife=0 
hen b° =a’ (1-0) 


baa 


2 2 
hen equation of ellipse “+ a changes in circle 
a 


Le. etyraa 
2 2 
3. Since, + 4 =1 
a be 
2 2 22 2 
i Yo 24% 8 =% 
b? a a 
y? _(at X)(a-x) 
b? a 
Y 
A 
x W ct z >X 
(-a, 0) (a, 0) 
B’ 
y’ 
(PN)? _AN-AN 
or = 
pb? a 
or (PN)? _ b® _ (BC) 
AN-AN a (AC)? 
ie. (PN)®: AN: A’'N::(BC)? : (AC)? 
4. The distance of every focus from the extremity of minor axis is 
equal toa 
i.e. Vlae® +b?) = f(a? - 0? +b?) =a 


Tracing of the Ellipse 


Equation of the ellipse is 
p 2 
ate (i) 
a ib 
1. The ellipse (i) cuts X-axis at A(a,0) and A’ (—a,0) and 
cuts Y-axis at B (0, b) and B’ (0, —b). 
2. The Eq. (i) does not change when y is replaced by — y 
and x is replaced by —x, Hence ellipse (i) is 
symmetrical about both axes 
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3. The equation (i), may be written in either of the form 


y=+b Ga (ii) 


2 
or x=ta -2] 
b? 


From Eq. (ii), it follows that (y is real) 


...(iii) 


2 
: x 
if 1-—20 or a’? —x” >0 
a 
2 2 
or x" Sa” or-as<x<a 


Also from Eq. (iii), it follows that (x is real) 


2 
if 1-4 20 or b? -y? >0 ory’ <b? 
b 
—b<sy<b 


Ellipse (i) is a closed curve lies entirely between the lines 
x =aand x =—aand the lines y =b and y =—b. 


Since, when x increases, then y decreases from Eq. (ii) and 
when y decreases, then x increases from Eq. (iii). 


Remark 


xy 
Area of the ellipse — + —_=1is mab. 
a pb 


Some Terms Related 
to an Ellipse 


2 2 
Let the equation of the ellipse - + = =1 
a b 
(a>b) 
1. Centre : All chords passing through C is bisected at C 
Here C =(0,0) 


2. Foci : S and S’ are two foci of the ellipse and their 
coordinates are (ae, 0) and (—ae, 0) respectively. 


3. Directrices : ZM and Z’ M’ are two directrices of the 


; . : a a 
ellipse and their equation are x =— and x =-— 
e e 


respectively. 


4. Axes : The lines AA’ and BB’ are called the major 
and minor axes of the ellipse 


0<e<l 
or 0<e’ <1 (. 0>-e? >-1) 
or 0<1-e <1 (or 1>1-e? >1-1) 
or a’ (1-e’) <a’ (or 0 <1-e’ <1) 
or ee 
Le. b<a 


Remark 


The major and minor axis together are called principal axes of 
the ellipse. 


5. Double ordinates : If P be a point on the ellipse 
draw PN perpendicular to the axis of the ellipse and 
produced to meet the curve again at P’. Then PP’ is 
called a double ordinate. 


If abscissa of P is h, then ordinate of P, 


2 2 
in os 
b? a’ 
a ae 
y=-y(a —h*) (for first quadrant) 
a 


and ordinate of P’ is 


y=— ela? —¥) 


=-— (for fourth quadrant) 
a 


Hence, coordinates of P and P’ are 
GAG -#)) and [nee 1) 
a a 


respectively. 

6. Latusrectum The double ordinates LL’ and L, L,’ 
are latusrectums of the ellipse. These line are 
perpendicular to major axis A’ A and through the foci 
S and S’, respectively. 

Length of the latusrectum 

Now let LL’ =2k 

then LS =L’S=k 

Coordinates of L and L’ are (ae, k) and (ae, —k) lies on 
the ellipse 


2 2 
~+% 51 
a b 
a’e" k? 2 2 2 
t= or k° =b* (1-e*) 
a b 


2 
k= ce (.k>0) 
a 
2 
2k = 27 = 11’ 

a 42 
. Length of latusrectum LL’ = L, L,’ = BY andendot 
points of latusrectum are e 


2 2 
L=[ac! jur[oe b 
a a 


respectively. 
Remark 
Latusrectum 
LL 2° (2b)? (Minor axis)? 
a (2a) (Major axis) 


=2a(1 e”) =2e(2 ae] 
e 


=2e (distance from focus to the corresponding directrix) 


7. Focal chord : A chord of the ellipse passing through 
its focus is called a focal chord. 


Remark 
Semi latusrectum is the harmonic mean of the segments of focal 
1 


chord or as + — =?a (a>), where PQ is the focal chord and S 
SP SQ. pb? 


is the focus. 

8. Vertices : The vertices of the ellipse are the points 
where the ellipse meets its major axis. 
Hence, A and A’ are the vertices 


Az=(a,0) and A’ =(-a,0) 


Example 1 If PSQ is a focal chord of the ellipse 
16x” +25y* =400, such that SP =8, then find the 
length of SQ. 


2 2 
Sol. The given ellipse is 16x” + 25y? = 400 or = + 7 =1 
1 1 2a 
— + — = 
SP SQ pb 


1 1 25) 5 4 
af = = or = 
8 SOQ 16 8 SQ 2 
SQ =2 
Example 2 If the latusrectum of an ellipse is equal to 
half of its minor-axis, then find its eccentricity. 


at 
Sol. -.- Latusrectum = — (minor axis) 
2 
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2b" 1 
— =— (2b 
=> m ) 
or 2b=a 
or 4b? =a 


> 4a’ (1-e’) =a 


or 4e” =3 


Example 3 If the distance between the directrices is 
thrice the distance between the foci, then find eccentricity 
of the ellipse. 


, 2 1 
Sol. Given, “ =3 (2ae) > e’ = ; 
e 


1 
e=— 


v3 
Example 4 If P(x, y) be any point on the ellipse 
16x? +25y* =400 and F, =(3,0), F, =(—3,0), then find 
the value of PF, + PF. 
Sol. We have, 16x” +25y* = 400 


2 2 
es 
52 


** Coordinates of foci an ( + ae, 0) 


or (2 \(a” — b’), 0) 
ie. (+ ./(25 — 16), 0) or (+ 3, 0) 


Thus, F, and F, are foci of the ellipse. 
PF, + PF, = Length of major axis 
=2a=2xX5=10 


=> 


9. Parametric equation of the ellipse : The circle 
described on the major-axis of an ellipse as diameter 
is called the auxiliary circle of the ellipse. 


Let the equation of ellipse be 
2 2 


x 
2 + — =i 
a b 
. Equation of its auxiliary circle is 


x? + y? =a’ ( AA’ is diameter of the circle) 


466 = Textbook of Coordinate Geometry 


Let Q be a point on the auxiliary circle x? +? =a’ 


such that OP produced is perpendicular to the X-axis. 


Then P and Q are the corresponding points on the 
ellipse and the auxiliary circle respectively. 

Let ZQCA= 
ie. the eccentric angle of P on an ellipse is the angle 
which the radius (or radius vector) through the 


corresponding point on the auxiliary circle makes 
with the major axis. 


OQ =(acos@, a sino) 
Now x-coordinate of P is acoso 


Let y-coordinate of P is y, then (a cos@, y) lies on the 
ellipse 


x? 2 
a 
a’ cos” (0) 4 ye 4 
ae b? 
=> y’ =b’ sin’ 
y=xbsind 
** P is in I quadrant 
y =bsino 


Coordinates of P are (a cos0, b sino). We have 


x =acosd, y = bsingare called parametric equations 


of the ellipse. 
This point (a cos 6, b sin@) is also called the point ‘@’. 


Remark 
The equation of the chord joining the points 
P=(acos @,, bsing,) 
and Q=(acoso,, bsing,) is 
“cos{ * + *2 Y irs (* + 2) <cos{ 
a 2 b 2 2 
If its focal chord, then it pass through (ae,0) or (—ae,0), then 


+ ecos( = 2) +0=cos|% a 
2 2 


+ 


cos ! 52) -cos(Si+ te = *2) 
_ 2 2 -( —) 


+e+1 


(0<<2m) 


if focal chord pass through (ae,0), then 
tan( 2 tan a at 
2 2 et+1 
and if focal chord pass through (ae, 0), then 
tan( 2 tan 2) = ae! 
2 2 e-1 
or cot(* cot( 22) = eal 
2 2 et+1 
Remark 


Circle described on focal length as diameter always touches the 
auxiliary circle. 


Proof 


a 399 
Consider ellipse zo + ae =1 
a bd 


Let P be (acos @, bsin8) 
and S be (ae,0) 
SP=ePM=¢[2—acos 0) 
e 
=(a-—aecos 8) 
The auxiliary circle x + y? =a’ having center 
C, (0,0) and radius 5 =a 


> 


vy’ 
The circle having SP as the diameter has center 
C as acos 8 a 
7 


2 2 
SP _ a(1-ecos 8) 
2 


2 one 
Nom, GCq= [24 20088) + (Pare) 


=3 Je (e+ cos 0)* + a’ (1-e") sin’ 0 


and radius f= 


=3 ye? + cos” 6+ 2ecos 6+ sin? 0—e* sin? 6) 


=5 ye cos’ 0+ 2ecos 0+ 1) 


ge ecos 8) 
2 


Hh -' 
Hence, the circle on SP as diameter touches the auxiliary circle 
internally. 


Example 5 Find the eccentric angle of a point on the 
a gl 
Xx ; 
ellipse a ~ = 1. Whose distance from the center of 
the ellipse is V5. 
Sol. Any point on the ellipse is P (v6 cos 0, V2 sin 0) 
Where, 0 < 0 < 2m and C (0,0) is center, given CP = 5 
=> (CP)? =5 
=> 6 cos’ 0 +2sin? 0 =5 


> 6(1—sin’ 0) +2sin? @ =5 


1 
or sin? 9 =— 
4 
1 T 
or sin@ =+-=+sin — 
2 6 
aa" om 7M 11% 
66 6 6 


Focal Distances of a Point 


The sum of focal distances of any point on the ellipse is 


equal to the major axis. The ellipse is 
2 2 
die eal (i) 
ab’ 
The foci S and S’ are (ae, 0) and (—ae, 0). 


The equations of its directrices MZ and M’Z’ are x =a/e 
and x =—a/e 


Let P(x,,y,) be any point on Eq. (i) 
AY 


yy 
a 

sp =ePM=e(2—x, | 
e 


=a-ex, 


and s'P=era’=e[ 2+] 


e 
=atex, 
SP +S’P =(a—ex,)+(atex,) 
=2a = AA’ = major axis 
Hence, the sum of the focal distances of a point on the 


ellipse is constant and is equal to the length of the major 
axis of the ellipse. 
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Another definition of ellipse : An ellipse is the locus of 
a point which moves in a plane such that the sum of its 
distances from two fixed points in the same plane is 
always constant. 


Remark 
SP and S’P are also called focal radii of the ellipse 
SP=a-ex, and S’P=a+ex, 


Example 6 An ellipse having foci at (3, 3) and (-4,4) 
and passing through the origin, then find eccentricity 
of the ellipse. 
Sol. The ellipse is passing through O (0,0) and has foci 
P (3,3) and Q (—4, 4), then 
OP + OQ = 2a and PQ = 2ae 
PO 50 5 


ae = _ 
OP+0Q 3V2+4V2 7 


The Shape of the Ellipse 
x2 yé 
ae =| when b >a 


In this case major and minor-axis of the ellipse along 
Y-axis and X-axis respectively. 


then AA’=2b and BB’=2a 
Y 
A 


The foci S and S’ are (0, be) and (0, — be) respectively 
The directrices are MZ and M’Z’ are 
b 


and y=-— 


b 
y= 
e e 


are respectively, 
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Mechanical Construction of an Ellipse 


Let S and S’ be two drawing pins and let an inextensible string whose ends at S and S’ 
and length is equal to sum of SP and S’ P i.e. 2a, where P is point of pencil. The point of 
pencil move on paper and the fixed ends always tight. So as to satisfy these conditions it 
will trace out the curve on the paper. This curve is an ellipse. Hence the locus of the 


point of pencil is an ellipse. 


Smart Table : Difference between both (Horizontal and Vertical) Ellipses will be clear from the following table 


Equation and graph of 
the ellipse > 


Basic fundamentals 


Horizontal ellipse 


Vertical ellipse 


Centre (0, 0) (0, 0) 
Vertices (+ a, 0) (0, + b) 
Length of major axis 2a 2b 
Length of minor axis 2b 2a 


Foci 


(+ ae, 0) or (+ ,(a” — b”), 0) 


(0,+ be) or (0, + /(b” —a’)) 


Distance between foci 


2 ae or2.{(a* — b”) 


2 be or 2 4{(b? — a’) 


Equation of directrices zoe @ y=t b 
e e 
Distance between directrices 2a 2b 
e e 
Relation between a, b ande b® =a’ (1-e”) a’ =b’ (1-e”) 
Length of latusrectum . 
8 “or 2a (1—e”) “or 2b (1—e*) 


End points of latusrectum 


Focal radii 


SP =a-—ex,,S’P=a+t ex, and SP + S’P =2a 


SP =b-—ey,,S’P=b+ ey, and SP + S’P =2b 


Parametric Coordinates 


(acos 9, bsin 8), 0<0<27 


(a cos 0, bsin 8),0<0<2n 


Tangents at the vertices 


x= da 


y=ib 


Example 7 Find the lengths of major and minor axes, 
the coordinates of foci, vertices and the eccentricity of 
the ellipse 3x* +2y* =6. Also, find the equation of the 


directrices. 
Sol. The equation of ellipse is 


3x? + 2y* =6 
x? 2 

> * 47% 31 
2 3 
2 


ee See 
Gay” Wy 


Comparing this equation with 


x? 2 
5+51 

a b 

a=~2,b=~3 (Here b > a) 


Length of major axis = 2b = 23 
and Length of minor axis = 2a = 2/2 
If e be the eccentricity, then a? = b? (1—e”) 


1 
=> 2=3(1-e*) = e’ == 
3 


Vertices = (0, + b)=(0,+ V3) 

and foci are (0,+ be) = (0, +1) 

and equation of the directrices are y = + b/e 
_, 3 
~~ (1/3) 


y=+3 


Example 8 Find the equation of an ellipse whose 


focus is (-1,1), eccentricity is and the directrix is 


x-y+3=0. 
Sol. Let P(x, y) be any point on the ellipse whose focus is 


S(-1,1) and the directrix is x— y+3=0. Draw PM 
perpendicular from P (x, y) on the directrix x - y+3=0. 
Then by definition 


>X 


Chap 06 Ellipse 469 


= (SP)? = e* (PM) 


2_1 eo pa) 
a ea 


=> 8(x? +y? +2x —2y +2) 


(x +1) +(y 


l 


=x°+y"+9—-2xy + 6x —6y 
=> 7x? +7y? +2xy + 10x -10y+7=0 


which is the required equation of the ellipse. 


Example 9 Show that the line Ix + my +n =O will cut 
the ellipse x /a* + y* /b? =1in points whose 


eccentric angles differ by (1/2), if a1? +b*m? =2n’. 
Sol. Let eccentric angles are 0 and @, then 
6-o= . (given) 
T 
O=—+ 
- > 


The line joining the point ‘0 ’ and‘ ’ is 


* cos(P£8) 4 2 sin (2 

a 2 b 2 

or ~ cos [E+ 0}+%sin(Z + 
a 4 b 4 


or = cos(Z +0) +2sin( 2 
a 4 b 4 


and the given line is Ix + my +n =0 


(ii) 
Now, Eqs. (i) and (ii) represent the same line, so comparing 
them, we get 


or Ix+my=-n 


4 
la mb nv2 
cos ( + | =— am ... (iii) 
nv2 
Tt mb 
and sin | — + 6 | =—-——= ..(iv) 
G nv2 


Squaring and adding Eqs. (iii) and (iv), then 
Pa mb? 
of aa 

2n 2n 

Pa? + mb? = 2n? 


Example 10 If a chord joining two points whose 
eccentric angles are a,B cut the major axis of an 

ellipse at a distance d from the centre. Show that 
tan(a/2) tan(B/2) = (d — a)/(d + a), where 2a is the 
length of major axis. 
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Sol. Let the equation of vy — be A Slope or Bois m= b-0 _ ob 
moa S : 0 - ae ae 

eo a b-0 _ b 

7 and slope of BS’ is  m, = = 

; O+ae ae 


P (at) * The angle between BS and BS’ is 90°, 


as : mm, =—1 
x’ x 12 
x 


y Q(B) 5 fh? = ate? 
The equation of the line joining ‘a’ and ‘B’ on the ellipse a’ (1-e")=a'e® 
Eq. (i) is => 1-e”? =e? 
= a 
~ cos [HE ) + 2 sin(A2P)  cos( S) ...(ii) — >t 
a 2 b 2 2 1 
aoe e=—_— 
Since, it cuts the major axis of the ellipse at a distance d V2 
from the centre i.e. passes through the point (d, 0), then : ; : 
ad a +B a -B Example 12 Find the equation of the ellipse referred 
2 cos 3 Js t= cos 3 to its centre whose minor axis is equal to the distance 
- between the foci and whose latusrectum is 10. 
d cos ( 5 Sol. Let the equation of the ellipse is 
or = = —> x? y? 
a a+Bp 45 —=1 (let a > b) 
cos ; a 
ren a +B Then, the foci are S (ae, 0) and S’(— ae, 0), ae of minor 
d-a — 2 ils 2 axis BB’ =2b and length of latusrectum = — 
or = a 
d +a cos (<*) + cos [<s*) B 
2 2 fo | 
(By componendo and dividendo) A’ & ¢ A 
_ 2sin (a/2) sin(B/2) si 
2 cos(a/2) cos(B/2) B’ 
= tan(a/2) tan(B/2) .. According to the question 
d-a BB’ = SS’ = 2b=2ae 
t 2)t 2)= 
ante 2) tan (pi2) d+a > b=ae ...(i) 
d ay 10 
Example 11 If the angle between the straight lines an = 
joining foci and the ends of the minor axis of the _§ a (i) 
; ae 
ellipse: - =1, is 90°. Find its eccentricity. also we have b? =a’ (1-e”) ..{iii) 
a b y : Putting the value of b from Eq. (i) in Eq. (iii), we have 
Sol. The equation of the ellipse is ~ + x =1 a’e” =a’ (1-e”) 
a b 2 2 
=> e =1-e 
Leta>b 
B(0,b) = 2e" =1 
raps 
hs aN 
t 34 =— 
A A 2 
a Mee 4 From Eq. (i), we have 
B’(0, -b) p=! 
.. The ends of minor axis are B (0, b) and B’ (0, — b). If the V2 
eccentricity of the ellipse is e, then the foci are S (ae, 0) and a 


S’ (-ae,0 & b? = — 
(—ae, 0) 3 


2 


> 5a= = [from Eq. (ii)] 
=> a=10 


From Eq. (ii) 
b? =5x10=50 
2 2 


y 


Putting the values of a and b in * 47% = 1, the equation of 
2" pe 


a 


required ellipse is 
< 2 
a ae 
100 50 
2 2 
x" +2y" = 100 


Example 13 Prove that the ratio of area of any 
2 2 


y 


pe ie ee: 
triangle PQR inscribed in the ellipse ae Be =1and 


that of triangle formed by the corresponding points on 


the auxiliary circle is —. 
a 


Sol. Let the three points on the ellipse be P (acos ©, b sin a), 


Q(acos f, bsin B) and R(acos y, bsin y). 


Then, the corresponding points on the auxiliary circle are 


A (a cos &, asin &), B(a cos 8, asin 8) and 
C (a cos y, asin Y), then 

acosa bsina 
bsin B 
bsin Y 


Z acosB 
Area of A POR = acos Y 


Area of A ABC 


acosa asing 
acosB asinB 
acosy asiny 


ne ee 


1 
2 


cosa sin a 
ab\|cosB sin 


cosy siny 


cosa sind 

2 3 
a |cosB sinB 
cosy siny 


PRP rPluE wwe 


g 
a 


Example 14 The extremities of a line segment of 


length | move in two fixed perpendicular straight lines. 


Find the locus of that point which divides this line 
segment in ratio 1: 2. 
Sol. Let PA: PB=1:2 


ee and pp =~ 
3 3 
Ll. 
k =-sin0 
3 
or 3k =I sin® 


and h= = cosO 
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or ok =I cos0 (ii) 


Squaring and adding Eqs. (i) and (ii), then 


2 
ae 
4 
or 9h? + 36k? = 41° 


“. Locus of P (h, k) is 
9x? + 36y? = 41" 
Aliter : 
Let A =(a,0)and B = (0, b) 
P (h, k) divide AB in the ratio 1: 2 (internally), then 
_10+2a _, _ 3h 


h — 
14+2 2 
aid goer peg 
14+2 
at+b=l 
2 
=> oh Lok =P 
4 
or 9h? + 36k? = 41? 


“. Locus of P (h, k) is 
9x? +36y" = 417 


Example 15 Find the lengths and equations of the 
focal radii drawn from the point (4/3, 5) on the 


ellipse 25x* + 16y* = 1600. 
Sol. The equation of the ellipse is 


25x" + 16y” = 1600 


x? 2 
or * 4,2 - 
64 100 
AY 
< 
& P(4N3, 5) 
X'< >X 
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Here, b>a 
a’ = 64, b” = 100 
a’ =b’ (1-e”) 
64 = 100(1—e”) 
=> e=3/5 


Let P (x1, 91) = (43, 5) 
be a point on the ellipse, then SP and S’ P are the focal radii 
SP =b-ey, and S’P=b+ey, 


3 3 
SP =10-—x5and S’P=10+—x5 
5 b) 


and S’ is (0, — be) 


: 3 
1.e: 0,-10 x — 
5 


ie. (0, —6) 
*, Equation of SP is 


ssn fbx 0 
or x + 4V3y — 24 V3 =0 


and equation of S’ P is 


= Px a6=5 
=> SP=7 and S’P=13 ra ee 4/3) 
Also, S is (0, be) j=aals 
3 
ie. (« 10x? | ie. (0,6) = ~4 V3y + 20 V3 = - 11x + 44V3 
5 
or lix -— 4 V3y — 24 73 =0 


Exercise for Session 1 


1. The length of the major axis of the ellipse ~ pit 7+ Ge = 1, is three times the length of minor axis, it eccentricity is 
ae 
1 1 2/2 2/2 
a) — b) — Co} pees d) 4 
(a) 13 (b) Ba ) 4 (d) F 
ge y? 
2. The equation + = 1, represents an ellipse, if 
10-a 4-a 
(aja<4 ad (c)4<a<10 (d)a>10 
3. The eccentricity of an ellipse ~ ot v- = 1, whose latusrectum is half of its major axis, is 
a” 
1 1 V3 2 
a) — b) — c) —— d) || 
One One Ce OnE 


1 
4. \f the eccentricity of an ellipse is —_ 
y p 2 


(b) semi minor axis 


then its latusrectum is equal to its 


(a) minor axis (c) major axis (d) semi major axis 


5. If the distance between the foci of an ellipse is equal to its minor axis, then its eccentricity is 


1 1 1 1 
a)— b) — c)— d) — 
(a) 5 (b) a3 (c) 5 (d) a 
x2? 
6. The eccentric angle of a point on the ellipse rs + = = 1, whose distance from the centre of ellipse is 2, is 
T T 3n om 
a)-= b) — Ci d) — 
(a) 7 (b) r (c) (d) - 
2 
7. Iftano tanB =—- na then the chord joining two points a and 6 on the ellipse ~ 5+ Ge = 1, will subtend a right 
a 
angle at 
(a) focus (b) centre (c) end of major axis (d) end of minor axis 


10. 


11. 


12. 


13. 


14. 


15. 


16. 
17. 


18. 
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x2 y? x2 y? 
If the eccentricity of the two ellipses + = and —, + =<, =1are equal, then the value of a/b is 
169 25 a’ b 
) 6 
a) — b) — 
(@) 13 6) 13 
13 13 
c)— d)— 
(c) - (d) = 
2 2 


y 


The ratio of the areas of triangle inscribed in ellipse = + bp? = 1, to that of triangle formed by the corresponding 
a 


points on the auxiliary circle is ; then the eccentricity of the ellipse is 


(4 o) 8 

Os Os 

If PSQ is a focal chord of the ellipse 16x* + 25y” =400 such that SP = 16, then the length SQ is 
(a2 (0) < 

(c) a= 


2 2 
Let P be a variable point on the ellipse 7 + a = 1with foci at S and S’. If Abe the area of triangle PSS’, then 


the maximum value of Ais 
(a) 12 sq units (b) 24 sq units 
(c) 36 sq units (d) 48 sq units 


If S and S’ are the foci of an ellipse of major axis of length 10 units and P is any point on the ellipse such that 
the perimeter of triangle PSS’ is 15 units, then the eccentricity of the ellipse is 


2 4 
7 3 
(c) oe (d) 7 


Find the latusrectum, eccentricity, coordinates of the foci, coordinates of the vertices, the length of the axes and 
the centre of the ellipse 


4x? + 9y? —8x -36y +4=0 


The distance between the foci of an ellipse is 10 and its latusrectum is 15 ; find its equation referred to its axes 
as axes of coordinates. 


Find the equation of the ellipse whose axes are parallel to the coordinate axes having its centre at the point 
(2, -3) one focus at (3, -3) and one vertex at (4, —3). 


Find the equation of the ellipse whose foci are (2, 3), (-2,3) and whose semi-minor axes is V5. 


Show that the equation (10x — 5)? +(10y - 5) =(3x +4y - 4) represents an ellipse, find the eccentricity of the 
ellipse. 


Find the locus of the extremities of the latusrectum of the family of ellipses b2x? + y? =a*b? having a given 
major axes. 


Session 2 


Position of a Point with Respect to an Ellipse, 
Intersection of a Line and an Ellipse, Equation of 

Tangent in Different Forms, Equations of Normals 
in Different Forms, Properties of Eccentric Angles 
of the Co-normal Points, Co-normal Points Lie on 


a Fixed Curve 


Position of a Point with 
Respect to an Ellipse 


Theorem : Prove that the point P(x,, y, ) lies outside, on, 
2 2 


or inside the ellipse <. + oe =1 according as 
a b 


x? 2 
#1 gots eored 
2 2 
a b 
Proof : From point P(x,, y,) draw perpendicular PM on 
AA’ to meet the ellipse at Q(x,, y2). 


Since, Q(x,, y,) lies on the ellipse 


Pe y? 
—+-~=1 
a b 
x? y? 
then, “147% 24 
c 
2 2 
=> a eae ..(i) 
b? a’ 


Now, point P lies outside, on or inside the ellipse 
according as 


PM >,=or, <QM 


or 


2 2 
Yl sy Sor, <¥2 
2 b2 
y? x? 
“15 =or,<1-— 
b? a 
2 2 
x 
“14% 5 =or,<1 
a b 
x? y? 
“141-_1>=or,<0 
2 2 
a b 


[from Eq. (i)] 


Hence, the point P(x,, y,) lies outside, on or inside the 


2 
; x 
ellipse aan y 
a 
2 
xy 
2 
a 
Remark 


- 


= 1 according as 
2 
42 L450 or 20 
b? 


2 2 2 2 
LetS=4+4-1,thens,=4+4- 
e be Ce 


The point (x, y;) lies outside, on or inside the ellipse S =0 
according as S, >,=or <0. 


Example 16 Find the position of the point (4, —3) 


relative to the ellipse 5x* +7y? =140. 


Sol. The given ellipse can be written as 


Let 


x? 2 
ae aes | 

28 20 

4 (-3) 3 
5, = re ) ie 

28 20 140 


So, the point (4, —3) lies outside the ellipse 5x” + 7y? = 140. 
Example 17 Find the integral value of « for which the 


SO x? 3 
point} 7 -—, —© | lies inside the ellipse — + Yay, 
4 25 16 


Sol. Since, the point (7 - a - a lies inside the ellipse 


2 
50 1 , 
+ a 
=) 16 ) 


1<0 


x ‘i 1 
—+ te 1, then 7 
16 25 


> (28 — 5a)? + 25a? — 400 <0 

=> 5007 — 2800 + 384 <0 

=> 250. — 1400 + 192 <0 

=> (5a — 12) (5a — 16) <0 
12 16 
—<a<— 
5 5 


Hence, integral value of is 3 


Intersection of a Line and 
an Ellipse 


2 2 
Let the ellipse be * 4¥ 3] ..-(i) 
2 2 
a b 
and the givenlinebe y=mx+c ..-(ii) 
Eliminating y from Eqs. (i) and (ii), then 
x? (mete) 
a’ b? 
> (a’m? + b?)x? +2mca*x + c?a” —a*b? =0 — ...(iii) 


Above equation being a quadratic in x gives two values of 
x. Shows that every straight line will cut the ellipse in two 
points may be real, coincident or imaginary according as 


Discriminant of Eq. (iii) >, =, <0 


ie. 4m’c?a* —4(a’m? +b”) (c?a” —a*b")>,=,<0 
or —a’b*c? +a*b’?m’ +a*b* >, =,<0 
or a’m’ +b? >=,<c? ...(iv) 


Condition of Tangency : If the line Eq. (ii) touches the 
ellipse Eq. (i), then Eq. (iii) has equal roots. 
“. Discriminant of Eq. (iii) =0 


2 2 


> c =a’m' +b? or c=t{(a’m’ +b’) .(v) 


so, the line y =mx +c touches the ellipse 
xy? 
—+-~=1 
a b 


if c? =a’m’ +b 


(which is condition of tangency) 


Chap 06 Ellipse 475 


Substituting the value of c from Eq. (v) in Eq. (ii), then 


y =mx +(a’m* +b?) 
Hence, the lines y =mx + (a’m? +b’) will always 


tangents to the ellipse. 


Point of contact : Substituting c=+(a’m’ +b’) in 
Eq. (iii), then 


(a’m? +b?) x? +2ma’°x 
a{(a?m? +b?) +(a?m? +b?) a? —a*b? =0 
or (a’m? +b?) x? +2ma*x J(a’m? +b?)+a‘*m? =0 
or (x \(a’m? +b?) ta?m)? =0 
2 


From Eq. (i), 


2 2 
: . am ,b ‘ 
Hence, the point of contact is : ee ahs 4 this known 
c c 


as m-point on the ellipse. 


Remark 
lf m=0, then Eq. (iii) gives b°x? + c2a* - ab” =0 


or b°x? + (a’m? + b*) a? — ab? =0 


which gives two values of x. 


Example 18 Prove that the straight line 
2 2 


re: ; 
Ix + my +n=0 touches the ellipse — + Yk tif 
@: pe 
a7]? +b*m? =n’. 
Sol. The given line is 
Ix +my+n=0 
or pe (i) 
m m 


Comparing this line with y = Mx +c 


Meee: and c=-—— 
m m 
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2 
Y a1if 
b? 


2 
The line Eq. (i) will touch the ellipse ~ + 
a 


Example 19 Show that the line xcosa+ y sina =p 
2 


a a ae 
touches the ellipse 7 + rea =1if 
a*cos*a+b?sin*a@ =p* and that point of contact 
is [as b? sina, 


pp 
Sol. The given line is x cosa + y sina = p 
y=-— x cota + p cosec & 
Comparing this line with y=mx+c 
m=-—cota® and c=pcoseca 
Hence, the given line touches the ellipse, then 
ec =a’m’ + * 
p’ cosec’, = a’ cot” + b? 
2 


=> 
=> p’ =a’ cos’ a +b’ sin? 


Cc Cc 


th a’ (— cota) b? ) 


p cosec & ; p cosec & 


. [¢ cosa Hane 
ie. es 
Pp P 


. : a’m b° 
and point of contact is | - ——, — 


Example 20 For what value of A does the line 
y =X+A touches the ellipse 9x* + 16y? = 144. 


Sol. *. Equation of ellipse is 


2 2 
9x? + 16y? =144 or ~+¥ =1 
16 9 
x? oy? 
Comparing this with ra + P =1 


then, we get a? =16 and b’ =9 
and comparing the line y = x + A with y = mx +c 
a m=1 
and c=X 
If the line y = x + A touches the ellipse 
9x? + 16y? = 144 


then c=am +b" 
=> r =16x1? +9 
=> A? = 25 


A=+5 


Equation of Tangent in 
Different Forms 


1. Point Form 
Theorem : The equation of tangent to the ellipse 


2 2 
X42 <=1at the point (x,,y,)is 1 +24 =1 
2 2 2 2 
a b a b 
Proof : (By first Principal Method) 
P (1, ¥1) 
r 
Q(X, Yo) 
x? y? 
* Equation of ellipse is a ..-(i) 
a b 


Let P =(x,,y,) and Q =(x,, y,) be any two point on 
Eq. (i), then 


Vi 
+2 =1 (ii) 
a ob 
x? 2 
and ees (iii) 
2 2 
a b 


Subtracting Eqs. (ii) from (iii), then 


1 1 
— (x3 — x1) + (yz yj) =0 
a b 


(x2 +1) (x2 —x,) 5 +91) (V2 -1) = 


2 2 
a b 
= Yoa7V1 _ a (x, + x2) (iv) 
X2—X, a’ (y, +2) 
Equation of PQ is 
_V27)1 
Y7-\VM= (x -x,) wil¥) 
Xo —~Xy 
From Eqs. (iv) and (v), then 
b? (x, +x : 
Y7-\V= a 2) (x x,) ...(vi) 
a” (y; +y2) 


Now, for tangent at P,Q — Pi.e,x, x, andy, >y,, 
then Eq. (vi) becomes 


b’ (2x,) 
Dees 5 x= X,) 
a’ (2y,) 
Yi -Yi [zuctt 
or a 
b? a’ 


2 2 
cada WP ECLE A gcse kG amcacee ei Me [from (ii)] 


2 2 2 2 2 2 
a b a b a b 


which is required equation of tangent at (x,,y,). 


or 


Remark 
The aren of alae a ye y,) can be obtained by replacing 
x 2 by xx, y? by yy,.x by <> =, yby 2 and xy by A 


This method is er: only when the equation of ellipse is a 
polynomial of second degree in x and y. 


2. Parametric form 
Theorem : The equation of tangent to the ellipse 


2 2 
~ + a =1at the point (acos9, b sind) is 
a b 

~ cosh+~ sing=1 

a b 


2 2 
Proof : The equation of tangent to the ellipse ~~ + a =1 
a b 


— 


at the point (x,,y,)i ig 1 PY (by point form) 
a’ 


Replacing x, by acos@and y, by b sing, then we get 


x cos ee sing=1 
a b 
Remark 

Point of intersection of tangent at ‘6’ and‘ on the ellipse 


acos ore psin( 22) 


=1is ' 
a 2 cos (A) cos (754) 
2 2 
Remembering method : -.. Equation of chord joining 
(acos8, b sin®) and (a cos 9, b sind) is 


x cos(* ¢) ed sin(° xt) =cos (A=) 
a 2 b 2 2 
cos (° a ‘| sin 2] 
x 2 res 2 a4 
2 2 


acos[°*) b sin **8) 
x 2 y 2 


or 5 + 5 | 
a cos(°=*) b cos(°=*) 
2 2 


3. Slope form 


Theorem : The equations of tangents of slope m to ellipse 
2 2 


~~ + =1are y=mx + y(a’m’ +b") and the 
b 


a 
coordinates of the points of contact are 


2 2 
am b 


+ gate 
V(a2m? +62) (a2? +b*) 
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Proof : Let y =mx +c be a tangent to the ellipse 


2 2 
nn 
2 
Then the equation *_ 4 Cian ae 1 
a’ b? 
=> x? (a’m? +b?) +2a°mcx +.a?(c* —b*) =0 ..-(i) 


must have equal roots 
4a‘m’c? —4(a’m? +b?) a’ (c? —b”) =0 
{-- B? —4AC =0} 


> a’m*c? —(a’m? +b’) (c” —b”) =0 
=> a’m’c” —a’m'c? +a°b’m —b’c? +b* =0 
> a’b’m® —b’c* +b* =0 
= c? =a’m’ +0? 


c=+,(a’m? +b’) 
Substituting this value of cin y =mx +c, we get 
y=mx +\(a? m? +b?) 
as the required equations of tangent of ellipse in terms of 


slope, putting c =+(a’m? +b’) in (i), we get 
x* (a’m? +b?) +2a’m.J(a*m? +b?) x +a*m? =0 
=> (\(a’m? +b’) x ta’m)’ =0 


_ a’m 
=> x =+———_ 
(a’m* +b’) 


Substituting this value of x in 


y=mx tya’m? +b’ 


b? 
we obtained y=t 


(a’m? +b?) 


Thus, the coordinates of the points of contact are 


¢ a’m a b? 
V(a’m? +b?) J {(a’m* +b’) 


Example 21 /f the line 3x+4y =~/7 touches the 
ellipse 3x* + 4y? =1, then find the point of contact. 


Sol. Let the given line touches the ellipse at point P(x,, y,). 


The equation of tangent at P is 
3xx, + 4yy, =1 ..-(i) 
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Comparing Eq. (i) with the given equation of line yes 1 et tee tay 
3x + 4y = V7, we get m 
3x, 4y,_ 1 Substituting the value of m from Eq. (ii) in Eq. (i), then 
3004 7 2 
= 2x 2 
1 y=-—t c st b 
ae eee = 


11 2 22 _ 2.2 2.2 
Hence, point of contact (x,, y,) is [= =| => (x+y) =ax' +by 
V7 V7 


or changing to polars by putting x = r cos@, y =r sin® it 


becomes 
Example 22 Find the equations of the tangents to pha Bet pe aatn 
the ellipse 3x“ + 4y“ =12 which are perpendicular to 
the line y + 2x =4. Example 24 Find the point on the ellipse 
Sol. Let m be the slope of the tangent, since the tangent is 16x? + Ny? = 256, where the common tangent to it 
perpendicular to the line y + 2x = 4. : 3 7 
é = and the circle x“ + y“ — 2x =15 touch. 
mx-2=-1 
1 2 2 
=> m=— Sol. The given ellipse is a a 
2 16 (256/11) 
Since 3x7 + 4y" =12 16 
‘ , Equation of tangent to it at point | 4 cos 0, —— sin 6 | is 
xy Vil 
or ra ai = —all a 
oe 2 Fees 44 2 a4 
Comparing this with — + a =1 . n 
a b It also touch the circle (x — 1)’ + (y — 0)’ = 4? 
a’=4 Therefore, 
and b? =3 


So the equations of the tangents are 


4 
1 ee “0. tt 
y=-xt,J/4x—+3 cos * + — sin? 6 
2 4 16 256 


i 
= pro eee > | cos 0 — 4| = (16 cos? 6 +11 sin” 6) 
or x—-2y+4=0 or 4 cos? 0+8cos@—5=0 
: or 2 cos 8 — 1)(2 cos8 +5) =0 
Example 23 Find the locus of the foot of the M 1 F 
perpendicular drawn from centre upon any tangent to or cos 8 = Fi E cos 8 # — >| 
2 2 
x y 
the ellipse aoe . g =m 
33 
2 2 
x y ae 
Sol. Any tangent of a + roa lis Therefore, points are [2 a “S| 
y=mx +, (a’m? +b?) ...(i) 
Equation of the line perpendicular to Eq. (i) and passing Example 25 Find the maximum area of the ellipse 
through (0, 0) i x ’ 
ee rr - = 1which touches the line y = 3x +2. 
ab 
~ 2 2 
—— 


Pea = ia Oe eg Vo 
Sol. :.. Line y = 3x + 2 touches ellipse 2 +7 =1 
Here, m=3andc =2 


Substituting in c? = a’m? + b? 


or 4=9a +b? ..-(i) 


Now, AM = GM 


9a° +b° 9a° +b* 
= see) i = 4 Saab 
2 


2 


> 2 >3ab [from Eq. (i)] 
or a =m ab 

3 

2m . 
or = 2 Area of ellipse 


F . . 27 
Therefore, the maximum area of the ellipse is —. 
3 


Example 26 A circle of radius r_ is concentric with 
2 2 


ee: 
the ellipse —+ Y =1, Prove that the common 
a be 


tangent is inclined to the major axis at an angle 


Sol. Equation of the circle of radius r and concentric with 
2 2 


ellipse ~ + x =1is 
a b 
x ey =r? (i) 
2 2 
Pare i? 4.0 Vf : 
any tangent to ellipse — + 7 = lis 
a 


M. 


y=mx + J(a’m’ +b’) 


If it is a tangent to circle, then perpendicular from (0, 0) is 
equal to radius r, 


(a’m® +b”) 
(m? +1) 


(a? —-r*)m’ =r’ ape 


r2 —b? 
m= (So5) 
a r 


(where m = tan0) 


=|r|or am +b? =m'r? +r? 
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Example 27 Show that the product of the 
perpendiculars from the foci of any tangent to an 
ellipse is equal to the square of the semi minor axis, 
and the feet of a these perpendiculars lie on the 
auxiliary circle. 
Sol. Let equation of ellipse be 
2 
a ny = =1 ... (i) 


Equation of any tangent in term of slope (m) of (i) is 


y=mx +(a’m’ +b’) 


or y— mx = a’m +b? ...(ii) 
Equation of a line perpendicular to Eq. (ii) and passing 
through S (ae, 0) is 
1 
y-0=-—(x - ae) 
m 
or x + my =ae ...(iii) 


The lines Eq. (ii) and Eq. (iii) will meet at the foot of 
perpendicular whose locus is obtained by eliminating the 
variable m between Eq. (ii) and Eq. (iii), then squaring and 
adding Eq. (ii) and Eq. (iii), we get 

(y — mx)? +(x + my)* =a’m*? +b’ +. ae? 
> (1+ m?)(x? + y’)=a?m? +b? +a’ -B? 
> (1+ m?)(x? + y’)=a? (1+ m’) 
or x+y=a’ 


which is auxiliary circle of ellipse, similarly we can show 
that the other foot drawn from second focus also lies on 
x+y" =a". 

Again if p, and p, be perpendiculars from foci S(ae, 0) and 
S’ (—ae, 0) on (ii), then 


(a’m? + b”) + mae| 


(1+ m’) 


Py= 


(a’m? + b”) — mae| 


and p= 
(1+ m?) 


B29 2 2,2, 2 
am’ + b° —a‘e°m 


PiP2 (1+ m?) 


a’m® +b” —(a’ — b”) m?| 
(1+ m’) 

_ bv? (1+m’) 

(+m?) 


= b’ = (semi minor axis )* 
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Example 28 Prove that the locus of mid-points of the 
2 2 
portion of the tangents to the ellipse a + " =] 
a 
intercepted between the axes is a’y* +b’x? =4x*y?. 


Sol. Let P (x,, y,;) be any point on the ellipse 


xy? 
2 + Pe =1 (i) 
Equation of tangent at (x,, y,) to (i) is a + = =1 
AY : 
M(h, k) 
Pi, Yi) 
X'< _, Ox 
vy’ 


This meet the coordinate axes at 


[F| 
Q|—,0 
xy 


Let M (h, k) be the mid-point of QR then, 


Fag he 
pot k= V1 
2 2 
=> get ge 
2h 2k 


a b’ 
- a ae 
4h? 4k? 
=> ak? + b7h? = 4h’k? 


Hence, the locus of M(h, k)is a*y? + b?x” = 4x*y? 


Example 29 Prove that the tangents at the 
extremities of latusrectum of an ellipse intersect on the 


corresponding directrix. 


2 2 
Sol. Let LSL’ be a latusrectum of the ellipse = + x =, 
a 


b 


>X 


.. The coordinates of L and L’ are 


b? b’ 
[oe _ and [ee = *) respectively 
a a 


b? 
.. Equation of tangent at L [ae *) is 
a 


Bb 
ie 
x (ae) ¢ =4 


a b? 


=> xe+ty=a (i) 


=> 


2 
The equation of the tangent at [ae — “) is 
a 


Cs 
y= 
x (ae) | a 4 


a’ b? 
=> ex-y=a 
Solving Eqs. (i) and (ii), we get 


...(ii) 


x=" and y=0 
e 


Thus, the tangents at L and L’ intersect at (a/e, 0) which is 


; : . ; — a 
a point lying on the corresponding directrix i.e. x = —. 
e 


Equations of Normals in 
Different Forms 


1. Point form 


Theorem : The equation of normal at (x,, y,) to the 


2 2 
ellipse * 4¥ H1is 
2 2 
a b 
2 2 
b 
ax _ y =qQ _ b? 
xX; V1 
Proof : Since the equation of tangent to the ellipse 
2 2 
~ 4¥ <1at(x,,y,)is 
2 b? 
xXx 
tg FV 4 
a’ b? 
Tangent 
~P (x1, Yi) 
A T 
b’x, 


The slope of the tangent at (x,,y,)=—- : 
ayy 


2 
ayy 


2 
xy 


“. Slope of Normals at (x,,y,) = 


Hence, the equation of normal at (x,, y, ) is 


2 
a 
La V= Ee (x -x,) 
b°x, 
2 2 
or as Ea? b? 


x4 V1 


Remark 


The equation of normal at (x,, y,) can also be obtained by this 


method 
X-X, V-y 
ax,t+hy+g hx,+b’y,+f 


a’, b’,9,f, hare obtained by comparing the given ellipse with 


ax? + 2hxy + b’y? + 29x + 2fy +c =0 


il) 


The denominors of (i) can easily remembered by the first two rows 


of this determinant 


N 


a hg 
i.e. h b f 
g f c 
Since, first row, a’ (x,) + A(y,) + g(1) 
and second row, A(x,) + b’(y,) + F1) 
ey? 
Here ellipse —+2.=1 
a ob 
2 2 
or + %-1=0 
a ob 
Comparing Eqs. (ii) and (iii), then we get 
1 1 
a do ,g =0,f =0,h=0 
a b? 
From, Eq. (i), equation of normal of Eq. (iii) at (x,, y,) is 
xX-X; Y-Y; 
1 1 
—x,+0+0 0+ —y,+0 
2 1 be 1 
- a(x-x) _ b’(y-y) 
x Y 
2 2 
or ax _BY_.2_ 


2. Parametric form 


Theorem : The equation of normal to the ellipse 


oy) 2 
=~ +¥ = lat (acos), b sing) is 
ab 


ax sec )— bycosec = a’ -b? 


Proof : Since, the equation of normal of the ellipse 

2 2 
x yo . 
ai ie 


we (ili) 
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Replacing x, by acos@ andy, by b sing, then Eq.(i) 
becomes 


2 2 
ax b°y 2 2 


acos@ bsing 7 
ax sec — by cosec b= a’ =b? 
is the equation of normal at (acos 4, bsino) 


3. Slope form 
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(i) 


Theorem : The equations of the normals of slope m to the 


2 2 
ellipse * 4» <t1are given by 
2 2 
a b 
2 22 
y=mx + fi es ieee) 
(a? +b’m’) 
a’ mb? 


at the points | + 


ae + bm?) Ma? +b’m’) 


2 


Proof : The equation of normal to the ellipse = + = =1 


a 
at (x,,y,) is 
2 2 
ax b 
aor b? 
xy Vi 
Since, ‘7m’ is the slope of the normal, then 
2 
a 
rine = 
b°x, 
_ bP xym 
y= 2 
a 
2 2 
: . x 
Since, (x,,y,) lies on*~_ 42% = 
2 2 
a b 
2 2 
kat ee 
a’? 
xt bt x?m? 
or — ae eae 
a a’b 
2 eee, 4 
x b°xim a 
or —-+—— = 1 or Ge ; a 
a a (a° +b°m*) 
a 
x,=Ht 


(i) 


ii) 
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From Eq. (ii), 


5 mb? 
22s 
(a” +b’m’) 


*, Equation of normal in terms of slope is 


mb? a’ 
y-|t =m|x—-|+ 
va? +b?m? ya’ +b°m 
eee: 
= y=m mi 2 ...(iii) 
(a° +b’m*) 
2 22 
Thus y =mx + es is anormal to the ellipse 
(a +b’m’) 
x? 2 
a + x = 1, where m is the slope of the normal. 
a b 


The coordinates of the point of contact are 
2 2 
+ a e mb 
ia? +b?m? a +b?m? 


Comparing Eq. (iii) with, 


y=mx +c 
2 22 
c=t m(a° —b*) 
(a® +b’m?) 
27.2 p22 
or ee eed a ers 
(a” +b’m’) 


which is condition of normality, when y =mx +c is the 
normal of 


Example 30 /f the normal at an end of a 
2 2 


latusrectum of an ellipse ~ + = = 1 passes 
a 
through one extremity of the minor axis, show that 
the eccentricity of the ellipse is given by 
V5-1 
2 


Sol. The coordinates of an end of the latusrectum are 
(ae, b’ /a). The equation of normal at P(ae, b” / a) is 


e'+e°-1=0 or ,2_ 


2 2 
ax ale b? 


ae b’/a 


ax 2 2 
or —-ay=a —-b 


It passes through one extremity of the minor axis whose 
coordinates are (0, —b) 


0+ab=a-b’ 


or (a’b’) = (a? — b’)? 
or a’a® (1—e”) =(a’e’)” 
or 1-e? =e' 

or e+’ +e*-1=0 
or (e’)? +e? -1=0 


(taking + ve sign) 


Example 31 Prove that the straight line 
xe 
Ix+ my +n=Ois a normal to the ellipse is i] = it 


a2 b2 _ (a -b?) 


2” me n? 
x? y? 
Sol. The equation of any normal to —_ F 3 = a8 
a b 
ax sec — bycosecd = a® — b’ .. (i) 


The straight line Ix + my + n =0 will be a normal to the 
2 2 

ellipse a | 

a PF 


Therefore, Eq. (i) and lx + my + n = 0 represent the 
same line 


asec —bcosecd a’ —b’ 


l m —n 
—na 
cos d = ————_ 
1 (a? — b’) 
and sin = 2? _ 
m(a° — b°) 
sin’? 0 + cos? =1 
222 22 
n°b n°a 


+ 
/? (a’ -p’y 


a b? (a’ _ b? Ne 
=> 4 = 
Po om n 


m? (a’ —b’)? 


Example 32 A normal inclined at an angle of 45° to 
2 2 
_ Xx 
x-axis of the ellipse —+ Y= 1is drawn. It meets the 
a be 
major and minor axes in P and Q respectively. If C is 


the centre of the ellipse, prove that area of ACPQ is 
(a? —b?)? 


—>——; §q units. 
2(a* +b?) 
Sol. Let R(a cos 6, b sin) be any point on the ellipse, then 
equation of normal at R is 
ax sec d — by cosec =a’ — b” 
x y 
1 oa 
cosd(a* —b*) —sing (a? — b’) 
a b 


or 


(a’ — b*) 


If meets the major and minor axes at P 


2 _ 72 
and Q [> - ao sin : are respectively 


2 72 
or-(% oor 


a 


a’ —b? 
and co-( Jisina 


b 
Area of ACPQ = ; x CP x CQ 


_(a’ — b’)* |sing cos 6 | 
2ab 


But slope of normal = ; tan d = tan 45° (given) 
a 

—tang=1 

, ) 


tango = a 
a 


2tand —  2ab 
2 2, p2 
1+tan°d a° +b 


sin2o = 
(a? — vy? |sin 20] 


Ea 


2ab 


“. From Eq. (i), Area of ACPQ = 


ab 
(a’ +b’) 
2ab 
7 (a? — b?)? 
~ 2(a? +b?) 


(a _ b’y 


sq units. 


Example 33 Any ordinate MP of an ellipse meets the 
auxiliary circle in Q. Prove that the locus of the point 
of intersection of the normals at P and Q is the circle 
x? +y*=(a* +b’). 


2 
Sol. Let equation of ellipse is =~ + 
a 
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2 


Y x 1its auxiliary 
b? 


circle is 


x+y =a’ 


Coordinates of P and Q are (a cos 6, b sind) and 
(a cos , a sin) respectively. Equation of normal at P to the 
2 2 


ellipse me + a =1is 
a b 
ax sec d — by cosec 0 = a® — b* ...(i) 


and equation of normal at Q to the circle x” + y* =a’ is 


y=x tango ...(ii) 
From Eq. (ii), tand= = 
x 
sing = Ys and cos d = a a 
(x? +y") (x? +y*) 
v(x? t+y*) 
or cosec @ = ———— 
y 
[, 2 2 
and sec 0 = c Laie ae) ...(iii) 
x 


Substituting the values of sec @ and cosec o from 
Eq. (iii) in Eq. (i) 


[2 2 ae 2 
(x +y*) by (x +y i be? 
y 


x 


or (a— b) (x? + y?) =(a+ b)(a— b) 
or fxr ty? =atb 


x? +y> =(at+by 


ax X 


which is required locus. 


Properties of Eccentric Angles 
of the Co-normal Points 


1. In general, four normals can be drawn to an 
ellipse from any point and if ©, B, y, d the 
eccentric angles of these four co-normal points, 


thena +6 +y+ dis an odd multiple of 7. 
Let Q(h, k) be any given point and let P(a cos, b sind) 
be any point on the ellipse 
2 2 
a 
Equation of normal at P(a cos@, b sing) is 


ax sec ) — by cosec b=a’ —b? 
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it passes through Q(h, k) 
ahsec — bk cosec =a’ — b? 
ah bk 2 2 


or =a" —b ...(i) 
cosd sind 
or an up =q’-b’ (ii) 
1— tan? (0/2) 2 tan(/2) 
1+ tan’(6/2) 1+ tan’(/2) 
Let tano/2 =t 


then, Eq. (ii) reduced to 
bkt* +2{ah+(a® —b?)}t> +2 
{ah —(a” — b”)}t — bk =0 .. (iii) 
Which is a fourth degree equation in t, hence four 
normals can be drawn to an ellipse from any point. 


Consequently, it has four values of say a, 8, y, 8 
(t =tan@/2). 


Now, tan OP? = a fale 
2 2 2 2 1-S, +S, 
(8) (ct) 


—2{ah+(a’ = by} 2 {ah = (a -b*) 


= bk bk 
1-0-1 
= 00 (From trigonometry) (a #b) 
or cot o% BLY, 8 =0 
2 2 2 2 
or OP a 4? awed naulteleotae 
2. 2, “2p <2 
> a+ B+y+6=an odd multiple of x 
Aliter : 
Let z=e® =cosd+isingd 
oat =cosd—isind 
Zz 
1 
a z* +1 
cosd= as 
, 2z 
1 
ae 24 
ands sind= z=? 
2i 21z 


Now, Eq. (i), reduces to 
ah bk 


=a’ —b? 
zg +1 g =1 
2z 21Z 
=> (a? —b’)z* —2(ah—ibk) z? 
+2(ah+ibk) z—(a” —b”) =0 ..(iv) 


Consequently z =e" 


gives four values of 0, say a, B, y, 5 (Here, sum of four 
angles) 


Z1-Z9-Z3.Z4 = -1 
= ei eB 6%. 9 4 
= ei(atB+y+8) __y 


cos(a+B+y+6)+isin(a +B +y+6)=—-1 


or cos(a+B+y+6)=-1 

and sin(a+B+y +6) =0 
a+B+y+6=(2n+1)2 

and a+B+y+d5=m 


where, nr,€1 


Hence, a +8 +y+5 =odd multiple of t 


. Ifa, B, y are the eccentric angles of three points 


2 


2 
on the ellipse = + J =1, the normals at which 
b 


a 
are concurrent, then 


sin (0 +8) +sin (8 +y)+sin (y+a)=0 
Here, in each term sum of two eccentric angles 


.. From Eq. (iv), 
ZZ, =0 


OF ZZ +2124 42,24 +2Z,Z5 +2,%4t2Z5zZ, =0 
K gil +B) ets HOS) FB HY), FB +8), —H748) _ 9 
=  [cos(a +P) +cos(a% +) +cos (a + 5) 
+cos (B +7) + cos (B + 8) 
+cos (y + 8)]+i[(sin (a +B) 
+sin(a +7) +sin (a + 6) +sin(B +7) 
+ sin (6 +5) +sin(y + 5)]=0 
Comparing the imaginary part, then 
sin(a +B) +sin(a +7) +sin(a +5) +sin (6 + y) 
+sin (6 +5) +sin(y + 8) =0 ...(v) 
Since, from property Eq. (i) 
a+ 6+y+6=odd multiple of x 
(a + 6) = odd multiple of m -(6 +y) 
(6 +5) =odd multiple of m —(a +7) 


(y + 5) =odd multiple of m —(a +) 
sin (a + 8) =sin(B +7) 
sin(B +5) =sin(a +7) 
sin (y +6) =sin(a +) 
{sin (nt — OL) =sing, if nis integer)} ...(vi) 
From Egs. (v) and (vi), we get 
2sin(a +B) +2sin(B+y) +2sin(y +a) =0 


Hence, sin (a +B) +sin(B +7) +sin(y +a) =0 
Aliter : 
From Eq. (iii), Xt,t, =0 ...(vii) 
and t,tyt,t, =—-1 ...(viii) 
Now, xt t, =0 
> tity Ptote htat, Sot, (t, Pty ts) 
t, +t, +t 
> tity +tot, tt,t; =-+—* 3 __ {from (viii)} 
Eytots 
1 1 1 
= tig +igt, +150, = + + 
tots gt, yt, 
=> ‘an tan p + fink an reer fan 
2 2 2 2 2 
payee ea + cot! cee + eer cate 
2 2 2 2 2 2 
> > ea sak cot Oot =0 
2° 9 2 2 


an x sin’ (0/2) sin? (8/2) — cos’ (ct/2) cos” (B/2) = 
sin(c/2) sin(B/2) cos(c/2) cos(B/2) 


{cos(c./2) cos(B/2) + sin(c/2) sin(B/2)} 


= y 4 {cos(a/2) cos(B/2)— sin (&/2) sin (B/2)} =0 


sine sinB 


cos =f) cos" x) 
2 2 “4 


sine sinB 


=> yi-4 


x _, [cosa + cosB] +cosf] a 
sine sinB 
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a ya (cosa + cos) =f 
sine sinB siny 


> > siny (cosa + cos) =0 
> siny (cosa +cosB) + sinw 

(cosB + cosy) +sinB (cosy + cosa) =0 
> sin (a +B) +sin(B + y) +sin(y +a) =0 


Co-normal Points Lie on a 
Fixed Curve 


Let P(x 1,1), Q(X2,¥2), R(x3,y3) and T (x4, y4) be 
conormal points so that normal drawn from them meet in 


T (h, k). 


Then, equation of normal at P(x,,y,) is 


xy V1 

or (a? —b’) x,y, +b’ yx, —a’xy, =0 
but the point T (h, k) lies on it 

(a? —b’) x,y, + b’kx, —a’hy, =0 
Similarly, for points Q, R and S are 

(a? —b’) x,y, + b’kx, —a’hy, =0 

(a? —b’) xay, +b’kx, —a’hy, =0 
and (a’ —b’) x4y4 +b’kx, —a’hy, =0 
Hence, P, Q, R, S all lie on the curve 

(a? —b”) xy + b’kx —a’hy =0 
This curve is called Apollonian rectangular hyperbola. 


Remark 


The feet of the normals from any fixed point to the ellipse lie at 
the intersections of the Apollonian rectangular hyperbola with 
the ellipse. 
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Exercise for Session 2 


1. 


10. 


11. 


12. 


13. 


14. 


15. 


2 
The number of values of c such that the straight line y =4x + c touches the curve - + y? =1is 


(a) 0 (b) 1 (c) 2 (d) infinite 
x2? ae Be 

If any tangent to the ellipse — + = 1cuts off intercepts of length h and k on the axes, then nf + 7 is equal to 
a 

(a)-1 (b) 0 (c) 1 (d) None of these 

The equations of the tangents to the ellipse 3x? + y? =3 making equal intercepts on the axes are 

(a)y=tx+42 eee (c)y=+x + J30 (d)y=+x+ J35 

ir ~ —+ y= = J/2 touches the ellipse ~ ot 7+ = 1, then its, eccentric angle 0 is equal to 

a a 

(a) 0 (b) 45° (c) 60° (d) 90° 

The number of values of @ € [0, 27] for which the line 2x cos @ + 3y sin@ =6 touches the ellipse 4x” + 9y? = 36is 

(a) 1 (b) 2 (c) 4 (d) infinite 

The common tangent of x? + y? =4 and 2x? + y? =2is 

(a)x+y+4=0 (b)x -y+7=0 (c) 2x + 3y + 8=0 (d) None of these 

If the normal at any point P on the ellipse ~ S - v = 1meets the axes in G and g respectively, then PG-Pg = 

a’ 
(a)a:b (b) a? :b? (c)b :a (d)b? :a? 


2 2 


Number of distinct normal lines that can be drawn to the ellipse + te =1, from the point (0, 6) is 


(a) one (b) two (c) three (d) four 
x2 y? 

If a tangent of slope 2 of the ellipse — + —, 

a 


maximum value of ab is 


=1,is normal to the circle x? + y? + 4x + 1=0, then the 


(a) 4 (b) 2 (c) 1 (d) None of these 
2 2 
If the normal at the point P (6) to the ellipse ae 1, intersect it again at the point Q (26), then cos Ois 
14. 5 
equal to 
2 2 3 3 
a)= b)-= Cc) = d-= 
(a) - (b) A (c) 5 (d) - 
x2 y? 
The line 5x —3y = 8 2 is a normal to the ellipse 35 + o = 1 If‘6@ be eccentric angle of the foot of this normal, 
then ‘6 is equal to 
™ ™ ™ ™ 
a)— b= cC).— d)— 
(a) (b) 7 (c) - (d) 5 


If the tangent drawn at point (A, 22) on the parabola a =4x is same as the normal drawn at a point 
(V5 cos 0,2 sin@) on the ellipse 4x? + 5y” =20. Find the values of A and 0. 


2 2 


If the normal at any point P of the ellipse = + a =1, meets the major and minor axes in G and H respectively 
a 


and C in the centre of the ellipse, then prove that 
a* (CG)* + b2(CH)* =(a? —b*)* 
If the normal at the point P (6) to the ellipse 5x? + 14y? =70 intersects it again at the point Q(28), show that 


a 
3 


y? 


The tangent and normal at any point P of an ellipse ~ => a a2 = 1cut its major axis in point Q and R respectively. 
a’ 


If QR =a prove that the eccentric angle of the point P is given by 
e*cos* + cos —1=0 


Session 3 


Pair of Tangents, Chord of Contact, Chord Bisected 
at a Given Point, Diameter, Conjugate Diameters, 
Equi-Conjugate Diameters, Director Circle, Sub- 
Tangent and Sub-Normal, Concyclic Points, Some 
Standard Properties of the Ellipse, Reflection 
Property of an Ellipse, Equation of an Ellipse 
Referred to Two Perpendicular Lines 


Pair of Tangents 


Theorem : The combined equation of the pair of tangents 


2 2 
drawn from a point (x,,y,) to the ellipse ~ + = =1is 


or Siar 
2 2 2 
where aaa S,=2 rae 1 
a Pb? 2 pf 
and T BP ge 1 
2 b2 


Equation of PT is 


oe sas (x 


y a es 


ar y=( E24) oo) 
h-x, h-x, 


which is the tangent to the ellipse 


2 pe 
sf, c? =a’m? +b? 
2 2 
dé hy, ~kx, age k-yy +p 
h-x, h-x, 
> (hy, —kx,)’ =q’ (k-y,)° +b*(h-x,)° 


Hence, locus of (h, k) is 
(xy; =x) =a" (yy)? +b? (x -x,)° 
or (xy, —xyy)" =(b°x? +a°y*) +(b? x} +a’yt) 


—2 (b? xx, +a’yy,) 


2 2 2 2 2 
ee *Y1 7~%iV | _| x pil oe x4 4M 2 
ab a b? a b? 
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or 3, Sr" 


[S) 


2 
Aliter : Let the ellipse be ae a =1 ...(i) 
Let P(x,,y,) be any point outside the ellipse let a chord 
of the ellipse through the point P (x,, y,) cut the ellipse at 
Q and let R(h, k) be any arbitrary point on the line PQ 

(R inside or outside). Let Q divides PR in the ratio A: 1 then 
coordinates of Q is 


i) 


R(h,k) 


P(x, Yi) 


Ce Ak+y, 


aha (PO: OR = X:1) 


since Q lies on ellipse Eq. (i), then 
1 (Ah+x, o 1 (Ak+y, = 
a A+1 b?2\ A+1 


=> bd (Ah+x,)? +a’ (Akt+y,) =a7b? (A4+1)’ 


=>  (a’k? +b7h? —a7b?) A? +2 
(hx ,b? +ky,a’ —a’b’)d +(b?x? +a’y? —a’b") =0_...(ii) 
Line PR will become tangent to ellipse Eq. (i) then roots of 
Eq. (ii) are equal 
4(hx,b” +ky,a’? —a’b’)’ 
—4(a’k? +b?h? — a’b’) (b?x? +a’ y? —a’b*) =0 


Dividing by 4a*b‘* 


2 2 2 
(= or | _(Ki hk 
a b? yw 
Hence, locus of R(h, k) i.e. equation of pair of tangents 
from P(x,,y,) is 


ie. fT S85) or SS S7" 


Remark 


S =0 is the equation of the curve, S, is obtained from S by 
replacing x by x, and y by y, and7 =0 is the equation of tangent 
at (x,, y;) toS =0 


Chord of Contact 


Theorem : The equation of chord of contact of tangents 
2 2 


drawn from a point (x,,y,) to the ellipse ~ + = =1is 
a b 
a ree eee 
ae b? 


Proof : Let PQ and PR be the tangents drawn from a point 
2 


2 
P(x,,y,) to the ellipse =. + =1such that 
ab 


REY) 
P(X1,Yi) 
Q=(x’,y’) 
are the points of contacts of these tangents the chord QR is 
called chord of contact of the ellipse 


wt “ 


and R=(x ,y 


x? 2 
a by 
Equations of tangents at Q(x’, y’) and R(x”,y”) are 
eal! ae 
a OD 
and 2+ 427 = 1, respectively 
2 2 
a b 
These tangents pass through P(x,, y, ) therefore, 
Bee ng al Las Joy 
a’ b a b? 
> (x’, y’) and(x”,y”) lie on 21 4 9¥1 4 
a’ b? 
Hence, the equation OR is a + a =1 
b 


which is same as the equation of tangent but position of 
point differ. 


Example 34 Find the locus of the points of the 
2 2 
intersection of tangents to ellipse ~+ Y= 1 which 
a pb 


make an angle @ . 


bo 


2 
Sol. Given ellipse is * 4¥ 21 ...(i) 
a »b 
Equation of any tangent to ellipse Eq. (i) in terms of 


slope(m)is y= mx + \(a’m’ + b’) 


P (at, B) 
<\ 


R 
Q 
Since, its passes through P (a, B) then 
B = ma + (a’m? + b’) 
=> (B — ma) =(a’m* + b’) 
=> (B — ma)? = a’m? + b? 
=> m? (a” — a”) + 20m +(b’ — 8”) =0 (ii) 
Eq. (ii) being a quadratic equation in m. 
Let roots of Eq. (ii) are m, and m,, then 
208 b? — Bp? 
m, +m, = , mm, = 
1 2 ig -o) 2 aa? 


(m, — m,) = J(m, + m,)? — 4mm, 
-| 40.8? 4(b* -B’) 
(a -0?)? (a -a?) 
- oe 4 (b° -B?) (a 
(a — a2)? 
- fee = a°b? + ba? + a°B - «B?} 
(a* -a’)’ 


a”) 


2 2p2 4 p2.2 _ 222 
= —.——_ _(a°B* + b°a* - a°b*) 
| (a” =a 
*" @ be the angle between these two tangents, then 
tano = |™— ™a| 
1+ mm,| 
2 2p2 , p22 222 
——— (a B° + b°a* — ab’) 
aa 


292 
a —-@ 


2 (ap? + b’a.? — a’b’) 
a’ +b’ —a? —B? | 


tan _| 


or (a° +b? -o? —B*)tan?0=4 (aR? + b’a” — a’b’) 
=> (a? +B? -a’? —b’) tan?0=4 (b’ a” + aB? — a’b’) 
. Locus of P(c, B) is 


(x? +y? -—a? —b’) tan?@=4 (b’x? +a’y’ — ab?) 
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Example 35 Prove that the chord of contact of 


tangents drawn from the point (h,k) to the ellipse 

2 2 
“+ Y -1will subtend a right angle at the centre, 
a’ b? 


ee ee 
f+, >t ee Also, find the locus of (h,k) . 
a a 


b* 
Sol. The equation of chord of contact of tangents drawn from 
2 2 
Ph, k) to the ellipse ~- + =1is me £ we =1 i) 
a b a b 
The equation of the straight lines CA and CB is obtained by 
2 2 
making homogeneous ellipse a + a = 1 with the help of 
Eq. (i) 
. x? y? (hx | ky : 
a’ * b? a’ ° b? 

eae or ee oe | ee 
> eed ke er 7 |v ta y*v=0 ...(ii) 

a a byob ab 


But given Z ACB = 90° 
. Coefficient of x” + Coefficient of y? = 0 


Chord Bisected at a Given Point 


Theorem : The equation of a chord of the ellipse 


2 2 
2 y2 
bisected at the point (x,, y, ) is given by 
x1 Wr 4 Xt 
a” b? e oF 
or T=S, 


Proof : Let Q =(x,, y,) and R =(x,, y;) be the end points 
2 2 

of a chord OR of the ellipse =. + =1and let P=(x,,y,) 
a b 


be its mid point. 
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Q (Xe, ya) 
R (Xs, ¥: 
x? y? 
Now, Q =(x., y.) and R=(x3,y;) lie a 5 then 
a b 
2 2 
M2 48 a4 (i) 
a’ ob? 
x2 y? 
and ae ee ...(ii) 
a b 


Subtracting Eq. (ii) from Eq. (i), 


1 1 
— (x3 — x3) +—(y2 —y3) =0 
a b 
= (Xz +X5)(X2—%X3) | V2 +s) 2 V3) _9 
a’ b? 
= i a bY (x2 +X5) _ b? 2x, 
a a a’ (y2 +y3) a’ 2y, 
(22 and y, =2225 
pb? 
= (iii) 
ayy 
.. Equation of QR is 
y ee (x — x1) 
x2 —X3 
bx, sai 
> ae ae (x-x,) [from Eq. (iii)] 
ayy 
= Yi Vi HX, X 
vv Db a @ 
xX, yy cy 
=> 14--1-1= 4-1-1 or T=S, 
2 2 2 
a b a b 
where, pee 4 
2 2 
a b 
x? 2 
and §,=44-1 


a b 


Example 36 Prove that the locus of the middle 


2 
points of normal chords of the ellipse ~+ yx tis 
a b? 
a goa e: Ke 
the curve E + | (s + a | —b*)?. 
a x" sy 


Sol. Let (h, k) be the middle point of any chord of an ellipse, 
then its equation is T = S, 
P(acos9o,bsino) 


xh yk xh yk h?  k? 
i + 5 1= 5 + , lor . + Bea + 5 
a b a b a b a b 


If Eq. (i) is a normal chords, then it must be of the form 


(i) 


ax sec  — by cosec = a” — Bb? 


...(ii) 
Thus, the Eqs. (i) and (ii) represents the same normal chord 
of the ellipse with its middle point (h, k). 


Hence, they are identical and comparing their co-efficients, 


ok 
2 2 a toe 
wend hia” _ kk /b = a be 
asec —bcosech (a° —b*) 
ok 
“ (e+e 
[« k? 
— + — 
ba =] 
and sind = rs ‘(@—B) ...(iv) 
Squaring and adding Eqs. (iii) and (iv), then 
a’ b° (nh? k?) 
h? * kk’ Jla@ : b? 
cos’ + sin? = 
o > (a’ _ b’y 
a’ BS \(h?_ k?) 
, Btaralcars 
(a’ a b’y? 
2 
h? k? ao b° 2 955 
~ +e) Gane et 
x 2)" a’o® 
Hens, Joes (4) 5 2) ae :]= by? 
x 


Example 37 Show that the locus of the middle points 
of chords of an ellipse which pass through a fixed 
point, is another ellipse 


Sol. Let P(x,, y,) be the middle point of any chord AB of 
2 2 


the ellipse ~ + x = 1, then equation of chord AB is 
a b 


Qh, W) 


T=S, 
XX yy x? yz 
1 1 emda | 1 
=> x + re 1 Z + 2 1 
= Wr MW (i) 
2 2 2 2 7 
a b a b 


But it passes through a fixed point Q(h, k) its coordinates 
must satisfy Eq. (i), 

h i 2 2 

a b a b 


This can be re-written as 


(s-3) -3) (48) 


+ 
a b? 4 


Hence, locus of P(x,, y,) is 


3) bed) ape ey 


a’ b? 4\a Db 
’ : . hk 
Its obviously an ellipse with centre at a5 and axes 


parallel to coordinates axes. 


Diameter 


The locus of the middle points of a system of parallel 
chords of an ellipse is called a diameter and the point 
where the diameter intersects the ellipse is called the 
vertex of the diameter. 

2 2 


x 
Let y =mx +c be system of parallel chords to —— = =1 
b 

for different chords c varies, m remains constant. 

AY 

P (X,Y) 
X'« (Xo, Ya, y 
vy’ 


Let the extremities of any chord PQ of the set be P(x,, y,) 
and Q(x,, y,) and let its middle point be R (h, k), then 
solving equations. 


2 2 
* 4¥ =1andy=mx +c 
a’ ob? 

2 2 

+ 

x” (mxte) _, 

2 2 
a b 


=> (a’m* +b’) x? +2mca*x +a? (c? —b?) =0 
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Since, x, and x, be the roots of this equation, then 


Soe es 2mca” i 
x, +xX,= mb ape ...(i) 
Since, (h, k) be the middle point of OR, then 
a X, +X, 
Z 
then, from Eq. (i), 
2mca? 
2h = -— —___ 
a’m? +b? 
mca® 
am’ +b 
but (A, k) lies on y=mx +c 
k=mh+c, c=k—mh ...(iii) 
2 — 
From Eqs. (ii) and (iii), then , h =— ma tein) 
a’m® +b° 
> a’m’h + b?h=—mka® +m?a?h 
2 
= Pasamka ope!” 
a’m 
. b?x 
Hence, locus of R(h, k) is y =—— 
a’m 


which is diameter of the ellipse passing through (0, 0). 
Aliter : Let (h, k) be the middle point of the chord 


2 2 
y =mx +c of the ellipse * 4¥ = 1, then 
ab’ 
T=S, 


2 42 
xh ky _h ik 


=> = 
er a 
2 
Slope = — Ls m 
a’k 
2 
a’m 
Hence, locus of the mid-point is 
_ bx 
aaa es 
am 


Conjugate Diameters 


Two diameters are said to be conjugate when each bisects 
all chords parallel to the other. If y =mx and y =m,x be 
2 
two conjugate diameters of an ellipse, thenmm, = a 
a 
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x< 


>X 


Conjugate diameters of circle i.e. AA’ and BB’ are 
perpendicular to each other. Hence, conjugate diameters 
of ellipse are PP’ and DD’. 

Hence, angle between conjugate diameters of ellipse # 90°. 


Now the co-ordinates of the four extremities of two 
conjugate diameters are 


P (acos@, b sin), P’ (-acosd,— b sin), 
D (-asin9@, bcos), D’ (asind, —b cos) 


Properties of Conjugate 
Diameters 


Prop. 1: The eccentric angles of the ends of a pair of 

conjugate diameters of an ellipse differ by a right angle. 

Let PCP’ and DCD’ be two conjugate diameters of the 
2 2 


ellipse * + _ =1and let the eccentric angles of the 
a 


a = 
(acoso,b sino) 
D P(acos,bsino) 
A’ A 
P’ D’ 


extremities P and D be dand 0’ respectively. Then, the 
co-ordinates of P and D are (acos@, b sind) and 
(acos’, b sin’) respectively. 


Now m, = slope of CP= e tang 
a 


and m, = slope of CD = 2 tan@’ 
a 


since, the diameters PCP’ and DCD’ are conjugate diameters. 


b2 2 
> — tang tan’ = — — 
a’ a’ 


> tang tang’ =-1 
> tand=—cotd’ =tan( +9] 
2 


= =F 40 = -Y a7 


Prop. 2 : The sum of the squares of any two conjugate semi 
diameters of an ellipse is constant and equal to the sum of 
the squares of the semi-axes of the ellipse i.e. 


CP? + CD* =a’ +b’ 
Let CP and CD be two conjugate semi-diameters of an 


2 2 


ellipse ~ +2 =1and let eccentric angle of P is ¢. The 


a b? 
Tl 
eccentric angle of D is —+ @. So the coordinates of P and D 
2 


are 
(acosd,bsino) and [« cos (E + 0} b sin G + °) 


i.e. (—a sind, b cos) respectively 
CP? + CD? =(a’ cos* +b’ sin’ 6) 
+(a’ sin? +b’ cos” 6) 
=a’? +b" 
Prop. 3: The product of the focal distances of a point on an 


ellipse is equal to the square of the semi diameter which is 
conjugate to the diameter through the point. 


Let PCP’ and DCD’ be the conjugate diameters of an 
ellipse and let the eccentric angle of P is @ then 
coordinates of P is(acos9, b sino) 


“. Coordinates of D is (—a sing, b cos@) 


, P(acos@,bsino) 


Let S and S’ be two foci of the ellipse. Then 
SP-S’ P =(a—aecos@)-(a + ae cos) 
=a’ —a’e* cos* (0) 
=a’ —(a” —b’) cos’ {b? =a? (1-e”)} 
=a’ sin’ 0 +b’ cos? ¢=CD* 


{. a? —b® =a*e* 


Prop. 4: The tangents at the extremities of a pair of 
conjugate diameters form a parallelogram whose area is 
constant and equal to product of the axes. 


Let PCP’ and DCD’ be a pair of conjugate diameters of the 
2 


2 
ellipse — + a = 1. Let the eccentric angle of P be @ .Then 
a b 


the eccentric angle of D is (= + ® so the coordinates of 
P and D are 
3 T : Tl 
(acos@, b sing) and [« cos (= + ,bsin (< + 3} 


ie. (—a sing, b cosd) 

Similarly the coordinates of P’ and D’ are 
(-acoso,—bsinod) and (asind,— bcosd) respectively. 
Equation of tangents at P, D,P’ and D’ are respectively. 


~ cosh +~ sind =1,-~ sind+~ cos=1, 
a b a b 


~~ cosp-» sing =1 
a b 


and ~sing—7-coso=1 


a 


Clearly the tangents at P and P’ are parallel. Also, the 
tangents at D and D’ are parallel. Hence, the tangents at 
P, D, P’, D’ form a parallelogram. 


Area of parallelogram QRQ’ R’ = 4 
(the area of parallelogram QDCP) 


=4-| QD |-{1 from C on QD} 
=4-| CP |- {1 from C on QD} ...(i) 


Now [CP |= (a cos” d+ b’ sin? 6) 


tangent at Dis — = sing + ; cosd=1 


a 
| from C on 


OD= 1 _ ab 


(= o 4 cos’ {a cos’ 0+ b’ sin’ 


a b? 
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Now from Eq. (i), 
Area of parallelogram QRQ’ R’ 


ab 


=4x ae cos’ +b’ sin” ) x 
{a cos’ ) +b’ sin’ 6) 


= 4ab (= constant) = (2a) (2b) 
= Area of rectangle contained under major 
and minor axes. 

Prop. 5: The polar of any point with respect to ellipse is 
parallel to the diameter to the one on which the point lies. 
Hence obtain the equation of the chord whose mid-point is 
(h, k). 
Let (h, k) be the point on the diameter y =m,x 


m,=k/h 
any diameter conjugate to itis y=m,x 
b? k b* 
but mm, = => —m,= 
a’ h a’ 
b*h 
m, =-— 
a’k 
Polar of (h, k) is as + 2 1 ...(i) 
2 2 
a b 
bh 
Its slope is — =, =m, and hence parallel. 
a°k 
Now, equation of chord parallel to the Eq. (i) is 
ud + ae Xr (ii) 
2 2 
a b 
It is passes through points (h, k) 
2 2 
aig ... (iii) 
2 pe 
2 12 
From Eqs. (ii) and (iii), al + a = i + if 
2 2 2 22 
a be a” ob 
Le. T=S, 


which is the equation of chord of the ellipse, if mid-points 
is (h, k). 


Equi-Conjugate Diameters 


Two conjugate diameters are called equi-conjugate if their 
lengths are equal. In such cases therefore. 


(CP)° =(CD)’ 
a’ cos’ 0 + b’ sin? =a’ sin’ 0+ b’ cos” 


> (a’ cos” @ — sin? ) — b’(cos” @— sin” o) =0 
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> (a’ —b’) cos2o=0 
(a? —b?) #0 
cos20 =0 
p=" or 3m 
4 4 
(CP) =(CD) = (a? +b") 


Example 38 Show that the tangents at the ends of 
conjugate diameters of the ellipse x* /a? + y* /b? =1 


intersect on the ellipse x* /a* + y* /b* =2. 


Or 
Prove that the locus of the poles of the line joining the 
extremities of two conjugate diameters is the ellipse 
x? Jar t+y? /b? =2. 
Sol. Let CP and CD be two semi-conjugate diameters, so that if 


eccentric angle of P is ¢@ then eccentric angle of D is 


™ 
—+0 
2 


R(h,k) 


Pp 


.. Coordinates of P and D are 
(a cos@, bsing) and [. cos (+ + | bsin (= + °)] 


respectively 
.. Equation of (PD) is 


[oriee 
; “| ; b 2 [ 2 ] 
a 
=> ~ cos (= +o}+2sin(2 +o} F (i) 
a 


If its pole or point of intersection of tangents at its 
extremities be (A, k), then its equation is the same as that of 
the polar or the chord of contact of (h, k). 


D’ 


hax ky 


ie. +—=1 (ii) 
a OB 

Since, Eqs. (i) and (ii) are identical, comparing 
h - k a a 


a cos [z +9) bsin (E+ 9] 


or V2 cos ( + °| 7 . ...(iii) 


T k 
or V2 sin| —+o|=— (iV 
(Esa)! 0 
Squaring and adding Eqs. (iii) and (iv), then 


2 2 
+E =2{ cos [E+ 0) + sin’ [F+.)] 


h® ke 
=2 


a Be 
xy? 

Hence, locus of (h, k) is — + - =2 
a 


Aliter : Equation of tangents at P and D are 


~ cosh + sing =1 .. (i) 
a b 
and = coe( E+ 9) +2sin(Z + 9)=1 
a 2 b 2 
Le. # sing + ba cosd=1 ...(ii) 
a b 
Squaring and adding Eqs. (i) and (ii), we get 
2 2 
xo yo 
ee 


which is required locus. 


Example 39 If x cosa + y sina =p is a chord joining 
the ends P and D of conjugate semi-diameters, of the 
ellipse then prove that a*cos*o +b* sin? a= 2p’ and 
hence or otherwise deduce that the line PD always 


touches a similar ellipse. 
2 2 


Sol. Let equation of ellipse be — + x = 1, eccentric angle 
a b 


of P is o, then eccentric angle of D is sam o 
2 


Coordinates of P and D are 


(a cos @, b sind) and c cos (s + 0 bsin (= + °)] 


.. Equation of PD is 
Tl T Tl 
+—+ +—+ —+o- 
© cal ® 2 | yon fs Z | Lg : : 
x Tt y. {1 1 : 
=> + + + = xsl 
7 cos (3 | ; sin (3 | oi (i) 
If it is same as x cos + y sing = p (ii) 


then on comparing, we get 


cox[E +0] sin(E +o) ‘ 


bsina pv2 


a cosa 


or a cosa = pv2cos ( + 0] ...(iti) 


and 


bsina = pv2 sin ( + | ...(iv) 
Squaring and adding Eq. (iii) and (iv), we get 


a’ cos’ + b’ sin’ =(p aay 


[Fe (Eg] 


=> a’ cos’ + b’ sin? = 2p" 


Again, line Eq. (i) can be written as 


x yy. 
cosO + sin®8 = 1, 
a/ V2 b/ 2 
where 0= * +0 
which is clearly a tangent to the ellipse 


x? x? : 1 
+2 = ...(v) 


2 
a4 
+ =1 or 
(a/V2)’ (bv2)° a 
If e’ be its eccentricity, then 


(b/ V2)" =(a/ V2)? (1-e””) 


= b? =a’ (1-e’*) 
but b? =a’ (1-e”) 
e=e’ 


Hence, ellipse (v) is a similar ellipse. 


Director Circle 


The locus of the point of intersection of the tangents 
2 2 
to an ellipse * + x. =1 which are perpendicular to 
a b 
each other is called director circle. 
2 


Let any tangent in terms of slope of ellipse ~ + a =1is 
a b 


y=mx + (a’m’? +b’) 
It is passes through (h, k) 


k=mh+,(a’m? +b’) 


or (k—mh)* =a°m? +b? 
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=> k? +m7h? —2mhk =a’m +b? 


=> m (h? —a”) —2hkm+k? —b? =0 


It is quadratic equation in m let slope of two tangents are 
m, andm, 


ke - 0? 
mm, = 
2 
—a 
kB? 
-l= 
h? —a? 
( tangents are perpendicular) 
=> -h’? +a? =k? —b? 
or W+k? =a’ +b? 


Hence, locus of P (h, k) is 
x? +y? =a? +b? 
Aliter : 


If any tangent y=mx +4 (a’m’ +b’) ...(i) 


2 
and y ae if (-2) ve ...(ii) 
m m 

touch the ellipse and intersect at right angles. 
From Eq. (i), 

y—mx =y(a’m’ +b’) ...(iii) 
Eq. (ii) can be re-written as 

x +my = (a? +b’m’) ...(iv) 


Squaring and adding Eqs. (iii) and (iv), then 

(y—mx)? +(x +my)? =a’m? +b? +a? +b’m? 
=> (1+m’)(x” +y")=(1+m’) (a? +b’) 
Hence, x* + y* =a? +b’ is the director circle of the 


ellipse. 


Example 40 Tangents at right angles are drawn to 
y 2 


2 
the ellipse ~ + rc 1. Show that the locus of the 
a 


middle points of the chord of contact is the curve 
2 
x? : y?) x+y? 
a’ ob? a’ +b" 
Sol. Let Q(h, k) be the middle point of the chord of contact 
.. Equation of chord AB whose mid point Q(h, k) is 
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2 2B (i) 
and equation of chord of contact AB with respect to 
P(x, y;)is 
xXx is 
at ae = ...(ii) 
the Eqs. (i) and (ii) are identical, hence comparing their 
coefficient, we get 
%y i _ 1 
hk nh? Ke 
—+— 
a b 
to" (iii) 
hk? 
— + — 
a b 
and é ...(iv) 


Since tangents are at right angles, then the point (x,, y,) must 
lie on the director circle x? + y” = a’ + b? of the ellipse 


x+y? =a’ +d? 


2 2 
i + i saa +b’ 


[from Eqs. (iii) and (iv)] 


2 
nh? kk?) hh? +k? 
ar 


a b? a’ +b’ 
32 2\7 ge dea 
Hence, locus of mid-point Q(h, k) is | — + x =;5 y 
a b a +b 


Sub-Tangent and Sub-Normal 


Let the tangent and normal at P(x,, y,) meet the axes at T 
and G respectively. 
2 42 


Equation of tangent at P(x,, y,) to the ellipse =. + - =1 
a b 


is 


vy’ 
eee ee i) 
2 2 
a b 


T lies on X-axis. 


Put y =0in Eq. (i) > x =CT 


2 
cT =“ and CN=x, 
cl 
a 
and length of sub-tangent NT = CT — CN =—-- x, 


xy 


Equation of normal at P(x,, y, ) to the ellipse 


2 2 
x 4¥ H1is 
a ob 
xX, ee a (ii) 
: = 
x,/a° y,/b 
‘* G lies on X-axis. Put y =0 in Eq. (ii) 
=> x=CG 
2 
CG=x, 


—-—x 
a 
“. Length of sub-normal 
GN =CN-CG=x, -[ 7 


b? 2 
= ad =(l-e") x, 
a 


Concyclic Points 


Any circle intersects an ellipse in two or four real points. 
They are called concyclic points and the sum of their 
eccentric angles is an even multiple of 7. If a, B, y, 5 be the 
eccentric angles of the four concyclic points on an ellipse, 
then prove thata +B +y+6=2nn where nis any integer. 


Let the given circle be 


x? +y? +2gx +2fy +c¢=0 ..-(i) 
and the given ellipse be 
2 2 
X 4¥ 2 (ii) 
2 2 
ab 


Let (a cos@, b sin) be a point of intersection of Eqs. (i) 
and (ii). 
As it lies on the circle Eq. (i). 

a’ cos’ 0+ b’ sin* 6+2ga cos 


+2 fbsind+c=0 ...(iii) 
a oe 1— tan? (0/2) ; 2H 2 tan(/2) ; 
1+ tan? (0/2) 1+ tan? (0/2) 
+2ga aa!) tan’ (9/2) +2 fb tet) +c=0 ...(iv) 
1+ tan’ (0/2) 1+ tan? (0/2) 
Put tan(/2) =t 
Eq. (iv) reduces to 


1-22) at) 
a’ — Oe : +2ga 
1+2? 1+0? 
2 
1-t 2t 
+2 fb +c=0 
1+0° ‘og 


or (a* —2ga+c)t* + 4bf t° + (4b? —2a? +2c) t? 


+ 4bft +(a” +2ga+c)=0 ...(v) 

which is biquadratic equation in t. 
ie. it has four values of t 

t = tan(0/2) 
Since, four values of eccentric angles are o, 8, y, 5 

tan(S +BY +3)- =f ak 
2°28 O) tase, 
2 = Ets 
1 -Ztyty ttytytst, 

> en i a 


a+6+y+6=2nn, when nis any integer. 


Aliter : Let P,Q, R,S be four concyclic points on an 
ellipse, whose eccentric angles a, B, y, 5 respectively. 


Then equation of the chords PQ and RS are 
(Take any two chords) 


x cos (==) + x sin (=) —cos (==*) =0 
a 2 b 2 2 


“cos( 122) 4 Ysin( 122) 
a 2 b 2 


and 
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Now, the equation of any curve passing through P, Q, R 
and S is given by 


2 2 

7g 2 

a’ ob? 

* cos ll + sin GEP cos aa 

a 2 b 2 2 

x! ~ cos irs +2 sin ua cos 128 =0 
a 2 b 2 2 
But the given points are concyclic. Hence this equation 


will represent a circle, if co-efficient of x” = co-efficient y’. 
and co-efficient of xy =0 


Now equation of the co-efficient of xy =0 


cos{ SP inf 12°) + sin( Po 12) =0 
2 2 2 2 


- sin 2B 21% 


=0 =sin nt 
2 


“(a +B+y+8) =nm or a+P+y+6=2n0 


where, nis any integer. 


Hence, the sum of eccentric angles of four concylic points 
on an ellipse is always an even multiple of 7 


Corollary 1: Prove that the common chords of a circle and 
an ellipse are equally inclined to the axes of the ellipse. 

If the point of intersection of chords PQ and RS is T, then 
equation of chord PQ is 


= cos(S#E) 2 sin{ 278 ) cos 2) 
a 2 b 2 2 


“. Slope of PQ =- u cot ([s<8 
a 


=~? cot mn 1) (0 +B+y+6=2nn) 


a 


_b 


a 


cot (2 - *) = — (slope of RS) 


Hence, PQ and RS are equally inclined to the axis of x. 
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Corollary 2 : Find the centre of the circle passing through 
the three points on an ellipse whose eccentric angles are 
a, B, Y. 


Let the point of intersection of ellipse 


2 2 
gp Fy ai 
a’ ob? 
and circle x? +y? +2¢x +2fy+c=0 ...(ii) 
be a, B, y, 5 


a+B+y+65=2nn (where n is an integer) 
Let @ be any point on Eq. (i) 
ea x =acosd, y =bsing 
This point also lie on Eq. (ii) 
a’ cos’ +b’ sin? 0+ 2gacoso+2 fb sing +c =0...(iii) 
=> {(a® — b?) cos* 6+ 2gacosd+ 
(b? +c)}? =4 fb? (1—-cos? 6) 
= (a’ —b’)’ cos* o+ 4ga (a? —b) cos* 
+{2(a? —b”)(b? +c) +4g7a? +4f7b" \cos? 
+4ga(b? +c) cosd+{b? +c’ —4f7b"} =0 
This is a fourth degree equation in cos@. 
It has four roots (i.e. cose, cos, cosy, cos) 
4ga 


cosa + cosh + cosy +cos§ = — ——2—— 
(a° —b*) 


...(iv) 


Similarly changing Eq. (iii) in sind, we get 


sing +sinf +siny + sind =— 


a+B+y+6=2nn 
6=2nt —-(a+B+y) 
sind =— {sin(a +B +y)} and cosé=cos (a+ +) 
then, from Eggs. (iv) and (v), we get 


ape a’ —b’ 
4a 


22 
and +-(* a 


{cosa + cosB +cosy +cos (a +B +y)} 


{sino + sinB + siny —sin(a +6 +y)} 


which give co-ordinate of centre of circle through a, B 

and y. 

Corollary 3: P’CP and D’CD are conjugate diameters of 
an ellipse and. is the eccentric angle of P. Prove that the 
eccentric angle of the point where the circle through P, P’, D 


Tl 
again cuts the ellipse is — — 3a. 
2 


The eccentric angles of P, P’ and D area,m +a, is +O 
2 
respectively. Let B be the eccentric angle of the fourth point. 
As above 
a +(7 +a) (2 va] +B =2nn 
2 


Bonn -{ 5 +30]=7 —s (for n = 1) 


Note 


Any other values of ngives the same point on the ellipse. 


Some Standard Properties of 
the Ellipse 


(i) If S be the focus and G be the point where the normal 
at P meets the axis of an ellipse, then SG = e- SP and 
the tangent and normal at P bisects the external and 
internal angles between the focal distances of P. 


Normal 


x ye 
ab? 
. Equation of normals PG is 
a 2 
(x -x,)—=(y-y,) 
xy V1 


Putting y =0. For the point G, we have 


2 
a 2 
(x-x,)—=-b 
xy 
2 2 202 
a’ —b a’e 2 
“x=CG= x, = x, =e°XxX, 
2 2 
a a 


SG =CS —CG =ae —e? x, =e(a-ex,) 
=eSP 
Similarly S’G=eS’P 
SG _ eSP _ SP 
S’G eS'P S'P 


. The normal PG bisects the internal 7SPS’ between 
the focal distances but tangent and normal are at 
right angles, the tangent PT bisects the external angle 
SPL between them. 

(ii) The locus of the feet of the perpendiculars from the 
foci on any tangent to an ellipse is the auxiliary circle. 


The equation of any tangent in terms slope (m) of the 


2 2 
ellipse ~ 47 a1is 
a ob’ 
y=mx + (a’m’ +b’) 
or y —mx =(a’m* +b’) ...(i) 


Equation of perpendicular line of Eq. (i) and passes 
through (+ ae, 0) is 

my +x =+ae ...(ii) 
The locus of the point of intersection of the line 
given by Eqs. (i) and (ii) can be obtained by 
eliminating m between them, squaring and adding 
Eqs. (i) and (ii), we get 


y? (1+m’) +x? (+m?) =a'm’ +b +47? 


> (14m?) (x? +y*)=a’m’? ae 
=a’ (1+m’) 
or x+y? =a" 


which is the equation of the auxiliary circle of the 
2 2 


ellipse a ae 
a’? 


Reflection Property of 
an Ellipse 


If an incoming light ray passes through on focus (S) strike 
the concave side of the ellipse, then it will get reflected 
towards other focus (S’) . 


Lightray 


r 
B 9eny Pp 


Reflected ray B 


and ZSPS’ = ZSOQS’ 
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Example 41 A ray emanating from the point (—3, 0) is 
incident on the ellipse 16x* + 25y* = 400 at the point 


P with ordinate 4. Find the equation of the reflected 
ray after first reflection. 
Sol. For point P,y-coordinate = 4 
‘: Given ellipse is 16x” + 25y” = 400 
16x” + 25(4)" = 400 
Coordinate of P is (0, 4) 
16_ 9 


e-=1- =—_— 
25 29 


(0, 4) 


y “| Neo 


y’ 
foci (+ ae, 0) ie. (+ 3,0) 
Equation of reflected ray (i.e. PS) is 


~ 4+ =1or4x +3y=12. 
5. 


Equation of an Ellipse Referred 
to Two Perpendicular Lines 


2 2 
Let P(x, y) be any point on the ellipse ~~ + x =1 
a b 
then, y = PM, x = PN 
2 2 
(PN)? (PM) _ 
a’ b? 
Y 
A 
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suppose if axes along the lines Directrices : 
a,x+b,y+c,=0 and b,x -a,y+c, =0 (i) Ifa>b, 
ces py = 1x thy teal a,xt+bytc, +4 
(a; +7) (a; +b}) 
|b;x ~ ay +¢,| (ii) Ifa <b, 


PM = 


(b? +a% ) b,x -a,y +c, _,) 


(ap +b) & 


Example 42 Determine the equations of major and 
minor axes of the ellipse 
A(x —2y +1)? +9(2x+ y +2)? =25 
Also, find its centre, length of the latusrectum and 
eccentricity. 


Sol. The equation of the ellipse can be written as 


then, equation of ellipse is 


2 2 
a,x+byte, b,x -ayy +c, 
(af +88) ofa) |, 
a b2 


Centre : Is the point of intersection of a,x +b,y +c, =Oand 
b,x -a,y +c, =0 
Equations of Major and Minor Axes : 
(i) Ifa > b, then major axis lies along b,x —a,y +c, =0 
and minor axis lies along a,x +b,y +c, =0. 
(ii) If a < b, then major axis lies along a,x +b,y +c, =0 
and minor axis lies along b,x —a,y +c, =0 
Eccentricity : 
(i) Ifa>b,b® =a’(1—-e”) (ii) Ifa<b,a* =b'(1-e’) 


Foci : 
(i) Ifa>b 
a,xt+byte, ee b,x -a,y +c, 4 
(a; +7) V(by +4; 
we get after solving (x, y) 
(ii) Ifa<b 
a,x+byy+c, ap (aS ae! 


ai +b? {bi +a 


we get after solving (x, y) 


2 2. 
~2y +1 ax t+yt2 
axs(2 Bt y voxs(tE* y = 25 


v5 V5 
[sey [tze2) 
or v5 + v5 = 
(5/4) (5/9) 
x? Y? 
or Fa 
Herea>b 


“. Equation of major axis is Y = 0 
Le. 2x+y+2=0 
and Equation of minor axis is X =0 
Le. x —-2y+1=0 
Centre : X =0,Y =0 
=> x-2yt+1=0,2x+y+2=0 
we get x=-ly=0 
Centre is (—1, 0) 
2b? 2x5/9 8 
a 5/4 9 


Eccentricity: b’ = a’(1-e’) 


Length of latusrectum = 


5D 
> == =(1-e’) 
9 4 
4 
> —=1-e? 
9 
5 
=> eat 
9 
V5 
e=— 
3 
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Exercise for Session 3 


1. 


10. 


11. 


12. 


13. 


14. 


The angle between the pair of tangents drawn from the point (1, 2) to the ellipse 3x? + 2y? =5 is 


12 1( 6 -1f 12 

tan” b) tan) — c) tan} —£ tan'(12/5 
(@) tan-( 2) () tan $e) (0) tan[ (d) tan-"(12V5) 
If chords of contact of tangents from two points (x,, y;) and (X5, yz) to the ellipse ~ as 7+ Ge = are at right angles, 

a’ 
then —+ Xia is equal to 
W2 
2 b2 4 p4 
(a) bi- (0) 7 ()- 
x2 y? 

From the point (A, 3) tangents are drawn to o + oe = 1and are perpendicular to each other than A is 
(a) +1 (b) + 2 (c)+ 3 (d) + 4 
The eccentric angle of one end of a diameter of x? + 3y? =3 is 2/6, then the eccentric angle of the other end 
will be 

51 51 2n 2n 
a) — b)-—— Cc) = —— a) — 
(a) ; (b) = (c) a (d) 5 
The locus of the mid-points of a focal chord of the ellipse ~ a + ve =1is 

a’ 

a y? _ex 7 y’_e 2 2: 39) 2 2 2 _ 2 2 
(a) —— + = == (b) 5 -= = (c)x° + y° =a° +b (d)x° -y* =a“ +b 

a b a a b a 

9/2 _ 2 

The centre of the ellipse as - ) + is 2 =1is 


(a) (0, 0) (b) (1, 0) (c) (0, 1) (d) (1, 1) 


2 2 


The locus of the point of intersection of two perpendicular tangents of the ellipse > + vm =1is 


(a)x? +y?=4 (b) x? + y?=9 ia ae (d) x? + y? =5 
y? 


The area of the parallelogram inscribed in the ellipse ~ ia me = 1whose diagonals are the conjugate diameters 
a’ 


of the ellipse is given by 
(a) 2ab (b) 3ab (c) 4ab (d) 5a 


2 

Find the locus of the vertices of equilateral triangle circumscribing the ellipse ~ as 4 ro =1 
a’ 

A tangent to the ellipse x? + 4y” =4 meets the ellipse x* + 2y? =6 at P and Q. Prove that the tangents at P 

and Q of the ellipse x” + 2y? =6 are at right angles. 

y? 


Find the locus of the mid-point of chords of the ellipse ~ a - a2 =1(a >b) passing through the point (2a, 0). 
ae 


y? 


Find the locus of the point the chord of contact of tangents from which to the aie + a =1, touches the 
a 


circle x? +y? =c?. 
Find the centre and eccentricity of the ellipse 
A(x —2y +1)? + 92x + y4+2) =5 


A ray emanating from the point (0, ~¥5) is incident on the ellipse 9x + Ay? = 36 at the point P with abscissa 2. 
Find the equation of the reflected ray after first reflection. 


Shortcuts and Important Results to Remember 


IfS andS’are foci and P be a point, then 


(a) If |SP| + |S’P| >|SS’], then the locus of P is an ellipse. 


(b) If|SP| + |S’P| =|SS’|, then the locus of P is a straight 


line. 
(c) If|SP| + |S’P| <|SS’|, then the locus of P is an empty 
set. 
2 2 2 2 2 2 
If the ellipses e + = = + z =tand +471 
a D4 
have a common tangent, then |a? B*? 1/=0 
oe o° 1 


Area of the quadrilateral formed by the common tangents 
2 2 


of the circle x? + y* =c* and the ellipse a + 7 =; 
a 
2c*|a® — b?| 


c E(a, b)is 
(a? -c*)(c? —b*) 


The product of the two perpendicular distances from the 
foci on any tangent of an ellipse is b°. 


If the normals at the point P(x,, y,);Q(Xo, Yo) and A(X3, V3) 
2 2 
on the ellipse = + 2 = 1are concurrent, then 
a 
Xx Vi MY 
Xp Yo Xe2Yo 
X3 V3 X33 
seca coseca 1 
secB cosecp 1 
sec y cosecy 1 


=0 and if points P(a), Q(B) and A(y), then 


=0 


2 2 
: x y 
6 If ellipse — + — =1, then 
eC a pp 


(PN)? : AN- A’N = (BC)P:(AC)* 


7 \faand Bare the eccentric angles of extremittes of a focal 


2 2 


chord of the ellipse ~ + - =1, then 
a 

tan(a/2).tan(B/ 2) = ceil or = according as focus (ae, 
eé+1 e-1 


O) or (—ae, 0). 


If the tangent at P on an ellipse meets the directrix in F; 
then the PF will subtend a right angle at the 
corresponding focus. 


i.e. ZPSF=n/2 


JEE Type Solved Examples : 
Single Option Correct Type Questions 


= This section contains 10 multiple choice examples. 
Each example has four choices (a), (b), (c) and (d) out of 
which ONLY ONE is correct. 


» Ex. 1 Point ‘O’ is the centre of the ellipse with major axis 
AB and minor axis CD. Point F is one focus of the ellipse. If 
OF =6 and the diameter of the inscribed circle of triangle 
OCF is 2, then the product (AB) (CD) is equal to 

(a) 52 (b) 56 (c) 78 (d) None of these 
Sol. (b) «« Diameter of the inscribed circle of triangle OCF is 2. 
“. Radius =1 


Centre of the circle is (1, 1) and equation of CF is . + . =1 


>< 


Y, 
yr 
Now, length of perpendicular from (1, 1) on CF =1 (radius) 

1 1 
} oa 1 5 {4 
et ED 
[ 1 1 b 6 36 (bP 

—ar + — 

36 b? 


(? | (2 =| 
=> aa LS — + —_— 
6 b 36 ob? 

Say at. 4 
On squaring both sides, then F = :) =—+— 


29. 1 > 1 1 


=> | 5 = | . 
36 Db 3b 36 «6b 
5 24 2 
=> —_—=——— = 
3b 36 3 
5 
b= 
2 
Also, b? =a*(1-e’) 
b* =a? —(ae)* 
25 
> a°=b* + (ae) ==" +36 [“ ae =6] 
13 
=> a=— 
2 


Hence, (AB) (CD) =(2a) (2b) =13 x5 =65 


® Ex. 2 Let P. andP.’ be the feet of the perpendiculars 


drawn from the foci S and S’ on a tangent T, to an ellipse 


whose length of semi-major axis is 20. If 
10 


SSP. )(S’P.”) = 2560, then the value of eccentricity is 


i=1 


1 2 
(a) 5 (b) 5 
3 4 
(c) 5 (d) 5 


Sol. (c) .. Product of length of perpendiculars from foci on a 
tangent to an ellipse =b” 


(SR,)(S’P,) =(SP,)(S’ P,) =... =(SPo) (S’ Pg’) = B” 
10 
Given )\(SR)(S’B’) =2560 


i=1 


= 10b? =2560 or b*?=256 
or b=16 
and b* =a*(1—e’) 
= (16)” =(20)°(1 —e*) 

16 
or 1-e =— 

25 

» 9 3 

or e°=— or e=- 


© Ex. 3 Coordinates of the vertices B and C of a AABC are 
(2, 0) and (8, 0) respectively. The vertex A is varing in sucha 


way that atae| ©] tan =1. Then, the locus of A is 


2 


ay X—5 y? 2 
(2) 25 "| 


= (Car ee ae 
=1 (b) 7 + 5 1 
(x —5)° ye (x —5) a 
©) 25) =" 9 : (d) 16 . 25 , 


aya) 
4tan| — |: tan} — }=1 
2 2 


a sx [OE > EOE =, 


Sol. (a) *- 


s(s —b) s(s —c) 
s=a— 1 
=> —— 
Ss 4 
=> 3s =4a 
ake 
— = 
2 
5a 
or EPPS ge ; [a= BC =6] 
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Since, the sum of distances of A from two given fixed points B 
and C is always 10. 


Here, B and C are foci. 


.. Centre (5, 0) and distance between foci =6 


> 2a, e=6 
> e = [ 5 
=— = on /o— 
10 5 i 
2_ 2 2 9 
and b° =a;(1-e )=29{1-2.|=160rb=4 
*: A lies on the ellipse 
*. Locus of A is 
-5) -0)° 
(x >) gv ») uy 
(6) (4) 
2 2 
o sae) ee a 
Zo 16 


Ex. 4 A ray emanating from the point (0, 6) is incident on 
the ellipse 25x° +16y” =1600 at the point P with ordinate S. 
After reflection, ray cuts the Y -axis at B. The length of PB is 


(a) 5 (b) 7 (c) 12 (d) 13 
Sol. (d)-. Ellipse is 25x’ + 16y” =1600 
x? y? 
or =t+-,=1 
8° 10° 
¥ 
A 
(0, 6) 
P(4N3, 5) 
P 
X'« >X 
BY(O, -6) 
ue 
Coordinating foci an (0 +,{(107 -8*) 
ie. (0, + 6) 
Let coordinates of P are (A,5) 
v5? 
a er — 
8° 10° 
=> A=+ 43 


*. P =(+4,/3,5) (lie in I or II quadrants) 


According to reflection property, a ray passing through focus 
B’(0,6) will passing through B(0,—6) (other focus). If P lies in I 
quadrant, then 


PB=/48 + (5 +6)" = 169 =13 


2 
Ex. 5 If the ellipse aller y* =1meets the ellipse 
4 


2 
x? + i =1in four distinct points anda = b? —5b +7, thenb 


a 

belongs to 
(a) (1, 4) (b) (— 2, 2) U(3, ee) 
(c) (2, 3) (d) None of these 


2 


2 
Sol. (b) The ellipse + xy =1 will intersect in four distinct points 
1 a 
2 02 


with ellipse a + = =1, where a’ >1 


> a>1 [a always positive] 
Now a=b?-5b+7 

=> b?-5b+7>1 

or b?-5b+6>0 

or (b —2)(b -3) >0 

or b E(— 9,2) UGB, -) 


Ex. 6 The normal at a variable point P on an ellipse 

2 2 
=e = =1 of eccentricity e meets the axes of the ellipse in 
a b 
Q and R, then the locus of the mid-point of QR is a conic 
with eccentricity e’ such that 

(a) e’ is independent of e (b)e’ =1 

(d) e’= J 


e 


(c)e’ =e 


Sol. (c) Normal at P(acos 8, bsin 8) is 
(let a >b) 


ax sec0 — by cosec =a’ —b? 


It meets the axes at 


2 42 232 
o| Pos | and e{ 0-4 — ino] 


a 


Let mid-point of QR is T(x, y), then 


2_ 722 
pe PD ee 
a 
or 2ax =(a* —b*)cos0 ...(i) 
2_ 22 
and bot = lei 
or aby =—(a? —b”) sin® ...(ii) 


On squaring and adding Eq. (i) and Eq.(ii), we get 
4a°x’ + 4b°y’ =(a” —b’)’ 


which is an ellipse, having eccentricity e’, then 
2_ 22 2__ 2 
a’ —b a°—b 
B= 


2a 2b 


Let A= 


A’ =B'(1-e”) [ B> A] 
=> aA ar hae 
e’=e 
2 2 


Ex. 7 If the curves ~— + y? =1 and ~ t+y* =1fora 
4 a 


suitable value of a cut on four concyclic points, the equation 
of the circle passing through these four points is 
(a)x? +y? =8 (b)x* +y? =4 
(d) x? +y? =1 
Sol. (d) The equation of conic through the point of intersection of 
given two ellipses is 
| =0 


Tag ileal 
4°" go? 


(c)x? +y? =2 


or (E44 )}+yta4ny=049) 
4 a 
2 
or x? AL +y=1 
4a°(1+A 
2 
for circle ah 
4a°(1+ A) 
3a” 
> =- 
4(a? -1) 


Therefore, the circle is x? + y? =1 


Ex. 8 If p is the length of perpendicular drawn from the 
2 


origin to any normal to the ellipse ae 1, then the 
25° 16 


maximum value of p is 


(a) 5 (b) 4 
(c)2 (d) 1 
Sol. (d) The equation of any normal at (5cos6, 4sin@) to the ellipse 
2 32 
~ 42 a1 is 
25 16 


5xsec 0— 4y cosec 0=9 


jo-0-9 9 
BS FA 2 = 2 2 
(25sec? 0+ 16cosec’®) /(25tan’ 0+ 16 cot? O+ 41) 


Now, AM =>GM 


25 tan” 0+ 16cot? 0 
22516 =20 


25 tan’ 0+ 16cot”O> 40 
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=> 25tan” 0+ 16cot” 0+ 41>81 
9 
(25 tan? 0+ 16 cot? 0+ 41) 


<1 


or 


> pei 


Thus, maximum value of p is 1. 


Ex. 9 If f(x) is a decreasing function, then the set of 


values of ‘k’, for which the major axis of the ellipse 
2 


2 
x ; ae 
=1is the X-axis, is 


4 __Y 

f(k? +2k+5)  f(k +11) 
(a) k €(- 2,3) 
(b) k € (-3, 2) 

(c) k € (—*, —3) U(2, &) 

(d) k € (-9, — 2) U(3, 9) 


Sol. (b) f(x) is a decreasing function and for major axis to be 
X-axis. 
f(k? +2k +5) >(f(k +11) 
=> ko +2k+5<k411 
or ke +k-6<0 
or (k+3)(k-2) <0 
or k €(-3,2) 


2 2 
Ex. 10 If a tangent of slope 2 of the ellipse ~ + 7 =1is 
a b 
normal to the circle x* + y? + 4x +1=0, then the maximum 
value of ab is 
(a) 1 (b) 2 
(c)4 (d) 8 
Sol. (c) Equation of tangent is y =2x + .|(4a* + b” 
This is normal to the circle 
x ty? +4x+1=0 


This tangent passes through (—2, 0), then 


0=-4+4 4|(4a” +b’) 


=> 4a’ +b? =16 


AM =GM 
Ge 7 
4a°+b (4a”)(b?) 
=> es => 2ab 
or ab<4 


Hence, maximum value of ab is 4. 
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JEE Type Solved Examples : 


More than One Correct Option Type Questions 


= This section contains 5 multiple choice examples. Each 
example has four choices (a), (b), (c) and (d) out of which 
MORE THAN ONE may be correct. 


Ex. 11 Extremities of the latusrectum of the ellipse 

2 2 
~~ + y =1(a > b) having a given major axis 2a lies on 
a 


(b) x? =a(a + y) 
(d) y* = a(a ~ x) 


(a) x? = a(a-y) 
(c)y? =a(a + x) 
2 
Sol. (a, b) «.. Extremities of the latusrectum are [ee + 
a 


2 
Let x =+ ae and y =+ — 
a 


or x’ =a’e’ and b* =+ ay 
or x’ =a’ —b’ and b? =+ay 


x’ =a’ tay or x’ =alaty) 


Ex. 12 The locus of the image of the focus of the ellipse 
a 2 


x 4¥ 214, with respect to any of the tangent to the ellipse 
25 9 
Is 
(a)(x +4)? +y?=100  (b)(x + 2)? + y” =50 
(c)(x - 4) +y?=100  (d)(x — 2)’ + y* =50 
Sol. (a, c) Let M(h,k) be the image SM cuts a tangent at a point 
which lies on the auxiliary circle of the ellipse, therefore 
+4) 
(=) + ua =(5)" 


, ri ['.. foci of the given ellipse are (+ 4, 0)] 


M(h, k) 


~X 


xX“ <— 


or (ht 4)? + k* =100 


y 


Hence, the locus is (x + 4) + y? =100 


Ex. 13 A tangent to the ellipse 4x +9y” = 36 is cut by 


the tangent at the extremities of the major axis at T andT’. 
The circle TT’ as diameter passes through the point 


(a) (-v5, 0) (b) (V5, 0) 
() (v3, 0) (d) (-V3, 0) 
Sol. (a, b) Given equation of the ellipse is 4x? + 9y? =36 
2 2 
ie, a 77 ...(i) 


The equation of tangent at (3 cos @, 2sin 8) is 
~ cos + Ysin@=1 
3 2 


which meets the tangent at x =3 and x =—3 at the extremities 
of major axis 


T “(2 a1 - ao 


sin® 


ra(-s 1+ wa 


sin 


and 


. Equation of circle on TT’ as diameter is 


(x-3)(x+3)+ [» 21 - 0 \(y 


21+ <o20)) <9 


sin sin8 
> x+y? - : -y-5=0 
sin 
Deva 4 7 
or (x° + y~ —5) -——y=0 ..(ii) 
sin® 


Clearly Eq. (ii), passes through point of intersection of 
x’ +y’-5=Oandy=0 ie., (+V5,0) 


2 2 
x4 y 
tan*a@ sec’ a 
a € (0,1 / 2). Which of the following quantities would vary as 
Ql varies? 


Ex. 14 Consider the ellipse =1, where 


(a) degree of flatness (b) ordinate of the vertex 
(c) coordinate of the foci (d) length of latusrectum 
Sol. (a, b, d) In w@€(0, 2/2) 
sec’ a> tan’ o 
. Coordinates of foci (0, + (sec? + tan? c)) ie., (0, + 1) which 
is independent of o. 
Vertices are (0, + sec &) and latusrectum 


= 2a" = 2tan’o 


b sec O 
a €(0,7 / 2) 
— tan a €(0,°°) and sec & €(1, °°) 


Hence, o& « degree of flatness. 


Ex. 15 Let A(®) and B() be the extremities of a chord of 
an ellipse. If the slope of AB is equal to the slope of the 


tangent at a point C(c) on the ellipse, then the value of & is 
0+ 0- 
@**9 ()—* 
(c) 


Sol. (a. c)* Slope of AB = Slope of tangent at C 


Ere O+o_ 
: +7 (d) Tt 


JEE Type Solved Examples : 
Paragraph Based Questions 


= This section contains 2 solved Paragraphs based upon 
each of the Paragraph 3 multiple choice questions have 
to be answered. Each of these questions has four choices 
(a), (b), (c) and (d) out of which ONLY ONE is correct. 


Paragraph I 
(Q. Nos. 16 to 18) 


A sequence of ellipses E,,E,,E3,..., E,, is constructed as 
follows : Ellipse E,, is drawn so as to touch ellipse E,,_, as 
the extremities of the major axis of E,,_, and to have its foci 
at the extremities of the mirror axis of E,, _,. 


16. If E, is independent of n, then the eccentricity of 
3 - v5 v5 -1 
| 5 | 4 


Pos V3 =1 
o( , ‘| ; 


17. If eccentricity of ellipse £,, is e,,, then the locus of 
(e,, ,4) is 


(a) a parabola 


ellipse E,_, is 


(b) an ellipse 
(c) a hyperbola (d) a rectangular hyperbola 


2 2 
18. If equation of ellipse E, is x 4+¥ <1, then the 
9 16 


equation of ellipse E, is 


x? y’ x? y? 
a) —+—=1 b) —+—=1 
(a) 9 16 (b) 25 49 
x? 2: x? 2 
()4+¥% =1 (dj +4 21 
29 41 16 25 
Sol. 
x? y? 
16. (b) If E, a + 2 =1 and eccentricity of E,, is e, 


Chap 06 Ellipse 507 


as bsing—bsin® \__b cosa 
acos@ —acos0 a sina 
b2 coo 28) sin{ =) 
2 2 b 
> 0+06 6-0 = cot & 
a2 sn Jain - 
2 2 
tana = tan{ 2 ®) 
2 
> a=nn+(9*2\ner 
If a, > b,, 
Then, b? =a>(1—-e?) ..-(i) 
According to the question, b,=b,_, (ii) 
and. A, 1 =Anln (iii) 
For ellipse E,_,,a”,_, =b2_, (1-e?_,) ...(iv) 
From Eqs. (i) and (ii), we get b? , =a? (1—e?) ...(v) 


Substituting the values of a,_, and b? , from Eqs. (iii) and (v) in 
Eq. (iv), then 
jen = Gq (l— ey CL — Epa) 


= e; =(1—e, (1-5-1) (vi) 


- E, is independent of n 


2 €, = En =e [say] 
From Eq. (vi), we get 
e? =(1-e°)° 
=> e! —3e7+1=0 
2 
» 3475 6t2V5 (V541 
e= = = 
2 4 2 
5-1 
PL [ 0<e<1] 
2 
17. (d) From Eq. (vi), e¢ =(1-e?)(1—-e° ,) 
Locus of (e?,e° ,)is 
x=(1—x)(1—-y) 
=> xy -2x-y+1=0 
Here, a=0,b=0,c=1, 
1 1 
S—-, =-1lh=- 
f ye 2 
1 
A=0+2x ra 1x—-0-0-1x— =—#0 
and h?>ab,a+b=0 


= rectangular hyperbola. 
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2 : ; : : 
48: (Q) Pom Bq Wi), &= E a Avi) 20. If perimeter of AOCS, is p units, then the value of p is 
2 en 4 (a) 10 (b) 15 (c) 20 (d) 25 
% 21. The equation of the director circle of (E) is 
(a) x? +y? = 485 (b) x? +y? =97 
(c) x? +y? =V485 (d) x? +y? = 97 
Sol. 
a: “: OS, =ae=6, OC=b 
E. 
< “C$, =y(08,)? + (OC)? =, (a’e? +b?) =a 
x’ 5 >x Area of AOCS, == (0S; x(0C) =X6xD =3b 
and semi-perimeter of AOCS, = (05 + OC + CS,)= 56 +a+t+b) 
Y 
A 
Cc 
vy 
2 2 xX’ >X 
E,=—+2= B O S, JA 
9 16 
a, =3,b,=4 and 9=16(1-e;) : 
ei 
‘4 Mi 
* In radius of AOCS, =1 
From Eq. (vii), e. = 3b 
7] 
1 
—(6+a+b 
\ ) 
oy bea) sit) 
and then, e, = 5 
Also, b? =a’ (1—-e”) =a” —36 ...(ii) 


From Eqs. (i) and (ii), we get 
Also, a, =a,e, and b, = b, qs. (i) (ii) g 


1 2 2 
—(6+ a)’ =a’ -36 
by =4=bye, = b, =V41 Ota) =a 


and ai =b4a~e§) =41(1- 8) =25 = 2a" —a—78=0 
41 
13 
2 2 or a=—,-6 
. Ellipse E, is +2 =1 . ; 
19. (c)e. a=—and b= [from Eq. (i)] 
Paragraph II a ae 
(Q. Nos. 19 to 21) . a ears 
: . x? y" . pare sve 4A =65T 
Consider an ellipse E : 7 + e =1, centred at point ‘O’and 5g (b) p=(OS, + OC +CS,)=6+b+a 
having AB and CD as its major and minor axes respectively ape eae 
if S, be one of the focus of the ellipse, radius of incircle of 202 
AOCS, be 1 unit and OS, =6 units. 21. (a) Equation of director circle of E is 
2 2 3 2 
19. If area of ellipse (E) is A sq unit, then the value of 4A ol aa: 
; _169+25 _ 0. 


is 
(a) 637 (b) 647 (c) 657 (d) 667 


JEE Type Solved Examples : 
Single Integer Answer Type Questions 


= This section contains 2 examples. The answer to each 
example is a single digit integer, ranging from 0 to 9 
(both inclusive). 


> Ex. 22 If the normals at the four points (x,,¥,),(X5,¥2)s 


2 2 


(x3, Y3) and(x,4, Ya) on the ellipse ~ + ¥ =1lare 
a 


b 


4 
concurrent, then the value of Sx [St]. 


i=l 
Sol. (4) Let point of concurrent is (h, k). 
Equation of normal at (x’, y’) is 
x-x’ y-y 
xa oy’? 
It is passes through (A, k), then 
yy” fa°(h—x’) + bx! = bk? x? (i) 


, 


But 


=lory” ==(a° —x”) ...(ii) 


Value of y” from Eq. (ii), putting in Eq. (i), we get 
bn ayy 2 2 2) y2 _ p4y2_ v2 
Ps — x’) {ah + (b* —a*)x’}° =b°k*x 

b? 
=  =(a°- x” )fa*h? + (b? - a)’ x”? + 2a°hx'(b? —a’)} 

a 

= phx”? 
Arranging above as a fourth degree equation in x’, we get 
=> —(a? —b’)? x” + 2ha°(a* —b?)x? + x...) 
—2a*h(a? —b*)x’ + ach? =0 


above equation being of fourth degree in x’, therefore roots of 
the above equation are x,, x), X3, X,, then 


2ha*(a®—b*) — 2ha® 
=(a?=h') (a? —b*) 


...(iii) 


(x, + x2 + X34 X4) = 
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X,°X_Q°X3°Xy 


2a*h(a? —b’) 
_(p2 _ p22 2_ 72 
ie - - aee - a iv) 
ah ah 
-(a? b’y? 
Multiplying Eqs. (iii) and (iv), we get 
1 1 1 1 
(x, + x, + x3 + x,)} —+—+—+— ]=4 
XX Xz OX q 
or x; =4 
» Ex. 23 i“ yER, satisfies the equation 
(x- 4)? 
~—___*+_ + —_ =1, then the difference between the largest 
4 . 
32 2 
and the smallest value of the expression — + Y is 
4 
Ca ee 
Sol. (8) Parametric coordinates on ; + 7 =1 are 
(4+ 2cos@,3sin 8) 
2 2 
Now, let E=—+ y 
4 9 
_ (4+ 2c0s6)’ - (3sin 0)” 
4 9 
=(2+ cos0)* + sin? @ 
=4+ 4cos0+ cos’0+sin’ 0 
=5+ 4cos0 
#, Emax =) + 41) =9 (..-1< cos 0<1) 
and. Emin => + 4(-1)=1 
Hence, = Ennay — Emin =9-1=8 
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JEE Type Solved Examples : 
Matching Type Questions 


= This section contains only one example. This example 
has four statements (A, B, C and D) given in Column I 
and four statements (p, q, r and s) in Column II. Any 
given statement in Column I can have correct matching 
with one or more statement(s) given in Column II. 


© Ex. 24 Match the following 


Sol. 


Column I 


Column II 
[ (p) 3 


aX,x<2 
8,x%=2 
b(x” — b”) 
(x -2) 


xe! 


If f is continuous at x = 2, then the locus of the 


pair of perpendicular tangents to the ellipse 
2 2 


x y 
be 


2 


; r’, then r? is divisible by 


lisx’+y 
a 


2 2 
= = 4 
If the ellipse eae + al a 1 has major axis (@) 


N 
on the line y = 2, minor-axis on the line x = — 1, 
major axis has length 10 and minor axis has length 
4. Then,h+k+ M + N is divisible by 


2 2 

5 
If PQ is a focal chord of ellipse ae + ye 1, which () 
25 16 


passes through S(3, 0) and PS = 2, then length of 
PQ is divisible by 


2 2 
6 

A tangent to the ellipse ¥4¥ 21 having slope (s) 

27 48 


(- ‘| cuts the x and y-axis at the points A and B 
3 


respectively. If O is the origin, then area of AOAB 
is divisible by 


(A) > (p, q, s);(B) > (p, x, s); (C) > (1); (D) > (p, q, s) 
(A) Hf f(x) = a f(x) = f2) 


rh 7, HR+h—b*) 


=> Lta "= 
h>0 h>0 2+h-2 
2+h)’—b? 
%. apie OOF og 
h>0 h 


ath—0,(2+h)*-b’ 30 
b? =4 anda’ =8 


.. Locus of the pair of perpendicular tangents to the ellipse 
2.2 

ape ae 

ab 
*, Required locus is 

x+y? =a" +b? =84+°4=12 

> r°=12 
(B)*.. Major axis on the line y =2 and minor axis on the line 
x=-1 


“. Centre of ellipse is (— 1,2) 


=> h=-1,k=2 

Also, 2a =10 and 2b =4 
M=a’ =25 

and N=)? =4 


Now, h+k+M+N=-14+2+25+4+ 4=30 
(C) Here, a=5,b=4 
b* =a" (1-e”) > 16=25(1-e7) 
3 
e=— 
5 
Foci (+3, 0) 
Here, SA =2 
Also gives PS =2 
*, P coincides with A and Q coincides with A’ 
*. PO=2a=10 


[A and A’ are vertices] 


2 2 
(D) Let (27 cos@, 48 sin 0) be a point on the ellipse = + on =1 
*, Equation of tangent at (27 cos@, V48 sin 8) is 


xcos® ysin® _, 


+ 


J27 48 
V48 cosO _ 


4 


27 sinO 3 


n 
a 
ie} 
ae} 
o 
ll 
| 
| 
| 


[given] 


: bn y 
*, Equation of tangent is —— += =1 
7 Vv54 96 


1 
*. Area of triangle Sa x3Vv6 x 4v6 =36 


JEE Type Solved Examples : 
Statement | and II Type Questions 


= Directions (Ex. Nos. 25 and 26) are Assertion. Reason 
type examples. Each of these examples contains two 
statements. 


Statement I (Assertion) and Statement II (Reason) 


Each of these example also has four alternative choices, 
only one of which is the correct answer. You have to select 
the correct choice as given below. 


(a) Statement | is true, Statement II is true; Statement II is 
a correct explanation for statement | 


(b) Statement | is true, Statement II is true, Statement II is 
not a correct explanation for Statement | 


(c) Statement | is true, Statement II is flase 


(d) Statement | is false, Statement II is true 


» Ex. 25 Statement I Feet of perpendiculars drawn from 
foci of an ellipse 4x° +y* =16 on the line 23x + y =8 lie 
on the circle x” +y” =16. 

Statement II /f perpendiculars are drawn from foci of an 
ellipse to its any tangent, the feet of these perpendiculars lie 
on director circle of the ellipse. 


Sol. (c) Simultaneously solving the equations of ellipse and the 
given line, we get 


4x? + (8 -2V3x)? =16 


> x +(4-v3x)? =4 
= 4x” —8,/3 x+12=0 
or x” -2/3x+3=0 
or (x - V3)’ =0 


Subjective Type Questions 


= In this section, there are 12 subjective solved examples. 


Ex. 27 Find the locus of the centroid of an equilateral 
triangle inscribed in the ellipse 


2° 22 
ab 
Sol. Let the vertices of the equilateral triangle P,Q and R and 

whose eccentric angles are of and y. 
Let the centroid of APQR be (h, k) then 


h="(cosa.+ cosB + cosy) (i) 


and k= : (sina + sinB + siny) ...(ii) 
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3x4 y =8 is a tangent to the ellipse, the auxiliary circle is 
Oe 2 
x+y" =16. 


Hence, Statement I is true and Statement II is false. 


Ex. 26 Statement II The condition ona and b for which 


2 y? 


two distinct chords of the ellipse — + —— = 2 passing 
a b 

through (a, —b) are bisected by the line x + y =b is 

a> +6ab-—7b? >0. 


2 a 


Statement II Equation of chord of the ellipse ~ + Be = 
a 
whose mid-point(x,,y,) isT =S, 
Sol. (a) Let (A,b —A) is a point on the line x + y =b, then equation 
of chord whose mid-point (A, b — A) is T =S, 

2 2 
oR LF OM ag 
(a, — b) lies on Eq. (i), then 

da W(b-A)_ W , (b-A)? 
2a2 2b? ab? 
=> 2a? +b?)-abdBa+t b)+2a°b* =0 
For two distinct chords D>0 
=> ~ a’b*(’3a+ b)* —8a°b*(a? +b”) >0 


=> a’ +6ab—7b" >0 


Hence, both Statements are true and Statement II is correct 
explanation for Statement I. 


* APOR is equilateral. 
*, Centroid of the APQR is same as the circumcentre. 
Y 
A 
P (q) 
X’< Ol. >X 
G(h,k) 
26) R(y) 
v 
y 
‘ Circumcentre of APQR be 


512 


Textbook of Coordinate Geometry 


(a’ —b*) 
h= {cosa + cosh + cosy + cos(a+ f+ ¥)} 
Concyclic points 
Coro : 2 
_(b’ -a") 


{sina + sinB + siny —sin(a+f+ y)} 


Using Eqs. (i) and (ii), then 


4a 3\_ h(a’ + 3b") as 
cos(a+B+Y) =h = ...(iii) 
( B Y) [. 3) a(a” —b’) 
(3a? + b*)k . 
and sin(a + B+ y) =——.——— ..-(iv) 
(a+B+y) Wa? —B) 
Squaring and adding Eqs. (iii) and (iv), we get 
_ (a? +3b’)? 1. (Ba? +b?) 42 
a*(a? —b*)? : b°(a? —b?)? 
Hence, locus of (h, k) is 
(a* + 3b’)? (3a* +b’)? 
= ge : y? =(a? —b?)?, 
x? 2 
» Ex. 28 If the normals to =a = =1at the ends of the 
a b 
chords lx + my =1andl’x +m'y =1 
be concurrent; show that a7ll’ =b*?mm/’ =-1. 
Sol. Let these normals meet in (h,k), then their feet lie on the 
curve 
b’x(k—y)+.a’y(x-h)=0 
=> (a’ —b*)xy + b’kx —a°hy =0 
.. The locus passes through the points where the lines 
Ix+my-1=0 and I’x+m’y-1=0 
meet the given ellipse, 
xy? 
ae —K(Ix + my -1)(l'x + m’y -1) 
=(a’ —b”)xy + b’kx —a’hy 
Comparing the co-efficients of x’, y* and constant terms. 
1 , 1 , 
sz TA a ee =(=1 -X=0 
a 
1 yes d 1 — ae Xr — 
Pa an om =0 (2 A=-1) 


a’ll’=b? mm’=-1 


Ex. 29 An ellipse slides between two straight lines at 
right angles to each other. Show that the locus of its centre is 
a circle. 


Sol. Let the length of major and minor axes of an ellipse are 2a 
and 2b and if the centre of the ellipse be C (h,k) 


If S(x,, y,) and S’(x,, y,) be two foci of the ellipse, then 


SS’ =2ae YA 
=> (x, -x,) +(y, -y,) = 4a"e? 


= (x, + A — 4x,x2 + (y, + yoy 


—4yy.= A(a? - b’) 


a 2 2 >X 
(2h)" + 2k)" — 4 (4x2 + WrV2) 
=4(a’ —b’) ...(i) 


Since, the ellipse always slides between the two fixed lines OX 
and OY, they are always tangents to it. Therefore y,, y, and 
X,, X, are perpendicular distances of the foci from their 
tangents whose product are always b’. 
Hence, XX =VWiVo =6" 
= Eq. (i) becomes 
4h? + 4k” —8b” =4 (a? —b*) 

=> +k =a? +b? 

Locus of the centre (h, k) is the circle 


x+y? =a'+b? 


Ex. 30 Triangles are formed by pairs of tangents drawn 
from any point on the ellipse a’ x”? +b*y* =(a* +b’)? to 


2 2 

the ellipse - + Z =1, and the chord of contact. Show that 
a b 

the orthocentre of each such triangles lies on the ellipse. 


2 2 
Sol. Let the coordinates of P and Q on the ellipse = + x =1 are 
a 


P=(acoso,bsina) and Q=(acosf, bsinB) 
Equation of tangents at P and Q are 


~ cosat+sina=1 ...(i) 
a b 
and a cosh + sib =1 ...(ii) 
a 


a2x2 + b*y2 = (a2+b2)2 


Point of intersection of Eqs. (i) and (ii) are 
a z b 2 

aes ( e ) cos( 2—F | 
2 2 
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This point R lies on the ellipse 
If it touches a + a =1 
a’x? + b’y? =(a? +b)? Aas 
_ oe t . p) re (< : ) then al? + bm =n’ [from corollary] 
a 2V2 22 
2 2 ax, by, 
2 2" 72 2 
_ a‘(a+b) b’(a+b 
=(a? +b”)? cos” (=) (iii) 
2 => xi +y) =(at b) 
The equation of the line of perpendicular from Q on the Locus of T(x, y,)is x?+y?=(a+b) 
tangent at P is 
asina(x —acosB) —b cosa(y —bsinB) =0 ...(iv) — Sue EO ee) 
Similarly the equation to other perpendicular will be which is the director circle of (ii). 
een me ee “iii Hence, PT and TQ are intersect at right angle. 
On solving Eggs. (iv) and (v), we get 2 2 
: Lx y 
a+B _ (atB Ex. 32 From any point on the conic — + — =4, 
3 cos ys sin ae be 
x=>5—>" ae and y=——;: o< et 2 
a cos( 28) ae ees (*) tangents are drawn to the conic a ae =1. Prove that the 
a »b 
Since, this orthocentre lies on ellipse normals at the points of contact meet on the conic 
a 28 
xy a ae ae 
ate! ax’ +b’y =e —b*)*, 
then, a‘ cos? (2 es p) +b sin? (* a e) Sol. Equations of concentric ellipses are 
2 2 2 2 
x gv 
_ —+--=4 (i) 
=(a? +b?) cos” (=) vi) a be 
which is true by Eq. (iii). (ii) 
Hence, the orthocentre of the triangle lies on the ellipse. 
Ex. 31 Show that the tangents drawn at those points of 
2 2 
. x $2 
the ellipse — + Y = (a +b), where it is cut by any tangent 
ab >X 
x? 2 
tox_+¥ = 1, intersect at right angles. 
a be 
Sol. The given ellipses, are 
2 2 Let points P (a cosa, b sinat) and Q(a cos, b sin) on the 
a + z =1 ...(i) ellipse (ii). Equation of tangents at P and Q are 
a 
e ; * cosat > sina=1 (iii) 
es (ii) a b 
a(a+b) b(a+b) “ 
ay and - cosh + ;sinB =1 ...(iv) 
(i) P T (%, Y4) Point of intersection of Eqs. (iii) and (iv) is 
f 
Xr — xX acos (=) b sin( SB 
ee ees 0 A : 
SA) lS 
cos cos 
2 2 
Ma this point A satisfy Eq.(i) 
Chord of contact of (x,, y,) w.r.t ellipse (ii) is cos” (< aE p) sin? (< is p) 
2 2 
xX Yi sy o + =4 
+——— =1 (ULL = = 
Haeh) baa (it) ae (*) cost F) 


or Ix+ my =n (say) 
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a- 1 
=> 1=4 cos*( $B) 2 
2 2 

=1+ cos(a—f) 


cos(o1~B)=—+ a) 
Equations of normals PR and QR are 


ax sec 0,— by cosec a=a" —b? 


and ax sec Bh — by cosecB =(a” — b”) 
or ax sina — by cos &=(a” —b”) sina cos (vi) 
ax sinf — by cosB =(a — b”) sin cos ...(Vii) 


Multiplying Eq. (vi) by cos and (vii) by cos and subtracting, 
we get 


axsin (ct —B) =(a? — b”) cosa cosB (sin a —sinB) 


=e 


cos cos -2 cos 


ax 
a’ —b° 2sin{ 2F) cos( 2—F | 
cose. cosp cos{ 2*) 
cos{ 2—F | 
=+2cosacosB co s i e) [From (v)] 
= cos( $F )fcos(a.+ ) + cos(o-B) 
ead =+ cos P) costa )~3} [Using (v)] 
a —-b 2 
2 
Pa =cos” (=F) costa p)~5 
2 
Similarly, te =sin’ (=F) costa +B)+ ;| 
axe? py? 


Ex. 33 A variable point P on an ellipse of eccentricity e, is 
joined to its foci S,S’ prove that the locus of the incentre of 


the triangle PSS’ is an ellipse whose eccentricity is 7} 
l+e 


Sol. Let the given ellipse be 


Let the coordinates of P are (a cos, b sino) 
P(acos¢@, bsino) 


By hypothesis, 

b? =a" (1—e’) andS (ae, 0), S’(—ae, 0) 

SP = focal distance of the point P 

=a-—ae cos and S’P =a + ae cos 
Also SS’=2ae 
If (x, y) be the incentre of the APSS’, then 
(2ae) a cos + a(1 —e cos) (—ae) + 1(1 + e cos) ae 
2ae+a(1—ecosh)+a(1+ecosd) 


x=aecoso .-(i) 
_ 2ae(bsingd) + a(1+ecoso)-0+a(1 —ecosd):0 


and , 
2ae + a(1—ecosh)+a(1+ecosd) 
= _ ebsing (ii) 
(e+1) 
Eliminating o from Eggs. (i) and (ii), we get 
2 2 
x y 


pee ee ey | 


ae? be 2 
e+1 


which represents an ellipse. 


Let e, be its eccentricity. 


b’e” b? 
: = =a’e"(1 e) > e=l ; ° 
(e+1) a’ (e+1) 
_ 1-e” 1-e  2e 2e 
=1 ( 7 = = => <e.= 
e+1) l+e l1+e 1lt+e 


Ex. 34 Prove that the eccentricity of the ellipse 
2 2 2 cia 8 
~+5=1 is given by tose 
a” b (1-e7) 
where, ( is one of the angles between the normals at the 
: 5 Tt 
points whose eccentric angles are 8 as +0. 


T 
Sol. The equation of the normals at two given points 0 and A +0 
are 


ax sec 8— by cosec =a’ —b? ei) 


and ax sec 0)-by cosec (+ 0) =a? —b* ....(ii) 


their slopes are _m, =F tand and m,= =o cot 0 


— (cot + tan®) 


‘ene m,—m _ - 2ab 
1+ mm, a’ (a? —b”)sin20 
ao 
eer 2,2 
—b 2 
> 2cot w= a sin Be =< sin20 
ab a-ay1—e’ 

2cot@ _ e? 


sin20 (1-e”) 


Ex. 35 Show that the area of the triangle inscribed in an 
ellipse is 


[peon(52)oe() (7) 


where o, B, y are the eccentric angles of the vertices and 
hence find the condition that the area of a triangle inscribed 
in an ellipse may be maximum. 
Sol. The vertices of the triangle POR are 

P =(acos«@, bsina) 

Q=(a cosh, b sinB) 

R=(acosy, bsiny) 


Y 
ae) Q(B) 
X’< >X 

R(y) 

y 
lacosa bsina 1 ab (CoS sina 1 
. Area of APOR=—JacosB bsinB 1)=—JcosB sinB 1 
acosy bsiny 1 cosy siny 1 


=< [sin(y-B) +sin(a.—y) +sin@-a)] 
8 8 of 2) 
~absin( SP) cox( AAP) cos SF) 
=2absin[{ 2F  sin( YF ) sin[ 2) 
es A POR =2absinf SP) sin{ P=) sin( 12) (i) 


If P,, Q,, R, be the points upon the auxiliary circle 
corresponding to points P, Q, R, then 
Area of AP,Q,R, =2a° sin( of) sin{ P=) sin| 1 5 “| 
{taking b =a in Eq. (i)} 


Areaof APOR _b 


Area of APO,R, a 
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(Area of APQR) = (2) Area of (APQ,R,) 
a 
.. Area of APQR is the greatest when area of APQ,R, be the 
greatest and hence ARQ, R, must be equilateral 


27 
a-B=B-y=y-a= 


3 
The eccentric angles of P,Q, R will be 
27 4n 


Ex. 36 Let ABC be an equilateral triangle inscribed in 
the circle x? +y* =a” suppose perpendiculars form A, B,C 


to the major axis of the ellipse 
2 2 
a b 
meet the ellipse respectively at P,Q, R so that P,Q, R lie on 
the same side of the major axis as A, B,C respectively. Prove 
that the normal to the ellipse drawn at the points P,Q andR 


are concurrent. 


(a>b) 


Sol. Equation of normal at P (a cos@, b sin) is 


ax sec 0— by cosec @=(a" —b’) 


ae axsin 0— by cos0=—(a® ~b*)sin20 ad) 


>~< 


> xX 


Similarly, the other normals 


axsin( 0+ 22) by cos{ 0+ =) 


= Ha" -6?)sin{ 204 4 (ii) 


and axsin( 0+ =) ty cos{ 0 =) 
3 3 
1 2 2V6 8 dine 
=~ <b 2055 aii 
ae )sin| : (iii) 
sin{ 0+ | -sin{ 0-7 ),cos{ 0+ “E)=cos( o-=) 
3 3 3 3 
and sin 20+ *2) -sin(20-— | 
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Further the three normals are concurrent, then 


sin20 


sin( 0+ =| cos( 0+) sin(20+ “2 =0 
3 3 3 
sin( 0-2) cos( 0-2] sin [20 =) 

3 3 3 


Applying R, > R, + R;, then 


sin20 
271 
2 sin (20+ 270) cos a 


sin®8 cos 


2 
LHS =] 2sin0@ cos 


sin( 0-2) cos( 0-2] sin( 20+ =) 
3 3. 3 


27 
2 cos8 cos — 


sin® cos® sin20 
=—|sin0 cos@ sin20 =0 
sin( 0-2) cos( 0-"2 sin( 20+ =) 
3 3 3 


(« R, = Ry) 


Ex. 37 If two concentric ellipses be such that the foci of 
one be on the other and if e and e’ be their eccentricities. 
Prove that the angle between their axes is 
_, |y(e? +e’? -1) 


/ 


ee 


cos 


Sol. Let 5S and S’ be the foci of one ellipse and H and H’ be 
the other, C being their common centre. Then, SHS’ H’ is 
a parallelogram and since 


SH + S’H = HS’+ H’S’ =2a 


Since, the sum of the focal distances of any point on an ellipse 
is equal to its major axis which is 2a. 


Then CS =ae, CH =ae’ 
Let 0 be the angle between their axes. 


then SH? =a’e* + a*e” —2aee’cosO 
HS” =a’e’ + a°e’"+ 2a’ee’cos0 
Now, 2a=SH+S’H 


Squaring both sides, then 
4a” =(SH)* + (S’H)? +. 2(SH):-(S’H) 


> 4a’ =2a" (e* +e) +2 (a’e? +a’e’’)* — 4a‘e’e” cos’ 0 
> (2-e? —e”)? =(e? +e”)? — 4ee” cos’ 0 


> 4+(e? +e”)? —4(e? +e”) =(e +e)” — 4e7e” cos” 0 


> 1-7 —e” =-e'e” cos’ 0 
Je7te-1 
cos 9 = ~—_____ 


, 


ee 


2 72. 
jee we te? 
ee’ 


Ex. 38 If the normals at the four points (x,,y,),(X7,Y2), 
2 2 
(x3, Y3) and (x4, Ya) on the ellipse * + ye =1lare 
a b 
concurrent. Prove that 


1 1 1 1 
(x, +X, +X, +Xx,) +—+—+ =4 
X, Xy X3 Xy 


or (X cosa) (Xsec a) =4 
where, 0, B, Y,5 are the eccentric angles of the points. 
Sol. Let point of concurrent is (h,k) . 


Equation of normal at (x’, y’) is 
x-x" Wry 
xa’ y'/b? 


, 


It is passes through (h, k) then 


y” {a (h—-x’) + bx}? = bk? x” (i) 
x”? ye F 2 P : 
But 2 + re =1 or y’ =e —x’*) ...(ii) 


Values of y” from Eq. (ii), putting in Eq. (i) we get 

2 
’@ — x" ah + (b? a2) x}? =bk2x” 
a 


=> re —x”){ath® + (b?-a")* x” + 2a°hx’ (b? —a’)} = b*k? x” 
Arranging above as a fourth degree equation in x’, we get 
=> —(a? —b*)? x + 2ha? (a? —b*) x? + x” (...) 

—2a‘*h(a? —b*) x’ + ah? =0 
above equation being of fourth degree in x’, therefore roots of 
the above equation are x,, x,, x3, X, then 
2ha*(a?-b’) — 2ha® 


“Gta "Gb (iii) 


(x, + Xy + x3 4+ x,)= 


1 1 1 1 DX Xax 
+—+—+ = eB ie 
XX. X3 X4 Xy° Xq° X3°Xq 


2a*h(a? —b’) 


—(a? —b*)’ _2(a’-b’) (iv) 
an” a’h - 
-(a? pb’)? 


Multiplying Eqs. (iii) and (iv), we get 


sae: ere eran 
(x, +X. + X3 + X4) +—+—+ =4 
cs i a 


Replacing x, by a cos, x, by a cosf, ...... etc, then, we get the 
second form 


ie. Xcosad sec a= 4. 


Ellipse Exercise 1: 


Single Option Correct Type Questions 


= This section contains 30 multiple choice questions. 
Each question has four choices (a), (b), (c) and (d) out of 
which ONLY ONE is correct. 


1. Given f is increasing, the equation 
2 2 


x,y 
f(2a)  f(a* —3) 
as major axis if 


(a)[-43] — (b) [1,3] 


2 
x 


2. If a 3 
f(4a)  f(a* —5) 

major axis as Y-axis and f is a decreasing fucntion, 

then 

(a) ae (— ~, 1) (b) ae (5, ©) (c)ae(4) (d)ae(-15) 


=1represents an ellipse with X-axis 


(c)(-43) — (d) (0,5) 


represents an ellipse with 


3. The curve represented by the equation 
2 


x i y 

sin V2 — cos V3 sin 3 —cosV2 
(a) an ellipse with foci on X -axis 
(b) an ellipse with foci on Y-axis 
(c) a hyperbola with foci on X-axis 
(d) a hyperbola with foci on Y-axis 


= lis 


. The minimum distance of the centre of the ellipse 
2 2 
= + ie =1from the chord of contact of mutually 


16 

perpendicular tangents of the ellipse is 

we ww om (ai Renee 
5 ) 5 

these 


2 


2 
. P and Q are the foci of the ellipse sa + = =1and Bis 
a 


an end of the minor axis. If PBQ, is an equilateral 
triangle, then the eccentricity of the ellipse is 


1 1 
a) = b) — 
( Yt (bs 
1 V3 
a dy 
eS ee 
: es 2 cult : 
. A circle of radius —= is concentric with the ellipse 
V2 
x? y’ 
Te + 7 =1, then the acute angle made by the 
common tangent with the line 3x - y+6=0is 
1 1 
a b) — 
ae Dy 
1 T 
a d)— 
om 5 


10. 


11. 


. Consider the particle travelling clockwise on the 


2: 2 


x 
elliptical path — + Y =1The particle leaves the 
100 25 


orbit at the point (— 8,3) and travels in a straight line 
tangent to the ellipse, then the point will the particle 
cross the Y-axis is 


oe aS) 
() («, = (d) (0,9) 


z 2 


y 


. C is the centre of the ellipse - + e =1andA andB 


are two points on the ellipse such that ZACB = 90°, 


1 1 
then ——— + = 
(CA)* (CB)’ 
7 12 
(a) 1D (b) 7 
25 144 
(c) 144 (d) 35. 


, Let (&,B) be a point from which two perpendicular 


tangents can be drawn to the ellipse 4x” +5y* = 20. If 
F =40 + 3B, then 
(a) —-15<F<15 
()=3SF=20 


(b) F>0 
(d) F< —5 V5 or F>5v5 


Ifa=[t*? —3t+4] and b=[3 +5t], where [-] denotes 


the greatest integer function, then the latusrectum of 


2 2 
ae 3. 
the ellipse — + =1lat t=—is 
ab 2 
(a) 20 (b) 10 
1 1 
c)- d) — 
ile Ars 
If the line x + 2y + 4 =0 cutting the ellipse 
2 2 
x 
+ ¥ =1in points whose eccentric angles are 30° 
b? 


and 60° subtends a right angle at the orgin, then its 
equation is 


‘ y 
a) —+—=1 
as 4 
xy 
b) —+—=1 
0) 56 4 
x? y? 
c) —+—=1 
OF 16 


(d) None of the above 
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15. 


16. 


17. 
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An arc of a bridge is semi-elliptical with major axis 
horizontal. If the length of the base is 9 m and the 
highest part of the bridge is 3 m from the horizontal; 
the best approximation of the height of the arch 2m 
from the centre of the base is 


11 8 
a oe 


eee (d) 2m 
2 

x? y’ 
A tangent to the ellipse — +— =1at any point P 

25 16 
meet the line x =0 at a point Q. Let R be the image of 
Q in the line y = x, then circle whose extremities of a 
diameter are Q and R passes through a fixed point. 
The fixed point is 
(a) (3, 0) (b) (4, 0) 
(c) (5, 0) (d) (0,0) 


If tangents PQ and PR are drawn from a point on the 
2 
circle x° +y” =25 to the ellipse _ + a =1,(b<4), 


so that the fourth vertex S of parallelogram PQSR lies 
on the circumcircle of triangle PQR, then the 
eccentricity of the ellipse is 


V5 V5 
(a) rn (b) rs 
v7 v7 
(c) 1 a 


The equation of the chord of contact of the pair of 
tangents drawn to the ellipse 4x” + 9y* =36 from the 
point (m,n), where m-n=m-+n, m,n being non-zero 
positive integers is 
(a) 2x + 9y = 18 

(c) 4x + 9y = 18 


(b) 2x + 2y=1 
(d)4x +2y=1 


x — 2y +4=0 is a common tangent to y* = 4x and 
2 2 

x 

- + = =1. Then, the value of b and the other 

common tangent are given by 

(a)b =V3;x+2y+4=0 

(b)b=3;x + 2y+4=0 

(c) b = ¥3;x +2y -4=0 


(d) b = V3, x -2y-4=0 


The point , at shortest distance from the line x + y =7 
and lying on an ellipse x* + 2y* =6, has coordinates 
(a) (V2, V2) (b) (0, v3) 
1 
a] d)| V5, 
(c) (2, 1) ( \( 


18. 


19. 


20. 


21. 


22. 


23. 


From a point on the axis of x common tangents are 


drawn to the parabola y* = 4x and the ellipse 
2 Z 


x 

areca a, (a >b>0). If these tangents form an 
ab 

equilateral triangle with their chord of contact w.r.t 
parabola, then set of exhaustive values of a is 


3 
(a) (0, 3) (b) («, ;) 


3 3 


If circumcentre of an equilateral triangle inscribed in 
2 2. 

x 

is ae =1, with vertices having eccentric angle 
2 b? 


o,B, Y respectively is (h, k), then Xcos (a — B) = 


z 2 
Ope a+ (b) 9h? — 9k? + a2b? 
9h? 9k? 9h? 9k? 3 
—+— +3 b) —-+—- = 
Sr b* ae: 2b? 2 


A parabola is drawn with focus at one of the foci of 
2 
y 


2 
x 
thevellipse — + BP =1, where a > b and directrix 
a 


passing through the other focus and perpendicular to 
the major axis of the ellipse. If the latusrectum of the 
ellipse and that of the parabola are some, then the 
eccentricity of the ellipse is 

(ajv2=1 iiwa=4 

(c) 2V2 - 2 (d) 3 V3 —5 


If the maximum distance of any point on the ellipse 
x’ +2y’ +2xy =1 from its center is r, then r is equal 


to 

(a) sae 1 (b) = 1 
oe J249 

(c) ; (d) ; 


The length of the common chord of the ellipse 


=] 2 2 2 
eS a ) =1and the circle 


9 4 
(x -1)* +(y - 2)’ =1is 
(a) zero (b) one 
(c) three (d) eight 


The eccentricity of the ellipse ax’ + by’ + 2 fx 
+2gy +c=0 if axis of ellipse parallel to X-axis is 


@ (=) (b) ([=*) 


(c) \ (< Z ”) (d) None of these 


24. 


25. 


26. 


A circle has the same center as an ellipse and passes 
through the foci F, and F, of the ellipse, such that 

two curves intersect at four points. Let P be any one 
of their point of intersection. If the major axis of the 
ellipse is 17 and the area of triangle PF,F, is 30, then 


2 
the distance between the foci is 


(a) 13 (b) 11 
(c) 9 (d) 7 
The area of the rectangle formed by the 


perpendicular from the centre of the standard ellipse 
to the tangent and normal at its point whose 


; _ nt. 
eccentric angle is —, is 
4 


(a’ — b*) ab 
a+b? 
(a’ — b*) 

(a’ +b’) ab 

(a’ +b’) ab 
(a= b*) 
(a’ +b’) 

(a’ — b’) ab 


(a) 
(b) 
(c) 
(d) 


An ellipse is inscribed in a circle and a point within 
the circle is chosen at random. If the probability that 
this point lies outside the ellipse is 2/3, then the 
eccentricity of the ellipse is 


ay 282 (by 8 
3 3 


()® (a) 2 
9 3 


Ellipse Exercise 2 : 


2/. 


28. 


29. 


30. 
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An ellipse slides between two perpendicular straight 
lines. 
Then, the locus of its centre is a/an 


(a) parabola (b) ellipse 
(c) hyperbola (d) circle 

x? y" 
The length of the chord of the ellipse a5 + ae =1, 


1 2 
where mid-point is | —,— |is 
2 3 


(a) + (b) ~10" 
10 10 
(c) — (d) None of these 


The equation of the locus of the middle point of the 


2 2: 


portion of the tangent to the ellipse as + - =1 
include between the coordinate axes is the curve 
(a) 9x? + 16y? = 4x’y? (b) 16x? + 9y? = 4x’y? 
(c) 3x? + 4y? = 4x’y? (d) 9x? + 16y* = x’y” 

ot x2 y? 
The tangent at the point ‘0’ on the ellipse ae ey =1 
meets the auxilliary circle in two points which 
subtends a right angle at the centre, then the 
eccentricity ‘e’ of the ellipse is given by the equation 
(a) e? (1+ cos’0)=1 
(b) e* (cosec? 6 + 1) =1 
(c) e? (1+ sin’) =1 
(d) e* (1+ tan? 0) =1 


More than One Correct Option Type Questions 


= This section contains 15 multiple choice questions. 
Each question has four choices (a), (b), (c) and (d) out of 
which MORE THAN ONE may be correct. 


31. 


The locus extremities of the latusrectum of the family 
of ellipse b’x* + y* =a°b’ is 

(b) x* —ay =b* 

(d) x? +ay=b* 


2 2 


y 


(a) x° -ay=a@ 


(c)x’ +ay=a@ 


32. The distance of a point on the ellipse = + cs =1 


from the centre is 2, then the eccentric angles are 


ee = @= we 
4 4 4 4 


33. 


34. 


If the equation of family of ellipse is 
TT TT 
x’ sec’ 6 + y’ cosec” 6 =1, where a <O0< a iihen the 


locus of extremities of the latusrectum is 
(a) 2y*(1+ x*)=(1— x’)? (b) 2x71 t+ y*)=(1- yy’? 
(c) 2v(1— x?) = 1+ x? (d) 2y7(14+ x*)=1+ y* — 2x? 


Let F,, F, be two focii of the ellipse and PT and PN be 


the tangent and the normal respectively to the ellipse 
at point P. Then. 

(a) PN bisects ZF,PF, 

(b) PT bisects ZF/PF, 

(c) PT bisects angle (180° — ZF,PF,) 

(d) None of the above 
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35. 


36. 


37. 


38. 


39. 


40. 
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2 2 
- as rr i =1will represent an ellipse 
(a°-a-6) (a° —6a+5) 
if a lies in the interval 
(a) (—%, —2) (b) (1, °°) 
(c) (3, °°) (d) (5, -) 
A latusrectum of an ellipse is a line 


(a) passing through a focus 

(b) passing through the centre 

(c) perpendicular to the major axis 
(d) parallel to the minor axis 


If the axes of an ellipse coincide with the coordinate 
axes and the ellipse passes through the point (4, — 1) 
and touches the line x + 4y —10 =0, then its equation 
is 

(a) x’ + 64y* = 80 
(c) x? + 20y* = 100 


(b) x* + 4y? = 20 
(d) x? + 8y? = 40 
2 


2 
If Pis a point on the ellipse ~ + a =1, whose foci 
a 


are Sand S’. Let ZPSS’ =8 and ZPS’ S =, then 
(a)SP+S’P=2a,ifa>b (b)SP+S’P=2b,ifb>a 


0 o)_1-e Pr ics onl Ce! 
orm) e)etsseonlen(t)nee 


If (5,12) and (24, 7) are the focii of a conic passing 


through the origin, then the eccentricity of conic is 


oe ge 
38 12 

0 8 
13 25 


If a pair of variable straight lines x* + 4y* + axy =0 
(where a is a real parameter) cuts the ellipse 

x’ + 4y* =4at two points A and B, then the locus of 
the point of intersection of tangents at A and B is 


Ellipse Exercise 3: 
Paragraph Based Questions 


= This section contains 5 paragraphs based upon each 
paragraph 3 multiple choice question have to be 
answered. Each of these questions has four choices (a), (b), 
(c) and (d) out of which ONLY ONE is correct. 


Paragraph I 
(Q. Nos. 46 to 48) 


A conic is represented by 


46. 


C = 9x" + 4xyt 6y* —22x-16y+9=0 


The centre of the conic C is 


41. 


42. 


43. 


44. 


45. 


47. 


48. 


(a) x — 2y =0 
(c)x + 2y =0 


In the ellipse 25x? + 9y? —150x — 90y + 225 =0 


(b) 2x -y =0 
(d) 2x +y =0 


(a) foci are at (3, 1), (3,9) (b)e= = 


(c) centre is (5, 3) (d) major axis is 6 

If the tangent to the ellipse x? + 4y” =16 at the point 
P(®) is a normal to the circle x° + y* —8x — 4y =0, 
then ® equals 


TU TU 
(a) 5 (b) a 


T 
c)0 d) - — 
(c) i ae 
The product of eccentricties of two conics is unity, 
one of them can be a/an 
(a) parabola 
(c) hyperbola 


(b) ellipse 
(d) circle 


The parametric angle &, where — 1% <Q <7 of the 
2 2 


x 
point on the ellipse a + = =1at which the tangent 


drawn cuts the intercept of minimum length on the 
coordinate axes, is/are 
b 
(b) — tan” (>) 
a 


(a) tan” (2) 
(d) m+ tan"! (2) 


(c) m — tan’ (2) 


If latusrectum of the ellipse x” tan? @+y7 sec’ @=1 
is 1/2, then a(0 <@ <7) is equal to 
(a) w/12 (b) = /6 
(c) 51/12 (d) 2/2 
(a)(0,0) = (b) (1,0) (©) (0,1) (d) (1, 1) 
The eccentricity of the conic C is 
1 1 
(a) — b= 
2 2 
2 2 
(c)— (d) = 
3 7 
The lengths of axes of conic C are 
(a) 2, 2V2 (b) 4,2V3 
(c) 6,2v5 (d) 5, 2V6 


Paragraph II 
(Q. Nos. 49 to 51) 


An ellipse E has its centre C(3,1), focus at (3,6) and passing 
through the point P(7,4) 


49. The product of the lengths of the perpendicular 
segments from the focii on tangent at point P is 
(a) 20 (b) 45 
(c) 40 (d) 90 


50. If Fand F are the foot of perpendiculars from focii $ 
and S’ on tangent at point P, then point of 
intersection of lines SF’ and S’ F is 


5 4 
(5.2) (3.4) 

10 8 
() (>, *) (d) [o, *) 


51. If the normal at a variable point on the ellipse (E) 
meets its axes in Qand R, then the locus of the 
mid-point of QRis a conic with eccentricity (e, ), then 


3 V5 
a)e, =— b)e,. = —— 
(a) e, ae (b) e, ; 
3 =v 
(c) e,= 10 (d) 1 3 
Paragraph III 
(Q. Nos. 52 to 54) 


2 2 
Curves C, :x’ + y* =r’ and Ce = lintersect at four 


distinct points A, B, C and D. Their common tangents form a 
parallelogram PORS. 


52. If ABCD is a square, then the value of 25r* is 


(a) 36 (b) 72 
(c) 144 (d) 288 
53. If PQRS is a square, then the value of 2r? is 
(a) 12 (b) 15 
(c) 20 (d) 25 


54. If PQRS is a square, then the ratio of the area of curve 
C, to the area of circumcircle of APQR is 
(a) 1:4 (b) 1:2 
(c)3:4 (d) 9: 16 
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Paragraph IV 
(Q. Nos. 55 to 57) 
An ellipse whose distance between foci S and S’ is 4 units is 
inscribed in the AABC touching the sides AB, AC and BC at 
P,Qand R, respectively. If centre of ellipse is at origin and 
major axis along X-axis, SP +S’ P=6 
595. Equation of the ellipse is 
(a) 9x? +5y? = 45 
(c) 5x? + 9y? = 45 


(b) 4x? + 9y = 36 
(c) 9x’ + 4y? = 36 


56. If AB=BC and ZB=T / 2, then locus of A is 
(a) (x? +y?—14) = 4(5x? + 9y? — 45) 
(b) (x? +y? — 14) = 4(5x* + 9y? —54) 
(c) (x? +y?—14) = 4(9x? +5y* — 45) 
(d) (x? +y*?—14) = 4(9x? +5y* —54) 


57. If the difference of eccentric angles of Pand Qis 1/3, 
then locus of A is 
(a) 5x? + 9y? = 15 
(c) 9x? +5y? = 14 


(b) 5x* + 9y* =60 
(d) 9x? +5y* = 144 


Paragraph V 
(Q. Nos. 58 to 60) 


The line 2px+ y,(1— p* ) = 1 (| p\< 1) for different values of p, 


touches a fixed ellipse whose axes are the coordinate axes. 


58. The eccentricity of the ellipse is 


1 1 
OF OF 
v3 2 
(c) > (d) 5 


59. The foci of the ellipse are 


v3 we. 
vfs] ole 
(c) (£3, 0) (d) (0, +3) 


60. The locus of the point of intersection of perpendicular 
tangents of ellipse is 


(a) x’ +y? =2 (b) x? +y? = 


(d) x*+y*= 


NMlan|w 


5 
c)x°+y? == 
(c) aa 
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Ellipse Exercise 4: 


Single Integer Answer Type Questions 


= This section contains 10 questions. The answer to each 
question is a single digit integer, ranging from 0 to 9 
(both inclusive). 


61. 


62. 


63. 


64. 


65. 


Two concentric ellipse be such that the foci of one be 
on the other and if 3/5 and 4/5 be their eccentricities. 
If @ be the angle between their axes, then the value of 
2(1+ sin’ 6 + sin* ®) must be 


Rectangle ABCD has area 200 unit’. An ellipse with 
area 200% unit’, passes through A and C and has foci 
at B and D. If the perimeter of the rectangle is P, then 
the value of ,/(P +1) is 


Number of points on the ellipse 2x* +5y* =100 from 


which pair of perpendicular tangents may be drawn 
to the ellipse 9x* +16y*? =144 is 


The length of sides of square which can be made by 


four perpendicular tangents to the ellipse 
2 2 


2 
ae Z =1is 
7 11 
The length of the focal chord of the ellipse 
2 2 
=> = =1which makes an angle 8 with the major 
ie Aab* , 
axis is , then the value of A is 


a’ sin’ @+b’cos’0 


66. 


67. 


68. 


69. 


70. 


Number of distinct normal lines that can be drawn to 
2 2 
x 
ellipse — + Y 1 from the point P(0, 6) is n, then the 
169 25 
value of 2” is 


If pis the length of the perpendicular from a focus 
upon the tangent at any point P of the ellipse 


2 2 


x 

= + a =1andr is the distance of P from the focus, 
2 

then the value oe => is 


rp 


An ellipse passing through the origin has its foci (3, 4) 

and (6, 8). The length of its semi-minor axis is b, then 

the value of b / V2 is 

The maximum value of 54 for which four normals can 

2 2 

be drawn to ellipse ee ae through a point (A, 0) 
25 16 

is 

An ellipse with major and minor axis 63 and 6 


respectively, slides along the coordinate axes and 
always remains confined in the first quadrant. If the 


length of arc described by centre of ellipse is s, 


then the value of A is 


Ellipse Exercise 5: 
Matching Type Questions 
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= This Section Contains 3 questions. Each question has four statements (A,B,C and D) given in Column I and four 
statements (p,g,r and s) in Column II. Any given statement in Column I can have correct matching with one or more 


statement (s) given in Column II. 


71. Match the following 


Column I Column II Column I Column II 
a 28 (C) The orbit of the earth is an ellipse with = (r) 5 
(A) For the ellipse ~- + 2 = 1 with Ap) Naeural re ae 
9 4 number eccentricity 0 with the sun at one focus 
Bee ad 2 Hecate the major axis being approximately 
on P - a : the sd Sarina 186 10° miles in length. If the shortest 
eee Q segeegciata and longest distances of the earth from 
meets the y-axis at M. If O is the h N Saal 5 
icin MenOO? MO" iva the sun are A X10° miles and u x10 
plete miles, then  — (A +1) is divisible by 
(B) If y=x and 3+ 2x = Oare the (q) Composite (D) Ifthe mid point of a chord of the ellipse (s) 6 
equations of a pair of conjugate number ry . 
x — + =— =1is (0,3) and length of the 
diameters of the ellipse — + =1 16 25 ie 
a 7 3 iis cade 
and e be the eccentricity, then chord is aA then A is divisible by 
4(l+e@+es+..to)isa 
(C) Ifthe variable line y= Ax + 2his (r) Prime 73. Match the following 
tangent to an ellipse 2x7 +3 =6, number Column I Column II 
then the locus of P(h,k) is a conic C <a : 
whose eccentricity is ¢, thus 3¢ isa (A) The minimum and maximum (p) L+G=10 
° distances of a point (2,6) from 
(D) If extremities of the latusrectum of (s) Perfect the ellipse 
vn Bi VR . number 9x + 8y — 36x —16y—28=0 
the ellipse a + po 1, (a> 1) having ate Land G, then 
positive ordinates lie on the parabola (B) The minimum and maximum (q) L+G=6 
x° =—2(y—2), then ais a distances of a point (1,2) from 
the ellipse 
72. Match the following 4x’ +9) + 8x—36y+ 4 = Oare 
Land G, then 
Svea Selwaunat (C) The minimum and maximum (r) G-L=8 
(A) An ellipse is sliding along the cordinate (p) 3 ; . (9 12 
axes. If the foci of the ellipse are (1,1) distances of a point 55 
and (3,3) if area of the director circle of fron the ellipse 
the ellipse (in square units) is 7A, then A 2 2 
i. peeks _ ) 4(3x+4 yy + 9(4x-3y" = 900 
y are L and G, then 
(B) |If from a point P (0, 1) two normals (a) \4 (D) The minimum and maximum (s) G-L=6 


other then axes are drawn to the ellipse 


xy ; 
—+-+— =], such that | A |<p, then 4p is 
Cra: iE |Al<p P 


divisible by, 


distances of a point (0,4) from 
the ellipse 25x° + 9y° = 225are 
L and G, then 
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Ellipse Exercise 6: 
Statement | and II Type Questions 


= Directions (Q. Nos. 74 to 81) are Assertion-Reason type 

questions. Each of these qustions contains two statements : 

Statement I (Assertion) and 

Statement II (Reason) 

Each of these questions also has four alternative choices, only 

one of which is the correct answer. 

You have to select the correct choice as given below. 

(a) Statement I is true, statement II is true; statement II is a correct 
explanation for statement I 

(b) Statement I is true, statement II is true; statement II is not a 
correct explanation for statement I 

(c) Statement I is true, statement II is false 

(d) Statement I is false, statement II is true 


2 2 


= y = 
(a> +1) (a? +2 


74. Let the equation of ellipse be 


1 
Statement I If eccentricity of the ellipse be —, then 


Ve 


10 
length of latusrectum is —. 


v6 


2(a’ +1) 
Statement II Length of latusrectum = ————.. 


(a* +2) 
75. Statement I The area of the ellipse 2x* + 3y” =6 is more 
than the area of the circle 
x’ +y?-2x+4y+4=0. 


Statement II The length of semi-major axis of an ellipse 
is more than the radius of the circle. 


76. Statement I The equation of the director circle to the 
ellipse 4x’ + 9y’ = 36 is x’ ty? =13 


Statement II The locus of the point of intersection of 
perpendicular tangents to an ellipse is called the director 
circle. 


77. 


78. 


79. 


80. 


81. 


Statement I In an ellipse the distance between 
foci is always less than the sum of focal distances 
of any point on it. 


Statement II If e be the eccentricity of the ellipse, 
then0<e<1. 


Statement I The sum of the focal distances of a 
point on the ellipse 4x* +5y* —16x —30y + 41=0 


is a5. 


Statement II The equation 
4x* +5y” —16x —30y + 41=0 can be expressed as 


A(x — 2)? +5(y —3)* = 20. 


Statement I Locus of centre of a variable circle 
touching to circles (x —1)? +(y — 2)” = 25 and 
(x -— 2)* +(y -1)’ =16 is an ellipse. 


Statement II If a circle S, =0 lies completely 
inside the circle S, =0, then the locus of centre of a 
variable circle S=0 which touches both the circles 
is an ellipse. 


Statement I The tangent and normal at any point 
P on aellipse bisect the external and internal 
angles between the focal distance of P. 


Statement II The straight line joining the foci of 
the ellipse subtends of a right angle at P. 


Statement I In a AABC, if base BC is fixed and 
perimeter of the triangle is also fixed, then vertex 


moves on an ellipse. 


Statement II If sum of distances of a point P 
from two fixed points is constant, then locus of P 
is an ellipse. 


Ellipse Exercise 7: 
Subjective Type Questions 


= In this section, there are 12 subjective questions. 


82. 


83. 


84. 


85. 


86. 


87. 


If three of the sides of a quadrilateral inscribed in an 
ellipse are parallel respectively to three given straight 
lines. Show that fourth side will also be parallel to a 
fixed straight line. 


If Sand S’ are the focii of an ellipse and P any point 
on the curve, show that 


a) a 1-e 
tan tan | ——— |=—— 
2 2 1t+e 


Hence, or otherwise show that the locus of the centre 
of the circle inscribed in the triangle PSS’ is another 
ellipse. 


2 2 
If the normal at any point P of the ellipse - + a =1 
a 


meets the major and minor axes in G and g 
respectively, and if CF is the perpendicular upon this 
normal from the centre C of the ellipse. 


Show that PF-PG=b* 
and PF-Pg=a’. 
PQ is double ordinate of the ellipse 


x’ /a’ +y” /b* =1and Ban extremity of the minor 
axis. PB and QB meet the major axis in M and N. 
Show that M and Nare inverse points with respect to 
the auxiliary circle of the ellipse. 


Consider the family of circle x? +y* =r*,2<r<5. lf 
in the first quadrant the common tangent to a circle 
of the family and the ellipse 4x” + 25y* =100 meets 
the coordinate axes at A and B, then find the 
equation of the locus of the mid-point of AB. 


Prove that the normals at the four points, where the 
lines 
kx m 
4 AY A 
a »b 
and —4¢2—==1 
la mb 


2 


So ae 
cut the ellipse — + —— =1are concurrent. 
a pf 


88. 


89. 


90. 


91. 


92. 


93. 
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The eccentric angle of any point P measured from the 
semi major axis CA is @. If S be the focus nearest to A , 
and Z ASP =8. Prove that 


0 1+e o 
tan = tan 
2 1=e 2 
If 8 is the difference of the eccentric angles of two 
points on an ellipse, the tangents at which are at 
right angles. Prove that ab sin®@ =d_,d,, where d,,d, 
are the semi diameters parallel to the tangents at the 


points and a, b are the semi-axes of the ellipse. 


2 


2 
A straight line PQ touches the ellipse Bas 7 =1and 
a 


the circle x° +y* =r’ (b<r<a).RSisa focal chord 
of the ellipse. If RS is parallel to PQ and meets the 
circle at points R and S. Find the length of RS. 


Let d be the perpendicular distance from the centre of 
the ellipse to the tangent drawn at a point P on the 
ellipse. If F, and F, are two foci of the ellipse. Show 
that 


(PF, — PF,)* =4a° p-2 
1 2 d2 * 


TP and TQ are tangents drawn from an external point 
2 


2 
(x,, y,) to the ellipse = a =1. Show that 
a 
(i) ST’ x ve 
SP-SQ a b 
(ii) ST-S’T cos@ =(CT)* —a* —b* 


where, S and S’ are the foci, C the centre and 0 is the 
angle between the tangents. 


If PSQ and PHR are focal chords of the ellipse 
2 2 
is + ra where S and H are the foci. The tangents 


at Q and R meet at T. Show that the locus of T as P 


moves round the ellipse is 
2 


2 
(te?) "4 (1-e*)? aCe’)? 


where, e is the eccentricity of the ellipse. 
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Ellipse Exercise 8 : 
Questions Asked in Previous 13 Year's Exams 


= This section contains questions asked in IIT-JEE, AIEEE, 100. The line passing through the extermity A of the 
JEE Main & JEE Advanced from year 2005 to 2017. major axis and extremity B of the minor axis of the 


ay, : ellipse x° +9y* =9 meets its auxiliary circle at the 
94. The minimum area of triangle formed by the tangent 


e 3 point M. Then, the area of the triangle with vertices 
to the "+ a =1and coordinate axes is at A, M and the origin O is [IIT-JEE 2009, 3M] 

ab [lIT-JEE 2003, 3M] «3! ee 
2 2 a) — — 
(a) ab sq units (b) eae sq units 10 10 
(c) 21 (d) 27 
2 2 2 Sa =o 
(c) eee units (d) Cer ree sq units 10 10 

: 101. The normal at a point P on the ellipse x* + 4y* =16 

95. Find the equation of the eeu tangent in meets the X-axis at Q. If M is the mid-point of the 
Ist quadrant to the circle x” + y” =16 and the ellipse line segment PQ, then the locus of M intersects the 


latusrectum of the given ellipse at the points 
[IIT-JEE 2009, 3M] 


the tangent between the coordinate axes. a (= 35 2) f= 35 +f) 
4 


[lIT-JEE 2005, 4M] +? as £4 


2: 2 
= + = =1. Also find the length of the intercept of 


96. An ellipse has OB as semi minor axis, F and F’ its focii 
and the angle FBF’ is a right angle. Then, the (c) [22342 (d) [sai 8) 
eccentricity of the ellipse is [AIEEE 2005, 3M] 
(a) =3 (b) 1 (c) x (d) ae 102. In a triangle ABC with fixed based BC, the vertex A 
ae 2 4 3 moves such that 
97. In an ellipse, the distance between its foci is 6 and cos B+cosC =4sin* = 
minor axis is 8. Then, its eccentricity is 
[AIEEE 2006, 4.5M] If a, b and c denote the lengths of the sides of the 
(a) a (b) 7 triangle opposite to the angles A, B and C, 
5 - respectively, then [lIT-JEE 2009, 4M] 
oe (ay (a)b+c=4a 
5 V5 (b)b +c =2a 


(c) locus of point A is an ellipse 


Se LEON a) aM Dash yes Se SO i me ae (d) locus of point A is a pair of straight lines 
points of the latusrectum of the, ellipse x° + 4y° =4. 


The equations of parabolas with latusrectum PQ are a Tine comle HeNiiE par aine tne represematan 


[IIT-JEE 2008, 4M] 1-t* 2t 
x =v3| —— |,y =——~ Is IIT-JEE 2009, 2M 
(a) x? +2v3y=34+V3 = (b) x? - 2v3y =3 + v3 (=e y 140° I 
(c) x? + W3y=3-V3 — (d) x? - 2v3y =3 - V3 (a) a circle (b) a parabola 
(c) an ellipse (d) a hyperbola 


99. A focus of an ellipse is tat the origin. The directrix is 


; ee 104. The ellipse x* + 4y* =4 is inscribed in a rectangle 
the line x = 4 and the eccentricity is —. Then, the ; . . a ; 
2 aligned with the coordinate axes, which in turn is 


length of the semi-major axis is [AIEEE 2008, 3M] inscribed in another ellipse that passes through the 
8 point (4, 0). Then, the equation of the ellipse is 

(a) 3 (b) 5 [AIEEE 2009, 4M] 
4 5 (a) x° + 12y’ = 16 (b) 4x? + 48y* = 48 


(oie OS (c) 4x? + 64y? = 48 (d) x? + 16y? = 16 


Paragraph 
(Q. Nos. 105 to 107) 


Tangents are drawn from the point P(3, 4) to the ellipse 
2 2 


oe 7c = | touching the ellipse at points A and B. 


9 


105. The coordinates of A and Bare 
(a) (3, 0) and (0, 2) 


5 59 
8 2V161 
(c) (-2, = ) and (0, 2) 


98 
(d) (3, 0) and (-22] 


106. The orthocenter of the triangle PAB is 


8 7 25 

(a) (5 (b) & 
118 8 7 

() (22) (d) (5.2) 


107. The equation of the locus of the point whose 
q Pp 
distances from the point P and the line AB are equal, 
is [IIT-JEE 2010, (3+3+3)M] 
(a) 9x? + y? —6xy — 54x — 62y + 241=0 
(b) x? + 9y? + 6xy — 54x + 62y — 241=0 
(c) 9x* + 9y? — 6xy — 54x — 62y — 241=0 
(d) x* +y? — 2xy + 27x + 3ly — 120=0 


108. Equation of the ellipse whose axes are the axes of 
coordinates an which passes through the point (—3, 1) 


and has eccentricity = is [AIEEE 2011, 4M] 


(b) 3x’ +5y? —15=0 
(d) 3x? + 5y* — 32=0 


(a) 5x? + 3y* — 48 =0 
(c)5x* + 3y* — 32=0 
2 2 
109. The ellipse E, + - =1is inscribed in a rectangle 
R whose sides are parallel to the coordinate axes. 
Another ellipse E, passing through the point (0, 4) 
circumscribes the rectangle R. the eccentricity of the 


ellipse E, is [lIT-JEE 2012, 4M] 
V2 V3 
ace bya 
(a) 5 (b) 5 
1 3 
Ri dz 
(c) ( 5 


110. Statement I : An equation of a common tangent to 
the parabola y? =16V/3x and the ellipse 2x? +y? =4 


is y =2x +23 
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4V3 
Statement II : If the line y ape #0)isa 
m 


common tangent to the parabola y” =16,/3x and the 
ellipse 2x* +y* =4, then msatisfies m? + 2m’ = 24 

[AIEEE 2012, 4M] 
(a) Statement | is false, statement-Il is true 


(b) Statement | is true, statementll is true; statement-Il 
is a correct explanation for statement-| 


(c) Statement | is true, statement II is true; statement II 
is not a correct explanation for statement | 


(d) Statement | is true, statement II is false 


111. An ellipse is drawn by taking a diameter of the circle 
(x -1)* +y’ =1as its semi-minor axis and diameter 
of the circle x’ +(y — 2)” =4 is semi-major axis. If the 
centre of the ellipse is at the origin and its axes are 
the coordinate axes, then the equation of the ellipse 
is [AIEEE 2012, 4M] 
(a) 4x? +y?=4 (b) x° + 4y? =8 
(c) 4x? +y? =8 (d) x? + 4y? = 16 

112. The equation of the circle passing through the foci of 


2 2 
x 
the ellipse — + Mee =1, and having centre at (0, 3) is 
tes [JEE Main 2013, 4M] 
(b) x? + y* -6y +7=0 


(d) x? +y?-6y+5=0 


(a) x’ +y’-6y-7=0 
(c)x’ +y? -—6y-5=0 


113. A vertical line passing through the point (A, 0) 
2 2 
intersects the ellipse Z + = =1at the points P and 


Q. Let the tangents to the ellipse at P and Q meet at 
the point R. If A(h) = area of the triangle PQRA, = 


1 1 
5 <h<max A(A) and A, = <h<min A(f), then 


= 
V5 


114. The locus of the foot of perpendicular drawn from the 
centre of the ellipse x* +3y” =6 on any tangent to it 
is [JEE Main 2014, 4M] 
(a)(x? +y°P =6x? + 2y? (b) (x? +y’) =6x? - 2y’ 

(0) (x? — y?)? =6x? + 2y?_ (A) (x? = y?)? = 6x? — 2y? 


A, -8A,= [JEE Advanced 2013, 3M] 


115. The area (in sq units) of the quadrilateral formed by 
the tangents at the end points of the latus rectum to 
2: 2 


: x y : 
the ele es = is [JEE Main 2015, 4M] 


27 
(a) = (b) 27 


27 
(> (d) 18 


528 


Textbook of Coordinate Geometry 


116. Let E, and E, be two ellipses whose centers are at the 


origin. The major axes of E, and E, lie along the X-axis 
and the Y-axis, respectively. Let S be the circle 
x’ +(y -1)? =2. The straight line x + y =3 touches the 


curves, S,E, and E, at P, Q and R respectively. Suppose 


2V2 
that PQ = PR= 22 If e, and e,are the eccentricities of 


E, and E,, respectively, then the correct expression(s) is 
(are) [JEE Advanced, 2015 4M] 
43 v7 
aet+ee=— b) ee, = —— 
(a)e; +e, i (b) ee, a0 
5 
(ler —el= = (d) ee, = —— 


2 2 
117. Suppose that the foci of the ellipse 7 =1are(f,,0) 


and (f, 0) where f, >0 and f, >0.Let P, and P, be two 
parabolas with a common vertex at (0, 0) and with foci at 
(f,, 0) and (2 f,,0), respectively. Let T, be a tangent to P, 
which passes through (2 f,,0) and T, be a tangent to P, 


which passes through ( f,,0). If m, is the slope of T, and 


1 
m, is the slope of T,, then the9 value of (=. + m| is 


Paragraph 
(Q. Nos. 118 and 119) 
Let F,(x,,0)and F,(x,,0)forx, < Oand x, > 0, be the foci 
2 2 


of the ellipse - + . = 1 Suppose a parabola having 


vertex at the origin and focus at F, intersects the ellipse at 
point M in the first quadrant and at point N in the fourth 
quadrant. 


118. The orthocentre of the triangle F, MN is 


oS mq) lee) (8 
10 3 10 3 


119. If the tangents to the ellipse at M and N meet at R 
and the normal to the parabola at M meets the 
X-axis at Q, then the ratio of area of the triangle 


MaQR to area of the quadrilateral MF, NF, is 
[JEE Advanced 2016, (3+3)M] 


(a) 3:4 (b) 4:5 (c)5:8 (d) 2:3 


120. The eccentricity of an ellipse whose centre is at 
the origin is 1/2. If one of its directices is x =— 4, 
then the equation of the normal to it at (1,3/2) is 

[JEE Main 2017, 4M] 


(a)x +2y=4 (b) 2y-—x =2 
1 = = = 
[JEE Advanced 2015, 4M] la all adie ai 
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wore (c= 2). (y+ 3)? _ 31. (a,c) 32. (a,b,c,d)33. (b,d) 34. (a,c) 35. (ad) 36. (a,c) 
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61. (6) 62.(9)  63.(4) 64.(5) 65.2) -66.(8) 
; : 67. (1) 68.(5) 69.(9) 70. (6) 
arias ie aa ‘ ee ae 71. (A) (p.q); (B) > (p.4.s); (C) > (p.1); (D) > (p.2) 
ee 5 ae . : Ps 72, (A) (@)s (B) > (0); (©) (Pat); (D) > (@) 
: : : 73. (A) > (ps); (B) > (q); (C) > (q,s); (D) > (pn) 
1. (b)  12.4= 8 = cos” '(-45 5 74. (a) 75.(b) —-76.(a)~—s77.(a)_~—s 78. (b) 79. (c) 
80. 81. be yok NO le 90. (2b 
Exercise for Session 3 - 2 [Z - 5) ’ ai 
1. (c) 2.(c) 3.(b) 4.(b) 5.(a) 6.(d) 14 
70) BG) . 94. (a) 95. (=) 96.(a) 97.(a) 98. (b,c) 99. (a) 
Pde SO Se eI See) 100. (d) 101.(c) 102. (b,c) 103. (c) 104.(a) 105. (d) 
1, F= OF Lipa ots + ey = ab! 106.(c) 107.(a)  108.(d) 109.(c) 110.(b) 111. (d) 
a B 112. (a) 113.(9)  114.(a) 115. (b) 116. (a,b) 117. (4) 
13. (—1, 0); 5V¥3 14. x/5 + 2y= 25 118. (a) 119.(c) 120. (c) 


2 
x 


2 
ad 6. Any tangent to — + Y =1,is 
16 9 
y =mx + (16m’ + 9) 


2 
; : 5 
It is also tangent to the circle x° + y? = (=) , then 


v2 


5 
perpendicular distance from (0, 0) is equal to — 


V2 


1. -. Major axis on X-axis. 


flea) > f(a’ -3) (Gem? +9) 5 


> 2a>a’ -3 ['. f is increasing] an SS FE 
: ? (m> +1) V2 
> a —2a-3<0 or (a—3)(at+1)<0 
ar =feg23 > 32m? + 18 =25m* + 25 
a €(—1,3) or Tm =7 > m=+1 
2. Major axis on Y-axis. for acute m = 1. 
fla? —5) > f(4a) Now, let 8 be the angle between common tangent and the line 
> a’ —5<4a [.. f is decreasing] v3x - pee nen 
=> a’ —4a-5 <0 ; se—). wae (=) 
an@ tan 
or (a—5)(a+1)<0 1+3| V341 12 
or -1l<a<5 Tt 
a€(-1,5) . 12 
X : 
3. Let a’ =sin/2 — cosJ3 =sin V2 —sin (z - 43 7. Tangent at (— 8, 3) is 
: x(-8) , ¥B) _, 
Tt 
=sin V2 + sin [v3 _ =) 100 25 
2 or 2x —3y +25=0 
ae oe _ 25 
sin (1.41) + sin (1.73 — 1.57) for Y-axis put x= 0, thewy =— 
= sin (1.41) + sin (0.16) > 0 3 
2 = si a 25 
and b’ =sin V3 ~ cosv2 Hence, required point is [0 23) 
Tt 3 
= sin 3 ~sin{ = v2 : 
2 8. Let A =(4cos8, 3sin@), then 
= sin (1.73) — sin (1.57 — 1.41) B =(- 4sin8, 3 cos) 
= sin (1.73) — sin (0.36) > 0 «. (CA)? =16 cos’ 0 + 9sin’ 6 
Also, a’ > b? and (CB)’ = 16 sin’ 6 + 9cos’ 0 
Hence, curve represent an ellipse with foci on X-axis. Ne 
4. Mutually perpendicular tangents have been drawn by taking B 
any point on the director circle of given ellipse. Any point on A 
the director circle can be taken as (5 cos 0,5 sin 8). Equation of 90° 
corresponding chord of contact is Q 
5x Sy xX C >X 
cos® 4 sin®-1=0 
16 9 
It’s distance from the origin is equal to 
1 _ 144 
Y, a 
25 cos'@ , 25sin’ 8 5 Y 
256 81 a 1 1 
1 144 16 (CA)’ (CB) 16cos’0+9sin’?® 16sin’ 6 + 9cos’O 
= ==, 25 


(256-175 cos’@) 59 5 = r F 2 2 
144 (sin® @ + cos’ 0) + 337 sin’ 8 cos’ 0 


5. We have, PQ = BP 25 
—s 2ae =./(a’e’ +b’) =Va’ =a 144 (1 —2 sin’ 0 cos’@) + 337 sin’ 6 cos’@ 
1 25 25 
e=- = —3 m= (for 8 = 0) 
2 144+ 49sin°@cos 0 144 
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9. (a, B) lies on the director circle of the ellipse i.e. on x” + y? =9 


10. 


11. 


12. 


So, we can assume 
o =3 cos8, B =sin 8 


F =12 cos0 + 9 sin® =3 (4 cos 8 + 3sin0) 


=> -15<F<15 


3 
At,t=-, b>a 
2 


2a’? at? —3t + 4]? 


. Length of latusrectum = = 
b [3 + 5t] 


Slope of line = 


a \ cos 60° — cos 30° 


b [seen b 
a 


Homogenizing the ellipse with x + 2y + 4=0, then 


x? ; y’ 2(= >) 
4b ob? 4 


1 1 1 1 xy 
4b° 16 : Db 4 4 


Now, coefficients of x” + coefficient of y’ = 0 


1 1 1 1 
=> + =0 


or —— 

4b 16 

or b? = 4 then, a*® =16 
2 2 

. Ellipse is — + 7 =1 


Let the equation of the semi elliptical arch be 
x,y 
a’ " Ca 


Length of the major axis = 2a =9 


=1 


=> a=— 
2 


Length of the semi minor axis b =3 


So, the equation of the arch becomes 
4 2 2 
a a 
81 9 


3 
pee] 


or a =2b 


Ly > 0] 


13. 


14. 


15. 


16. 


If x=2then y* = 
V65 8 ’ 
= y= aa [approximately] 


Equation of tangent of the ellipse at P(5cos®, 4sin®) is 
~ cos0 + sin@ =1 
5 4 

It meets the line x = 0 at Q (0, 4 cosec 0) and image of Q in the 

line y = x is R(4 cosec 8, 0). 

.. Equation of the circle is 

(x — 0) (x — 4 cosec 8) + (y — 4 cosec 8) (y — 0) = 0 
ie; x’ + y> —4(x+ y) cosec 0 =0 


..Each member of the family passes through the intersection of 
x+y’ =O0andx+y=0 
ie. the point (0, 0). 


A cyclic parallelogram will be a rectangle or square. 


So, ZQPR = 90° 
Therefore, P lies on the director circle of the ellipse 
2 2 
~4¥ = 
16 ob 
x? 2 
Hence, x” + y’ = 25 is the director circle of — + = =1, 
then 16 + b’ =25 orb’ =9 
=> a’ (1-e’)=9 
> 16(1—e’) =9 [- a? =16] 
; 9 7 
=> e =1--—-=-— 
16 16 
7 
e=— 
4 
-mneNandmn=m+n 
or m(n-—1)=n 


nis divisible by n — 1. Therefore 
n-1=1 

=> n=2,m2=2 

Hence, the chord of contact of tangents drawn from 
(2, 2) to 4x” + 9y? =36 

is 4x-2+9y.2=36 

or 4x + 9y =18 


“x —2y +4=0 orys > +2 
Condition of tangency 
1 
c=amt+h => 4=4x7 +b 


b=3 


Now, common tangent meet on X-axis at a point (— 4, 0). 
According to symmetry other common tangent meet Y-axis 
at (0, —2). 
.. Equation of other common tangent is 

y 


42 s1orx+2y4+4=0 
-4 -2 


17. 


18. 


19. 


The tangent at the point of shortest distance from the line 
x + y =7 parallel to the given line. 


Any point on the given ellipse is 


(V6 cos0, V3 sin8). 


Equation of the tangent is 
x cos r y sin 8 24 


v6 V3 


It is parallel to x + y =7 
cos® _ sin® 

vo WB 

cos sin® 1 
v1 (WB 


The required point is (2, 1). 


=> 


=> 


1 

Let y = mx + — be a tangent to the parabola, then for the 
m 

required equilateral triangle. 


ek 
V3 


and it is tangent to ellipse also, if 


2 
1 
(=) =a’m’ +b’ 
m 


2 
=> 3=7 49 
3 
a’ 
> 3=—+a-ade’ 
3 
4a” 
=> ae’ = -3 
3 
» 4 3 
or 6 SS 
3. a 
Now, 0<e’ <1 
4 3 
> 0<-- > <1 
3 a 
3 
> =<a<3 
2 


For equilateral triangle 
Circumcentre = Centroid 
a cosa + acosf + a cos 3h 
h= : B Y or 
a 


= LYcosa 


3h)" ; 
or (*) =(Z cosa)’ = Ycos’a + 2 Lcosa cosf 
a 


, — 2 sina + bsinB + b siny 


and 
3 
or ae = Ysina 
b 
3k)’ 
or (*} =(Lsina)’ = LY sin’a + 2 YsinasinB 
Adding Eqs. (i) and (ii), we get 
2 2 
= 3-4 2Ecos(e —8B) 
9h? 9k* 
or X (of = + 
r Ycos(a —f) sat ap? 


...(i) 


...(ii) 


20. 


21. 


22. 
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*. Latusrectum and parabola = 4 (ae) si(1) 


Xt 


2 


and latusrectum of ellipse = — ...(ii) 
a 


*« Latusrectum and parabola and ellipse be equal 


2b° 
— =4ae [from Eggs. (i) and (ii)] 
a 
=> 2b’ = 4a’ e 
or 2a°(1—e’)=4a’e or e° +2e-1=0 
—2+ (4+ 4 
Therefore, e = ; ) =-1+,2 


e=v2-1 


Here, the center of the ellipse is (0, 0) 


Hence, 


Let P (r cos8, r sin®) be any point on the given ellipse, then 


r’ cos’ @ + 2r’ sin’ @ + 2r’ sin® cos@ =1 


1 
or r’ = ——_ 
1+ sin’ + sin20 
_ 2 _ 2 
2+(1—cos20)+2sin20 2sin20 —cos20 +3 
3 — V5 <2 sin20 — cos20+3<34+ 5 
For r,,,,5 2 8in20 — cos20 + 3 =3 — V5 
2 
; 2 2645) 6495 (v5 42 
Tox = = = = 
um 3-5 4 4 2 
5 +1 
Hence, Pig = = 


Centre of the ellipse if(1, 2) and length of major axis and minor 


axis are 6 and 4 respectively and centre and radius of the circle 
are (1, 2) and 1 respectively. 


vA 


Hence, ellipse and circle do not touch or cut. 
.. Common chord impossible. 


.. Hence, length of common chord = 0 
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24. Let ellipse be a + +—=1 and the circle be x* + y’ =a’e’, 
a b? 


point of intersection of the circle and the ellipse is 
P (< (G2 =}, = 2) 
e e 


1 
Now, area of A PEF, |; x 2ae x “(1 -e”) 
e 


=a’ (1—e’) =30 


2 
17 169 
or ae’ =a’ —30= ( 30 = 
2 4 


[given] 


13 
dea or 2ae=13 


2 


2 
25. Let standard ellipse is f + a =a (a >b) 


a bd 
Equations of tangent and normal at | —=, —= 
. : s A) 
(a’ — b’) 
are bx +a —/2 ab =0andax—b — + =0 
MA y V2 
If sides of rectangles are p and q, then 
_|o+0-~v2 abl V2 ab 
ya? +b) (a? +B") 
| (a’ - b’) | 
0 — 0 — ——_—— 
and q a v2 
(a’ + b’) | 
_ (a’ = b) 
V2 (a? + b?) 
(a’ —b*) ab 


.. Area of rectangle = pg = ——~——.— 
: (a° + b’) 


2 2 


26. Let equation of ellipse be =e + = =1 
% 
X'« >X 
\ 
and equation of circle is x’ + y’ =a’ 
Area of ellipse = tab 
and Area of circle = na’ 
2 
Piya 
Ta a 
= 3a —3b =2a 
or a=3b 
or a’ =9b’ =9a’ (1—e’) 
=> 9e* =8 
22 
e=—— 
3 
27. Let S =(x,, y,),S’ =(x,, V2) 
LetC=(h, 8) 
Y 
A 
>X 
xX TX, =h 
2 
> x, +x, =2h 
and y, + y, =2k 
SP S’'Q=B° 
=> y, ¥, =b’ and SR-ST=b* 
> x, x, =5 
Distance between foci SS’ = 2ae 
= Vx, - *) +0, —y2)° = ae) 
> (x, =3;,)" + (y, —y,)° = 4a°e’ 
=> (x, + %,)° — 4x, +(, + 2)" — 42 = 4a°e? 
> 4h’ — 4b’ + 4k* — 4b* = 4(a’ —b’) 
=> W+k —2b? =a —b’ 


W+ke =a +b’ 


Locus of centre is x” + y* =a’ + b’ whichis a circle. 


[given] 


28. If chord AB, then equation of AB, here mid-point of the 


chord is (; 2) 
23 


T=S, 
x y_ i 1 


aes 
50 24 100 36 @ 
Let A =(x,, y,) and B =(x,, y,) 
4 Mu _ 1 1 Ae 
50 24 100 36 
1 1 
and acre 2 eee _..(iii) 
50 24 100 36 
(x, — x) (¥2 — Vs) 0 
50 24 


25 
1 1 
Now, solving ea 
0 24 100 36 
x 2 
and ade eens | 
25 16 
5336 
then, x’ — a os 
JD 21353 
|x, —%|=— = 
a 3 
V 21353 
AB = —— xX 769 
3x25 


29. Equation of tangent at the point P(4cos8, 3 sin®) is 
: cos® +~ sin@ =1 


< ; y 
4secO 3 -cosecO 


Na 


B 


or 


y 
Coordinates of A and B are 
A =(4 sec 8, 0) and B =(0, 3cosec 8) 
Let middle point (A, k) 


3 
h = 2sec0,k = > cosec 8 


- (GJ 


Locus is 9x* + 16y” = 4x’y’ 
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30. Equation of tangent at (a cosa, b sina) is 


x 
cos & + 
a 


Y's : 
sino =1 re at 
; (i) 


AY 


xX >X 
yy’ 
Equation of auxiliary circle is 
x+y =a ..(ii) 


For combined equation of OA and OB, making homogeneous 
Eq. (ii) with the help of Eq. (i), then 


2 

x , 
x+y? =a’ (z cosa + ina 
a 


2 


2.2 2 a. 4 2axy _ 
=> x sin’'at+y {1 sin” & b sin cosa = 0 


b? 
Z AOB =90° 
. Coefficient of x’ + Coefficient of y* =0 
= aeeis* doo 
, b 

=> 1+sin’a ; 3 sin’ a =0 

a‘(1-e’) 
> (1 —e’) (1+ sin’ a) —sin’ a =0 
> 1—e’ (1+sin’ a) =0 
or e’ (1 +sin’a) =1 

2 2 
Hs Bat ty nati Mia 
Let a>ab, 
Then, (ab)’ =a°(1 —e’) 
> b’ =1-e? (i) 
. Extremities of the latusrectum (+ ae, + ab’) 
Let x, =+ aeandy, =+ ab’ =+ a(1-e’) 
or y, =+(a-ae’) 
> ay, =+(a’ -a’e’ 
=+(a° — x’) [. x, =+ ae] 

or x + ay, =a’ 


. Required locus is x° + ay =a’ 
32. Let P =(v6 cos 0, V2sin ®) be any point on the ellipse 
% 


P(®) 
L : 


a 
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x? 2 
oe 2g 
6 2 
Given, CP =2=(CP)’ =4 
> 6 cos’ 0+ 2sin’0=4 
= 6 cos’ 6+ 21 —cos’6)=4 
2 2 
1 1 T 
or cos’ 8 = -( ) = (cos 
2 \v2 4 
T 
8=nt+—,nel 
4 
_™ $n 5m Tn 
a he wee 
33. Here, a =cos 0 and b =sin0 
T T 
—<0<— 
% a<b 
then, a’ =b*(1-e’) 
> cos’ @ =sin’ 0(1 — e”) 
e’ =1-cot’0 
T 
or e =,/(1 — cot?@) (: £<0<3] 
4 2 
a’ 
‘s Extremities of latusrectum are | + = ate | 
a 
=> x= rs y= be 
or b’x’ =a‘ andy’ =b’e* =sin’® — cos’ 
or sin’ @x* =cos*@ and y’ =1-—2cos’@ 
1 a 2 
or (1—cos’@)x’ = cos‘ and cos’@ = — 
tay? iy) 
1 Y = J 
2 2 
or ax*(1+y")=(1-y’*) 
or 2y*(x° +1)=14+ y* —2x° 
ce a! ae 
PE, NF, 
Y 
A 
NG 
B’ 
Y 
y’ 
‘. PN bisects the ZF PF, 
. Bisectors are perpendicular to each other. 
.. PT bisects the angle (180° — ZF PF, ) 
35. -- a° -a-6>0 => (a—-3)(a+2)>0 
a<-2ora>3 (i) 
and a’ —6a+5>0 => (a-1)(a—5)>0 


Pit a<1lora>5 
Also a—-a-6#a’ 


...(ii) 


6a+5 


36. 


37. 


38. 


11 
or ax 
5 


...(iii) 
From Eqs. (i), (ii) and (iii) we get 
a €(— ~~, —2) U(5, ©) 


. A latusrectum of an ellipse is a line passing through a focus, 
perpendicular to major axis i.e. parallel to minor axis. 


Let the required equation be 


x iV 
ee e 
Since, Eq. (i) passes through (4, — 1), then 
16 1 vs 
foe ..(ii) 
10 
The equation of given line is y = — : + a 


Which touches the ellipse Eq. (i), 


2 
25 
=> pe? ...(iii) 
16 4 
Solving, Eqs. (ii) and (iii), we get a’ = 20, b” =5 
5 
or a’ =80,b° =~ 
4 
Therefore, the required equation of ellipse will be 
2 2 2 2 
7 t a 1 or * t es 
20 5 80 5/4 
ie. x’ + 4y° =20 or x’ + 64y’ =80 


From focal property of ellipse 
SP +S’ P=2a,ifa>b 


and SP +S’ P=2b,ifb>a 
Also, PS cos 8 + PS’ cos ) = 2ae wedi) 
PS sin 0 — PS’ sin d = 0 ...(ii) 
% 
P 
xX" 6 C i 7 >X 

vy 

From Eqs. (i) and (ii), we get 

_ 2ae sin o , _ 2ae sin® 
sin (0+ 6) sin 0 + 6) 
SP +S’ P =2a 


-. e(sin@+ sin >) =sin(@ + 6) 
=> e-2sin (Pr ®) cos [5 2)=2sin (* ®) cos & ®) 
2 2 2 2 


or —— 


39. 


40. 


or 


1=e 
cos 2) + c0s(° *) Dee 
2 2 
or tan (2) tan (*) = it 
2 2 lt+e 


Let S =(5, 12) , S’ =(24,7) and let P =(0, 0) 
Ss’ = (24-5)? + (7 -12)° 


= (361 + 25) = (386) 


For ellipse SP + S’ P =2a 


Now, 


= 13 + 25 =2a 
2a = 38 
386 
SS’ =2ae > e=—— 
38 
and for hyperbola S’ P — SP =2a 
=> 25-13 =2a> 2a =12 
386 
SS’ =2ae => e=—— 
12 


Let the point of intersection of tangents at A and B be P(x,, y,). 


Then, equation of AB is 


xx, + 4yy, =4 
or tate + =] 
4 YY; 
% 
A 
x’ 0 
B 
Vy 


P (X, ¥4) 


...(i) 


For point of OA and OB, homogenizing the equation of ellipse 


with the help of Eq. (i), then 


2 
x" + ay? = (7% + vm] 


y (4y; 


But gives equation of OA and OB is 


x’ + 4y’ + axy =0 
Since, Eqs. (ii) and (iii) an identical, then 


1 4 a 
or xj -4=4(y/ -1) 
or x; —4y; =0 


Therefore, the locus is x” — 4y” =0 
or (x + 2y)(x —2y)=0 
or x+2y=0 and x-2y=0 


4) + 2xyx,y, =0 


...(ii) 


...(iii) 


41. °°. 


42. 


43. 


44, 
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25x" + 9y* —150x —90y + 225 =0 
> 25(x* —6x) + Wy" —10y) + 225 =0 
=> 25{(x —3)° —9} + M(y —5)’ — 25} + 225 =0 
> 25(x — 3)’ + Ay —5)° =225 
—3) —5)° 
a 4 2 a4 
Let x-3=X, y—-5=Y 
Then, Eq. (i) becomes 
9 came 4 
ror 
Now, comparing Eq. (ii) with 
x  ¥? 
er 
a=3,b=5 
=> a’ =b*(1—e’) 
> 9 =25(1 — e’) 
4 
> e=— 
5 


Centre: X =0, Y=0 
x-3=0, y-5=0 
Centre = (3, 5) 
Foci: X =0, Y =+ be 
5=14 


=> x-3=0,y 
=> y=5t4 
. Foci (3, 1) and (3, 9) 
Major axis 2b =10 
P(®) on the ellipse x” + 4y” = 16 is (4 cos 8, 2 sin 8) 
Equation of tangent at P is 
4cos@ x+ 8sinOy =16 

> x cos 8 + 2y sin® = 4 
It passes through centre (4, 2) of the given circle 

4cos0+ 4sin@=4 


Tt 
> See Pans Uys 
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...(i) 


...(ii) 


Since, the product of the two eccentricities e and e’ is 1. Either 


e =e =1in which case both the conics are parabolas or if 


e>1,é& <1and vice-versa. 


So, one of them is an ellipse and the other is a hyperbola. 


Equation of tangent at ‘0’ is 


x y. 
cos & + sing =1 
a 
x 
=> + y =1 
aseca bcoseca 


Now, length of intercept, 


Z= (a sec’ a + b* cosec’ a) 


or z’ =a’sec’a + b’ cosec’ o& 
d(z’) ai a’ sina b’ cosa 
da cos’ O sin® O 
d’(z° 
and ( F ) >0 
da. 
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d(z* 
For minimum of z, @) =0 
da 
2 
tan’ @ = 5 
a 
b 
or tang =+ (2) 
a 


48. 


Lengths of axes are 2a and 2b 
ie. 2 and 2/2. 


Sol. (Q. Nos. 49 to 51) 


x” tan’ + y’ sec’ =1 


2 2 


x 4 y 


= Sages, 2 =1 
cot” @ cos’ 
cos’ & = cot’ a(1 — e’) 
> sin’ =(1 —e’) 
e’ =cos’ a 
e=cosa 
1 2b? 
Latusrectum = — = — 
a 
> a= 4b’ => cot & =4 cos’ a 
1 
> - =4cosa => sin 20 =—- 
sin 0 2 
Tt nt T 
20 = nt + (—1)" > oF +(-1)" 
6 2 12 
Forn=0 
Tt 
ao =— and forn=1 
| 
nm mW ST 
Q=— -—- SS = 
2 12 12 


Sol. (Q. Nos. 46 to 48) 


46. 


47. 


9x" + 4xy + 6y” —22x-16y +9 =0 
or 2(2x + y -3)° +(x-2y +1)’ =10 


2 2 
2x+y—-3 aad 
or 2 ms =2 
[ V5 ( v5 


for an set a 


or =1 
1 2 
Me ye 
or a ee | 
a bh 
Here, b >a 


For centre: X = 0, Y =0 


=> 2x+y—-3=0 
and x-2y+1=0 
we get, x=lLy=l1 


. Centre is (1, 1). 


For eccentricity: a° = b’(1—e’) 


al 
> 1=2(1-e’) or = 


1 
e=— 


V2 


(a #90°) 


49. 


50. 


Here, b>a 
% 
P (7, 4) 
minor axis 
X“« >X 
7 
and CS =5 = be 


Equation of ellipse is 
(x-3) | y-1)" _ 


a’ b’ ; 
Which pass through P(7, 4), then 
16 9 
ata 
= 16 9 
b’-25 be 
> b* —50b’ + 225 =0 
or (b’ — 45)(b’ —5) =0 
b =3V5 
From Eq. (i), 


5 
e= and a’ = 45-25 =20 


From Eq. (ii), ellipse (E) is 
= 2 = 2 
(x-3)) =F _, 
20 45 


=1 [- a’ =b°(1—-e’) =b’ —25] 


(b #5) 


Product of the lengths of the perpendicular segments from the 


foci on tangent at P(7, 4) is equal to a’ ie. 20 (" b >a) 
‘ Lines SF’ and S’F meet the normal PG and bisects it. 


. Required point is mid-point of PG. 
‘Equation of ellipse E is 
pane 2 = 2 
(x-3'  Y-1" _, 


20 45 
= 2(x -3) Ay —1) dy _, 
20 45 dx 
| ess 
dx | 4) 


“. Slope of normal = : 


57. 


Equation of normal at P(7, 4) is 


1 
—4=-(x—-7 
y Fi ) 
=> x—-3y+5=0 


8 
Which meet the major axis in ofa =| 


10 
Required point is mid-point of PG ice. (s. ~) 


Since locus of mid-point of QR is another ellipse having the 
same eccentricity as that of ellipse (E). 


a sceei-F] lS) y0)-9 


Sol. (Q. Nos. 52 to 54) 


52. 


53. 


Solving curves C, and C, 
x? +y° -r’ =0 
and 9x° +16y’ -144=0 


X’< >X 
MZ 
then, 
2 2 2 2 
x y 1 x y 
i 1 x -r° x oS 
9 16 —144 9 16 
2 2 
: x y _ 1 
“ 46r?-144 144-97? 7 
»  16r’? —144 » 144-9? 
x= and y* = 


7 
If ABCD is a square, then x” = y” 
16r?-144 _ 144—9r° 
7 7 


=> 25r? = 288 


or 


Tangents of slope m to the circle and ellipse are respectively. 


y=mxtry(m’ +1) and y = mx+t (16m +9) 


X’< 
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For common tangent, r*(m’ + 1) = 16m? +9 


16m’ +9 
=> r= gat 
m +1 
If PQORS is a square, 
then, m=H1 
or rv2 = J25 
or 2r? =25 


54. « PORS is a square, then ZPOR = 90° 
.. PR is diameter of circle through P, Q, R 
.. Area of circumcircle of 
APOR = 1(OP)’ 


and area of circle C, is qr’. 


n(rv2) 2nr° 


Hence, the required ratio is 1/2. 
Sol. (Q. Nos. 55 to 57) 
55. - Distance between foci S and S’ is 4 units 
SS’ =4 
=> 2ae=4 


ae=2 


and given SP + S’P =6 


=> 2a =6 
. a=3 
From Eqs. (i) and (ii), we get 
2 
e=- 
3 
and b* =a°(1—-e’) =a’ —(ae)’ =9-4=5 
Equation of ellipse with centre (0, 0) is 
2 2 
gy 


—+—=1 => 5x°4+9y’ = 45 
9 5 


56. «« AB=AC and ZB=17/2 
ZA=ZC=T/4 


2 
x 
Now, if two tangents drawn from (x,,y,) on ellipse = + 
a 


A 


Let A (x, y,) 
Here, a=" and a=3,b=45 
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1 
6V5 ea, 58. ee ak ed 
h 1 2 2 
then, = “ 
(x? + y? -9-5) b>a 
x2 2 Aan a=b’ e’) => _=1-2 
or (x? + y? —14)? =180] 42-1 
9 5 P 
=> e= 


*, Required locus is 
(x? + y? -14)’ = 4(5x° + 9y” — 45) 
57. Let P =(3cos0, V5sin®) and Q =(3cosd, V5sing) 
59. Foci of ellipse are (0,+ ./(b’ —a’)) 


Given, 0- = ae 
3 v3 
, : : ‘ ie. 0, + — 
+: Ais the point of intersection of tangents at P and Q 2 
O+ _(O+ 
3cos{ - ®) V5 sin(°*8) 60. Required locus in the director circle of ellipse is 
? 2 se ees 1 
coo 9H 2) cos{ 952) a a 
2 2 2 2 
Le. x+y" =5/4 
6+0 6+0 . : 
3cos| ——~] 3cos| —— 9 61. Let S and S’ be the foci of one ellipse and H and H’ be the 
Let x= 2 = 2 =23 co i *) (i) other, C being their common centre. Then, SHS’H’ is a 
cos(° a *) cos] parallelogram and since 
@ ° SH + S'H = HS’ + H’S’ =2a 
Ba 0+ ®) Since, the sum of the focal distances of any point on an ellipse 
sah ae is equal to its major axis which is 2a. 
= (° -*) Then, CS = ae, CH =ae’ 
cos 
2 
25 sin(® ; ®) 


a dead 
Fi (ii) 
From Eqs. (i) and (ii), we get 
2 2 
x \ v3 2 2 
| Be =4 or 5x°+9y" =60 
(s) C3 
which is required locus of A. 
Sol. (Q. Nos. 58 to 60) 


Given, line is Let 8 be the angle between their axes. 
2px+yf(l—p*) =1 Then, SH’ =a’e’ +. a’e” —2a’ee’ cosO 
2p 1 HS? =a’e’ + a’e’’ + 2a’ee’ cos 0 
= y= Ja-p) Ja-p*) Now, 2a=SH+S’'H 
; ; : Squaring both sides, then 
": Equation of tangent in terms of slope (m) of ellipse 4a? = (SH)? + (S’ H)? + 2(SH)-(S’ H) 


— M — 2 2 2 
o a, lis y =mx+ y(a'm' +b’) => 4a’ =2a°(e’ +e’) + 2|(a°e” + ave’) — 4a’e’e’’ cos’ 0 
ee 2p => (2-e -&”) =(e? +e)’ — 4e’e”” cos’ 0 
(1—p’) => 44+( +e’) —4e? +e) 
1 =(e’ + &”)’ — 4e’e’’ cos’ 0 
and a’m’ +b’ = 2 72 2072 2 
1-p’ => 1-e —e&* =-e’e” cos 8 
m ? + ” 1 
or a’m’ +b? =—m' +1 ps | 95 5 
ee eA cosQ = Vo © =”? = 
1 ee’ 12/25 
a’ =— and D’=1 T 
4 . §=— 
x? y? 2 
Equation of ellipse is + rs =1 sin @ =1 


(1 + sin’ + sin’) =2(1+1+1)=6 


62. Let the sides of the rectangle be p and gq. 


63. 


64. 


A 
Oo 
2, 
Area of rectangle = pq = 200 (i) 
and area of ellipse = tab = 200% 
ee ab = 200 (ii) 
Perimeter of rectangle = 2(p + q) (iii) 


In AABD, 
Distance BD = ,|(p’ + q’) = Distance between foci 


= 2ae 
or p'+q° =4a’e’ = 4a’ —b’) ...(iv) 
Also, BA + DA =2a [. SP + S’ P =2a] 
> ptq=2a .(v) 


From Eq. (iv), 
(p + 4)’ — 2pq = 4(a" — b’) 
> (2a)’ — 2 x 200 = 4(a° — b’) [From Eqs. (i) and (v)] 
or b*? =100 or b=10 
From Eq. (ii), a = 20 
From Eq. (iii), 
P =2p + q) =2(2a) = 4a =80 


P+1=81 
Hence, ,/(P + 1) =9 
For ellipse 
2 2 
ox? + 16y? =144 or + =1 
16 9 


Equation of director circle is 
x+y? =25 


2 2 
This director circle will cut the ellipse = + a =1at four 


points. 
Hence, number of points = 4 


"Perpendicular tangents meets on director circle of 
2 


i 11 
y =lis x*+y°=74+— 
11/2 2 


xe 
ellipse — + 
: 7 


ive) 


as 


ie) 


65. 


66. 


67. 
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Let length of sides = a 
OA =OB=O0C =OD=— 


V2 


Given 


We know that, for 0 = “ the focal chord will be latusrectum 


2b? 
with length —. 
a 
hab? 2b° 
= TT TT 7 
a'sin'(=] + b° cos'(*| : 
2 2 
hab* _ 2b? 
=> = 
a+0 a 
A =2 
Equation of normal at the point (13 cos 0, 5 sin 8) is 
13 sin®@ 
y —5sin 8 = — = (x — 13 cos @) 
5 cos® 


or 5y cos® —25 sin cos 0 = 13x sin 8 — 169 sin 8 cos 8 
It passes through (0, 6), then 
30 cos 8 — 25 sin 8 cos 8 = 0 — 169 sin 8 cos 8 
=> 30cos@+ 144sin 8 cos 6 =0 
or 6 cos 8 (5 + 24sin 8) =0 
5 


or cos 8 =0, sin 9 =— — 
24 


Hence, three normals can be drawn. 
ie. n=3 
2" =2° =8 


The equation of the tangent at P(a cos 9, b sin 8) on the given 
2 2 


ellipse - a 
a b 


=1is~ cos0+~sin@=1 
a b 


Length of the perpendicular from the focus (ae, 0) on the ellipse 
is 
|ecos8—1| 


p= 
cos’@ sin’ @ 
a’ ¥ b? 


|ab (e cos 8 — 1)| 
Ve cos’ 6 + a’(1 — cos’ 8)) 


_ ab(1—e cos ®@) = fee 


2 = ae’ cos°@ 1+ecos@ 
b° 1+ecos® 
=> —e ————— 
p  1-ecos® 
Now, r’ =(ae —acos®)’ + b’ sin’ 8 


=a’[(e — cos @)’ + (1 —e”) sin’ 0] 
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=a’[e’ cos’ 0 —2e cos0 + 1] 


=a’(1—e cos 6)’ 


> r=a(1—e cos®) 
2a ib 2 1+ ecos0 
Now. 7 = =1 
rp  1-ecos® 1-—ecos® 


68. The points are A(3, 4), B(6, 8) and O(0, 0). 


** OA + OB = 2a (where, a is semi major axis) 


> 5+10=2a 
15 
a=— 
2 
Now, AB =2ae 
> (6-3) +(8-4) =2x— xe 
or 5 =15e 
1 
e=- 
3 


b? =a°(1-e’) 22) (1 | =50 


4) 


2 2 


69. For the ellipse = + a = 1,a normal at P(5 cos 9, 4 sin 8) is 


Hence, 


5x sin 8 — 4y cos 8 =9 sin 8 cos 8 
Since, the normal pass through (A, 0), then 
5A sin®@ —0=9 sin 8 cos 0 
For, sin 0 # 0 (i.e. 0 # 0, 1), we get 
5A =9 cos8 <9 
5’ <9 
Hence, maximum value of 5A is 9. 
70. Here, a =3V3,b =3 
Since, axes are at 90° to each other. 
Yh. 


(" cos 8 <1) 


(0, 14 


O (h, 0) 


>X 


.. O(0, 0) being the centre of arc and radius of arc is OC 
=> OC =.,/(27 + 9) =6 units 


The two extreme positions are horizontal and vertical 
orientation. 


71. 


>X 
Hence, rotation 30° takes place in totality 
2mr 20 TA 
= Length of arc é X6=7 [given] 
12 12 6 
XV =6 


(A) Let point P be (a cos@, b sin 0). The equation of tangent at 
point P is ~ cos 0+ sind =1 
a 


The point Q is (0, bcosec 8). 
Y, 


xX W 
7 
The equations of chord A’ P is 
j= b sin 8-0 sect) 
acos@+a 
The point M is Ca 
1+ cos0 
bsin®@ ) 
Then, (0Q)’ —(MQ)’ = b’ cosec’0 — ( cosec 0 pene 
1+ cos 0 
2b? b’ sin’ 0 
1+cos® (1+ cos 6)’ 
2b? b*(1—cos’ 0) 
1+cos0 (1+cos0@)’ 
_ 2b? b*(1—cos 0) 
(1+cos8) (1+ cos@) 
= b? =4 
(B) We know that, two diameters y = m,x, y = m,x are 
2 2 2 
conjugate diameters of = + = =1ifmm, = 2 
2 -b’ 


3 a 


72. 


2 
or b? =-a’ 
3 
2 
or a’(1—e’) =—a’ 
1 
or 1-e’=— or e& =— 
3 3 
ad 1 
Hence, 4(1+—+—+ ...0c)= 4) —— |=6 
3:29 1 
1—= 
3 
x? y’ 
(C) « 2x°+3y°=6 => ae tes 


By using condition of tangency (2h) =3 x(k)? +2 
Therefore, the locus of P(h,k) is 


4x’ —3y’ =2 (which is hyperbola) 
2 2 

or fist = 1 

1/2 2/3 

2.4 
Hence, = =-(e’ -1) 

a° 2 

2 4 2 
=> e =1+ 3 or 3e° =7 


2 
(D) [ee “| are extremities of the latusrectum having 
a 


positive ordinates, then, 


2 
ae’ = -{* -2| 
a 


But b? =a°(1-e’) 
From Eqs. (i) and (ii), we get 
a’e’ =—2(a(1 —e”) —2) 
a’e’ —2ae’ +2a-—4=0 
ae’(a—2)+ 2(a—2) =0 
(ae’ + 2)(a—2)=0 


=> 
> 


Hence, a = 2 


(A) * (0, 0) lies on the director circle and mid-point of foci 
(2, 2) is the center of the circle. 


Hence, radius of director 


circle = OC 
r=/(444) =2v2 
Ys. 
O x 


Therefore, the area is Tr’ i.e. 8m = MA (given) 
1 =8 
(B) Equation of normal at (5cos®, 4sin @) is 


(ii) 
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5xsec0 — 4y cosec 8 = 9 and it passes through P(0,1). 


Then, 0-—4A cosec 0 =9 
9 
or A’ =—— sin® 
4 
9 9 
or |A|=—|sin 8|< — 
4 4 


or asd =9 
p=7 = 4p 


(C) Let the orbit of the earth be the ellipse 


x? y° 
Its major axis = 2a = 186 X10° miles (given) 
ie. a =93X10° miles and e =1/60 (given) 
A’ * A 
S) 


Let the Sun be at the focus S(ae,0). Then, the Earth will be at 
shortest and longest distance from the Sun when the Earth is 
at the extremities of the major axis which are respectively 
nearest and farthest from this focus S. 


Shortest distance of the Earth from the Sun 
= SA, where S is (ae, 0) and A is (a,0) 
=a-—ae =a(l-e) 
=(93 X10°)(1 + (1 / 60)) 


= 91450000 miles = 914.5 X10°miles and longest 
distance of Earth from the Sun 


= SA’, where S is (ae,0) and A’ is (—a,0) 
=a+tae 
=a(1+e) 
= (93 x10°)(1+(1/60)) 
= 94550000 miles = 945.5 x 10° miles 
W-A+1=9455-9145-1 =30 
(D) Equation of chord whose mid-point (0,3) is T = S, 


3.y 9 
= 0+—+-1=0+—-1 
25 25 
=> y =3 
x 2 
It intersects the ellipse — + as 
16 25 
x? 3° 16 
at a ae 
16 25. 25 
16 
or x=t— 
i] 
32 40 


Length of chord = oe (given) 


rN =8 


73. (A) Let S = 9x’ + 8y* —36x—16y —28 


«. Value of S at (2,6) 
S, =9(2)? + 8(6)? —36(2) — 16(6) —28 
= 36 + 288 —72 —96 —28 
=128>0 
.. Point (2,6) lies outside the ellipse. 
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The equation of the given ellipse be rewritten as 
(x —2)° + 8(y —1)° =72 
2 2 
(x=2))  (y=1) _ 
8 9 


Centre of ellipse is (2,1) and axis parallel to Y-axis 


=> 1 


..Vertices are x -—2 =0 


and y-1=43 
or (2,-2) and (2,4) 
.. Minimum distance 
L=PA=2 
#P(2, 6) 
A(2, 4 
ce,1 
4 B(2, -2) 


and maximum distance 
G=PB=8 
Then, L+G=10,G—L=6 
(B) Let S=4x?+9y?+8x-36y+4 
-. Value of S at (1,2) is 
5, = 4(1)? + 9(2)’ + 81) —36(2) + 4 
=4+36+8—-72+4 
=-20<0 
.. Point (1,2) lies inside the ellipse 
The equation of the given ellipse be rewritten as 
4(x +1)’ +%y —2)? =36 
oe EEDE 2)? 
9 4 


.. Centre of ellipse is (—1, 2) and axis parallel to X-axis. 


1 


.. Vertices arex+1=243 
and y-2=0 
or (-4,2) and (2,2) 


AW ii A 
eee C1, 2) P(1, 2) he 


..Minimum distance L = PA =1 


and Maximum distance 
G = PA’= AAPA =6-1=5 
Be L+G=6,G-L=4, 
(C) Here 3x + 4y = 0 and 4x — 3y = Oare mutually 
perpendicular lines, then substituting 
3x + 4y 


(3° + 4’) 


4x —3y _ 
((4)° + (-3)’) 


Then, the given equation can be written as 


= X and 


74. 


x 
4X? +9Y* =36 => : =1 


..Vertices, X =+3,Y=0 
3x + 4y 2£9 4x —3y ai 
5 


or 


wn 
nN 


or 3x+ 4y =+ 15, y =— 


3 
9 12 9 —12 
Vertices are f , and ( : 
5 Ss 5 3 


Given point is a vertex. 


Minimum distance L = 0 


and maximum distance G = Length of major axis = 2 x 3 =6 


Then, L+G=6,G-L=6 
(D) Given ellipse is 25x” + 9y* =225 
u" 


B(O, 5) 
X« Cc >X 
B’(0, -5) 


\ 
x? 2 
Le 
9 25 
, 2 (25 -9)) or (0,+ 4) 
and vertices are B (0,5) and B’ (0, —5) 
.. Minimum distance L = SB =1 


or 


focii (0. 


and maximum distance G = SB’ = 4+5=9 
Then, L+G=10,G-L=8 
Here, (a’ + 1) <(a’ + 2) 


aa* +1) 10 
.. Length of latusrectum = aes), =— 
v(a2 +2) 6 
> 6(a° +1)’ =25(a’ + 2) 
or 6a* — 13a” — 44=0 
or (a’ — 4)(6a’ +11) =0 


#, a’ =4, 6a° +1140 
If e be the eccentricity, then 
(a’° +1) =(a’ + 2)(1—-e’) 
P 5 1 
=> e =1--=— 
6 6 
1 
6 
Hence, both statements are true, statement II is correct 
explanation for statement I. 


e= 


75. 


76. 


77. 


78. 


79. 


2 2 


The given ellipse is = + = =1 

.. Area of ellipse = n/3V2 =nV6 

The circle is x° + y? -2x + 4y +4=0 
or (x-1)° +(y +2)’ =1 

Its area is 7. Hence, statement I is true. 


Also, statement II is true but it is not the correct explanation of 
statement I. 


Given, ellipse is 4x’ + 9y’ = 36 
2 
x : 
or 3 + = =1 ..-(i) 
Equation of tangents in terms of slope (m) are 


y =mx + 9m’ + 4) 


> (y — mx)’ =9m’ + 4 
> m’ (x? —9) -2mxy + y? —-4=0 
2 
| ae 
mm, =-1> ao” 1 


=> x’ + y” =13, which is director circle of (i). 
Hence, both statements are true and statement II is a correct 
explanation for statement I. 
Distance between foci = 2ae and sum of focal distances from a 
point = 2a 

2ae<2a >e<l 


Both statements are true, statement II is correct explanation for 
statement I. 


4x’ + 5y* —16x —30y + 41=0 ...(i) 
> A(x’ — 4x) + 5(y* —6y) + 41=0 
=> Af{(x—2)’ — 4} + 5{(y -3)? -9} + 41=0 
> 4(x — 2)’ + 5(y —3)° =20 
*, statement II is true. 
and 22) 4 Y= 3) 8g gp HA, Y= 3Y Ls 
5 4 (V5) oe 


.. Sum of focal distances of a point (P) on the ellipse (i) is 25. 


.. Statement I is true, but statement II is not a correct 
explanation for statement I. 


Let variable circle is (x — h)’ + (y —k)? =r’ (i) 
C(h, k) and radius r and given circles 
(x-1)° + (y -2)? =5° (ii) 
C,(i, 2) and 7, =5 
and (x -2)’ +(y -1) =4° ...(iii) 


C,(2, 1) and r, = 4 
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ICC] = V2 >In 
.. Circle (iii) lies completely inside the circle (ii) 
CC, =r+4and CC,=5-r 
= CC, + CC, =9 = constant 
.. C lies on a ellipse. 
Statement I is true and Statement I] is false. 
80. Statement I is obviously true since it is a theorem 
P(a cos , bsin ) 


(-ae, 0) S’ S(ae, 0) 
** (Slope of SP) x (Slope of S’P) #-1 
.. Statement II is false. 
81. Given, a =constant and a + b + c =constant = 2s. 
Now, BA+CA=c+ b=2s — a= constant 
A 


B a C 
. Locus of A is an ellipse. 


= Both statements are true and statement II is a correct 
explanation for statement I. 


82. Let PQORS be a quadrilateral inscribed in the ellipse. 


cere ae 
a 
Let PQ, QR and RS be the three sides parallel to the given lines. 
AY 


a Q (6) 
x’ > xX 


(8) P (a) 
vy’ 


Equation of PQ is 


* cos (AP) 4 2 sin( AP) cos (2=F) 


a+ 


Its slope is — E cot ( ) which is constant by hypothesis 
a 


fy a + B =constant = 2A, (say) 
Similarly 8 + y =constant = 2A, (say) 


and y + 6 =constant = 21, (say) 
Now the equation of SP is 


x (* +8) y. (* 5) 
cos + —sin 
a 2 b 2 


) 
= cos 
2 
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b (-=*) 
m=-—-— cot | —— 
a 2 


But a+6=(0+8)-(B+y)+(y+9) 

=2A, -2A, + 20, 

= constant 
Hence, the slope of the fourth side PS is constant. Hence the 
fourth side is also parallel to a fixed straight line. 


83. Let ZPSS’ =a and Z PS’S =B 


Its slope 


SS’ = 2ae 


P (acosd, bsino) 


bisectors 


By sine rule in APSS’, then 


SP SP ss’ 
sinB sina sin{fm—(a+f)} 
SP Sup SS’ 
= = 2 
sinB sina sin(a+B) 
SP+S’P SS’ 
or = 
sinB+sina (sina +B) 
or gg, [: SP + S’P =2a] 
sinB+sina  sin(@ + B) 
2a _ sinB + sina 
or — = 
2ae —sin(a + B) 
2sin (* = ,) cos (“*) cos (* — | 
= 2 2 it . 2 
2sin( = P) cos 2 +P) © cos ea 
2 2 2 
- (* - ,) ae (* | 
1-e 2 2 
ii cos (2—F) cos (28) 
2 2 
{By componendo and dividendo rule} 
~» 1°* _ tana /2)tanG/2) ad 
1l+e 


(=) (=) 1-e 

or tan tan = 

2 2 1lt+e 

The centre of the circle inscribed in A PSS’ will lie on the 
bisectors of angles &% and B whose equations are 


y =tan @c + ae) 
and y = tan (x -%) (x —ae)or y=—tan (£) (x — ae) 


By multiplying we get 


y’ =—tan (£) tan (5) (x’ —a’e’) 


[From Eq. (i)] 


or ea =1 
ave go, Le 
ae 
(+=4] 


which is an ellipse. 


84. Let Pbe(acos 9, bsin ) 
Equation of tangent at P is 


as cos o4 psn =1 va <(i) 
and equation of normal at P is 
ax sec 6 — by cosec 6 =a’ —b’ (ii) 
It is clear from the figure CFPQ is rectangle 
PF =CQ 
{i.e. the perpendicular from C(0, 0) on Eq. (i)} 
B~ 


—— ? 
A A 


_ 1 7 ab 
(= sin’ * a’ sin’ 6 + b* cos” ) 


a’ b? 


...(iii) 


a —b 


Putting y = 0 in Eq. (ii), the point Gis cos 9, | 


a 


and Putting x = 0 in Eq. (ii), the point g is 
0.— (a —b*) sin 
b 


2 p2 


Z Jeos . + (b sin o — 0)’ 


(PG) = c cos @ — [: 


b* b° 
=— cos’ o + b’sin’ ¢=— (b’ cos’ o + a’ sin’ 6) 
a a 


PG= y (a? sin’ o + b’ cos’ ) (iv) 
a 


and (Pg)* =(acos 6 — 0)? + [bin o+ e) sin e 


a‘ 2 


=a’ cos’ + a sin’ > = (a’ sin’ + b’ cos’ ) 


Pg = a’ sin? o + b’ cos” ) Av) 


From Eqs. (iii) and (iv), PF-PG=b° 
and from Eqs. (iii) and (v), PF - Pg =a’. 


85. Let the coordinates of P be (x,, y,) then Q is (x, — y,). 


86. 


Also B is (0, b) 
Equation of PB is 


b- 
y-y, =——*(x- x) 
Ox, 


It meets major axisie. y=0in M 


ais as | 
(b-y,) 


b+ 
Also equation of BQis y + y, =——+ 


It meets the major axis i.e, y = 0 in N. 


Nis Oi 
bt+y, 


Now the polar of M with respect to the auxiliary circle 


x+y’ =a’ is 


xbx, P 
+0-y=a 
b- V1 
or bxx, =a*(b -y,) 
If Eq. (i) passes through N, then 
2.2 
x 2 
~~ =a'(b-y) 
(b oe y:) 
> b’x? =a°(b’ —y7) 
2 2 
or al + ae = 1 which is true. 
a b 


The equation of any tangent to the ellipse 


2 2 


4x? + 25y? =100 or — +2 =1is 
25. 4 


y =mx + /(25m’ + 4) 


It meets the coordinate of axes at 


A - alepre se) ; and B [o (25m? + 4 


m 


Let P (h, k) be the mid-point of AB. Then 
y(25m" + 4 
2h=- ater =e) and 2k =,/(25m’ + 4) 
m 


2k k 
> m > m 


2h h 
Since, Eq. (i) touches the circle x’ + y? =r° 


(25m? + 4) 
Therefore, ——————— = |r | 


(1+ m’) - 


25m +4 , 
———. =r 
14+m 


or 


87. 
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k? k? k 
or 2) + 4=r? 1+ (- m=—- *) 
h? h? h 


Hence the locus of P (h, k) is 
25y? + 4x* =r’? (x° + y’) 


or yet (f =9 x 


Ix 
Let the normals at the points when the line, — + 
a 


my 4 


meet in P (h, k) 
Let the line joining the feet of the other two normals from 
(h, k) have for its equation, rx + sy =1 


New 
as 


B D 


Then the general equation of a curve through the intersection 
of the ellipse and the two lines is 


& - | (= = 1) x(etsy-1)=0 ...(i) 


a a 
But the four points A, B, C, D also lie on the ellipse 
(a° —b*) xy + kb’x —ha’y =0 ...(ii) 
Curves Eqs. (i) and (ii) must be identical. 


This is possible only one coefficient of x* and y’ and the 
constant terms in Eq. (i) must vanish separately. 


Ep Mt a6 and eee ee 
a a b b 
X.=1,1+ ar =0=1+ bms 
je and fen! 
al mb 


Therefore, the line rx + sy = 1 become 


~¥ ator 24+ =-1 
al mb al mb 
bsi (2) sind 
tan® = nad =~% 
(a cosd—ae) (cosd—e) 
b’ =a’ (1—-e’) 
Pe (1-e°) 
a 
AY 
B : 
P (acos®, b sino) 
a an 
B 
vY’ 
(1 — e*)si 
=> tanO= aa sk) 


(cos — e) 


=> sinO cos —e sin®@ = ,/(1 — e’) sind cos 
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2tan(0/2) 1 —tan*(/2) 
1+ tan’(6/2) 1+ tan’(o/2) 


e (2 tan(0/2)) 
(1 + tan’(@ /2)) 


2tan(o/2) 1 -tan’(6/2) 


= (0-6). Se 
1+ tan°(o/2) 1+ tan*(0/2) 


= 2 tan(0/2) (1 —tan’(/2)) —2e tan(0/2) (1 + tan’(@ /2)) 
=2 (1 — e*)- tan( /2) (1 - tan’ /2)) 

= (1 —e) tan@/2) —(1 + e) tan(@/2) 

tan’ (/ 2) — (1 —e”) tan(o /2) 

+ (1 —e*) tan’(6 /2) tan( / 2) = 0 
= (1 +e) tan?(b/2) + (1 —e”) tan(o/2) 
(cot (8/2) — tan(@/2)) —(1 —e) =0 

=> (1 +e) tan(o/2)/(1 + e) tan( / 2) — (1 —e) tan(@/2)} 
+ (1 -e) cot(0/ 2) + e) tan(o / 2) — (1 —e) tan /2)}= 0 
=> (1 + e) tan(o/2) + (1 —e) cot@/2)) 

((a + e) tan( / 2) — (1 —e) tan /2)) =0 


But and @ lies between 0 and % 


then tan(d/2)>0 and tan(/2)>0 


then ./(1 +e) tan(o/2) + ./(1—e) cot(@/2) #0 
(1 + e) tan(d/ 2) —./(1 —e) tan(0/2) =0 


tan(@/2) = (+4) tan(@ /2) 
Le 
89. Let the given ellipse be 
2 2 
x . 
=? s =1 (i) 
Let P (a) and Q (8) be two points on Eq. (i) such that 
6=a-8 ...(ii) 


Given that tangents at P and Q are right angles. 


[ ” cota ( * cot) =—1 


> a’ sina sinB + b* cosa cosB = 0 ...{iii) 
But the diameter parallel to the tangent at P (&) will be 
conjugate to the diameter CP, then its extremities will be 

(—a sina, b cosa) 


d? =a’ sin’a + b’ cos’ a 


Similarly 


d; =a’ sin’ B + b’ cos’B 
> d’d; =(a’sin’ a + b’ cos’a)(a’ sin’ B + b’* cos’ B) 
=(a’ sina sinB + b* cosa cos)’ 
+ a’b*(sina cos — cosa sinB)’ 
= 0+ a’b’sin’ (a —B) [from Eq. (iii)] 
=a’b’ sin’ 6 [from Eq. (ii)] 
ab sin® = d,d, 


90. y =mx + ,(a’m’ + b’) is a tangent to the ellipse this tangent 


also touches the circle x? + y* =r’ 


0-—0+.,/a’m +b’ 
then aoe = 


1+m 
2 2 
r—b 
we get m= ar (“b<r<a) 
@-r 
Y 
A 
P 
Q 
R 
x’ L 
< a) >X 
(0, 0) | (ae, 0) 
Y, 
iv 


The line RS passes through (ae, 0) and parallel to PQ is 
y —0=m(x —ae) 
=> mx—y-—ame=0 
Let T be the feet of the perpendicular dropped from the origin 
on RS 


ame 


4/1 + m 


(RT) =(OR)° — (OT) 
2 ame 2 2 
a er 


RT =b, RS =2b 
91. Equation of the tangent at the point P (a cos, b sing) on 
xy : 
+++; =1is 


a bv 


OT = 


= cos + = sind =1 ...(i) 
a b 


andfoci F = (ae, 0) F, =(—ae, 0) 
.. d =perpendicular distance of Eq. (i) form the centre (0, 0) of 
the ellipse 


1 ab 
d = = A 
= rc) a sin’ y@ sin’ + b’ cos’ 6) 


a’ b? 


2 2 2 atn2 2 2 
ie ac het ly b* (a’ sin® @ + b* cos* ) 
d’ a’b® 


= 4q? eB b? 2 
= 4a" |1—sin"d— — cos’ o 
a 
(a’ —b*) 


= 4a’ cos’ —= 
a 
=4cos’ 6 (a’ —b’) 
= 4a’e’ cos’ b = (2 ae cos)’ 
=[(a — aecos) —(a + ae coso)]’ 
=(PE = PRY 
Hence (PE — PF,)’ = 4a’ [ = =| 


92. 


93. 


(i) Equation of ellipse is = + - =1 ...(i) 
a 
PQ is the chord of contact. 
Equation of chord of contact is 1 = =; ...(ii) 
a 
¥ 
kK 
x 
My) 
y 


Eliminate y from Eggs. (i) and (ii), we get 


2 


x” (a’y; + b’x7) — 2a°b’ xx, + a’ (b° —y;) =0 


Let x’ and x” be it roots 


ek at 20 Oy) 
(a’y; + b?x? ; (a’y; + b?x? 
Now, ST’ =(x, —ae)’ +y,; 
Also, SP -SQ =(a — ex’) (a — ex”) 


=a’ —ae(x + x”)+ ex’ x” 
=a ae-(2a°b’x,) _ ea’ (b’ —y,) 


(a’y; 4 b?x? (a’y; ae bx?) 
a’ 
7 (a’y; de b?x? {b° (x, ae)’ + b’y?} 
1 1 
_ a’b*(STY’ 


(ii) ST-S’T cos@ =(\(x, — ae)? + y? (q(x, + ae)” + y?) cos® 


= ye? + y; t+a’e’)’ — 4a’e’x’ cos (i) 


Equation pair of tangents. 


(x + yi a" —b*) 
Ve? + y) +a’e 
From Eq. (i), ST-S’T cos =x; + y; —a° —b° 
ST -S’T cos0 =(CT)’ —a’ —b’ 

Let coordinates of T be (x,, y, ). Let eccentric angles of P, Q, R 


be >, o,, 9, 
Thus equation of chords PSQ and PHR are 


* cos (2* 2) ¥ sin( 29) — cos (2%) (i) 
2 2 


cos® = 
2 ee ee) 
— 4a°e’x, 


Hence 
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*.: Eqs. (i) and (ii) passes through (ae, 0) and (—ae, 0) then 
Eqs.(i) and (ii) becomes 


e cos (24%) = cos(#=%} ...(iii) 
2 2 

and c cos [2 #82) ~ cos (*5%) ..(iv) 
2 2 


AY 


>X 


* 


vy’ 

By componendo and dividendo 
1-e 2. cos(@/2) cos( ,/ 2) 
1lt+e 2 sin(@ / 2) sin(@ ,/ 2) 


or 2% =~ goth) a) cot(,/2) 
1lt+e 
or tan (,/2)=— oe cot( / 2) 
(1 —e) 
Similarly, tan(@,/ 2) =— boo cot(@ / 2) 
(1 + e) 


the equation of QR is 


* cos (2! +82 » sin(® 92) - cos(% =f: 
a 2 b 2 2 


Dividing both sides by cos (,/ 2) cos(@,/ 2), we get 


=> ~(1-tan(,/2) tan(o,/2)+ 7, fean(9,/ 2) + tan(,/ 2)) 
a 
=1+4 tan(,/2) tan(,/2) or ~(1—cot?(o/2))+ 
a 


{2 [ = =| cout /2) =1+ cot?(/2) 


S(& 


: x (1—cot?(o/2)) 1+e? 2coto/2 iy 


fe) =1 
a (1+ cot*(/2)) 1-e° 1+ cot’o/2 b 
x 1+e’). y 
or cos sing:-—=1 
a ° [ = u b 
x 2 y By. os _ 2 
or re O88 ee ee) ..(v) 
a 
But QR is also chord of contact. 
Thus equation of QR is 
XG P 
ae are ..(vi) 


Comparing the co-efficients of Eqs. (v) and (vi), we get 
(1—e’)cos@ (1+e’)sing _ 


(1-e’) 
x,/a y,/b 
x? . y, (1 _ e’)? 
> cos’@ =— and sin’ @ => 
° a’ ° b? te’) 


cos’ @ + sin’ @ =1 
ca : VW me =i = 
ab? (l+e’)’ 


2 2 
Locus of (x, y,) is = (1 + e?)? +(1— ae =tiees. 
a 
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2 2 
94. Any tangent to the ellipse = + = 1 at P(acos8, bsin®) is 


xcos® = ysin® 
eS 
a b 


. oy 
It meets coordinate axes at A(asecO, 0) and B(0, bcosec8). 


Area of AOAB = ; xX asec® x bcosecO 


= Wee ab 
sin20 
For A to be min, sin 20 should be max and we know max value 
of sin 20 = 1. 
A nax = ab sq units. 


95. Let the common tangent to circle x” + y’ = 16 and ellipse 
x’ /25+y°/4=1be 


y=mxt 25m’ + 4 


As it is tangent to circle x’ + y’ = 16, we should have 


25m + 4 


=> 25m’ + 4=16m’ + 16 
> 9m? = 12 

=2 
> m=—= 

V3 


[Leaving + ve sign to consider tangent in I quadrant] 


.. Equation of common tangent is 


+ 4/25 Sad 
=-—-—+¥_x oo 
y 3 1 3 


2 7 
> y=--=xt+4 . 


This tangent meets the axes at A(2v7, 0) and alo 2} 


.. Length of intercepted portion of tangent between axes 


=14/ V3 


96. «- ZFBF’ =90° = FB’ + F’ B’ = FF’* 


(fate? +b)? + (fa’e? + 6”)? =(2ae)" 


> 2(a’e’ + b’) = 4a’e’ 
b’ 
a 
= erry 


a 


=4  [Using: length of perpendicular 


mt +1 from (0, 0) to (1) = 4] 


X'< >X 
MZ 
Also, e? =1-b’ /a’ =1-e’ 
=> 2e’ =1le= : 
oa. 
97. 2ae=6 => ae =3;2b =8 
> b=4 
b? =a°(1-e*);16 =a’ —a’e’ 
> a’ =16+9=25 > a=5 
3:3 
e=—-—=— 
a 5 
98. % 
S’(-ae, 0) S(ae, 0) 
X'< >X 
(20-$') 
a Q ~b2 
plee. al ) 
YW 
>X 


1 


' Y 
I Y’ 
Given, ellipse is x* + 4y° =4 
2 2 
or “+4 =1 5 a=2,b=1 
2 
e= 


1 
[1 88 
4 2 

ae = V3 


As per question P = (ae, — b’ / a) = (v5, = ;| 
Q-=(-ae,—b* /a) = (- b-1) 


PO =2v3 


Now, if PQ is the length of latusrectum to be found, then 


v3 


PO =4a =2V3 > a= : 


99. 


Also, as PQ is horizontal, parabola with PQ as latusrectum can 
be upward parabola (with vertex at A) or down ward parabola 
(with vertex at A’). 

V3 


For upward parabola, Ar =a = oe 


..Coordinates of A = [> - [2 = | 


2 


So, Equation of upward parabola is given by 


vanilys sie ' or x? —23y =3 + V3 ..-(i) 
V3 


For downward parabola A’ R =a = os 


..Coordinates of A’ = [o - [ =) 


So, equation of downward parabola is given by 


a= nal + : 4) 


or x + 2/3 =3- 3 ...(ii) 
.. Equation of required parabola is given by Eqs. (i) and (ii). 


Perpendicular distance of directrix from focus 


a 
=——ae=4 
e 


il 8 
> al2 =4> a=- 
2 3 


>< 


Ye 


(ae, 0) 
Yy 
x=a/e 
Yy 
y’ 


“.Semi major axis = 8/3 


100. The given ellipse is x” + 9y* =9 


or 


x? y 
ah 


3 og 


107. 
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So, the AQ, 0) and B (0, 1) 
.. Equation of AB is aa Yay orx+3y-3=0 (i) 
Also, auxillary circle of given ellipse is 

x+y? =9 
Solving Eqs. (i) and (ii), we get the point M where line AB 
meets the auxillary circle. 


...(ii) 


Putting x =3 —3y from Egs. (i) and (ii) 


we get (3-3y)’ +y’ =9 
=> 9-18y + 9y? +y? =9 
> 10y> —18y =0 
9 —12 
=> y=0- > x=3, — 
5 3 
=12°9 
Clearly, w( = 2) 
oe) 
0 0 1 
1 27 
“Area of AOAM=-x|| 3. 0 1 ||/=— 
2 -12 9 10 
a 4 
5 5 
2 2 
The given ellipse is am + - =1 
4 2 
such that a® =16andb* =4 
4 3 
e? =1-— =~ 
16 4 
V3 
=> e=— 
2 


Let P (4cos®, 2sin®) be any point on the ellipse, then equation 
of normal at P is 


4xsin® — 2y cos® = 12sin@ cos 
er eee 
3cos8 6sin® 


.. Q, the point where normal at P meets X-axis, has 
coordinates (3 cos8, 0) 


=> 


-. Mid-point of PQ is M (7 — sin 


For locus of point M we consider 
7cos® 
pt 


and y =sin® 


2 


-=1 ..(i) 


Z 
= cos0= = andsind=y => 


Also, the latusrectum of given ellipse is 


pacuieeug® 2458 


2 

or x =+2y3 ...(ii) 
Solving Eqs. (i) and (ii), we get 

4x12, 2 _, 

49 4 
1 1 

=> *=—ory=t+- 

7 49 . 7 


1 
.. The required points are [223 =| 
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A . . . . . . . 
102. In AABC, given that cosB + cosC = 4sin’ = If PORS is the rectangle in which it is inscribed, then 


P= (2, 1). 
B+C  B-C ee. mee 
=> 2cos cos 9 4sin° — = 0 Let = + - = 1 be the ellipse circumscribing the rectangle 
a 
= Sein A lave B-C Pree Al_ 6 PQRS. Then it passes through P(2, 1) 
al 2 | y, 
_ A ( B=C B+ <) 
=> sin— =0 or] cos 2cos 0 
2 2 2 
Ao. ( + “| 
— =90° — 
2 2 
A X'« 
But in a triangle sin = #0 
B-C B+C 
cos 2cos =0 
cos(? + “| 
y 
= oe ee y’ 
B-C 
cos 7 iy Be De 1 ...(i) 
2 ab 
Applying componendo and dividendo, we get Also, given that, it passes through (4, 0) 
(7 + | (? - | 16 
cos + COS - +05 
2 2 _1+2_ a 
(2=*) A=") 1-2 => a” =16 
cos cos * edna od ; ; 
2 2 > b° =4/3 [substituting a~ = 16 in Eq. (i)] 
B Cc x” y° 
2 cos— cos— .. The required ellipse is — + —— = 
ai _ a ree 16 4/3 
da? ane OF x’ + 12y’ = 16 
2 2 
1 105. Tangent to = + Le =1 at the point (3 cos0, 2sin6) is 
=> tan—tan— =— 3 2 
3 xcos® a ysin® = 
a (s —a)(s —¢) |(s—ay(s—b) _ 1 3 2° 
s(s — b) s(s —c) 3 A 5 (3, 4) 
as s-a_1 od 
s 3 
or 2s =3a B 
> at+b+c=3a 
or b+c=2a 
Le. AC + AB = constant Ate) 
['. base BC = a is given to be constant] 
= A moves on an ellipse. 
Y 
2 2 a 
1-t 2t 
103. (=) t+(yy = z\4 7 
V3 1+t T+ As it passes through (3, 4), we get 
atery cos® + 2sin® =1 
“a4 PP - > 4sin’ 9 =1 + cos’ —2cos0 
4 => 5cos’0 —2cos® —3 =0 
=> —+y'=1 3 
7 > cos = ar 
Which is an ellipse. 4 
2 y? => sin® = 0,— 
5 


104. The given ellipse is - + = 1 


; F 9 8 
So, A = (2, 0) and B = (0,1) .. Required points are A (3, 0) and B (2 ) 


106. 


107. 


108. 


109. 


Let H be orthocentre of APAB, then as BH AP, BH isa 
horizontal line through B. 


Ee. 
5 


Be 


P(3, 4) 


) 


-.y-coordinate of B =8/5 
Let H has coordinate (q, 8 / 5) 


: 4 
5 -12 
Then, slope of PH = 2—— = 
a-3 5(a-3) 
8-0 
8 -1 
and s lope of AB = —2— = = 
. _ 9 -24 3 
23 
But PH | AB 
-12 (=) 
=> x =-]1 
5(a -3) \3 
> 4=-50 + 150ra =11/5 
11 8 
Hence a(2, =| 
Di. 29 


Clearly, the moving point traces a parabola with focus at 
P(3, 4) and directrix as 


y-0_-l 
“x-3 3 
or x+3y-3=0 


.. Equation of parabola is 


(x3) +a =F) 


10 
or 9x’ + y’ —6xy —54x —62y + 241 =0 
2 2 
Let the ellipse be = + a =1 
It passes through (—3, 1), so 
9 1] 
ab 
Also, b? =a*(1 —2/5) 
=> 5b° =3a’ 
Solving Eqs. (i) and (ii), we get 
at ye 2 
3 ) 


So, the equation of the ellipse is 3x’ + 5y” =32 
As rectangle ABCD circumscribed the ellipse 


aete Aare 
9 4 
A= (3, 2) 


110. 
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% 
(0, 4) 
ae AGB, 2) 
X« : a >X 
( ae =p 
Tie 


Let the ellipse circumscribing the rectangle ABCD is 


2 2 


Mh Ms 
Given that, it passes through (0, 4) 
b’ =16 
Also, it passes through A(3, 2) 
9 4 ; 
ra =1 >a =12 
a 16 
| a2 - 1 
e=,1-— =,/—= 
16 4 2 


Given, equation of ellipse is 2x’ + y* = 4 


— | = 1 = t = 1 


2 2 


Equation of tangent to the ellipse = + = =1is 
2 2 


y=mxt,2m’ +4 
y 


2 
‘. equation of tangent to the ellipse — + — =1 
a 


b’ 
is y =mx +c, wherec =+./a’m’ + b’ 


Now, equation of tangent to the parabola 
4V3 
y’ = 16)3x is y =mx+ 4v3 
m 
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(i) 


...(ii) 


(: Equation of tangent to the parabola y’ = 4ax is 


a 
y=mx + —) 
m 


On comparing Eqs. (i) and (ii), we get 
ea) =i Jam’ +4 
m 


Squaring on both the sides, we get 
16(3) =(2m* + 4)m’? 


> 48 = m’(2m’ + 4) 

> 2m’ + 4m’ — 48 =0 
> m' + 2m’ —24=0 
> (m’ + 6)(m? — 4) =0 
= m =4 
=> Mmat2 


= Equation of common tangents are y =+2x+ 2/3 


Thus, statement I is true. 


statement II is obviously true. 


(. m? #-6) 
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111. 


112. 


113. 
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=> e=,j//1--|=- 
9 3 


‘ : ‘ 42 a 1 2 4 
Equation of circle is (x —1)° + y” =1 Area of APOR = ~ x V3 (4 er (; 7 a| 
= Radius = 1 and Diameter = 2 2 h 
.Length of semi-minor axis is 2. iv A(h) = V3 (4 —Wy? 
Equation of circle is x” + (y — 2)’ = 4 =(2)’ al 2 h 
=> Radius =2 and Diameter = 4 dA Al (4 — hh? + 2) | 
= Length of semi-major axis is 4 ah | he | <0 
We know, equation of ellipse is given by 
x y? .A(A) is a decreasing function. 
+ =1 
(Major-axis)” | (Major-axis)’ a DL epei 
x? 2 x 2 
=> yt - yzl= asl 1 
(4)" (2) 16 4 => Brug = Al 5 Jand An = AC) 
=> x’ + 4y’ =16 
3/2 
From the given equation of ellipse, we have 42 1 
(= ; 4a 4) |_ 45 fp 
a=4,b =3e =,|/1- - 1 
16 2 1 8 
2 
v7 
= “4 3 3V3 9 
4 A, — ee 
Ps i £2 
ee —8A, = 45-36 =9 
114. Given, equation of ellipse can be written as 
v 2 2 
X’< >X x " Ve 1 
6 2 
=> a’ =6,b° =2 
Now, equation of any variable tangent is 
Vy y =mxt.fa’m’ +b’ s«i(1) 
Now, radius of this circle = a’ = 16 where mis slope of the tangent 
=> Foci =(£V7, 0) So, equation of perpendicular line drawn from centre to 
t ti 
Now, equation of circle is (x — 0)’ + (y —3)’ =16 ee = 
2 2_6y-—-7= =— (ii 
x+y -6y—-7=0 y 7 (ii) 
Vertical line x = h, meets the ellipse #242 iat Eliminating m,we get 
4 3 (x! + y! + 2x°y*) =a2x? + by? 
ae fs x+y +axy)=ax y 
H( nat fara) | anda =F a=) > (x° + y’)? =a°x’ + b’y’ 
: > (x? + yy’)? =6x* + 2y* 
By symmetry, tangents at P and Q will meet each other at 115. The end point of latusrectum of ellipse 
X-axis x? 2 b? 
*~ 42 <1 in first quadrant is | ae, — | and the tangent at this 
y A a Db a 
point intersects X-axis at ( 0 and Y- axis at (0, a). 
e 
x? y? 
The given ellipse is — + —=1 
+h, e peg 
Then, a’ =9b? =5 
Y 


.. End point of latusrectum in first quadrant is L( 2, 5/3) 
a 


Tangent at P is “ + va —h’)=1 


4 
Which meets X-axis at (+0) It meets X-axis at A (9/2, 0) and Y-axis at B (0, 3) 


2x 
Equation of tangent at L is e + 


116. 


117. 


«Area of AOAB a2 x2 ga" 
2 2 4 


By symmetry area of quadrilateral 


2 
= 4x (Area AOAB) = 4x - = 27 sq units 
2 2 

Let oa + al =1, where a > b 

a b 

x? 2 
and E,:— + Ys 1, where c <d 

cd” 
Also, S: x’ +(y—1)° =2 
Tangent at P(x,, y,)toSisx+y=3 
To find point of contact put x =3 — y in S, we get P(1, 2) 
writing equation of tangent in parametric form 


x-1_y-2_, We 


=] L 3 
v2 V2 
= 2 2 —2 
x=—+1 or —+landy =—+2or—+2 
3 3 3 3 


3. 43 3 

5 4 1 8 

> =| and RI -,— 
of? *| (3 =| 


Equation of tangent to E, at Q is 


5 4 
2* + — =1 which is identical ioe Sed 
3a 3b 3 3 
4 1 
=> a’ =S5andb’?=4 >e =1 : 
Equation of tangent to E, at R is 
8 
— Y =1 identical to~ + 2 =1 
3 3d 3 
1 7 
> c =1d°=8 >e =1 
8 8 
Segue” ee, = v7 e ej = 2 
© 8 go? ato’T* 8! 40 


2 2 


fc Me ie 
Ellipse + 
: 9 5 


=1> a=3,b = v5 ande == 
f, =2and f, =—-2 
P:y’ =8x and Py =-16x 
Ty =mx+— 
It passes through (-4, 0), 


0=-4m, + >m 
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4 
T,:y =m,x -—— 
m 
It passes through (2, 0) 
4 
0=2m, — 


+m =4 


2 2 


Sol. (Q. Nos. 118 & 119) 


118. 


119. 


120. 


x’ 2 8 1 
For ellipse ~- + 2 =1,e= (1-2) =2 
9 8 9) 3 


F(-1, 0) and F,(1, 0) 
Parabola with vertex at (0, 0) and focus at F, (1, 0) is y* = 4x. 


Intersection points of ellipse and parabola are M Ce and 
N26 ) 


For orthocentre of AF MN, clearly one altitude is X-axis 
ie. y = 0 and altitude from M to F N is 


5 3 
KexeltD 
: 26 2 
. : : 9 
Putting y = 0 in above equation, we getx = — — 


10 
9 
Orthocentre | -—,0 
10 


Tangents to ellipse at M and N are 
ae a 86 24 
6 8 6 8 


their intersection point is R (6, 0) 


3 
Also, normal to parabola at w(>, a is 


ee 


2 


, i P Aas 7 
Its intersection with x-axis is (2. 0 


5 eau 


1 
Now, ar(AMQR) = A ~ x — 


Also, area (MF NF,) =2 x Area of (F MF,) 


=2x—x2xJ6 =2V6 


area(AMOR) _ 5V6 Zoe 
area(MFNF,) 4x2V6 | 
Hgeee “dadgee Sa 
2 e 
a=2 
and b*? =a’ (1—e’)=4(1—-1/4) =3 


2 2 


.. Equation of ellipse is - + = =1 


=> Equation of normal at (1, 3/2) is 
4 3 
BE OY Sys 
1 3/2 
or 4x -—2y=1 
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Session 1 


Hyperbola : Definition, Standard Equation of Hyperbola, 
The Foci and Two Directrices of a Hyperbola, Tracing of 
the Hyperbola, Focal Distances of a Point, Conjugate 
Hyperbola, Position of a Point with Respect to a 
Hyperbola, Intersection of a Line and a Hyperbola 


Hyperbola : Definition 


The locus of a point which moves in a plane such that its 
distance from a fixed point (i.e. focus) is e times its 
distance from a fixed line (i.e. directrix) is known as 
hyperbola. For hyperbola e > 1. 


Standard Equation of Hyperbola 


Let S be the focus and ZM the directrix of the hyperbola. 
Draw SZLZM. Divide SZ internally and externally in the 
ratio e:1(e >1) and let A and A’ be their internal and 
external points of division. 


ee aan Wad 
= = 
E E 
ay ay 
=~a/e WwW = x=a/e 
then SA =e AZ ..-(i) 
and SA’ =eA’Z ...(ii) 


Clearly A and A’ will lie on the hyperbola. Let AA’ =2a 
and take C the mid-point of AA’ as origin 


i CA=CA’=a 
Let P (x, y) be any point on the hyperbola and CA as 
X-axis, the line through C perpendicular to CA as Y-axis. 
Then adding Eqs. (i) and (ii) 
a SA+SA’=e(AZ + A’Z) 
> CS -CA+CS +CA’=e(AA’) 
2CS =e (2a) 

CS = ae 


(“CA =CA’) 


u 


“. The focus S is (CS, 0) i.e. (ae,0) and subtracting Eq. (i) 
from Eq. (ii), then 
SA’ —-SA=e(A’Z-— AZ) 
AA’ =e[(CA’ + CZ) -(CA-CZ)] 


> AA’ =e (2CZ) (CA =CA’) 
=> 2a =e(2CZ) 
CZ =al/e 


.. The directrix MZ is x = CZ =a/e 


or x —a/e=0 


Now, draw PML MZ, 


SP 2 2 2 
—=e or (SP)° =e° (PM 
Pi (SP) (PM) 


or (x —ae)® +(y —0)? =e'(x-4) 


or (x —ae)* +y" =(ex —a)’ 
= x’? +a’e" —2aex +y" =e"x” —2aex +a” 
= x*(e” -1)-y’ =a’? (e” -1) 
2 2 
x 
> ~_-*—=1 
aa‘ (e 1) 
x? 2 
or * _Y <4, where, b? =a? (e? -1) 
a’ ob? 


This is the standard equation of the hyperbola. 
Generally : The equation of the hyperbola whose focus is 
the point (A, k) and directrix is lx +my +n=0 and whose 
eccentricity is e, is 

2 (Ix +my +n)? 


(x —h)’ +(y—-k)? =e —— 
(l° +m*) 


The Foci and Two Directrices 
of a Hyperbola 


On the negative side of origin take a point S’ which is 


such that 
CS = CS’ = ae 


and another point Z’, then CZ = CZ’ = # 
e 
.. Coordinates of S’ are (—ae,0) and equation of second 
directrix (i.e. Z’ M’) is 
a 
x=-— 
e 
Let P (x, y) be any point on the hyperbola, then 
S’P =ePM’ or (S’P)* =e” (PM’)” 


2 

or (x +ae)’ +(y—0)? =e? [« 4) 

e 
or (x +ae)” +y” =(ex +a)’ 
or x” +2aex +a°e" +y° =e7x? +2aex +a? 
or x” (e* -1)-y? =a*(e? -1) 

- 2 

or a 


a’ a’ (e* -1) 
x? 2 

or sane ar 1, where, b? =a? (e” —1) 
¢ 

The equation being the same as that of hyperbola when 


S (ae,0) is focus and MZ i.e. x = * is directrix. 
e 


Hence, coordinates of foci are (+ ae,0) and equations of 
directrices are 


x=ta/e 
Remarks 
1. Distance between foci SS’ =2ae and distance between 
directrices ZZ’ =2a/e 


2. Two hyperbolas are said to be similar if they have the same 
value of eccentricity. 


3. Since, —-- 
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aa AN =CN -CA=(x -a) 
and ANN=CN + CA’ =(x + a) 
and PN=y 


-.. From: Ed. (i), ——_ = = 
a 


Tracing of the Hyperbola 


Equation of the hyperbola is 
ie aie ...(i) 
a Ob 
(i) Since only even powers of x and y occur in this 
equation so it (hyperbola) is symmetrical about the 
both axes. 
(ii) The hyperbola (i) does not cut Y-axis in real points 
where as it cuts X-axis at (a,0) and (—a, 0). 


(iii) The Eq. (i) may be written as 
y=t2y(x* a") 


If follows that x” —a? >0 


x2 >a 
> x<-a or x2a 
Hence, x ¢(-a, a) 


The curve does not exist in the region 
x=-atox=a. 
(iv) As x increases, y also increases i.e. the curve extends 
to infinity. 


Some Terms Related to 
Hyperbola 


2 2 


Let the equation of hyperbola is = 7 i =1 
a b 
(1) Centre : All chords passing through C and bisected 
at C. 
Here C =(0,0) 


2 2 
2) Eccentricity : For the hyperbola > — Y_ =1we have 
(2) ty yp oa 
a b 


b? =a? (e” -1) 
as 2a’ +b? 
e= x 
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b? (2b)? 
=> e= /1+} —|] > e= f51+ 
a (2a)? 
: AD 
=a je late (conjugate axis) 
(transverse axis)” 
(3) Foci and directrices : S and S’ are the foci of the 
ellipse and their coordinates are (ae, 0) and (—ae, 0) 


respectively and ZM and Z’ M’ are two directrices of 
the hyperbola and their equations are 


a a : 
x=— and x =-—-— respectively. 
e 


(4) Axes : The points A (a,0) and A’ (—a, 0) are called the 
vertices of the hyperbola and line AA’ is called 
transverse axis and the line perpendicular to its 
through the centre (0,0) of the hyperbola is called 
conjugate axis. 

The length of transverse and conjugate axes are taken 
as 2a and 2b respectively. 

(5) Double ordinates : If Q be a point on the hyperbola 
draw ON perpendicular to the axis of the hyperbola 
and produced to meet the curve again at Q’. Then 
QQ’ is called a double ordinate of Q. 


If abscissa of Q is h, then ordinates of Q are 


2 2 

Yoel 34 

Bog 

y=t B (h? —a’) 
a 

y= b (h? a’) (for I quadrant) 
and ordinate of Q’ is 

y=- id (h? —a’) (for IV quadrant) 

a 


Hence, coordinates of Q and Q’ are 
[a2 (h? -«*)) and [1.2 -«*)) 
a a 


respectively. 


(6) Latusrectum : The double ordinates LL’ and L,L,’ 
are the latusrectums of the hyperbola. These lines are 
perpendicular to transverse axis AA’ and through the 
foci S and S’ respectively. 

Length of latusrectum 
Now, let LL’ =2k, then LS = L’S =k 


Coordinates of L and L’ are (ae,k) and (ae,—k) 
2 2 


lie on the hyperbola > - 2 =1 
a’ ob? 
ae? 7 Ke 
a bt 
b? 
ork’? =b? (e? -1)=0’ = [b? =a? (e* -1)] 
a 
2 
=e (sk >0) 
a 
2 
ok = oe =a’ 


2 
“. Length of latusrectum LL’ =L,L’, = cl and end 
a 


points of latusrectums are 


2 2 
L=| ae, is ; L’ =| ae, 2 ; 
a a 
2 2 
L,= [as “| >L,/= [ve - - respectively. 
a a 


(7) Focal chord : A chord of hyperbola passing through 
its focus is called a focal chord. 


(8) Parametric equations of the hyperbola : Let 


2 
oe a. =1be the hyperbola with centre C and 


transverse axis A’ A. Therefore, circle drawn with 
centre C and segment A’ A as a diameter is called 
auxiliary circle of the hyperbola. 


. Equation of the auxiliary circle is x’ + y? =a’ 


Let P (x, y) be any point on the hyperbola 

2 
— = x = 1. Draw PN perpendicular to X-axis. 
a ob 
Let NQ be a tangent to the auxiliary circle 
x? +y" =a’. Join CQ 
Let ZQCN = o 
Here, Pand Qare the corresponding points of the 
hyperbola and the auxiliary circle. ) is the eccentric 
angle of P-(0 << 2m) 
Since, O =(acos@, a sing) 
Now, w= QNe "cOescetia 

x =CN =asec 


P(x, y) =(asec 9, y) 


x? 2 
~" P lies on kale Aen 
a 
a’sec*> yy? _ 1 
a’ bP 
2 
or Y= sec? p-1= tan? 
b? 
y=xbtanod 
y=btano (P lies in I quadrant) 


The equations of x =asec dand y =b tandare 
known as the parametric equations of the hyperbola 
2 2 
ab? 
Position of points Q an auxiliary circle and the 
corresponding point P which describes the hyperbola and 
0<o<2n7. 


varies from Q(acosd,asin >) P (asec 6, b tan 6) 
0 to a I I 
2 

caren 7 I Il 
2 

nto2 U1 0 

Sh gon Iv Iv 

2 

Remark 


Equation of the chord joining the points P=(aseco,, btano,) and 
Q=(asec d,, b tang.) is 


‘ cos % 2). + sin( & ud 2) <cos{® z *2) 
a 2 b 2 2 
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If it is focal chord, then pass through (ae,0) or (—ae,0). Suppose it 
pass through (ae,0), then 


ecos| % =*2)-9 =cos(% : *2) 
2 2 


2 1 
=> =_ 
cos( 82) ¢ 
2 
cos {& =#2) -cos(# : ®) 
2 _1-e 
cos(& 2+ cos( 2%) ite 
or tan{ %2)tan(S2)=2-* 
2 2 j+e 


Hence, if @, and @» are the eccentric angles of extremities of a 
focal chord of the hyperbola es a2 =1, then 
a pb 


tan{ &)tar( £2} = TSE gp EE 
2 2 1t+e 1-e 


according as focus (ae,0) or (-ae,0). 


Focal Distances of a Point 


The difference of the focal distances of any point on the 
hyperbola is constant and equal to length of the transverse 
axis of the hyperbola. 


2 2 
The hyperbola is i ae ..-(i) 


2 2 
a b 
The foci S and S’ are (ae, 0) and (—ae, 0). 
The equation of its directrices MZ and M’Z’ are 


a a 
x=— and x=-— 


e e 


respectively. 


vy’ 

Let P(x,,y,) be any point on Eq. (i). 

Now sp =erM=e[ x, -£) =e, ~a 
e 

and s'Pr=ePMt =e( +8) mer, +a 
e 


S’P —SP =(ex, +a) —(ex, —a)=2a= AA’ 


= Transverse axis 
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A hyperbola is the locus of a point which moves in a plane 


such that the difference of its distances from two fixed 
point (foci) is always constant. 


Example 1 To find the equation of the hyperbola 
from the definition that hyperbola is the locus of a 
point which moves such that the difference of its 
distances from two fixed points is constant with the 
fixed point as foci. 
Sol. Let two fixed point be S (ae, 0) and S’ (—ae, 0). Let P(x, y) 
be a moving point such that 
S’ P — SP = constant = 2a (say) 


ie. V(x + ae)? +(y-0)* ~ (x - ae? +(y—0)? =2a 


or Vx? +y” + 2aex + a’e* 


— xe? +y” —2aex + a’e*) =2a (i) 
Let l=x?+y" + 2aex + a*e* ... (ii) 
and m=x" +y? —2aex +a’e? ... (iii) 


Eq. (i) can be re-written as 


Vi —Jm =2a ...(iv) 


From Eqs. (ii) and (iii), 

1 — m= 4aex 
=> (V1 + Vm) (VI - Vm) = 4aex 
> 2a (VI + Vm) = 4aex 


Adding Eqs. (iv) and (v), then 
anil = 2a + 2ex 


> Vl =a+ex > l=(a+ex)’ 


x? + yr +2aex + a’e” =a" + 2aex + ex’ 


or x* (e? -1)- y? =a*(e? -1) 
2 y? 
OF a ai 
a a’ (e“ —1) 
2 2 


or - y = 1, where b” = a’ (e” — 1). 


Conjugate Hyperbola 


The hyperbola whose transverse and conjugate axes are 
respectively the conjugate and transverse axes of a given 
hyperbola is called the conjugate hyperbola of the given 
hyperbola. 


The conjugate hyperbola of the hyperbola 
2 2 xt oy? 
—-—-=—=1 is —— 1 
a’? a UF 


[from Eq. (iv)] 


or Vl + Vm =2ex ...(v) 


its shape is shown alongside. 


Ya 


eS’ 
(0, be) 


Z |B(0,b) y=b/e 


2 2 
: x 
Various results related to hyperbola — x =1 
a b 
and its conjugate 
x? y? y? 
a oa 1 or gt =1 
a b b 
are given in the following table 
2 2 
x iy 
-~ 4 =1 
Hyperbola 2 2 F ? 
Basic =p aa 2 2 
fundamentals x 8 or*_-¥_=-14 
nn 
Centre (0, 0) (0, 0) 
Length of transverse a 2b 
axis 
Length of conjugate ob oy 
axis 
Foci (tae, 0) (0, + be) 
Equation of directrices | x =ta/e y=tb/e 
. _ ? a+b? F a’ +b? 
tricit = ond 
ccentricity a | ye 
2b? 2a” 
Length of latusrectum | — a 
a b 
A ; (asec o, b tan 6), (atan 0, bsec 6), 
Parametric coordinates 0<o<2n 0<o<2n 
* SP = ex, —aand SP =ey, — band 
Focal ont S’P=ex,+a S’P=ey,+b 
Difference of focal 2 ob 
radii (S’ P — SP) a 
Tangents at the ae eae y=-b,y=b 
vertices 
Equation of the y=0 x=0 
transverse axis 
Equation of the c= 0 y=0 


conjugate axis 


Remarks 


1. If the centre of hyperbola is (A,k) and axes are parallel to the 
coordinates axes, then its equation is 


(x=)? _(y-h)? _ 
2 2 =1 
a b 
By shifting the origin at (A, k) without rotating the coordinate 
axes, the above equation reduces to 
| cae ce 
ae pe 
where, X=X+hy=VYrk 


2. If e, and e, are the eccentricities of a hyperbola and its 
conjugate, respectively, then e + 6 =1. 


1 


Proof For hyperbola b? =a" (er -1) 


or e=1+—= 


and for conjugate hyperbola a? = b°(e5 -1) 
a a+b 
Pb 
From Eqs. (i) and (ii), we get 


. (il) 


or e=1+ 


ee OO 
staqlore +65°=1 


G  & 


3. The foci of a hyperbola and its conjugate are concyclic and 
form the vertices of a square. 

4. A simple method to find the coordinates of the centre of the 
hyperbola expressed as a general equation of degree two 
should be remembered as : 


Let o(x, y) =0 represents a hyperbola. 


Find “ (differentiate w.r.t x keeping y as constant) and st 
x sf 
(differentiate w.r.t. y keeping x as constant). 


Then the point of intersection of a =0 and a =0 gives the 


ox yy 


centre of the hyperbola. 


Example 2 Find the equation of the hyperbola whose 
directrix is 2x + y =1, focus (1,2) and eccentricity 3. 


Sol. Let P(x, y) be any point on the hyperbola. Draw PM 
perpendicular from P on the directrix. 
Then, by definition SP =e PM 
=> (SP)” =e” (PM)” 


>X 
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= ee rer 


V4t1 


=> 5{x* + y’ -2x -4y +5} 

=3(4x? +y +14 4xy—2y—- 4x) 
=> 7x*-2y? +12xy —2x + 14y —22=0 
which is the required hyperbola. 


Example 3 Find the lengths of transverse axis and 
conjugate axis, eccentricity, the coordinates of foci, 
vertices, lengths of the latusrectum and equations of 
the directrices of the following hyperbolas 


(i)9x* -y? =1 (ii) 16x” — 9y? =—144 
Sol. (i) The equation 9x° — y* =1 can be written as 
2 2 
a a 
(1/9) 1 
2 2 
This is of the form 7—- 2 =1 
2 2 
a b 
1 
a=—,b’ =1 
9 
=> a= + b=1 
3 


Length of transverse axis : The length of transverse, axis 


=2a=- 


Length of conjugate axis : The length of conjugate axis 


=2b=2 


2 
Eccentricity : e = ||| 1+ a 1+ a 10 
a (1/9) 


10 


Foci : The coordinates of the foci are (tae, 0) i.e. [: —, | 
3 


Vertices : The coordinates of the vertices are (+ a, 0)ie. 


E o} 
3 
Length of latusrectum : The length of latusrectum 
ab _ 2(1y 
a 1/3 


Equation of the directrices : The equations of the 
directrices are 


x=+4 

e 

; 1/3 
Le. x=+— 
V10 

1 
or x= +—— 
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(ii) The equation 16x”? — 9y* = — 144 can be written as 


2 2 
a ee 
9 16 
2 2 
This is of the form *~—— 2 = -1 
2 2 
a b 
a’ =9,b" = 16 


> a=3,b=4 
Length of transverse axis : The length of transverse axis 


=2b=8. 
Length of conjugate axis : The length of conjugate axis 
= 2a=6. 
2 
Eccentricity : e= |/i+2/= & 2-2 
b? 16) 4 


Foci : The coordinates of the foci are (0, + be) i.e. (0, + 5) 
Vertices : The coordinates of the vertices are (0, + b) ice. 
(0, + 4). 

2a” 
Length of latusrectum : The length of latusrectum = a 


_ 2(3)? 9 
4 2 
Equation of directrices : The equation of directrices are 
y= + b 
e 
yot—* 
(5/4) 
16 
=> y= ne 
5 


Example 4 Find the eccentricity of the hyperbola 
whose latusrectum is half of its transverse axis. 


Sol. Let the equation of hyperbola be 
2 2 
x y 


a ob 
2b" 


a 


Then, transverse axis = 2 a and latusrectum = 


27 4 
According to question —— = — (2a) 
a 2 


2b" =a? 


=> 
=> 2a* (e? -1)=@ 
=> 2e7 -2=1 
3 

=> eat 
2 

3 

e= — 

2 


: ee |, 
Hence, the required eccentricity is =. 
2 


( b? =a? (e” -1)) 


Example 5 Prove that the point (g [t+ ae C - | 


lies on the hyperbola for all values of t (t #0) . 


Sol. Let x = AC + *) 
Z t 


2 
or —=Str— 
a t 
2 
or (=) = poe (i) 
a t 
b 1 
and let y=$(e-2) 
2 t 
2 
or “Y . ES z 
b t 
2 
or (2) =P t os 2 ..-(ii) 
b 1” 
Subtracting Eqs. (ii) from (i), 
4x? _ 4y’ _ 
a b? 
x? y? 
or >= l 
which is hyperbola. 


Example 6 Show that the equation 
7y* —9x* + 54x —28y — 116 =0 represent a hyperbola. 
Find the coordinates of the centre, lengths of 
transverse and conjugate axes, eccentricity, 
latusrectum, coordinate of foci, vertices and equations 
of the directrices of the hyperbola. 

Sol. We have, 7y? — 9x? +54x —28y —116=0 


or 7 (y’ — 4y)—9 (x? -6x)-116=0 
or = 7(y? — 4y + 4) -9 (x? — 6x +9) = 116+ 28-81 
or 7 (y — 2)’ —9(x —3)? =63 
_9\2 _ a\2 
a (y=2)) _ (x73) _, 
9 2 
Y?. x 
or | 
9 7 


where X = x —3andY =y-2 
This equation represents conjugate hyperbola. Comparing 


it with 
eee 5 
ee 
we get, b?=9 and a’ =7 
b=3 and aaah 
Centre : X =0,Y =0 
Le. x —-3=0,y —2=0 


“. Centre is (3, 2). 


Length of transverse axis : Length of transverse axis 
=2b=6. 
Length of conjugate axis : Length of conjugate axis 


= 2a = 2V7. 


Eccentricity : The eccentricity e is given by 


a 7 4 
e=,/1+—=,Jl1+—= 
b? 9 3 


Length of latusrectum : The length of latusrectum 
_ 2a" _2(7)_ 14 


b 3 3 
Foci : The coordinates of foci are (0, + be) 
X =0,Y =+be 
4 
> x-3=0y-2=+3*x 
3 
or (3, 2+ 4) 


ie. (3, —2) and (3, 6) 
Vertices : The coordinates of vertices are (0, + b) 


or X=0,Y=+b) 
or x-3=0,y-2=+43 or (3,243) 
or vertices are(3,-1) and (3,5) 
Equation of directrices : The equation of directrices are 
e 
3 
=> y-2=+ — 
4/3 
9 
> y=|24+-— 
4 
17 
ie. ar and y=-— 


Example 7 Find the equation of the hyperbola whose 
foci are (6, 4) and (—4,4) and eccentricity is 2. 

Sol. The centre of the hyperbola is the mid-point of the line 

joining the two foci. So, the coordinates of the centre are 

(* -4 4+4 


5 Jiena) 


Let 2a and 2b be the lengths of transverse and conjugate 
axes and let e be the eccentricity. Then, equation of 
hyperbola is 
(a1! _ GaP. 
a’ b? 


Distance between the foci = 2ae 


1 


\(o+4y? +(4-4) =2ax2 
=> 10=4a 
a=5/2 


=a’ (e° 1)= Fi (4-1)= 


Thus, the equation of the hyperbola is 
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(x-1)) _(-4) =1 
25 75 
Z) 
or 12(x -1)? —4(y- 4)? =75 
or 12(x? —2x +1)- 4(y* -8y +16) =75 
or 12x? — 4y* — 24x + 32y — 127 =0 


Example 8 Obtain the equation of a hyperbola 

with coordinate axes as principal axes given that 
the distances of one of its vertices from the foci 

are 9 and 1 units. 


Sol. Let equation of hyperbola is 
2 2 
| i) 


2 po 
a b 
If vertices are A (a,0) and A’ (—a, 0) and foci are S (ae, 0) 
and S’ (—ae, 0). 


Given 1(S’A)=9 and I(SA)=1 
> at+tae=9 and ae-a=1 
or a(1+e)=9 and a(e-1)=1 
a(ite) 9 
gle=1) 1 
> 1+e=9e-9 > eae 
a(1t+e)=9 


5 
aj\1+ =9 
4 


bP =9 
From Eq. (i) equation of hyperbola is 
2 2 
i a 
16 9 


Example 9 The foci of a hyperbola coincide with the 
2 2 

foci of the ellipse ona > = 1. Find the equation of the 

hyperbola if its eccentricity is 2. 


2 2 


Sol. The given ellipse is * 44% 21 
25 9 
x? 2 
Comparing with Sr al oe =1 
a 


a’ =25 and b’=9 


eccentricity e = ,/1 bf =,/1 cae 
a’ 25 
Foci of ellipse are (tae, 0) ie. (+4, 0) 
So, the coordinates of foci of the hyperbola are (+ 4, 0). 


then 
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Let e’ be the eccentricity of the required hyperbola and its 


equation be 
xy? 
ow 
the coordinates of foci are (+ Ae’, 0) 
Ae’=4 => AxX2=4 > A=2 


=1 i) 


Also 


B® = A* (e” -1) (. given e’ = 2) 
=4(4-1)=12 
Substituting the values of A and B in Eq. (i), we get 
2 2 
Deedee 


=1 or 3x*-y’?-12=0 
4 


which is required hyperbola. 


Example 10 If two points P and Q on the hyperbola 


2 2 
a a =1whose centre is C, are such that CP is 
a 
perpendicular to CQ,a <b, then prove that 


re ee 
(cPY (CQyr a? 
Sol. Let P(x, y) be any point on the given hyperbola. Let 
slope of CP is m, then equation of CP is y = mx. 


2 2 
Solving, y=mx and acs. 
AY 
Wx.) 
X'« C aa >X 
Q 
vy’ 
2 0 
x" mx 
das ee 
a b 
go ab? 
(b? —a’m?* 
i ee amb? 
an y =m Pt 
2p2 
2_ a°b 2 
x+y ~ we atm? (1+ m*) 
222 2 
2 2 2_ ab (1+m’*) 
(CP) =x" +y*°= atm? 
- 1 b? —a’m’? (i) 
(CP)? a’b? (1+ m’) 
and equation of CQ is eae 
m 


replacing m by — - in Eq. (i) 
b? —a’| - = 
ee m = 
CQ)’ a’b? (1+ m? 
(CQ) “e[(-2) ( ) 


Adding Eqs. (i) and (ii), then 


1 1 _ b’ (1+ m*)-a’ (1+ m’) 
(cP)? (coy a’b’ (1+ m’) 
_W-a@ 1 = 1 
a°b? a bP 


Position of a Point with 
Respect to a Hyperbola 


Theorem : The point (x,, y, ) lies outside, on or inside the 
hyperbola 


2 2 
x 
~_-%=1 
a b 
g 2 
; x 
according as “AM in, = or >0 
a b 


Proof : Let P=(x,, y,) then Q =(x,, y,) 


Draw PL perpendicular to X-axis 


Y P (X1, Yi) 
A 
Interior Exterior Q (X;, Yo) 
region region Interior region 
X’€ ane ~ ar 
Exterior 
region 
y, 
Ma 
Clearly, PL > QL 
= Vi 7 V2 
2 2 
- — 
be ob 
2 2 
=> =i g28 
b? b? 
2 2 2 
=> es < Xi _ 2 
a b? a’ b? 
an ae 42 
i =o kl “"Q(x1,y,) lies on2—-¥ =1 
2 2 F 5 
a b - b 
x? : 
= *1_¥1 _1 <9 


Thus, the point P(x,,y,) lies outside the hyperbola. 
Hence the point (x,, y, ) lies outside, on or inside the 
hyperbola 


2 2 
x 
aa 
a b 
x? y? 
according as 2 pe 1<,=or >0 
a 


Example 11 Find the position of the point 
(5,-4) relative to the hyperbola 9x* - y* =1 
Sol. (-4)° 
So, the point (5, — 4) inside the hyperbola 9x” — y* =1. 


Since, 9 (5)* 


1= 225 -16-1=208>0, 


Intersection of a Line anda 
Hyperbola 


2 2 
Let the hyperbolabe = —-— Yay ..-(i) 
a’? 
and the given linebe y=mx+c ..(ii) 


Eliminating y from Eqs. (i) and (ii), 
x? _ (mx + c) 
a’ b? 


=> (a’m® — b?) x? +2mca’x +a’ (b? +c”) =0 


=1 = b?x*® —a? (mx +c)* =a"b? 


...(iii) 
Above equation being a quadratic in x gives two values of 
x. It shows that every straight line will cut the hyperbola 
in two points, may be real, coincident or imaginary, 
according as discriminant of Eq. (iii) >, =, <0 


ie. 4m? c*a* —4(a*m? —b*) a’ (b? +c?) >, =, <0 
or —a’m +b’ +c? >,=,<0 
or ce >,=,<a'm —b? ...(iv) 


Condition of Tangency : If the line (ii) touches the 
hyperbola (i), then Eq. (iii) has equal roots. 


.. Discriminant of Eq. (iii) =0 


> c? =a’m’ —b? 


or c=+,(a’m? —b’) .(v) 


So, the line y =mx + c touches the hyperbola 
2 2 


2 2 
a b 


(which is condition of tangency) 


ae 2.2 2 
if c’ =a°m’ —b 


Substituting the value of c from Eq. (v) in Eq. (ii) 
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y=mx +t (a’m? —b’) 
Hence, the line y =mx + \(a’m’ — b*) will always be 


tangent to the hyperbola. 


Point of contact : Substituting c=+.)(a’m’ — b’) in 
Eq. (iii) 


(a?m? —b*) x? +2ma?,(a*m? —b*) x +a*m? =0 


qaeoe am _4am 
(a’m? — b’) (e 
a‘m’ 1 g 
From Eq. (i), .—-o=1 
2 2 2 
c a b 
2 2.9 2 22 2 
y _am (c* —a°m b 
=e b2 2 1 2 2 
c c c 


2 2 
: . am ,b 
Hence, the point of contact is : —,+ “| 
c c 


This is known as m-point on the hyperbola. 


Remark 
lf m=0, then Eq. (ili) gives — bx? + ah (bet c*) =0 
2 a (b° +c") 
= 7 
x=+ 7 l(b? +c?) 
b 


which gives two values of x. 


Example 12 Prove that the straight linelx + my +n=0 
2 2 
touches the hyperbola a - a =1if 
a 


al? —b*m? =n?. 


l 
Sol. The given line is Ix +my+n=0 or ee ee 
m m 
Comparing this line with 
y=Mx+e (i) 
M=-— and c=-4 
m 


This line (i) will touch the hyperbola 
2 2 
~ Yc if ce =a’M?-P 


2 42 
a b 
2 272 
n a‘l 2 272 22 2 
=> 52 b° or al’ —b’m’ =n 
m m 
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Example 13 Show that the line x cosa + y sina =p 
touches the hyperbola 
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2 


2 2 
‘ é ‘ x y - 2 2_ 
Comparing this with ca = ? 1, we get a” =9, b° = 16 


and comparing this line y = 2x + A with y = mx +c 


x F , 
——_ if a*cos*a—b? sin? a =p?. * m=2 and c=A 
b If the line y = 2x + A touches the hyperbola 
Sol. The given line is 16x? —9y? =144 
a+ysing = 
* aah . then ce =a'm -b* 
> y sina =—x cosa +p , , 
=> y=-— x cotx + p cosec = A = 9 (2)" — 16 = 36 — 16 = 20 
Comparing this line with y=mx+c cea A= +t2V5 
> m =-— cotdl,c = p cosec & 
Since, the given line touches the hyperbola Example 15 If it possible to draw the tangent to the 
2 2 x? 2 : ; : 
~ ~~ =1, then c? =a’m? -b’ hyperbola — — Jai having slope 2, then find its 
a b? 2 b2 
=> — p’cosec’a = a’ cot? a — b? range of eccentricity. 
or p’ =a’ cos’ — b’ sin? o Sol. Tangent having slope m is y = mx + (a’m’? — b’) 
rent [42 — pe 
Example 14 For what value of 4 does the line The tangent having slope 2 is y= 2x t(4a" — b°), which 
y =2x+A touches the hyperbola 16x* — 9y* = 144 ? is'real af 
4a” —b’ 20 
Sol. Equation of hyperbola is : 
16x* —9y* = 144 or Pcs or e?-1<4 or e? <5 
2 2 a 
x y 
or ‘o ae. =1 or 1<e<v5 (for hyperbola e > 1) 


Exercise for Session 1 


1. 


The eccentricity of the conic represented by on ye -4x +4y +16=O0is 


(a) 1 (b) 5 (c)-1 (a) /2 


Ife, and e, are the eccentricities of the conic sections 16x? + 9y? = 144 and 9x? — 16y? = 144, then 
(a)e? - 2 =1 (b)e? +63 <3 (c)e? +62 =3 (d)e? + e2 >3 


The transverse axis of a hyperbola is of length 2a and a vertex divides the segment of the axis between the 
centre and the corresponding focus in the ratio 2 : 1, then the equation of the hyperbola is 


a) 4x? — 5y? = 4a? b) 4x? — 5y? = 5a? c) 5x? — 4y? = 4a? d) 5x? — 4y? = 5a? 
y 


The eccentricity of the hyperbola whose latusrectum is 8 and conjugate axis is equal to half of the distance 
between the foci, is 


2 3 4 5 
a) —~ b) — Cc) —— d) = 
( a ( Ma ( lag ( 5 
The straight line x + y = V2: will touch the hyperbola4x? — 9y? =36, if 
(a) p? =2 (b) p? =5 (c)5" =2 (d) 2p* = 5 


2 2 


The equation of the tangent, parallel to y — x + 5 =0 drawn to > - =1is 


(a)x -y-1=0 (b)x -y+2=0 (c)x+y-1=0 (d)x+y+2=0 


10. 


11. 


12. 


13. 
14. 


15. 


16. 
17. 
18. 
19. 


x2 y? x2 y? 14 

Ife and e’ are the eccentricities of the hyperbola — - —, = 1and —, -—,=11, then the point (2. 4) lies on the 
a b b a e e 

circle 

(a)x?+y?=1 (b) x2 + y? =2 (c)x? +y?=3 (d)x?+y?=4 


Ife and e’ are the eccentricities of the ellipse 5x? + 9y? =45 and the hyperbola 5x — 4y* =45 respectively, 


then ee’ = 
(a) -1 (b) 1 (c) -4 (d) 9 
2 y? 
The equation + = 1represents 
10-rA 6-A 
(a) a hyperbola ifA<6 (b)anellipse ifA>6 (c) ahyperbola if6<2A<10 (d)anellipse ifO0<A<6 
The eccentricity of the hyperbola conjugate to ts 3y? =2x + 8is 
2 
a) — b) 73 c)2 d) /2 
(a) ar (b) (c) (d) 
ee y2 
For hyperbola 3 7 5 = Iwhich of the following remains constant with change in ‘or 
cos“a sin a 
(a) Abscissae of vertices (b) Abscissae of foci (c) Eccentricity (d) Directrix 
x2 y? x2 y? 4 P 
If the foci of the ellipse —— + —, = 1and the hyperbola —— — -_ = —_ coincide, then the value of b* is 
16 b 144 81 25 
(a) 1 (b) 5 (c)7 (d) 9 


Find the equation of the hyperbola whose foci are (0, + V10) and which passes through the point (2, 3). 
Find the equation of the hyperbola whose foci are(10, 5) and (—2,5) and eccentricity 3. 


Prove that the straight lines ae , =m and cal + , = - always meet on a hyperbola. 
a a m 


Find the centre, eccentricity and length of axes of the hyperbola 3x2 ~5y" —6x + 20y —-32=0. 
Find the eccentricity of the hyperbola conjugate to the hyperbola a 3y? =1 


For what value of A, does the line y = 3x + A touch the hyperbola 9x? —5y? =45? 


Find the equation of the tangent to the hyperbola 4x? - gy? = 1which is parallel to the line 4y =5x + 7. Also find 


the point of contact. 


Session 2 


Equations of Tangents in Different Forms, 
Equations of Normals in Different Forms, Pair 
of Tangents, Chord of Contact, Equation of the 
Chord Bisected at a Given Point 


Equations of Tangents in 
Different Forms 


1. Point form (first principal method) : 
Theorem : The equation of the tangent to the hyperbola 


2 2 
* -Y <jat(x,,y,)is 
2 2 
a b 
1 i, 
a’ b? , 
Proof : Equation of hyperbola is 
2 2 
a ae . 
7 ee =i (i) 


Let P =(x,,y,) and Q =(x,, y,) be any 
two points in Eq. (i), then 


2 
p.% 
#191 (ii) 
a be 
2 2 
x 
and i ir ee | (iii) 
2 2 
a b 
A T 
~ P (X,, V1) 
in ClA »X 
Q (Xz, Yo) 
y 


Subtracting Eq. (ii) from Eq. (iii), then 


1 1 
— (x3 —x})-— (yz — yj) =0 
a b 


(Xp =X, )(X2 +1) (V2 ~ V1) V2 +1) 


2 2 
a b 


=0 


271 0 (x, + x2) 


> : ... (iv) 
X2—-X, a” (y; +y2) 
Equation of PQ is 
y-y, = 271 (x - x) mo) 
X27—%4 
From Eqs. (iv) and (v), 
b? (x, +x,) : 
yy 2 (ee ...(vi) 
a’ (¥; +2) 
Now, tangent at P,Q — P 
ie. x. > x, andy, > y,, then Eq. (vi) becomes 
b? (2x,) 
Va +(x — x) 
a’ (2y,) 
-y? xx, -x? xXx at i 
— YV1 71 _ 1 Lge ke 
pb? a’ a’ rn ae 
or =. - as = [from Eq. (ii)] 
a b 


which is the required equation of tangent at (x,, y,). 


Remark 
The equation of tangent at (x;, y,) can be obtained by replacing aa 
by XXx,, y? by yy, x by Ay by and xy by a This 


method is applied only when the equation of conic is a polynomial 
of second degree in x and y. 


2. Parametric form : 


Theorem : The equation of tangent to the hyperbola 


2 2 


; — => = Lat (asec o, b tang) is 
a 


* sec p—-~ tano=1 
a b 


Proof : Since, equation of tangent at (x,, y,) is 


Now, replacing x, by asec dand y, by b tang, we get 
~* sec o—->~ tano=1 
a b 


Remark 
The point of intersection of tangents at ‘6’ and ‘¢' on the hyperbola 


Remembering method : 


‘+ Equations of chord joining ‘0’ and ‘@ is 


* cos am Y sin oe =cos or0 
a 2 b 2 2 
cos(* =*) sin ae 
ae x 2 y 2 ay 


a (° - | b 0+ 
cos 3 cos 


= | 


or =1 


3. Slope form : 


Theorem : The equations of tangents of slope m to the 
2 2 


hyperbola = - - =1is given by 
a 


y =mx +,(a’m" — b’) 
The coordinates of the points of contact are 
4. a’m z b? 
7 am - pb? 7 am? —b’) 


Proof : Let y =mx +c be a tangent to the hyperbola 
2 2 


ieee A (i) 


2” 21 


2 2 
a b 
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Substituting the value of y =mx +c in Eq. (i), then 
x" (mx + c)? _ 
ce PO 


or (a’m? —b’) x? +2mca’x +a? (c? +b’) =0 


1 


must have equal roots 
4a‘m’c? — 4(a’m* —b’) a? (c? +b”) =0 


[B? —4AC =0] 


> a’m’c? —(a’m* — b?)(b® +c”) =0 
> a’m*c? —a*b?m? —a’m’c? +b* +b’c? =0 
=> -a’b?m? +b4 4+b'%c? =0 = Cc? =a’m -b’ 


c=t(a’m? —b’) 
Substituting this value of c in y =mx +c, we get 
y=mx+t(a’m? —b’) (ii) 


as the required equation of tangents of hyperbola in terms 
of slope. 


2 2 
* Tangent at (x,, y,) to the hyperbola ~~ = x =1is 
a 
cas ome 8 | (iii) 
a’ b? 
On comparing Eqs. (ii) and (iii) we get 
x,/a” _yi/b’ _ 1 
m 1 atm? —b? 


Thus, the coordinates of the points of contact are 
+a’m b? 


= jt 
(am —b’) \(a?m — pb?) 


Remark 

The equations of tangents of slope m to the hyperbola 

-54+4=1 are given by y=mvx + ./(b? —a’m’) 
ab 


and the coordinates of the points of contact are 


- am # b? 
Vio? - am’) ie? - 2m?) 


Example 16 Find the equation of the tangent to the 
hyperbola x* —4y* = 36 which is perpendicular to the 
line x -y+4=0. 
Sol. Let m be the slope of the tangent. Since, the tangent is 
perpendicular to the line x -y+4=0 
; mxX1=—-1 
=> m=-l 
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Since x? 4y* = 36 or 
. ag 
Comparing this with —--->=1 
a b 

a’ =36 and b’=9 
So the equation of tangents are 

y =(-1) x + [36 x (-1)? -9 
> yor-xt 27 
or x+yt3 V3 =0 


Example 17 Find the equation and the length of the 


common tangents to hyperbola 


ge. ob? a* pb? 


| 
| 
| 
I 
Qa 
a 
| 
| 
| 


Sol. Tangent at (a sec 6, b tan) on the 1st hyperbola is 


* sec o y tangd=1 (i) 
a b 


Similarly tangent at any point (b tan, a sec 8) on 2nd 
hyperbola is 


Y sec —~ tan® =1 (ii) 
a b 
If Eqs. (i) and (ii) are common tangents then they should be 
identical. Comparing the coefficients of x and y 


sec 0 tan 
=> =- tang 


a b 
a as 
or sec 8 = — 3 tan o ..-(iii) 
aa _ tanO _ sec o 
b a 
b . 
or tan® =— —seco ...(iv) 
a 
sec’@ — tan?@ =1 
a 2 b? 2 ar : 
> : tan" —— sec o=1 [from Eqs. (iii) and (iv)] 
a 


a b? 
or — tan’ —— (1+ tan’) =1 
b a 


2 2 2 
b b 
or : tan’?o=1+ 
BP @ a 
b2 
tan? >= 
a’ — pb’ 
a 
2 2 
and sec’d =1+ tan Dee 


Hence, the points of contact are 


a a 
Kae _ b?) Me = b) 


b? _ a’ 
5 
K(@ a b’) Ka = b’) 


Length of common tangent i.e. the distance between the 


(a? +b’) 
(a° — b*) 
tangent on putting the values of sec and tan in Eqs. (i) is 
————— | 
(a? — 6?) a’ - 6°) 


or xFy=t, (a? -b’) 


Aliter : The given two hyperbolas are 


and {+ [from Eqs. (iii) and (iv)] 


above points is 2 and equation of common 


xy? 
x? y” 
and CP) - a’) =1 (ii) 


we know that 
y=mx +,(a’m’ — b’) ...(iii) 
is tangent to Eq. (i) for all m. 
Similarly y = m,x + .{(-—b?) m? — (-a’) 
y=mxt (a? = bm?) ...(iv) 


will be tangent to Eq. (ii) 
For common tangents to Eqs. (i) and (ii), the lines (iii) 
and (iv) must be identical 


ie. m=m, and a’m —b? =a’ —b’m 
ie. (a? +b’) (m? —1)=0 
=> m=1>5 m=+H#1 


“. The equation of common tangent lines are 


y=txt (a? —b’) [from Eq. (iii)] 
or yt x=ty(a’ —b’) .(v) 


Equation of tangent to Eq. (i) at (x,, y,) is 


xXx 
- 2 =a =1 _..(vi) 
On comparing Eqs.(v) and (vi), then 
x,/a _ -y,/B _ 1 
1 1 


te) 
a 
le = 0?) a? = 6) 

and equation of tangent to Eq. (ii) at (x,, y2) is 

ce ee Le 

f=8") fo) 

On comparing Eqs. (v) and (vii), then 

x, /(—b") _ Ys = 1 

¥1 1 +y(a’ - b’) 


1.€. 


...(vii) 


ie. c bt 
(a? = 6?) 


The points of contact are 
,_@ ,__ 
V(@ 6?) (a? - 0’) 
2 a 
and : 
Te 6?) Te ~ b) 


Hence, the length of common tangent is 
Jy eB) 
(a =P") 


Example 18 PQ is the chord joining the points », and 
2 2 


¥ 


> on the hyperbola “> -=1 Ifo, -—0) =2a, 


where o is constant, prove that PQ touches the 
hyperbola 


Sol. Given hyperbola is a - a =1 ..-(i) 
Equation of the chord PQ to the hyperbola (i) is 


ee a” = and 


Example 19 If the line y =mx+ ,/(a 
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a 
RHS = m? — pb’ 
cos 0 
_ a’ b’ cos? be 
: + 
cos asin'(% ) 
b? ? 


aa (Stee) 
2 
b* cos *{Sitee 
sin( 224 *2 
2 


Hence proved. 


2m? —b2) 
y? 


2 
touches the hyperbola - a =1at the point 
a 


(asec 8,b tan®) , show that 6 = sin} 
am 


Sol. Since (a sec 0, b tan8) lies on 


y=mx +4 (a’m — b’) 
btan® =am sec®@ +.{(a°m* — b*) 
(b tan® — am sec @)* = a’m? — b’ 


b’ tan’0 + a’m’ sec” —2abm tanO sec 0 = a’m? — b? 


* cos (2-82) 2 sin ( 21% ta )- cos (+42 
a 2 b 2 2 


=> 
ee ee 
=> tan“0 —2abmtan0 0+b 8 =0 
> ~ cosa, — ~ sin sets 2: = cos Oi +02 five — - 
a b 2 or a’m’ sin’ @ — 2abm sin® + b? =0 (.cos® #0) 
(Given , — 0, = 20) = 2abm + 4a°b?m? — 4a°b’m’* b 
sin® = = 
b cos pits . *2 2a'm’ Si 
ie h - ee ii) 9 =sin7 (=) 
am 


y= Pa 
“sn (S482 ¢) sin [2*¢s) 


Example 20 If SY and S’Y’ be drawn perpendiculars 


Comparing this line with y = mx + c 


hick from foci to any tangent to a hyperbola. Prove that Y 
b cos | +2 ar ‘i i 
; secs (*% and Y’ lie on the auxiliary circle and that product of 
m and c= j j 
- (2 ; ts) - (seb Fi - ) these perpendiculars is constant. 
2 Sol. Let hyperbola be 
2 2 2 
For line y = mx + c to bea tan ent on ~— cos’?a@ — 2 =1, ee aa | wld 
a’ b? a BP . 
we have Tangent at P (a sec 9, b tan) on Eq. (i) is 
2 
c=? f sec o y tangd=1 ..-(ii) 
cos” b 
b? cos? O14 O2 t re: Its slope is tee?) 
(a tan ¢) 
LHS = c* = 


Equation of SY which is perpendicular to Eq. (i) and passes 
through focus S i.e. (ae, 0) is 
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ex atand a 
- bsec 


y 


or ; tand+=—seco= = tan ... (iii) 
+ Lines (ii) and (iii) intersect at Y and in order to find its 
locus we have to eliminate ¢ between Eqs. (ii) and (iii), for 


which squaring and adding Egg. (ii) and (iii) then, we get 
2 2 2,2 
(x? (% » i ‘|. 1+ = tan? 


a b’ 
2 2 2 
a+b a 
=1+ 7 tan" $= (1+ tan" @) + tan" 6 
2 2 2 
= sec’) + oi tan” =a otal + a 
b? a’ b? 


x? + y? =a’ is the required locus. 


Similarly the point Y’ also lies on it. Again, if p, and p, be 
the length of perpendiculars from S (ae, 0) and S’ (—ae, 0) on 
the tangent (ii), then 

(e sec d — 1)-(e sec d + 1) 


PiP2 = ; ; = 5 
ie o z tan ae (0) " tan | 
a’ b? a’ b? 


__a’b’ (e”sec*o — 1) 
b’sec’ + a’ tan’ 
a’b? (e*sec*  — 1) 
a’ (e* — 1) sec’ +a’ tan’ 
_ b? (e*sec’ — 1) ae 
(e*sec? — 1) 


[(b? =a’ (e* -1)] 


Equations of Normals in 
Different Forms 


1. Point form : 
Theorem : The equation of the normal to the hyperbola 


x y" a’x b’y 
—-=—=lat(x,,y,)is = + 2=q’ +b? 
a x, V1 
Proof : Since the equation of tangent to the hyperbola 
2 2 
cle ee, (x,,y,)is 22-2) =1 
a a’ b? 
bx, 
The slope of tangent at(x,,y,)= ; 
ayy 
2 
a yi 


Slope of normal at (x,,y,)=- 
b? x, 


Hence, the equation of normal at (x,, y,) 


2 
a 
VV = (x -—x,) 
b°x, 
2 2 
or OE Pd ee 
xy V1 


Remark 


The equation of normal at (x, y,) can also be obtained by this 
method 


X-X 


= Y-\ ...(i) 
a&x,+hy,+g hx,+b’y,+f 
a, b’,g,f, hare obtained by comparing the given hyperbola with 
a’x? + 2hxy + b’y? + 2qx + 2fy+c=0 (ii) 


The denominator of Eq. (i) can easily be remembered by the first 
two rows of this determinant 


Since first row is a’(x,) + 
and second row i A(x,) + 


Here, hyperbola as 


or —=-57-1=0 


iii) 


On comparing Eqs. (ii) and (ili), we get 
1 


a Db’ ,g =0,f =0,h=0 
a b? 
From Eq, (i), equation of normal of (iii) at (x,, y,) is 
X-X, y-Y; 


1 y 
—x,+0+0 O0--1+0 
a | b° 


2 

or Ot Poo! Ny oe 
x, M1 

2 2 

oe 

NY 


or =a +b 


2. Parametric form : 


Theorem : The equation of normal at (asec 6, b tand) to 


2 2 
the hyperbola = - = =1is ax cos + by coto=a? +b° 
a ob 


Proof : Since the equation of normals of the hyperbola 


2 2 

x : 

~_-* = 1at (x1, y,) is 

a b 
ax b’y 2 2 : 
oF eS Se eh Ai) 
xy Vi 


Replacing x, by asec dand y, by b tang, then Eq. (i) 
becomes 


a’x b’y 58 apt 


asec btand— 


or ax cos) + by coto=a’* +b? 
is equation of normal at (asec 6, b tand). 


3. Slope form : 


Theorem : The equations of normals of slope m to the 


2 2 
hyperbola * _Y <tare given by 
ab? 
_ m(a’ +b’) 
y =mx + ——____— 


(a” —m’b’) 


2 2 
at the points | + Z 3 oF an 
Va? —m?b?) (a? — mb?) 


Proof : The equation of normal to the hyperbola 


2 2 
~_-% =1at(x,,y,)is 
a b 
a’x By gs . 
—+-—“=a't+b ...(i) 
xy Vy 


Since ‘m’ is the slope of the normal, then 


2 
=O Vi 


2 
b°x, 


: re (ii) 


: x 
Since (x,, y,) lies on2—-2 =1 
2 2 
ab 
2 
x1 Vi _ 
2 2 
ab 
2 74.202 
xj bxjm 
2 


442 
a ab 


or 


or x= 
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(a” —b’m?) 


a mb? a’ 
y-|+F =m|x 
(a’ —m°*b’) (a’ —m’b’) 
2 2 
= ee Te) (iii) 


Thus Eq. (iii) is a normal to the hyperbola 


2 2 
x _y 


2 oe 
a b 
where m is the slope of the normal. 
The coordinates of the point of contact are 


a’ mb 


+ /F 

a — bm?) ae — bm?) 
Comparing Eq. (iii) with y =mx +c 
= _m (a” +b’) 


(a? —m*b’) 


2 


C= 


2 _m’*(a’? +b’)? 

(a” —m’b’) 
which is condition of normality, where y = mx +c is the 
normal of 


or 


Remark 
Normal other than transverse axis, never passes through the 
focus. 
x? y 2 
Example 21 A normal to the hyperbola — - — =1 
a’ b 


meets the axes in M and N and lines MP and NP 
are drawn perpendiculars to the axes meeting at P. 
Prove that the locus of P is the hyperbola 
azx? by? =(@ +b2)?, 
Sol. The equation of normal at the point (a sec , b tan) to 


2 2 
the hyperbola ~ - y =1is 
a b 
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axcos+ by cot =a’ +b? (i) 


a’ +b? 
The normal (i) meets the X-axis in M 


a’ +b? 
tan 
amu) 


sec 0, | and 


a 


Y-axis in N [> 


.. Equation of MP, the line through M and perpendicular to 


X axis, is 
24 p2 
x= : sa sec 
a 
ax 
or sec ) = ———_ ... (ii) 
(a’ +b’) 
and the equation of NP, the line through N and 
perpendicular to the Y-axis, is 
24 22 
a +b 
= tan 
Md , o 
or tang = yy ...{iii) 


(a? +b’) 
The locus of the point of intersection of MP and NP will be 
obtained by elminating from Eqs. (ii) and (iii), we have 


sec’ d — tan? =1 


= ax? bey? a 
2, p2\2 2, p22 
(a +b) (a +b*) 
or a’x? — by? =(a? +b’) 


is the required locus of P. 


Example 22 Prove that the line Ix + my —n=0 will be 
2 2 
a normal to the hyperbola a = 7 =1if 
a 


a2 - b2 _ (a + 57)? 


am n? 
: oy ‘ 
Sol. The equation of any normal to — - - =1is 
axcos > + bycot 0=a? +b? 
or ax cos @ + by cot @—(a’ +b”) =0 ...(i) 
The straight line lx + my — n = 0 will be a normal to the 
hyperbola = - - = 1, then Eq. (i) and Ix + my —n =0 


represent the same line 


acos  bcot d _ (a’ +b’) 


l m n 
or sec ¢= “4 and a an 
(a? +b’) m(a’ + b*) 
sec’  — tan’ =1 
22 222 
n°a n°b 


P(a’ + b’)’ m?(a’ + b’y 
a b? _ (a’ + b’y’ 
cP 2 2 
m n 


Example 23 If the normal at ‘}' on the hyperbola 
2 2 
x 
ee es =1meet transverse axis at G, prove that 
a’ pe 
AG: A’G=a’(e‘sec*—1). 


where A and A’ are the vertices of the hyperbola. 
Sol. The equation of normal at (asec 6, btan ¢) to the given 
hyperbola is ax cos + bycot @ =(a’ + b’) 


This meets the transverse axis i.e. X-axis at G. So, the 
2 2 


fee 0, | and the 


a 


coordinates of Gare (: 


coordinates of the vertices A and A’ are A(a, 0) and 
A’(—a, 0) respectively. 


« AG: A’G= [- + [ ts mac el[(2 2 ae | 
a a 


2 
2 2 
-[£ gi ) sec’ — a” 


a 


=(ae*)’ sec’ — a* = a*(e*sec’ — 1) 


Example 24 Find the locus of the foot of 
perpendicular from the centre upon any normal to the 


2 Z 
Xx 
hyperbola — - ie =1 
a’ ob 
Sol. Normal at P(a sec 6, btan ¢) is 
ax cos + by cot ¢=a’ +b” (i) 


and equation of line perpendicular to Eq. (i) and passing 
through origin is 


bx — aysin 6 =0 ..-(ii) 


P(aseco,btano) 


>X 


<< 


Eliminating from Eqs. (i) and (ii), we will get the equation 


of locus of Q, as from Eq. (ii), 


ay 
bx 
(™. 


inbe™ 
ay 
2.2 22.2 
-b 
Cy ee eee) 
ay 
2,2 p22 
-b 
and epee See) 
bx 
From Eq. (i), 
2,2 p22 2,2 p22 
gO gg NO he 
ay bx 


=> (x? + y”)V(a’y? — b?x*) = (a? + b*)xy 
or (x? a yay? _ b’x”) =(a’ + b?)? x?y? 


which is required locus. 


Pair of Tangents 


Theorem : The combined equation of the pair of tangents 
drawn from a point P(x,, y, ), lying outside the hyperbola 


2 2 2 2 
* _Y <1 to the hyperbola 7 -2~ =1is 
2 2 2 2 
a b a 
2 
x? _y? _j\xt_vi_,)_(%1_ yn _, 
a pb a a’ b? 
or ea ae 
x? 2 
where a are 
a’ ob? 
ga 81 Yt 4 and Pa ML 
2 2 2 
a b a b 


Proof : Let T(h, k) be any point on the pair of tangents PQ 


or PR drawn from any external point P(x,, y,) to the 
hyperbola 


-1 
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k- 
“. Equation of PT is y-—y, = v1 (x -—x,) 


or 


h-x, 


y= k-y, oe hy, —kx, 
h-x, h-x, 


which is the tangent to the hyperbola 


=> 


(hy, —kx,)° =a"(k-y,)’ =F (ha) 


Hence, locus of (h, k) is 


(xy, -x,y)’ =a°(y-y,)’ -b?(x -x,)? 


or (xy, — x,y)” =—(b’ x? — ay’) —(b’ xi —a’y}) 
—2a° yy, -— b’xx,) 
xyi-my) _ (x? _y? 
ie 1 1 _ 
ab a b? 
1 Vi +o 2s 
a OP a b? 
oa) _f x? _y®|\_for tls, 
ab a be a be 
2 
(= -2) 
a’ b? 
2 
a) a a) og a eg 
a’ b? a’ b? 
x2 2 x2 a a yy 2 
ae y 1 1 a | -| 1 1 | 
a ob a a b? 
or S=T 
Aliter : 
x? y? 
Let the hyperbola be ao = (i) 
a b 


Let P(x,, y,) be any point outside the hyperbola. 


Let a chord of the hyperbola through the point P(x,, y,) 
cut the hyperbola at Q and R. Let R(h, k) be any arbitrary 
point on the line PQ (R inside or outside). 
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R (h, k) 


P(,,Y) 
Let Q divides PR in the ratio 4:1, then coordinates of Q are 


Ah+x, Akt+y, (* PO:OR = 1:1) 
A+1 °° A+] 


Since, Q lies on hyperbola (i), then 


1 Ane, . Ak+y, a 

a\ AF+1 b?\ At+1 
=> db (Ah+x,)? -a’(Ak+y,) =a7b?(A +1) 
=> (bh? -a°k’ —a’b?)X +2(b?hx, —a’ky, —a’b")a 

+(b’x? —a’y? —a’b?)=0 ...(ii) 

Let PR will become tangent to the hyperbola (i), then roots 
of Eq. (ii) are equal 
4(b°’hx, —a’ky, —a’b’)? —4(b7h” —a°k? —a"b*) 


x (b? x? — a? y? — ab”) =0 
Dividing by 4a*b* 


2 
hx, ky, lh i? ok x. 9, ; 
a’ b? a’ ob? a’ ob? 


Hence, locus of R (h, k), i.e. equation of pair of tangents 
from P(x,,y,) is 


ie. tT’ =55,. or S$, =T" 


Remark 


S =0 is the equation of the curve, S, is obtained from S by 
replacing x by x, and y by y, and7 =0 is the equation of the 
tangent at (x,, y;) toS =0. 


Chord of Contact 


Theorem : If the tangents from a point P(x,, y, ) to the 
2 2 


hyperbola ~ 7 x =1touch the hyperbola at Q and R, 
a b 
then the equation of the chord of contact QR is 
1 Wi 


= 
a’ b? 


Proof : Let Q =(x’, y’) and R=(x"’, y’’) 
AY 


Chord of contact 


>X 


vy’ 


Now, equation of tangents PQ and PR are 


xx’ yy’ : 
a 8 
and mW ny ..- (ii) 
2 2 
a b 


Since, Eqs. (i) and (ii) pass through P(x,, y,), then 


=1 ...(iii) 
a’ b? 
and So ag ..-(iv) 
2 2 
a b 


Hence, it is clear that Q(x’, y’) and R(x’’, y’’) lie on 


1 IVs 21 or THO 
a’ b? 
which is chord of contact OR. 


Equation of the Chord Bisected 
at a Given Point 


Theorem : The equation of the chord of the hyperbola 


3 2 
x — yy. = 1, 
a ib 
bisected at the point (x,, y, ) is 
OP gg A Vi 1 
a’ b? a” = 
or T =S,,where T =—=1 — ¥¥1 4 
a’ b? 
x? 2 
and S, pis tee sees 
a Oe 
Proof : Since equation of the hyperbola is 
2 2 
~_-* =1 ...(i) 
a b 


Let QR be the chord of the hyperbola whose mid-point is 
P(x,,y,). Since Q and R lie on the hyperbola (i). 


Q (Xp, Yo) 
P(x;,Y4) 
R (Xs, Ys) 
oe y2 
2 2 we 
7 1 (ii) 
x? 2 
and 3223 24 (iii) 
a 
Subtracting Eq. (iii) from Eq. (ii), 
1 1 
— (x3 —x3)-—(y2 —y3) =0 
a b 
(Xo + Xs (ty — x3) ets) Val 
a’ b? 
- b? (x, + 
= Y27V3 _ acy x5) 
X2—X3  a’(y, +y3) 
2 
2 
=? S #1) [P is the mid-point of QR] 
a’ (2y,) 
b? 
ant (iv) 
ayy 
Equation of OR is 
y y,=2 Y3 (x x,) 
X_2— Xs 
b’x, ; 
= yoy, =-"4(x-x,) [from Eq. (v)] 
ayy 
= YY1 Vi _ xX x4 
b? b? a’ a’ 
2 
= XX;  VWV1 _ X1 Yi 
a’ b? ab? 
= XX; — VVi jo"! Vi 1 
a b2 2 pe 
> T=S, 


Example 25 Find the locus of the mid-points of the 


2 2 
chords of the hyperbola - a =1which subtend a 
a 


right angle at the origin. 
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Sol. Let (h,k) be the mid-point of the chord of the hyperbola. 


Then its equation is 

hx ky e ho ok i 

zc oF a’ 

2 2 
or i iy 7 is a ..-(i) 
a b a b 

The equation of the lines joining the origin to the points of 
intersection of the hyperbola and the chord (i) is obtained by 
making homogeneous hyperbola with the help of Eq. (i) 


x? yo a b? 


a b? h2 ke 2 
a 


xy ..-(ii) 


The lines represented by Eq. (ii) will be at right angle if 
Coefficient of x? + Coefficient of y* =0 


v(m? ke) on? 1 (h? key RP 
= a\a bv abla Pb bt : 


nok?) (11) wR? 
ab a bP ob 


Hence, the locus of (h, k) is 


Example 26 From the points on the circle 
x’ + y* =a’, tangents are drawn to the hyperbola 
x’? — y* =a’; prove that the locus of the middle-points 


of the chords of contact is the curve 
(x? -y’) = (x? +y’) ; 
Sol. Since any point on the circle x” + y? =a’ is 
(a cos®, asin®) chord of contact of this point w.r.t. 
hyperbola x? — y’ =a’ is 
x (a cos®) — y(asin®) = a” 
or x cosO —ysinO =a (i) 


If its mid-point be (h, k), then it is same as 


ESS, 
Le; hx —ky-@ =h? -k? - a? 
or hx —ky =h*® —k? .-(ii) 
On comparing Eqs. (i) and (ii), we get 
cos sin® _ a 
h kk (h? —k?) 
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or 


and 


Squaring and adding Eqs. (iii) and (iv), we get 
(h? —k2)? = ah? + ak? 


(h® — k”) cos® = ah ..(iii) It passes through («, B), then 
(h? —k?)sin® = ak ...(iv) coh Bk _ hi _ ke 


2 2 2 2 
a b a b 


.. locus of (h, k) is 


=> (h? —k?)? =a’ (h’ +k’) oP ~ Qe be 
Hence, the required locus is i 1, 
(x? — y?)? =a? (x? + y?). => 7 (x — ax) (y° —By) =0 
2 2 2 2 
Example 27 Prove that the locus of the middle-points =% (« =) a = (0 B i= 
2 2 2 4 b 2 4 
x ; a 
of the chords of the hyperbola — - y =1 which 
fa b2 a a B 2 
pass through a fixed point (a, 8) is a hyperbola whose Fe [x 7 | (» 7 5) tle Bl. ‘ia 
centre is (S | a’ b 4[a° Bb 
22 0 8 2 
Sol. Let the mid-point of the chord be (h, k). The equation of (« = ) [» = e 
the chord whose mid-point is (h, k) is : 2A PA =1 
hx ky hh? k? tor & ky ot a. 
ee 2 # or eR el lO The centre of this hyperbola is & P| 


Exercise for Session 2 


1. 


The tangents from (1, 22) to the hyperbola 16x? —25y? = 400 include between them an angle equal to 


a)— b) = c) = d)— 
( ys ( y ( ( M5 
If4x? + Ay? =45 and x? —4y? =5 cut orthogonally, then the value of A is 

1 1 


a)— b) = c)9 d) 18 

(a) . (b) - (c) (d) 
x2? 

If the tangent at the point (2seco, 3tan) of the hyperbola . 6 = 1is parallel to3x — y + 4=0, then the 

value of 9 is 

Tt Tt Tt St 

a)— b)— c)— d)— 

(a) ( Fi (c) - (d) re 

If the line 2x + /6 y =2 touches the hyperbola x* — 2y? =4, then the point of contact is 
1 1 

a) (- 2/6 b) (-5,2V6 6) (= d) (4-6 

(a) (- 26) (b) (-5.2¥6) (3.55) (A) (4,-V6) 

The equation of the chord of hyperbola 25x? — 16y? = 400, whose mid-point is (5, 3), is 

(a) 115x - 47y = 434 (b) 125x — 48y = 481 

(c) 127x - 49y = 488 (d) 155x - 67y = 574 


2 2 
The value of m for which y = mx + 6 is a tangent to the hyperbola _ 7 a =1is 


“2 oo of 


10. 


11. 


12. 


13. 


14. 
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2 2 


Pisa point on the hyperbola _ = i = 1, Nis the foot of the perpendicular from P on the transverse axis. The 
a 


tangent to the hyperbola at P meets the transverse axis at T. If O is the centre of the hyperbola, then OT -ON is 
equal to 


(a) a? (b) b? (c) e? (d)b2/a 


If x =9 is the chord of contact of the hyperbola x? — y? =9, then the equation of the corresponding pair of 


tangents, is 
(a) 9x? - 8y? + 18x -9=0 (b) 9x? — 8y? — 18x + 9=0 
(c) 9x? - 8y? - 18x -9=0 (d) 9x? - 8y? + 18x + 9=0 


2 2 
Let P(asec 0,6 tan 0) and Q(asec 6,6 tan »), when 0+ 6 = a be two points on the hyperbola x - o =1 If 
a 


(h,k) is the point of intersection of the normals at P and Q, then k is equal to 
a? +b? a? +b? a? +b? a? +b? 
(a) ] (b) | | (d) | ) 
a a b b 


2 2 
The tangent at a point P on the hyperbola z - oy 
a 


= 1passes through the point (0, —b) and the normal at P 


passes through (2a 2, 0); then eccentricity of the hyperbola is 
(a)? (b) 5 (0) v2 (d) 22 


2 2 2 2 


A tangent to the hyperbola a = = cuts the ellipse =. + a 
a a 


= 1in points P and Q. Find the locus of the 
mid-point of PQ. 


A line through the origin meets the circle x* + y? =a? at P and the hyperbola x” — y” =a’ at Q. Prove that the 


locus of the point of intersection of tangent at P to the circle with the tangent at Q to the hyperbola is the curve. 


2 2 
Normals are drawn to the hyperbola ae = o = 1at the points P(a sec 8,, b tan®,) and Q(a sec 05, b tan®,) 
a 


meeting the conjugate axis at G; and G, respectively. If 8, + 0. = 2/2, prove that 


where C is the centre of the hyperbola and e is its eccentricity. 


Chords of the hyperbola x? — y* =a? touch the parabola y” = 4ax. Prove that the locus of their middle-points is 


the curve y?(x —a)=x°. 


Session 3 


Diameter, Conjugate Diameters, Properties of Hyperbola, 
Intersection of Conjugate Diameters and Hyperbola, 
Director Circle, Asymptotes, Rectangular Hyperbola, The 
Rectangular Hyperbola xy =c2,Reflection Property of a 
Hyperbola, Equation of a Hyperbola Referred to Two 
Perpendicular Lines 


Diameter > (a’m” —b”) x? +2mca*x +a? (c? +b”) =0 

The locus of the middle points of a system of parallel Since, x, and x, be the roots of this equation, then 

chords of a hyperbola is called a diameter and the point aie? 

where the diameter intersects the hyperbola is called the xX, +X,= am? ope ..-(i) 
am — 


vertex of the diameter. 


Theorem : The equation of a diameter bisecting a system Since, (h, k) be the middle point of QR, then 
2 


2 
of parallel chords of slope m of the hyperbola =~ - = =lis es 
a b 2 
_ bP mca® 
Mes then from Eq. (i), 4 = ————_ 
am a’m? _ b? 
Froot abet y =mx +c bea system of a parallel chords to pubte Ohesonyrue he 
~~ - x = 1 for different chords. As c varies, m remain “ k=mh+c 
i or c=k-—mh ... (ii) 
constant. ; . 
y p by) From Eqs. (i) and (ii), 
, ama (k —mh) 
a’m’ —b? 
y’ R (h,k) 
* A Cl A 5 => a’m’*h-b’h=-ma’k+m’a*h 
2 
> —b°h=—-ma’k or ES 
Y, (Xo, Yo) am 
Y 
: b? x 
Let the extremities of any chord PQ of the set be P(x,,y,) Hence, locus of R (h, k) is y = =a 
and Q(x,, y,) and let its middle point be R (h, k). Then pe 
solving equations which is the diameter of the hyperbola passing through 
x? oy? (0, 0). 
ris and y=mx +c Aliter: 
9 . Let (A, k) be the middle-point of the chord y =mx +c of the 
we get Oe ke (mx +0)" =1 x? 2 
& a b2 hyperbola = a =1then 
a b 


P25, 
xh yk_ Wk’ 


=> 
a bv a »b 
2 
Siopes ot 
a’k 
2 
a’m 


; Ss es b’ x 
Hence, the locus of mid-point is y = ——. 
a°m 


Conjugate Diameters 


Two diameters are said to be conjugate when each bisects 
all chords parallel to the others. 

2 
If y =mx, y =m,x be conjugate diameters, then mm, = = 


Let y =m,x +c bea set of chords parallel to y =m, x, then 
2 


the diameter y = a bisects them all. But being the 
am 


conjugate diameter y = mx also bisects them. 


Hence, these two lines must be identical 

2 b? 
=> mm, =— 
2 2 
am, a 


m= 


Properties of Hyperbola 


Prop. 1. If a pair of diameters be conjugate with respect to a 
hyperbola, they are conjugate with respect to its conjugate 
hyperbola also. 


Let y =mx and y =m,x be two conjugate diameters of the 


2 
hyperbola nin aa 1, then 
2 2 
ab 
2 
mm, = () 
a 
x? 2 
Now conjugate hyperbola of — ~» tis 
a 
2 2 
c 
2 2 
or cee are ...(ii) 
-a =-b’ 
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If y=m,x and y =m,x are the conjugate diameters of 
Eq. (ii), then 


[from Eq. (i)] 


This proves the proposition. 


Prop. 2. The parallelogram formed by the tangents at the 
extremities of conjugate diameters of a hyperbola has its 
vertices lying on the asymptotes and is of constant area. 


2 2 
Since, P and D lie on hyperbola es 
a b? 
x? y 
and its conjugate diameter — a P =1 
a 


then coordinates of P and D are (asec 9, b tang) and 
(a tan, b sec 6) respectively. 


Then D’=(-a tand,—bsec 6) 


and P’=(-asec 9,-—b tan) 


Since, equations of asymptotes CQ and CR are y = Es and 
a 


b ; : 
y =-——x respectively and the equations of tangents at 
a 


P, P’, D and D’ are 


* sec o—-~ tano=1 ..-(i) 
a b 
~= sec o+~ tand=1 ...(ii) 
a b 
~~ tano+~ sec o=1 (iii) 
a b 
and = tang — Y sec o=1 (iv) 
a b 
respectively. 


Now, the lines (i) and (ii) are parallel and so are Eggs. (iii) 
and (iv). 
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Hence these tangents form a parallelogram. Solving 
Eqs. (i) and (iii), we get the coordinate of Q as 
[a (sec 6 + tan), b (sec @ + tand)] which clearly lies on the 


asymptote y = — x similarly the other points of intersection 
a 


lies on the asymptotes. 

The equations of PCP’ and DCD’ are 
_ b tan 
"asec o 
_bseco 


a tang 


x or bx tand—ay sec 6=0 (Vv) 


and x or bx sec b—ay tand=0 ...(vi) 


Hence by symmetry. 


Area of parallelogram QRQ’ R’ = 4 (Area of parallelogram 
QDCP) 

= 4-CP x (Perpendicular length from C on QD) 
1 


=4. V(a?sec*o +b’ tan? ) x 
tan® o sec’ 


2 2 
a b 


= 4ab= Constant. 
Prop. 3. If the normal at P meets the transverse axis in G, 


then SG =e- SP. Prove also that the tangent and normal 
bisect the angle between the focal distances of P. 


Y 


: 
ot 


¥ ; MSG?* 


Let the coordinates of Pbe (x,,y,). The equation of 
2 2 


normal at P on the hyperbola = -Y tis 
a b 
2 2 
Lee eee .. (i 
x) V1 


The normal (i) meets the X-axis i.e. y =0 in Eq. (i), then 
coordinates of G are 


[‘< +b?) 


: v0] or (e”x,,0) 
a 


CG =e'x, 
SG =CG-—CS 


=e’x, —ae=e(ex, —a)=e-SP 


Similarly, S’G =e:-S’P 
SG _ SP 
S’G S’P 


This relation shows that the normal PG is the external 
bisector of the angle SPS’. The tangent PT being 
perpendicular to PG is therefore the internal bisector of 
the angle SPS’. 


Prop. 4. If a pair of conjugate diameters meet the hyperbola 
in P, P’ and its conjugate in D, D’, then the asymptotes 
bisect PD, PD’, P’D and P’ D’. 

The coordinates of four points P, D, P’, D’ are 

(asec 6, b tan); (a tan, b sec 6); 

(—a sec 6, — b tan) ;(—a tang, —b sec 6) respectively. 


If (h, k) be the middle point of PD, then 


h= ; (sec ) + tang) 


and 


k => (tang+sec 0) 


. Locus of mid-point (h, k) is y = P which is equation of 
a 


2 2 
asymptote of hyperbola ~~ - 7 =, 
a 


Similarly other mid-points lie on the other asymptotes. 


Intersection of Conjugate 
Diameters and Hyperbola 


To prove that of a pair of conjugate diameters of a 
hyperbola, only one meets the curve in real points 


Let y =mx (i) 
...(ii) 


and y=m,x 


be a pair of conjugate diameters of the hyperbola 
2 2 
x" _y 


a then 
ab 


...(iii) 


On solving Eq. (i) and the equation of hyperbola 
2 2 

ie a 1, we get 
2 2 

a b 


x? mx? 
“2g =. 
a b 
2,2 
2 a°b : 
or x" = ...(iv) 
2. 2 2 
b* -—a°m 


Similarly Eq. (ii) meets the hyperbola at points whose 
abscissa are given by 
2 a*b’ 
x° = ..(v) 


b? —a’m; 


The two values of x given by Eq. (iv) will be real if 


: b 
b? —a’m’ >0 ie.m<| — 
a 


b? b n b? 
2 <|— . mm, = 
am, a a 


b £4 
> —<m, ie. if b? <a’m? 
a 


ie. if b” —a’m? <0 
Then from Eq. (v) the values of x are imaginary. 


Hence, if Eq. (i) meets the hyperbola in real points then 
Eq. (ii) meets it in imaginary points and vice-versa. 


Remark 

If CDis the conjugate diameter of a diameter CP of the hyperbola 
ae 
a p° 
Cis (0,0) is 


1, where P is (asec 0, b tang), then equation of CP, where 


_¢ —btano—-0 
aseco—O 


(x-0) > y= sino.x 
a 


Comparing this with y =mvx 
m=—sino 


2 b b? 
— = =sindx m’=— 
a 


“. Equation of conjugate diameter is y=m’x =(b/ a)cosec .x on 
solving 
ia 


2 
y=(b/a)coseco-x and —- 5+ 4-1. 


a0) 
iow 


Then we get coordinates of D 
i.e. D=(atand, bsec 6) 


Example 28 If a pair of conjugate diameters meets 
the hyperbola and its conjugate in P and D 
respectively, then prove that CP* — CD? =a* —b?. 
Sol. :: Coordinates of P and D are (a sec 9, b tan) and 
(a tan @, b sec >) respectively. 
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Then (CP)* —(CD)* =a’sec’o 
+ b’ tan’ o — a’ tan’ o — b’sec’ 
=a’ (sec’ — tan” o) — b” (sec? — tan” 6) 


=a'(1)— b7(1)= a? — B? 


Example 29 For the hyperbola _x* — y* =a’, prove 


that the triangle CPD is isosceles and has constant 
area, where CP and CD are a pair of its conjugate 
diameters. 


Sol. Since, CP and CD are the conjugate diameters of 
x’ — y* =a’, hence coordinates of P and D are 


P =(asec@, a tan ), D = (atan 9, asec ) respectively. 
P (aseco,atan ) 


4M psec ~ tang),5 (seco +tand) 


D(atano,aseco) 


CP = ya” (sec? @ + tan? ) = CD [ C =0(0,0)] 


Hence, ACPD is isosceles triangle. 
Draw L from C on PD, where M is the mid-point of PD 


M= (; (sec + tan 6), 5 (sec > + tan ) 


ate | (sec ° tan >) | Ka? +a”) 
and PD= Vla (sec — tan) ]* + [a(sec—tan 0)’ 


=|sec  — tang) | (a? + a’) 


Area of A PCD = = PD-CM 


2 
a 


1 
= —(a’ + a’) = —= constant 
4 2 


Example 30 Find the condition for the lines 


Ax? + 2Hxy + By* =0 to be conjugate diameters of 
2 Z 


xX y _ 


a’ be 
Sol. Let the lines represented by 
Ax? +2 Hxy + By’ =0 


are y=mx and y=m,x 
A : 
mm, = z ..-(i) 


But y = mx and y = m,x are the conjugate diameters of 


584 


Textbook of Coordinate Geometry 


2 2 
x 
5-551 
a b 
b2 
then mm, =—; ...(ii) 
a 
2 
.. From Egs. (i) and (ii), ne 
B @ 
or a’A=b'B 


which is the required condition. 


Example 31 If the lines Ix + my +n=0 passes 


through the extremities of a pair of conjugate 
2 
Md 


diameters of the hyperbola = = 1, show that 


a*l* —b*m* =0. 


Sol. The extremities of a pair of conjugate diameters of 


2 2 

—_ - e = 1 are (asec 6, b tan) and (a tan 9, b sec ©) 
a 

respectively. 


According to the question, since extremities of a pair of 
conjugate diameters lie on Ix + my +n =0 

l(a sec >) + m(b tano)+n=0 
> l(a tan) + m(bsec >) +n =0 


then from Eq. (i), al sec 6 + bm tang =—n 


or a’l’ sec’ + b’m’ tan’ o + 2ablmsec o tang =n”. ...(iii) 


...(i) 
...(ii) 


and from Eq. (ii), al tang + bm sec 0 =-—n 


or a’l’ tan? + b’m’ sec” ) + 2ablm sec btang=n’ _ ...(iv) 
then subtracting Eq. (iv) from Eq. (iii), 
a’l*(sec* — tan’ ) + b’m?(tan?  — sec’) = 0 
or a’l’ — b’m? =0 
The locus of the point of intersection of the tangents to 
2 2 
the hyperbola ~~ _ - =1, which are perpendicular to 
a b 
each other is called director circle. 
2 2 
Let any tangent in terms of slope of hyperbola a — — =1 
a b 


is 


y=mx + (a’m — b’) 
It passes through (h, k) 

k=mh+,(a’m? —b’) 
or (k —mh)? =a’m? -b’ 
=>  k? +m?*h? -2mhk =a’m’? - b? 
=  m?(h? —a’)-2hkm+k? +b? =0 


It is quadratic equation in m. Let slopes of two tangents 
arem, andm, 


pice k? +b? 
me Ge ao 
1= ki +b ( tangents are perpendicular) 
h? —a’ 
> -h? +a? =k? +5? 
or W+k? =a’ -b’ 


Hence, locus of P (h, k) is 


x+y? =a? —B? (a>b) 
Aliter : 
If tangents y =mx +/(a’m? — b?) ...(i) 

2 
and y=-~ 4 a’ [-=) =p" (ii) 
m m 

touch the hyperbola and intersects at right angles 
. From Eq. (i), 

y —mx = (a’m’ — b’) ...(iii) 
Eq. (ii) can be rewritten as 

x +my = (a? —b’m’) ... (iv) 


Squaring and adding Eqs. (iii) and (iv), then 

(y —mx)? +(x +my)? = a?m —b? +a? — b?m? 
(1+m’) (x? +y?)=(1+m?) (a? —b’) 

Hence, x* +y* =a’ —b’ is the director circle of the 


hyperbola. 


Remarks 


2 2 
1. For director circle of as - z =1,a must be greater than b. 
a 


fa<b, then director circle x + y? =a’ — b* does not exist. 
7 . yr 

2. The equation of director circle of -—- + —=1is 
ab 


x° + y?=b° a’ (b>a), 


f b<a, then director circle does not exist. 


Example 32 If any tangent to the hyperbola 
2 


x? 


reo 
a b 
and Q, show that CP and CQ are conjugate 
semi-diameters of the hyperbola. 

Sol. Since, equation of hyperbola is 


=1with centre C, meets its director circle in P 


x? oy? 
—-+=1 ..-(i) 
a pb 
Equation of tangent at (a sec 0, b tan) on Eq. (i) is 
ss sec & ; tand=1 ...(ii) 
Equation of director circle of Eq. (i) is 
x+y =a -d? ... (iii) 


Equation of lines joining the point of intersection of Eqs. (i) 
and (ii) to the origin is obtained by making Eq. (iii) 
homogeneous with the help of Eq. (ii). 


2 
x+y? =(a H)(* see 2 tan 
a 


2 22 2 2 22 2 
_ “[-£ bf see *}+r[- b*ytan ‘ 
a b 
2 22 
a 2(a° — b*)secd tan o ‘gfe 
ab 


Let mand m’ represent the slopes of the lines given by 
Eq. (iv), then 


0 ...(iv) 


_@ — b*)sec’ 


ne a 7 b? a® —(a’® — b*) sec’ 
_@ — b*)tan* a’ b? —(a* — b*)tan’ 
b? 


_ b? b’sec’ — a’ tan” 2 b? 


a’ “b’sec’ —a’tan’o a 


Hence, the lines CP and CQ are conjugate semi-diameters of 
the hyperbola. 


Asymptotes 


An asymptotes of any hyperbola or a curve is a straight 
line which touches in it two points at infinity. 


Asymptotes of hyperbola : The equations of two 
asymptotes of the hyperbola 
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a b a a 


Proof : Let y =mx +c be an asymptote of the hyperbola 
2 2 
a ...(i) 
an 
Substituting the value of y in Eq. (i), 


x? _ (mx +c)’ _ 


2 2 
a b 


or (a’m? —b?) x? +2a’mcx +a’ (b* +c”) =0 


1 


...(ii) 
If the line y =mx +c is an asymptote to the given 


hyperbola, then it touches the hyperbola at infinity. So 
both roots of Eq. (ii) must be infinite. 


a’m? —b? =0 


and —2a’mc =0 
b 
then m=+t— and c=0 
a 
Substituting the value of m and c in y =mx +c, we get 
b 
y=t-x > = ae yY. 0 
a a b 


Aliter : 


The difference between the second degree curve and pair 
of asymptotes is constant. 


2 2 
‘ Given hyperbola is x Yay 
2 2 
a b 
2 2 
. _ xy i 
. Pair of asymptotes is oe A=0 ... (i) 
a b 


Eq. (i) represents a pair of lines, then A =0 


4-4} 4+0-0-0-2-0-0 


a’ b? 
A=0 
2 2 
From Eq. (i), pair of asymptotes is — — x =0 
a b 
or yok x or ~+%=0 
a a b 
Remarks 


2.2 
1. If b=a, then a reduces to x° — y? =a’, The asymptotes 


a 
of rectangular hyperbola x° — y? =a’ are y=+ x which are at 
right angles. 
2. A hyperbola and its conjugate hyperbola have the same 
asymptotes. 
x2 y? ; 7 b 
3. The angle between the asymptotes of _ ~e =1 is2tan () 
a a 
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=x24 P= a2 


2 9 
4. If the angle between the asymptotes of a hyperbola a - es =1 
a 


is 26, then e=sec 6. 
5. The asymptotes pass through the centre of the hyperbola. 


6. The bisectors of the angles between the asymptotes are the 
coordinate axes. 


2 2 
7. LetH=*_-~ 1=0 


a be 
2 2 2 2 
Az*-4=0 and Ca*~_-4 41=0 
a b a bb 


be the equation of the hyperbola, asymptotes and the 
conjugate hyperbola respectively, then clearly C+ H=2A 


Example 33 Find the asymptotes of the hyperbola 
xy — 3y -2x=0. 
Sol. Since equation of a hyperbola and its asymptotes differ 
in constant terms only, 
Pair of asymptotes is given by 
xy -3y-2x+A=0 ..-(i) 

where, A is any constant such that it represents two straight 
lines. 


ne A =6 
From Eq. (i), the asymptotes of given hyperbola are given 
by 
xy —3y -2x+6=0 
or (y — 2)(x -3)=0. 
*. Asymptotes are x -3=Oandy—2=0. 


Example 34 The asymptotes of a hyperbola having 
centre at the point (1,2) are parallel to the lines 
2x + 3y =O and 3x+2y =0. If the hyperbola passes 
through the point (5, 3) , show that its equation is 
(2x +3y —8) (3x +2y +7) =154. 
Sol. Let the asymptotes be 2x + 3y + A =0 and 


3x + 2y + =0. Since asymptotes passes through (1, 2), 
then 


A=-8andu=-—7 


Thus, the equation of asymptotes are 


2x+3y-8=0 and 3x+2y-7=0 

Let the equation of hyperbola be 
(2x + 3y — 8) (3x +2y-—7)+v=0 .. (i) 

It passes through (5,3), then 

(10+ 9 —8)(15+6-7)+v=0 
> 11x 14+v=0 
* y =-154 
Putting the value of v in Eq. (i), we obtain 

(2x + 3y — 8) (3x + 2y —7)-154 =0 
which is the equation of required hyperbola. 


Example 35 Show that the tangent at any point of a 
hyperbola cuts off a triangle of constant area from the 
asymptotes and that the portion of it intercepted 
between the asymptotes is bisected at the point of 
contact. 


Sol. Let P (asec , btan) be any point on the hyperbola 


2 2 
*¥ VY 34 ... (i) 


re 


a 
Asymptotes of Eq. (i) are 
y= + b x 
a 
Equation of tangent of Eq. (i) at P (a sec 6, b tan) is 


... (ii) 


is sec o y tangd=1 
a b 
e b 
Solving Eq. (ii) and y = —x 
a 


We get = (sec d — tan) = (sec’ — tan” 6) 
a 


ae x =a(sec d+ tan 6) 
and y = b(sec o + tan) 
Q 


P(aseco, 


Let Q = [a(sec d + tang), b(sec o + tano)] 


Now solving Eq. (ii) and y = — a 
a 


We get, al (sec @ + tand) =(sec’ — tan” @) 
a 

or x =a(sec 6 — tang) 

and y =— b(sec 6 — tand) 


Let R = [a(sec o — tang), — b(sec @ — tan o)] 
Mid-point of QR is (a sec 6, b tan) which is coordinate of P. 


Area of ACQR = ; | (xo — Xoy,)I 


1 
= : |- ab — ab|= ab = constant. 


Rectangular Hyperbola 


A hyperbola whose asymptotes include a right angle is 
said to be rectangular hyperbola. 


OR 


If the lengths of transverse and conjugate axes of any 
hyperbola be equal, it is called rectangular or 
equilateral hyperbola. 


According to the first definition 


2 tan 2) oe 
a 2 


2 
x 
then, — — 


2 
y 

2 2 
a 


=1becomes x” —y” =a 
According to the second definition 


2 2 
When a=b, ~ - _ = 1 becomes 
a 


2 
Eccentricity, e = f + 4 = V2 
a 


Hence, x? —y? =a’ is the general form of the equation of 
the rectangular hyperbola. 
Remark 
2 2 
All the results of f =F =1are applicable to the hyperbola 
a 


x°— y* =a? after changing bbya 


The Rectangular Hyperbola 
xy =c? 

When the centre of any rectangular hyperbola be at the 
origin and its asymptotes coincide with the coordinate 
axes its, equation is xy = c. 

Since, asymptotes coincides the coordinate axes. 
Hence, asymptotes are y =0 and x =0. 


.. Combined equation of asymptotes is xy =0. Now 
equation of any hyperbola and its asymptotes differ in 
respect of constant terms only. 

.. Equation of rectangular hyperbola is xy =c’ where c is 


any constant. 
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X'< 


vy’ 
Second method (By rotation of axes) : 


The equation of rectangular hyperbola is x” — y’ =a’ and 


its asymptotes are x —-y =O and x + y =0. Since, 
asymptotes are inclined at 45° and 135° to the X-axis 
respectively. 


xX’ < 


PX 


v 
y 


If we rotate the axes through 0 = — 45° without changing 
the origin. Thus, when we replace (x, y) by 


[x cos (—45°) — y sin (—45°), x sin (—45)° 


+ y cos (—45°)] 
- Ate a 


then equation x? - y? =a’ reduces to 


(2) (GR) - 


or (x+y)? (x ty)" aa? 
i =a 
~ * (2y) (@x) = 
or xy = = 7 (+) =c (say) 
or xy=c" 
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Study of Hyperbola xy = c? 


(i) Vertices : A(c,c) and A’(—c,—c). 

(ii) Transverse axis : y = x. 
(iii) Conjugate axis : y =— x. 
(iv) Foci : S(ev2,cV2) and Sew —cV2): 

(v) Length of latusrectum = Length of AA’ = 2V2c. 
(vi) Equation of auxiliary circle : x° + y” =2c’. 
(vii) Equation of director circle x? + y* =0. 


(viii) Asymptotes : x =0, y =0. 


Remarks 


1. The equations of the asymptotes and the conjugate hyperbola 
of the rectangular hyperbola xy =c?, where the axes are the 


asymptotes, are xy =0 and xy =—- ce respectively. 


2. The equation of a rectangular hyperbola having coordinate 
axes as its asymptotes is xy =c”. If the asymptotes of a 
rectangular hyperbola are x = o% y =f then its equation is 
(x-a(y B) =c° or xy ay -Bx+A=0. 


3. Since x =ct, y - satisfies xy =c? 
“(X% y) =(ct-£)i #0) is called a ‘t’ point on the rectangular 


hyperbola. The set » =ct, y= <} represents its parametric 


equations with parameter ‘?’. 


Properties of Rectangular 
Hyperbola xy = c? 


(i) Equation of the chord joining ‘t,’ and ‘t,’ is 
x +yt,t, —c(t, +t,) =0. 
(ii) Equation of tangent at (x,,y,) is xy, +x,y =2c’. 


ad fegae 

(iii) Equation of tangent at ‘ft’ is — + yt =2c. 
t 
(iv) Point of intersection of tangents at ‘t,’ and ‘t,’ is 
2ct it, 2c ) 
t, tt, t, +t, 

(v) Equation of normal at (x,,y,) is xx, —yy, =x? -y?. 

(vi) Equation of normal at ‘t’ is xt* — yt — ct* +c =0. 


(vii) Point of intersection of normals at ‘t,’ and ‘t,’ is. 


[sists LEE eye et ae by) 


tity (ty +t) tity (t, +t) 


Example 36 If the normal at the point ‘t,’ to the 
rectangular hyperbola xy = c? meets it again at the 
point ‘t,’, prove that t’t, =-1. 

c 


Sol. Since, the equation of normal at [«s, <| to the hyperbola 
t 


1 
2. 
xy =c" is 


xt? — yt, — ct} +c =0 


but this passes through [a “| then 
ty 


¢c 
ct,t? -— t, -ct} +e =0 
ty 


=> tie —t, ttt, +t, =0 

> lett —t,)+(t, —t) =0 

=> (t?t, +1)(t, —t,) =0 

= iit, +1=0 [ety #t] 
tet, =-1 


Example 37 A triangle has its vertices on a 
rectangular hyperbola. Prove that the orthocentre of 
the triangle also lies on the same hyperbola. 

Sol. Let “t,”, “t,” and “t,” are the vertices of the triangle ABC, 


described on the rectangular hyperbola xy = c’. 


1 2 


*. Coordinates of A, Band C are [«, <| [et <) and 
t t 


c : 
[et <) respectively. 
ts 


co 
; t. t 1 

Now, slope of BC is —2——*_ = — —— 

ct, — cy tots, 


*. Slope of AD is t,t, 
Equation of altitude AD is 


c 
y ~~ = tats(x — chy) 
t 
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or ty —C =X tytots — ct? tot, (i) .”. (8, @) lies on Eq. (i) 
Similarly equation of altitude BE is & 64 ae 4) 
thy —c=xtyt,t, —c t,t2t, (ii) 16 9 
Oe 
Solving Eggs. (i) and (ii), we get the orthocentre = ae 
=> a = 3V3 ( P lies in first quadrant) 


,—e itt which lies on xy = c’. 


Hence coordinate of point P is (8, a9 ). 
* Equation of reflected ray passing through 
P (8, 3V3) and S’ (—5, 0). 


_ Cc 
ttot, 
0-33 


Reflection Property of a = : 
“. Its equation is y — 3v3 = (x - 8) 
Hyperbola i 
or 13y — 393 = 3y3x — 24V3 
If an incoming light ray passing through one focus S strike ey 3y/3x — 13y + 153 =0. 
convex side of the hyperbola then it will get reflected 
towards other focus S’. 


Equation of a Hyperbola 
Referred to Two Perpendicular 
Lines 


X'« 


S T \S 
(-ae, 0) (ae, 0) a 2 
Let P (x, y) be any point on the hyperbola ao Z_ =1 
a b 
Y then 
. PM =y and PN =x 
Example 38 A ray emanating from the point (5,0) is . Se af 
incident on the hyperbola 9x* —16y* = 144 at the a 
point P with abscissa 8. Find the equation of the (PN)? (PM)? _ 
reflected ray after first reflection and point P lies in a a ae = 
first quadrant. 
Sol. Given, hyperbola is 9x” — 16y” = 144. This equation can k 
be rewritten as N 
xy Pix y) 
“2 =j si( 
16 9 @ 
Coordinates of foci are (0, + ¥16+9) i-e., (0, +5) = AT cl Al mM »X 
(—a, 0) (a, 0) 
v 
Y' 
y« > If perpendicular lines represented by 
SA Cl OT OA\S(5,0) N 
(-5,0) L, =a,x +b,y +c, =0 
and L,=b,x—-a,y+c, =0 
+b 
M then PN =p,= Gee Ny Tey 


. | | (a; +b;) 
Since x-coordinate of P is 8. Let y-coordinate of P is a. 
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(iv) Foci : The foci of the hyperbola is the point of 
intersection of the lines 


a,x +by +c, 


(a; +by) 


=taeand L, =0. 


(v) Directrix : The directrices of the hyperbola are 


a,xt+byy+c, _44 


(ai thi) & 


(vi) Latusrectum : The latusrectum of the hyperbola is 
2b° 


a 


Example 39 The equations of the transverse and 
conjugate axes of a hyperbola are respectively 
3x+4y —7=0, 4x —3y+8=0 and their respective 
lengths are 4 and 6. Find the equation of the 
hyperbola. 


and 


PM = p, = 


Now equation of hyperbola becomes 
2 2 


a,xt+b,yte, 


b,x -a,y tc, 


Sol. The equation of the required hyperbola is 


(a’ +b?) (b? +a.) 2 2 
5 i 1 3x + 4y-7 4x —3y +8 
é (3? + 4”) fa? + (=3)" 2 


Then the point P describes a hyperbola in the plane of the 
given lines such that : 


(i) Centre : The centre of the hyperbola is the point of 


intersection of the lines L, =0 and L, =0. => + 6x +4y-7/ oes ~3y +8) =1 

(ii) Transverse axis : The transverse axis lies along me as 
it > 9 (3x + 4y —7)° —4(4x —3y +8) =900 
Conjugate axis : The conjugate axis lies along L, =0. => 9 (9x" + 16y" + 49 + 24xy — 42x — 56y) 

(iii) Length of transverse and conjugate axes : The — 4 (16x* + 9y" + 64 — 24xy + 64x — 48y) = 900 
length of transverse and conjugate axes are 2a and 2b => 17x? +312xy + 108y’— 634x — 312y — 715 =0. 


respectively. 


Exercise for Session 3 


1. The diameter of 16x? - 9y? = 144 which is conjugate to x =2y is 


16 32 16 32 


a) y =—x b) y=—*x (o> ae d)xe= == 
(a)y - (b) y 5 (c) a (d) a 
2 
2. Tangents drawn from a point on the circle x4: y? =9to the hyperbola ~— ae 1, then tangents are at angle 
25 
™ ™ ™ ™ 
a)— b) = c):= d= 
( i ( ie ( lS ( 5 
2 2 2 2 2 2 
3. tH=%,-4-1=0,c24,-4+1=0anda=~ -% =0 thenH,Aand C are in 
b a“ b a b 
(a) AP (b) GP (c) HP (d) AGP 


10. 


11. 


12. 


13. 
14. 


15. 


16. 


17. 
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2 2 


The angle between the asymptotes of = ~ = 1is equal to 
4(2 {3 4f 2 (3 
a) tan’) £ b) tan] = c) 2 tan”) £ d) 2 tan] = 
(a) tar) (o) tar-"(3) (0)2tar-*[| (6) 2 tan-(5) 
Ife and e, are the eccentricities of the hyperbolas xy =c* and x? — y? =a”, then(e + e,)’ is equal to 
(a) 2 (b) 4 (c) 6 (d) 8 


2 
The product of the lengths of perpendiculars drawn from any point on the hyperbola - yy" = 1to its 


asymptotes is 


1 2 3 

a)— b)2 c)= d)~ 

(a) ss (b) (c) 5 (d) = 
x2 y? 

The number of points on hyperbola — — ma =3 from which mutually perpendicular tangents can be drawn to 
a 

the circle x? + y? =a? is/are 

(a) 0 (b) 2 (c) 3 (d) 4 


If the sum of the slopes of the normal from a point P to the hyperbola xy = c? is equal to (Ae R*), then the 
locus of point P is 
(a) x? = Ac? (b) y? = Ac? (c) xy = Ac? (d) None of these 


If S =x? 4+ 4xy + 3y* —4x + 2y + 1=0, then the value of A for which S + A =0 represents its asymptotes is 
(a) 20 (b) 18 (c) -16 (d) -22 


A ray emanating from the point (—/41, 0) is incident on the hyperbola 16x? - 25y = 400 at the point P with 
abscissa 10. Then the equation of the reflected ray after first reflection and pointP lies in second quadrant is 


(a) 4V3x - (10 - V41) y + 4123 = 0 (b) 4V3x + (10- /41) y - 4/123 = 0 
(c) 4/3x + (10- V41) y + 4/123 =0 (d) 4V3x — (10 - V41) y - 4V123 = 0 
2 2 
A ray of light incident along the line 3x + (5 —4/2)y =15 gets reflected from the hyperbola 5 = > = 1, then its 
reflected ray goes along the line 
(a)xV2-y+5=0 (b) yV2-x+5=0 (c) y¥2 -x -5=0 (d) None of these 


The equations of the transverse and conjugate axes of a hyperbola are x + 2y -3=Oand2x -y +4=0 


respectively and their respective lengths are /2 and es The equation of the hyperbola is 


v3 


b) 2 (2x —y + 4)? -3(x + 2y-3)? =5 


(a) 2(x + 2y - 3)? -3(2x-y+ 4)? =5 
(c) 2 (x + 2y - 3)? -3(2x -y + 4)? =1 


2 2 


Find the equation of that diameter which bisects the chord7x + y —2 =0 of the hyperbola = - = =1 


Find the equation of the hyperbola which has3x —4y + 7 =O and 4x + 3y + 1=0 for its asymptotes and which 
passes through the origin. 


The asymptotes of a hyperbola are parallel to lines 2x +3y =O and 3x + 2y =0. The hyperbola has its centre at 
(1,2) and it passes through (5, 3), find its equation. 


2 2 
If the pair of straight lines Ax? + 2Hxy + By? =0 be conjugate diameters of the hyperbola a = a = 1, then 
a 


prove that Aa” = Bb”. 
A circle cuts the rectangular hyperbola xy = 1in points (x,, y,),r = 1,2, 3,4 then prove that 


X4XoX3Xq = ViY2VaVa = 1 


10 


11 


12 


13 


Shortcuts and Important Results to Remember 


If P be any point and Ff, and F, are any other two points then : 
(a) If| PF, — PFs| <|A|, then the locus of P is a hyperbola. 
(b) If| PF, — PF| =|F,F|, then the locus of P is a straight line. 
(c) If| PF, —PF,| >| AAI, then the locus of P is an empty set. 
The orthocentre of triangle inscribed in the hyperbola 

xy =C° lies on it. 

Length of the chord of the rectangular hyperbola xy =c* 
(h? + k?) (hk == 


whose middle-point is (h, k)is 2 { hk 


The product of length of perpendicular drawn from any point 
2 2,2 
y eet zo) 

=, = 1to its asymptotes is ——_... 
be a fa” 4 


b°) 


Asymptotes are the tangents from the centre of a hyperbola. 


on the hyperbola = - 
a 


If the angle between the asymptotes is 2a, then eccentricity 
of the hyperbola is sec a. 
If the tangent and normal to a rectangular hyperbola xy =c? 
at a point cuts off intercepts a, and a on one axis and by, b. 
on the other axis, then aja) + b,b5 = 0. 

x2 y? 
The equation of common tangents to — — ae =1and 

a 


2 2 
x y _ 2 2 
get pe ey +x +J(a° -b*). 


2 2 


The director circle of hyperbola ZS = = = Iwill be imaginary 
a 


ifa<band will become a circle, if a> b (fora =b, point 
circle). 


x2 y? 
The ellipse — + oe = 1and the hyperbola 
a 
x2 y? 
=1(a>k >b) are confocal and therefore 
aah? Kab ) 
orthogonal. 


If four normals can be drawn to a hyperbola from any point 
and if «, B, y, 6 be eccentric angles of these four co-normal 


points, then w + B + y + 6 =odd multiple of z. 


If x, B, y are the eccentric angles of three points on the 
2 2 
y 


hyperbola = - pe = 1, the normals at which are concurrent, 
a 


then sin(a + B) + sin@ + y)+ sin(y + a) =0. 

The locus of the foot of the perpendiculars drawn from the 
2 

y 


focus of the hyperbola = a = 1upon any tangent is its 
a 


auxiliary circle i.e. x? + y? =a? and product of the 
perpendiculars is b?. 


14 The portion of tangent between the point of the contact 
and the directrix subtends a right angle at the 
corresponding focus. 


15 The equation of the pair of asymptotes differ the 
hyperbola and the conjugate hyperbola by the same 
constant only. 


16 The asymptotes pass through the centre of the hyperbola 
and the bisectors of the angles between the asymptotes 
are the axes of the hyperbola. 


17 The asymptotes of a hyperbola are the diagonals of the 
rectangle formed by the lines drawn through the 
extremities of each axis parallel to the other axis. 


18 Perpendicular from the foci on either asymptote meet it in 
the same points as the corresponding directrix and the 
common points of intersection lie on the auxiliary circle. 


19 If from any point on the asymptote a straight line be drawn 
perpendicular to the transverse axis, the product of the 
segments of this line, intercepted between the point and 
the curve is always equal to the square of the semi 
conjugate axis. 


2 y? 


b2 
with centre C, meets the asymptotes in Q and R and cuts 
off a ACQR of constant area equal to ab from the 
asymptotes and the portion of the tangent intercepted 
between the asymptotes is bisected at the point of the 
contact. This implies that locus of the centre of the circle 
circumscribing the ACQR in case of rectangular hyperbola 
is the hyperbola itself and for a standard hyperbola the 
locus would be the curve 4(a2x? — by) = (a? + b?)?. 


20 The tangent at any point P on a hyperbola ae --5=1 
a 


21 Ifacircle x + y? + 2gx + 2fy +c =Ointersects a 


rectangular hyperbola xy = A? or x* — y® =a? at four 
points then the Arithmetic mean of the points of 
intersection lies on the middle of the line joining the 
centres of the circle and hyperbola. 


22 The points (two) in which any tangent meets the tangents 


at the vertices and the foci of the hyperbola are concyclic 
i.e.S,P,S’andQ are lie on circle. 


JEE Type Solved Examples : 
Single Option Correct Type Questions 


= This section contains 10 multiple choice examples. 
Each example has four choices (a), (b), (c) and (d) out of 
which ONLY ONE is correct. 


» Ex. 1 If the eccentricity of the hyperbola x* —y? sec? & =5 
is V3 times the eccentricity of the ellipse x” sec? a + y” = 25, 


then a value of & is 


™ Tt 
fay (b) — 
6 4 
Tt T 
(c)— (d) — 
3 2 
ae 2 
Sol. (b) For the hyperbola —-—*—=1 
5 5cos° a 
5 cos” OL 
we have, e, =1+ a =1+cos’o (i) 
2 2 
For the ellipse sat Yay 
25cos°a@ 25 
25 cos’ O 
we have, eg =1-7 5 = 1 - cos’ a=sin* ot ... (ii) 


Given that, e,=V3e, or e7 =3e5 


=> 1+ cos’a=3sin?o [from Eqs. (i) and (ii)] 


> 2=4sin? o 
or sin &= s 
V2 
T 
> a=— 
4 
x2 2 
Ex. 2 The asymptote of the hyperbola a 7 =1 form 
a b 


with any tangent to the hyperbola a triangle whose area is 
a’ tand in magnitude, then its eccentricity is 

(a) secA (b) cosecA 

(c) sec? A (d) cosec*A 


2 2 


Sol. (a) Any tangent to the hyperbola e = : =1 forms a triangle 


with the asymptotes which has constant area ab. 


Given, ab=a’tand 

or b=atana 

or b*? =a" tan?A 

or a*(e”—1)=a"tan?A 

or e’=1+ tan’A=sec"A 
e=secaA 


Ex. 3 The equation of the chord joining two points 


(a) 


(c) 


Sol. (a) The mid-point of the chord is [ 


“— 4+" =1 (b) —*— +" = 1 
Xp bX. Vito X, 7X Vi 7 V2 

cer eee =1 (d) a ee 
YitYy X, + Xz Yi7-Y2 X17 Xo 


.. The equation of chord whose mid-point 


a UAYaisras 
—— Fy 
2 


or 


or 


» Ex. 4 Area of quadrilateral formed with the foci of the 


hyperbola ~. = 
a 


2 


s(«(2222]+y(322)} 2 
2 2 2 


{ 


+X. Vite 


2 


x, + *2)(% +). 
2 2 


)-< 


X(y + 2) + y(% + XQ) =(% + 2) + V2) 


x 


X, + Xp 


2 


y 
b 


y 


+ ———_ 
VWtyV2 


=1 


2 


(a) 4(a’ +b?) 


()(a° +b’) 


2 2 


4 


=1and*_-*_ =-1is 
2 2 


b2 
(b) 2(a* + b’) 


(d) o(@ +b?) 


Sol. (b) Required area = 4x Area of ASOS, 


and 


=4x ; ae x be, =(2ab) (ee,) 


b= 


e= 


a*(e” —1) 
(a* + b’) 
a 
b’(e; -1) 


(x,,¥,) and(x,,¥>) on the rectangular hyperbola xy =c? is 


...(i) 
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(a* +b’) a 
ey = ae ...(iii) 
Substituting the values of e and e, from Eqs. (ii) and (iii) in 


Eq. (i), then 


(a? +b?) : (a? +b”) 
a b 
=2(a’ +b’) 


Required area=2ab x 


Ex. 5 Let P(asec0, btan®) and Q(asecd, btan@), where 
2 2 
0+0= ., be two points on the hyperbola ~ 7 =1. If 
a b 


(A,k) is the point of intersection of normals at P and Q, then 


k is equal to 
@ [S| ("| 
a’ +b? a’ +b? 
o( ; ) @-( ; 


Sol. (d) Equations of the normals at P(®) and Q(0) are 


axcos0+ by cot =a? +b? exe (I) 
and ax cos + by cot =a? +b? ... (ii) 
Now, dividing by cos@ and cos in Eqs. (i) and (ii) respectively, 
then 

ax + by cosec 0=(a* + b”) sec O ... (iii) 
and ax + by cosec » =(a’ + b”)sec ... (iv) 


Subtracting Eq. (iv) from Eq. (iii), we get 


a’ +b? sec @—sec b 
y= b . 


cosec 8—cosec 
k=y 


(24) sec0-sec{ 0 
ae 


cosec 8 — cosec ( - } 
2 
secO—cosecO | _ a’ +b? 
‘\ cosec @—sec 0 b 


Ex. 6 Let the major axis of a standard ellipse equals the 
transverse axis of a standard hyperbola and their director 
circles have radius equal to 2R and R respectively. If e, and 
e, are the eccentricities of the ellipse and hyperbola, then 


the correct relation is 


(a) 4e? —e3 =6 (b) e? — 4e5 =2 


(c) 4e3 —e? =6 (d)e3 — 4e? =2 


Sol. (c) Let equation of ellipse is 


x? y’ 
—++.~=1(a>b) 
a ob 


.. Director circle is x? + y? =a? +b? 


and b? =a°(1-e?) 

given a’ +b? =(2R)° 

=> a’ +a°(1—e7)=4R® 
4R? 

=> 2-e/ =— .. (i) 
a 


2 


2 
and equation of hyperbola is ~ - x =1 
a 1 


. ‘date va a2 n2_ p2 
.. Director circle is x“ + y“ =a° —}, 


and b? =a"(e; -1) 
Given a’ -b? =R? 
=> a’ —a°(es -1)=R* 
R 
2 ° 
> 2-e; 7 .. (ii) 


Dividing Eq. (i) by Eq. (ii), then 
2 
a oe ee 
2 
2-e5 


Ex. 7 The tangent to the hyperbola xy =c’ at point P(t) 


intersects the X-axis atT and the Y-axis. atT’. The normal to 
the hyperbola at P(t) intersects the X-axis at N and the Y-axis 
at N’. The areas of the triangles PNT and PN’T’ are A and A’ 


F i 1. 
respectively, then — + — is 
A NV’ 


(a) equal to 1 (b) depends on t 


(c) depends onc (d) equal to 2 


Sol. (c) Equation of tangent at (er <) is ~ + ty =2c 
t t 


x y 
or —rt+ =1 
2ct (2c/t) 


T =(2ct, 0), T’= (0 *) 
t 


: Cc). 
and equation of normal at (et ‘| is 
t 
xt? — yt —ct* +c=0 


or + y =1 


c(t’ —1) c(t* -1) 
e -t 
=( Xo} wala ) 
t 


: Area of triangle PNT =A 


Cc 
1 ct —2et --0 
t 
A=-| 4 | 
ti -1 
2 oF =D) 96g 0-0 


t 


1 
2 


seeoh 2 7 
th oe 


and Area of APN’T’= A’ 


c 2c 
ct—0 oS 
; t ¢ 
N= 
|| ‘ c(t* —1) 20ll 
t t 
1 t'-1) 2 
ell et ee (t* +1) 
2 t t 
ne a 2t* p22 
A AN c(tt4+1) (tt 41) 


Ex. 8 Let any double ordinate PNP’ of the hyperbola 
2 2 
x -Y tbe produced both sides to meet the asymptotes 


25 16 

isQ and Q’, then(PQ) (P’Q) is equal to 
(a) 9 (b) 16 (©) 25 

Sol. (b) Let Q=(x,, y,) 


(d) 41 


>< 


We have 
5 
d 4 
and Q is on a 
4 
NQ=-— x 
O24 
Now, PQ=NQ- NP 


4 
== (x, — V(x? -25)) 
5 
and P’Q=NP’+ NO=NP + NO 


== (5 + f(x? -25)) 


(PQ)(P’0) == (x? —(x? -25)) 


(.: NP’=NP) 


16 
=— X25=16 
25 


Ex. 9 The coordinates of a point on the hyperbola 


2 2 
x _Y _1, Which is nearest to the line 3x + 2y +1=0 are 
24 18 
(a) (6, 3) (b) (-6,—3) 
(c) (6,-3) (d) (6,3) 
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Sol. (4) 


Let point P is nearest to the given line if the tangent at P is 
parallel to the given line. 


Now, equation of tangent at P(x,, y,) is 
x IML 
24 18 
.. Slope of tangent at P(x,, y,) is 
3 x 


4y, 


) 
which must be equal to — - 


Therefore, 
3 3 
jee x, =—2y, (i) 
4 yy, 2 
Also, P(x,, y,) lies on the curve 
G23 
Hence, aie ae, | ...(ii) 
24 18 


Solving Eqs. (i) and (ii), we get two points (6,—3) 

and (—6,3) of which (—6, 3) is the nearest. 

Aliter : 

The equation of normal at P (2v6 sec 0, 3V2 tan 0) is 
(2/6 cos®)x + (372 cot ®) y = 42 


Now, this line will be perpendicular to 


3x+2y+1=0 
then, (2v6cos6) x3 + (3V2 cot 0) x2=0 
| 
or sin 9 =—— 
V3 
a and sje? 
V2 V2 
Hence, P =(-6,3) 


Ex. 10 For each positive integer n, consider the point P 
with abscissa n on the curve y’ — x* =1. Ifd,, represents the 


shortest distance from the point P to the line y = x, then 


lim (n.d,,) has the value equal to 
n—co 


1 1 
ers Cae 
1 
c)— d 
OF (d)0 
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Sol. (a) Let P=(n, V(n? +1)) 
_ (n?+1)-n 
| v2 | 
or nd = (n? +1) —n) 
ei (nd,) = lim n(n? +1) —n) 


i n(q{(n? +1) —n) (a(n? +1) +n) 


=— li 
(/(n? +1) +n) 


V2 n> 


JEE Type Solved Examples : 


More than One Correct Option Type Questions 


= This section contains 5 multiple choice examples. Each 
example has four choices (a), (b), (c) and (d) out of which 
MORE THAN ONE may be correct. 


Ex. 11 If two tangents can be drawn to the different 
Z 2 


branches of hyperbola ae =1 from the point (a, a7), 
1 4 
then 
(a) ME(— ,— 2) (b) w€(—2,0) 
(c) a €(0,2) (d) a €(2, c-) 


Sol. (a, d) -: (0,7) lie on the parabola y = x* 


(0,7) must lie between the asymptotes of hyperbola 


2 2 
Poe ms =1in [and II quadrants. 
1 


2 2 
- Asymptotes ee = a =larey=t2x 

1 
then 2a<o” and -20<a" 
> o(a—-2)>0 and a(a+ 2)>0 


a<Oora>2 and a<-—2ora>0 
ME(— 29, —2) U(2, e) 


» Ex. 12 If the ellipse x? +y* =Na?; >1 is confocal 
with the hyperbola x* —y* =a’, then 
(a) ratio of eccentricities of ellipse and hyperbola is 1:V3 


(b) ratio of major axis of ellipse and transverse axis of 
hyperbola is V3: 


(c) The ellipse and hyperbola cuts each other orthogonally 


(d) ratio of length of latusrectum of ellipse and hyperbola 
is 1:3 
2 2 


Sol. (a, b, c) Given ellipse is aa + - =1;A2a?>a’? and 


let e, and e, be the eccentricities of ellipse and hyperbola, then 


a’ =a" (1-e?) 


or eé= [ =| 
= area 
a 


and. e, =V2 

Now, Dae, =ae, 

> nN b-4)-8 

> -1=20rA=+43 
A=V3 


1 1 
Alternate (a) : al 


oh Ae 


Major axis of ellipse 


(. A>0) 


Alternate (b) : = 
Transverse axis of hyperbola 


2a 


Alternate (c) : Equations of tangents of ellipse and hyperbola 


at (x,, y,) are 


xy Wi _y 
cc ae 
and. xx, —yy, =a” 
x, x, 
ie., slopes are =—— + and + 
Vi Vi 
According to alternate, 
2 
My ea 
MM, =~~a X=" a 
VV XY; 
2a” 2 
x, 
_ +1 2 . 
Ge aa. 2h a4 


(7 +1) 


(say m, and m,) 


=———_ =-] 


1 


(2 A=43) 


2 
cee 


Altermatedaye= Latus reaction of ellipse 


Latus reaction of hyperbola 


Ex. 13 If the circle x? +y* =a? intersects the 


hyperbola xy =c° at four points P(x,,y;), Q(%>,¥>)s 
R(x3,y3) and S(x,4,y,), then 


(a) Xx, =0 (b) Xy, =0 
(c) IIx, =0 (d) Ily, =0 
Sol. (a, b, c, d) Solving + y? =a’ and xy =¢", 
4 
we have, xe + = =q’ 
x 
or xt —a’x? +4 =0 
or =x, =0 and IIx, =c* 


Similarly, if we eliminate x, then 
yt -a’y?+ct=0 


or Ly, =0 and Iy, =c* 


Ex. 14 A straight line touches the rectangular hyperbola 
9x* —9y? =8 and the parabola y* =32x, the equation of 
the line is 

(a) 9x + 3y —8 = 
(c) 9x +3y+8=0 


(b) 9x —3y +8 =0 
(d) 9x —-3y -8 =0 
Sol. (b, c) Equation of tangent to the parabola y? =32x is 
y=mx+ zs see (1) 
m 


Which is also touches the hyperbola 9x’ —9y” =8 


. ao 
Le. x -yo == 
9 
2 
8 8 8 
So that, (=) =—xm?-= 
m 9 9 
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8 m 1 
=> ae 
m 9 9 
=> m'‘ —m? -72=0 
=> (m? —9)(m? +8) =0 
m’-9=0 
but m’ +8#0 
m=+3 
Hence, from Eq. (i), the equation of tangents are 
3 42 
=3x = 
. 3 
8 
and y=-3x-- 
3 
or 9x—-3y +8=0 
and 9x+3y+8=0 


Ex. 15 The differential equation = a represents a 
i “28 


family of hyperbolas (except when it represents a pair of 


lines) with eccentricity 


iE 5 
a),/— Byal= 
( 3 (b) 

3 5 
c),]— dye. 
ys (d) 

Sota 
dy 2x 
or faxdx = [aydy 
2 
or Pee ae 
x? ede 
or Ae oe 
3 2 3 
e 2 
or * Yao, 
3 2 
CaselI Ifc,>0, thene= [1+2)- : 


Nl ou 


Case Il Ifc, <0, thene= [: + ;) = 
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JEE Type Solved Examples : 
Paragraph Based Questions 


= This section contains 2 solved paragraphs based upon 
each of the paragraph 3 multiple choice questions have 
to be answered. Each of these questions has four choices 
(a), (b), (c) and (d) out of which ONLY ONE is correct. 


Paragraph I 
(Q. Nos. 16 to 18) 


A conic C satisfies the differential equation. 
(1+ y*)dx — xy dy =0 and passes through the point (1, 0). 
An ellipse E which is confocal with C having its eccentricity 


equal to z 
Al 


16. Length of latusrectum of the conic C is 


(a) 1 (b) 2 
(c) 3 (d) 4 
17. Equations of the ellipse E is 
2 2 2 2 
x J 7 y 
744 =] b)—+7 =1 
ae a 
x? y’ 4 x2 y? 
744 =] 747 =] 
©) 4 9 @) 9 4 


18. Locus of the point of intersection of the 


perpendicular tangents to the ellipse E, is 
(a)x? +y?=4 (b) x? +y? =8 
(c) x? +y? =10 (d) x? +y? =13 


Sol. Given differential equation is (1+ y’)dx—xydy =0 


= Ye gg 
x (i+y*) x ty 
On integrating, we have 2 Inx—In(1+ y’) =lInc 
or Inx? =In(c(1+ y’)) or x’ =c(1+y’) 
x2 2 
or — a =1 (Hyperbola) 
c 


1 
It passes through (1, 0), then -—0=1 
¢ 


c=1 
..C is rectangular hyperbola x” — y” =1, having its eccentricity 
=,2 and its foci are (+ V2, 0). 


If a is the length of semi major axis of ellipse E, then ae = af2 
or a= =v2 or a=v3 


bate") =a( -2)=1 


Now, 


2(1)* 
1 


16. (b) Length of latusrectum of the conic C is =2 


17. (a) Equation of the ellipse E is 
a: 2 
~-+%=1ie, 2+ =1 
ab 3 1 
18. (a) Required locus is the director circle of E which is 
x ty =341 or x+y =4 


Paragraph II 


(Q. Nos. 19 to 21) 
2 2 


For the hyperbola “ = = =1, the normal at point P meets 


ab 
the transverse axis AA’ in G and the conjugate axis BB’ in g 
and CF be perpendicular to the normal from the centre. 


19. The value of eee is equal to 
(CB)’ 
(a) 4 (b) 3 
()2 (d)1 
20. The value of PF.Pg is equal to 
(a) (CAY (b) (CFY’ 
(c) (CB)? (d) CA.CB 


21. Locus of middle-point of G and g is a hyperbola of 


eccentricity 


1 e 
(a) ——— (b} 
(e? -1) y(e — 1) 
e 
() 2y(e* - 1) (d) . 
Sol. C =(0,0) 
AA’ =2a, BB’ =2b 
CA=CA’=a and CB=CB’=b 
% 
g 
F 
2 
xX“ a 2 aie 
Yy 
Let P =(asec 9, b tan 0) 


Equation of normals at P is 
ax cos0+ by cot @=a’ +b” . (i) 


24. 522 ae 
o-[ Pace o}e=(0 id — ano] 


a 


Equation of CF which is perpendicular to Eq. (i) and through 
origin is bx cot 9@—ay cos0=0 
ab 


PF= 
(oe? sec? 6+ a’ tan’ 6) 


a+b’ ; 2 
and PG=,!| asec0— secQ| +(btan0-0) 


a 


=P Ie sec 0+ a’ tan? 6) 
a 


ab 
(b? sec? 0+ a? tan? @) 4 
=b* =(CB) 
PF. PG 
(cB 


2 
2 2 
rea fe 0)? + [steno 2 tno 


4 
=o 6+ a tan” | 
b 


=F V6 sec’ 0+ a’ tan’ @) 


19. (d)-: PF.PG= P [(p?sec? 0+ a? tan’ 6) 


20. (a): 


JEE Type Solved Examples : 
Single Integer Answer Type Questions 


= This section contains 2 examples. The answer to each 
example in a single digit integer, ranging from 0 to 9 
(both inclusive). 


» Ex. 22 The equation of transverse axis of ioe 
passing through origin) having asymptotes 3x — 4y —1= 
and 4x — 3y —6 =0 isax + by —c =0,a,b,cEN eae 
(a, b,c) =1, then the value ofa+b+c is 
Sol. (7) Since the equation of asymptotes are 

3x—4y-1=0 and 4x-3y -6=0 


.. Equation of transverse axis is given by 


\(x-4y-1)| _ [4x34 

or +ea? a?+-3) 
or [3x —4y -1|=|4x —3y —6| 
or (3x—4y -1)=4(4x-3y-6) > x+y-5=0 
and x-y-7=0 


.. Transverse axis is given by ax + by —c=0; a,b,c EN 


=> ax + by-c=x+y-5=0 
=> a=1,b=1,c=5 
Hence, at+b+c=14+14+5=7 
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. PF. Pg= id x= [(b? sec? 0+ a’ tan” @) 
(b? sec? 6+ a” tan? @) 
=a =(CAy 
21. (b) ‘.. Mid-point of G and g is 
Qe G0 2, p2 
[‘ +? ) see, et? han0| 
2a 2b 
2, 22 ae 
--(! ug Jove »-(! ze Jno 
2a 2a 
(2ax)? —(2by)? =(a’ +b”)? 
2 2 
or y =1 
+ 


a+b?) (a2+b?) 
2a 2b 


a’ +b? 
2a 


-e _ a’ +a°(e*—1) _ e 
2b? a*(e” -1) (e* -1) 


Ex. 23 Ifa variable line has its intercepts on the 
Yl 
; e e 
coordinate axes are e and e’, where — and — are the 
2 2 


eccentricities of a hyperbola and its conjugate hyperbola, then 
the line always touches the circle x? +y* =r?, wherer is 


, 


Sol. (2) Since ; and S are the eccentricities of a hyperbola and its 


conjugate, we have 


ee” 
or 4=——_ ... (i) 
ete” 
: : ee ae 
Equations of variable line is — + ==1 
e e 
ie. xe’+ ye —ee’=0. 


It is tangent to the circle x? + y? =r? 


[from Eq. (i)] 
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JEE Type Solved Examples : 
Matching Type Questions 


= This section contain only one example. This example has 
three statements (A, B and C) given in Column I and four 
statements (p, q, r, and s) in Column II. Any given 
statment in Column I can have correct matching with one 
or more statements (s) given in Column II. 


Ex. 24 Match the following. 


Column | Column II 

(A) | The locus of the point of 
intersection of the lines ¥3x — y- 
4/3 t=Oand V3 tr + ty—4V73 =0 


(where ¢ is a parameter) is a 
hyperbola whose eccentricity is 


(p) anatural number 


(B) If the product of the perpendicular (q) a prime number 
distances from any point on the 
2 
hyperbola 2 - 2 = 1 of eccentricity 
e= 43 from its asymptotes is equal 
to 6, then the length of the 
transverse axis of the hyperbola is 


(C) The area of the triangle that a (r) acomposite 
tangent at a point of the hyperbola number 
2 2 
xy 


— —+—=1 makes with its 
16 a 


asymptotes is 
(s) aperfect number 


Sol. (A) > (p, q); (B) > (p, r,s); (C)> (p, r) 
(A) The given lines are 


V3 x-y—-4V3t=0 (i) 
and V3 tx+ty—4y3 =0 vee. (ii) 
Eliminate ‘f from Eqs. (i) and (ii), then 

V3x-y = 43 

43 V3x+y 

> 3x? —y? = 48 
or ae ee 

16 48 
or 48 =16(e" -1) 
> e’=4 


e=2 


(B) Here, 


e=v3 


b? =a’(3-1) =2a° 


Now, hyperbola convert in the form 


Let P(asec 0, aV2 tan®) be any point on the hyperbola. 


2 2 
x _Y 


a’ 2a’ 


‘« Asymptotes of hyperbola are 


or 
or 


and 


‘ Product of the perpendiculars from P on asymptotes =6 


|aV2sec 0+ av2 tan 0 |aV2 sec 0 — a2 tan6| ag 


2 2 
x _y 


@ 20? 
2x’ -y*=0 
xv2+y=0 


xv2-y=0 


or 


(2+1) 


a=3 


V2t1 


Hence, length of transverse axis = 2a =6 


(C) Equation of tangent at (a, 0) is x=a 


Equation of asymptotes are y = + 


> 


—= 1 


g 


P =(a,b),Q =(a,—b) 


iL 
.. Required area = xax2b 


% 
Ot 
g yr 
_s p 
xX“ ro) 
Q 
Kn 3 
Y ot 
x=a 
7 
=ab 
=(4) (3) =12 


(Here a = 4, b =3) 


JEE Type Solved Examples : 
Statement | and II Type Questions 


= Directions (Ex. Nos. 25 and 26) are Assertion-Reason type 
examples. Each of these examples contains two statements. 
Statement I (Assertion) and Statement IT (Reason) 
Each of these also has four alternative choices, only one of 
which is the correct answer. You have to select the correct 
choice as given below : 


(a) Statement I is true, statement II is true; statement II is a 
correct explanation for statement I 


(b) Statement I is true, statement II is true; statement II is not 
a correct explanation for statement I 


(c) Statement I is true, statement II is false 
(d) Statement I is false, statement II is true 


» Ex. 25 Statement I Director circle of hyperbola 


2 2 
~ ~Y 41=0is defined only whenb =a 
a b? 
x? y 2 
Statement II Director circle of hyperbola — — — =1 is 
2 9 
x? + y 2 =16. 
x? 2 
Sol. (b) Hyperbola a ae +1=0 can be re-written as 
x? 2 
2 —— =1 
(-a)" (-b’) 
So, the director circle will be 
x+y? =(-0") -(-B*) 2b? 0%, 
Which will be defined only where b >a (i.e. b® —a® > 0) 
2 2 
.. Statement I is true and director circle of hyperbola = = 7 =1 


is x’ +y*=25-9=16 


.. Statement II is true. 


Subjective Type Questions 


= In this section there are 11 subjective examples. 


Ex. 27 PP’ is a diameter of the rectangular hyperbola 
xy =c’. Show that the intersection of the tangent of P with 
the straight line through P’ parallel to either asymptote is 
the locus xy +3c* =0. 
Sol. The given rectangular hyperbola is 
xy=c* (i) 


Given that PP’ is a diameter of Eq. (i). Therefore, if P is the 
point (ct, c / t) then P’ is (—ct,—c/ t). Equation of tangent at P is 
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Hence, both statements are true but statement II is not a 
correct explanation of statement I. 


Ex. 26 Statement I /f a circle S =0 intersect a 


hyperbola xy = 4 at four points, three of them being (2, 2), 
(4, 1) and (6, 2/3), then the coordinates of the fourth point 


are 1 46 ‘ 
4 


Statement II /f a circle S =0 intersects a hyperbola xy =c’ 
att,,t,,t, andt,, thent,t,t,t, =1. 
Sol. (d) Let circle S=x* + y?-a?=0 

and given hyperbola xy =c? 


4 
2,¢ 2 4 2.2 4 
Then, x°+—> =a" or x -a'x°+c =0 
x 


If four intersecting points are 


c c c c 
ct,,— |,| ct, — |, | ctz,— | and] ct,,— |, then 
q ty ty ty 


(ct,) (ct) (cts) (Cty) =" 
t, ty ty ty =1 
.. Statement II is true 
For the point (2, 2); t, =1 
For the point (4, 1); t, =2 
For the point (6, 2/3); t, =3 
1 


1 
For the point & 16} t, =— 
4 8 


3 
Now, th tptyty=7 #1 


.. Statement I is false. 


x+ yt? =2ct ...(ii) 
Asymptotes of Eq. (i) are x= 0, y =0. 
. The equation of the line through P’ and parallel to the 
asymptote y = 0 is 
y=-c/t (iii) 
Putting the value of t from Eq. (iii) in Eq. (ii), then 
ro c 
x+y X—y=2cex-— 
y y 


or xy +c? =—2c" 


or xy +3c7=0 
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which is the required locus of the point of intersection of 
Eqs. (ii) and (iii). 


Again the equation of the line through P’ and parallel to the 


asymptote x = 0 is 
x=-—ct 


(iv) 
Putting the value of t from Eq. (iv) in Eq. (ii), we get 


x x 2 
vey[ 3 ]etex-4 or xy +3c° =0 
c 


which is the required locus of the point of intersection of 
Eqs. (ii) and (iv). 


Ex. 28 The tangent at a point P of a rectangular 
hyperbola meets the asymptotes at L and M and C is the 
centre of the hyperbola. Prove that 


PL=PM=CP. 
Sol. Since hyperbola is 


xy = c wail) 
Let P («, <) be any point on Eq. (i), then equation of tangent at 
t 
P on Eq. (i) is 


x+ ty =2ct 


(ii) 


xX'< 


v 
Ng 


Since, asymptotes of xy=c” are x=0 and y=0 
ie. Y-axis and X-axis. 


Tangents meet X-axis at L and Y-axis at M. 


2 
Coordinates of L and M are (2ct, 0) and (0, **) respectively. 
t 


O+ 
2ct+0 
The middle-point of LM is . —_t Jie. (o, <) : 


ie. the point of P. 


PL= PM 
2 
Also, CP =_|| ct? +— 
\ 
2 
and ML= [see + “) =2CP 
t 
1 
Gi Mien bee 
Hence, PL=PM=CP. 


Ex. 29 Prove that the perpendicular focal chords of a 
rectangular hyperbola are equal. 
Sol. Let rectangular hyperbola is x” —y” =a’. 


Let equations of PQ and DE are 


y=mx+c (i) 
and y=mxte ...(ii) 
respectively. 

Y 
A 
x2-y2 =@q2 P 
X< >X 
C S 
E D\ \a2,0) 
v Q 
in 


Be any two focal chords of any rectangular hyperbola 
x? —y* =a’ through its focus. We have to prove PQ = DE. 


Since, PQ_L DE. 


a mm =-1 ...(iii) 
Also PQ passes through S (av2, 0) then from Eq. (i), 

0=mav2 +c 
or ce? =2a°m ...(iv) 


Let (x,, y,) and (x, y,) be the coordinates of P and Q then 

(PQ)? =(x, — x2)’ +04 - ya) (v) 
Since, (x,, y,) and (x, y2) lie on Eq. (i) 
: y, =mx,+ cand y,=mx, +c 
A (V1, —Y2) =m(x, — Xp) ...(vi) 
From Eqs. (v) and (vi), 

(PQ)? = (x; ~ x2)" (1+ m’) 
Now, solving y =mx + c and x” — y’ =a’ then 


x? —(mx +c)’ =a’ 


or (m* -1) x? + 2mcex + (a* +c?) =0 
2mc a’ +c 


— ~ and x4x,=—, 
m1 m -1 


x, +x, = 
2 2 
> (x, — X,)° =(x, + x,)° — 44x, 
4(a” +c?) 
(m* —1) 
_ 4{a? +c? —a’m 


(m? -1)? 


7 4m*c? 
(m* —1)° 


2 
2 
From Eq. (vii), (PQ)’ = 4a? e * ; 


2 2 
Similarly, (DE) = 4a” at] 
m, 


(mm, =—1) 


+1 : 
m?-1 
=(PQ)’ 


Thus, (PQ)? =(DE)? => PO= DE. 


Hence, perpendicular focal chords of a rectangular hyperbola 
are equal. 


Ex. 30 The normals at three points P,Q, Rona 


rectangular hyperbola intersect at a point T on the curve. 
Prove that the centre of the hyperbola is the centroid of the 
triangle PQR. 


c 
Sol. Equation of the normal at point («, ‘| on xy =c’ is 
t 


xt? —yt—ct* +c=0 


It will pass through the point (h, k) 


a ht? —kt—ct* +c=0 ...(i) 
Also T (h, k) lies on xy =¢" 
, hk =c? 
Therefore, h=cq and k= = 
q 
From, cqt? —“t—ct* +c=0 
q 
3 ft 4 
or qt ——-t +1=0 
q 
or qt? -t—qt*+q=0 
or q(qt? +1)-t(qt? +1)=0 
or (q—-t)(qt? +1)=0 
q#t 
qt? +1=0 
The three points other than T are given by 
gt? +1=0 ...(ii) 
; c c c 
If coordinates of P [, <} o[«. <| and R [es <| 
t t ts 
then from Eq. (ii), 
ti t+i,+1,=0 ...(iii) 
tty + tot, + t,t, =0 ...(iv) 
and i,t,t,=—1 ..(V) 


From Eq. (iii), 
c(t, +t, +1t,)=0 
and from Eq. (iv), 
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fl 1 1 
or (-1) —+—4+—]/=0 
hot, by 
1 1 1 
—+—+—=0 
h 
1 1 1 
or c] —+—+—]=0 
f ty ts 
1 1 1 
Hence, c(t, +t, + t3)=0,c] -+—+—]|=0 
t, ty ts 


= Centroid of APQR is the origin. 


Ex. 31 Find the equation of the hyperbola whose 
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[from Eq. (v)] 


asymptotes are x + 2y +3 =0 and3x + 4y +5 =0 and which 
passes through the point (1, —1). Find also the equation of the 


conjugate hyperbola. 
Sol. Combined equation of asymptotes is 
(x + 2y +3)Gx+ 4y+5)=0 
or 3x° +10xy + 8y? + 14x +22y +15=0 


...(i) 


Also, we know that the equation of the hyperbola differs from 


that of asymptotes by a constant. 
Let the equation of the hyperbola be 
3x° + 10xy + 8y"? + 14x+22y+A=0 
Since it passes through (1, — 1) then 
3 (1)? + 10(1)(—1) + 8(-1)* + 14(1) + 22(-1) + A=0 
=> 3-10+8+4+14-22+A=0 
N=7 
From Eq. (ii), equation of hyperbola is 


3x” + 10xy +8y* +14x+22y+7=0 


But we know that equation of conjugate hyperbola 


...(ii) 


(iii) 


=2 (Combined equation of asymptotes) — (Equation of hyperbola) 


=> 6x" + 20xy + Loy” + 28x + 44y + 30 


3x? 10xy 8y" 14x -—22y 


or 3x" + 10xy + By” + 14x + 22y + 23 =0. 


7=0 


> Ex. 32 A triangle is inscribed in xy =c? and two of its 


sides are parallel to y =m,x and y = m),x prove that the 
third side envelopes the hyperbola 

4m,m,xy =c? (m, +m)’. 

Sol. Let a triangle POR be inscribed in xy =c’. 


Let the coordinates of the vertices of the triangle be 


c c c 
P| ct,,—|,Q| ct.,— | and R] cts, — 
»<}ol ; :) ° :) 


Now, the equation of chord joining P and Q is 
x+ yt, =c(t, + ty) 

and the equation of chord joining Q and R is 
X+ ptt, =c(t, + ty) 


...(i) 


...(ii) 


Let Eq. (i) be parallel to y = m,x and Eq. (ii) be parallel to y = m,x. 
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(iii) 


Again the equation to the third side RP is 
X+ ptt, =c(t, +t) 


...(iv) 


t, being a parameter. Since t, is real the envelope of Eq. (iv) is 
given by the discriminant of Eq. (iv) = 0 


or ym, t; - ct, (m, + m,) + xm, =0 


ie. c’(m, + m,)”° —4ym,-xm, =0 


or 4mm,xy =c? (m, + m,)”. 


Ex. 33 In both an ellipse and a hyperbola, prove that the 
focal distance of any point and the perpendicular from the 
centre upon the tangent at it meet on a circle whose centre is 
the focus and whose radius is the semi-transverse axis. 

Sol. Let the hyperbola be 


x 
“pe 


we 


2 
: ao (i) 


Let there be any point P (asec @, b tan >) on the hyperbola Eq. (i). 


*, Equation of tangent at ‘P’ is 


* sec o—-~ tang=1 ...(ii) 
a b 


Equation of focal chord SP is [if S =(—ae, 0)] 
_ btang-0 


asec ) + ae 


-0 (x + ae) 


_ bsin (x + ae) 
~ (a+ ae cos ) 


— 


(iii) 


Equation of line passing through (0, 0) and perpendicular to 
Eq. (ii) is 


y =-Fsing-x (iv) 


Let Eqs. (iii) and (iv) are passing through (h, k), then 
_ b(h+ae)sin 


as TOT .(V) 
(a + ae cos ) 
a. . 
pa seek ...(vi) 
From Eq. (iv), sind =— bk 
ah 
2 2 
and from Eq. (v), cos $= - [ence 
a‘eh 
= (a? + b’)h + aeb? 
a’eh 


_ a’e*h + aeb* _ aeh+b? 
a’eh ah 


sin? d+ cos’ =1 
b’k?  (aeh+b?)? _ 
on athe 
*. Locus of (h, k) is 
b*y? + (aex + b*)? =a*x? 


Y 


by? + a’e’x + b* + 2aeb?x =a"x? 

by? + (a? +b?) x? + b4 + 2aeb?x =a"x? 
yb? + b? (x? + 2aex) + b* =0 
b’y? +b’ {(x + ae)’ —a’e"}+b* =0 
by? + b? (x + ae)’—b? (a* + b*) + b* =0 


b’y? + b? (x + ae)’ —a°b’ =0 


YuUuUULdUdLyY 


x+tae)*>+y? =a? 
y 


Ex. 34 Show that an infinite number of triangles can be 
inscribed in the rectangular hyperbola xy =c’, whose sides 


all touch the parabola y? = 4ax. 


Sol. From any point A [t, | on the rectangular hyperbola 
uy 


xy=c’, ...(i) 


Tangent AB and AC are drawn to the parabola y’ = 4ax, 


B ce <| and C ac <| : 
b ts 


Then AABC is inscribed in the rectangular hyperbola and its 
sides AB and AC touch the parabola. 


* BC is also a tangent to it 
Equations of chords AB, BC and CA are 
AB=x+ ytt, =c(t, + t)) 
BC=x + ytot; =c(t, + ts) 
CA=x+ ytgt, =c(t, + t) 


then 


‘: AB is tangent to parabola y” = 4ax, its equation 
i ec c(t, + ty) 


- ut i) t i) 


‘ Pe a 
Touching condition c =— or cm=a 
m 


c(t, + ty) p ah =4 
ht, bl, 


> at; ts =c(t, + ty) 
(at?) t3 + ct, + ct, =0 

Similarly, (at?) t? + ct, + ct, =0 

Hence, (at?) t® + ct + ct, =0 


and t, and t, are the roots of Eq. (ii), 


c c 
t+t,=-—> and t,t,=— 
at, at, 
=> C =Atytyt, 
2 2 
c at, tot. 
c(t, +t,)=-—>= a atst 
at, at, 
cli, +t). oe 
Atyt, = eth) is the condition. 


tots 


...(ii) 


This proves BC to be also a tangent to the parabola. But any 
point A can be taken in infinite ways anywhere on the curve 
representing the rectangular hyperbola. Hence such triangles 


exist in infinite number. 


» Ex. 35 A circle with centre (30, 3B) and of variable 


radius cuts the rectangular hyperbola x” —y* = 9a” at the 
points P,Q, R, S. Prove that the locus of the centroid of the 


triangle PQR is(x — 2a)? —(y — 2B)? =a’. 
Sol. The equation of the circle with centre (30, 3) is 
x+y’ -6ax-6By+k=0 
where k is variable. 
Given hyperbola is x? ~y* =9a" 
Eliminating y from Eq. (i) with the help of Eq. (ii), we get 
(x? + x? -9a” —6ax +k)? =36B" (x” —9a?) 
= 4x* -240.x° +....=0 


this is a biquadratic equation. 


(i) 


(ii) 


Let the abscissas of four points P,Q, R and S are x,, x», x, and 


x4, then 
x, +x, + xX, + x, =60 

Similarly, Vi t+yVoty3+y4 =68 
If (x’, y’) be the centroid of the triangle POR, then 

,_X tX,+ Xz 60-X, 
re 

—3(x’-20) =x, 

r_VUt Vat V3 _oB-y4 


and y 3 5 
-3(y’-2B)=y, 
But x; -y; =9a 
=> 9(x’-20)? —9(y’—2B)? =9a? 
> (x’— 20)’ —(y’-2B)? =a" 


Hence, locus of centroid (x’, y’) is (x —20) —(y —2B)” =a”. 


(iii) 
..(iv) 
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Ex. 36 If the normals at(x;,y;),i=1, 2,3, 4 on the 
rectangular hyperbola , xy =c*, meet at the point (a, B) 
show that 

() Ux, =a (ii) Xy, =B (iii) Tx, =My, =-c* 
(iv) Ex? = 0 (v) Ly? =p? 
Sol. Let (x;,y;) -[a.¢ 


i 


} i=1,2,3,4 are the points on the rectangu- 


lar hyperbola xy =c’. 
Equation of normal to the hyperbola 


2 ae 
xy =c° at te is 
ct —Bx+ty-c=0 
It passes through (0, 8), then 
ct’ —Pa+iB-c=0 


its biquadratic equation in t. Let the roots of this equation are 
t,, t, t,t, then 


Ltt, =0, Vityt, =—B/c, tytytst, =—1 


Now, (i) xx; =c Lt, =a 
(ii) Syne 24} e{ Hi) 
h Ul ytsl, 
(iii) II x; =c'Tl t=-c* 
a{ 1 4 
and Ily,=c [) 
Il; 
iv Dx? =c? (Ut?) =c7{(Zt)? —2Dtt 
i 1 1 7) 

= a? 

(v) Ly; =(Zy,)’ -22 yyy, 
1 DEL 
=p" 2°E = 2c?. 1"2 =? 
bt, blotsty 


Ex. 37 Ifa circle cuts a rectangular hyperbola xy =c? in 
A, B,C and D and the parameters of these four points be 
t,,t,,t, andt, respectively prove the following : 


(i) t,t t,t, =1, find the value of & Z 
t 


1 

(ii) If H be the orthocentre of the triangle ABC , then H and 
D are extremities of a diameter of the rectangular hyper- 
bola. 


(iii) The centre of mean position of the four points bisects 
the distance between the centres of the two curves. 


(iv) The centre of the circle through A , B and C is 


chery eee ee (cs (RL es 
ge ee, OG, fy. ee 
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Sol. (i) Let the equation of the circle is 
x+y’ +2gxt+2fy+k=0 s(t) 
and the equation of the rectangular hyperbola is 


xy =¢" (ii) 


Put x=ct and y= “in Eq. (i) 
t 


2 
c 2fc 
then, ct + Ks agers i Kao 
t £ 
> c’t* +2 ect? +kt? +2 fet+c? =0 
this equation being fourth degree in t. Let roots be #,, t,, ts, t, then 
2 k 
ty =- 4, Set, =, 
c c 


2 
Lhtot, =— “e and tytytst, =1 


—2f 
yi zat ce _ af 
t  tbotsty 1 c 


(ii) Orthocentre of the A ABC ( ~ = cts 


htyts 


: —ct. =Ch tetat 
Hence orthocentre is je Hitch 


b i) ts ty ty 


i i.— 
ae —ct4, — 
4 t, 
F c 
But D is ct, — |. 
ty 


Hence Hand D are the extremities of a diagonal of rectangular 
hyperbola. 


(iii) The centre of the mean position of the four points is 


Set 4 Ts (cee ale 
ge ae” ede 


ie. sy S| & 
a va la 


ie. - & - f) [from relation Eq. (i)] 


‘« Centres of the circle and rectangular hyperbola are (— g, — f) 
and (0, 0); mid point of centres of circle and rectangular 


«| SH 
hyperbola is | —>, — |. 
yperbola is 8, 


Hence the centre of the mean position of the four points bisects 
the distance between the centres of the two curves (circle and 
rectangular hyperbola). 


(iv) Let the circle passing through ABC meet the hyperbola in 
fourth point D; then centre of circle is 


Ce -e-7) 
= (: a z (=4)| [from Eq. (i) relation] 
2X0 Z2X 2 
- [Eurnrernrs 1 pty 
Gene Ne Ce 
But tytotst, =1 
ea 
‘ Ui yts 


Hence, centre of circle is 


OY ie sy te Ne iy ogi 
7) ie baa eee Wels | 


Hyperbola Exercise 1: 


Single Option Correct Type Questions 


= This section contains 30 multiple choice questions. 
Each question has four choices (a), (b), (c) and (d) out of 
which ONLY ONE is correct. 


1. Pis any point on the hyperbola x* — y’ =a’. 
If F, and F, are the foci of the hyperbola and 
PF, - PF, = (OP)’, where O is the origin, then A is 
equal to 


(a) 1 (V2 2 (d) 3 

2. If the sum of the slopes of the normals from a point P 
to the hyperbola xy =c’ is equal to A(X € R* ), then 
locus of point P is 
(a) x? —y? =Ac? (b) y? = Ac? 
(c) xy = Ac? (d)x? = Ac? 

3. If xy =A’ —9 be a rectangular hyperbola whose 


branches lie only in the second and fourth quadrant, 


then 
(a) |A|23 (b) |A|<3 
(c) NE R—- {- 3, 3} (d) None of these 


4. |f there are two points A and B on rectangular 
hyperbola xy =c’ such that abscissa of A = ordinate 
of B, then the locus of point of intersection of 
tangents at A and Bis 


2 
(a) y? = x? + 2c? bax +S 


(c) y=x (d) y = 3x 

5. A series of hyperbola is drawn having a common 
transverse axis of length 2a. Then the locus of a point 
P on each hyperbola, such that its distance from the 
transverse axis is equal to its distance from an 
asymptote, is 
(a) (x? ~y*)’ = 4x7(x? a’) 

(b) (x? — y*)’ = x?(x* — a’) 
(Ge =) =4y"ar =a) 
(d) (x? = y2)? = y2(x? =a") 

6. If a rectangular hyperbola (x —1)(y — 2) =4 cuts a 
circle x° +y? +2gx +2 fy +c =0 at points (3, 4) (5, 3), 
(2, 6) and (—1,0), then the value of (g + f) is equal to 
(a) -8 (b)-9 (c)8 (d)9 

7. If f(x) =ax* + bx® +cx +d,(@b,c d are rational 
numbers) and roots of f(x) =0 are eccentricities of a 
parabola and a rectangular hyperbola, then 
a+b+c+d equals 
(a) -1 (b) 0 (c) 1 (d) data inadequate 


8. 


10. 


11, 


12. 


13. 


From a point on the line y = x +c, c (parameter), 
2 2 


x 
tangents are drawn to the hyperbola a 7 =1such 


that chords of contact pass through a fixed point 


(x,, y,). Then, Aris equal to 
y 


1 


(a) 2 (b) 3 
(c) 4 (d) None of these 
2 2 a 
. Two conics — ae =1and x* =—~—y intersect, if 
a b 
1 1 
Gs PS ona 
(c)a’ <b’ (d) a’ > b? 


The number of points outside the hyperbola 


2 2 
2 = = =1from where two perpendicular tangents 
can be drawn to the hyperbola are 
(a) 0 (b) 1 
(c) 2 (d) None of these 
Let A =(—3,4) and B =(2,—1) be two fixed points. 


A point C moves such that 
tan (; ZABC ta [5 Zoc }=3 21 


Thus, locus of C is a hyperbola, distance between 
whose foci is 
5 5 
(a) 5 (b)5V2 (= (d) 
2 2 
A point P is taken on the right half of the hyperbola 
2 2 
se nares =1having its foci as S, and S,. If the internal 
angle bisector of the angleZS,PS, cuts the x-axis at 
point Q(a, 0), then range of © is 
(a) [-a,4] (b) [0,4] 
(c) (0a) (d) [-a,0) 


If angle between asymptotes of hyperbola 
2 2 


a 7 = =1is 120° and product of perpendiculars 
drawn from foci upon its any tangent is 9, then locus 
of point of intersection of perpendicular tangents of 
the hyperbola can be 

(a)x’+y? =3 (b) x° +y* =6 

(c)x?+y?=9 (d) x? +y’? =18 


608 


14, 


15. 


16. 


17. 


18. 


19. 


20. 


21. 
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If @ +B = 32, then the chord joining the points & and 


2 Ps 
B for the hyperbola 7 - io =1 passes through 


(a) focus 

(b) centre 

(c) one of the end point of the transverse axis 

(d) one of the end points of the conjugate axis 

x y° 2 2 2 

If the curves — ++ =1(a>b) and x° —~y” =c’ cut 
ab 


2 


at right angles, then 
(a) a’? + b* = 2c? 
(c) a’ — b? = 2¢° 


(b) b? — a? = 2c? 
(d) a’b* = 2c? 


If chords of the hyperbola x” — y* =a’ touch the 
parabola y’ = 4ax, then the locus of the middle points 
of these chords is the curve 

(a)y7(x +a)=x° (b) (x — a) =? 

(c) y’(x + 2a) = 3x? (d) y*(x — 2a) = 2x? 


An ellipse has eccentricity 1/2 and one focus at the 
point P(1/ 2,1). Its one directrix is the common 
tangent nearer to the point P, to the circle x* +y* =1 
and the hyperbola x* — y* =1. The equation of the 
ellipse is standard form is 

(a) 9x? + 12y? =108 

(b) 9(x — 1/3)? + 12(y - 17 =1 

(c) 9(x — 1/3)’ + 4(y — 1) = 36 

(d) None of the above 


The equation of the line passing through the centre 
of a rectangular hyperbola is x — y —1=0. 

If one of its asymptote is 3x — 4y —6 =0, the equation 
of the other asymptote is 

(a) 4x —3y +8 =0 (b) 4x +3y+17=0 

(c)3x — 2y+15=0 (d) None of these 

The condition that a straight line with slope m will be 
normal to parabola y* = 4ax as well as a tangent to 
rectangular hyperbola x* —y’ =a’ is 

(a) m° — 4m? + 2m —1=0 (b)m‘+3m’? + 2m+1=0 

(c) m° — 2m =0 (d) m° + 4m* + 3m? + 1=0 


The locus of the middle points of chords of hyperbola 
3x’ —2y’ +4x —6y =0 parallel to y = 2x is 

(a)3x -4y=4 (b) 3y -4x+4=0 

(c) 4x —4y =3 (d)3x —-4y=2 

The coordinates of the centre of the hyperbola 

x’ +3xy +2y? +2x+3y +2=0is 


(a)(-40)  (b) (1,0) (ce) 4) (d) (1,1) 


22. 


23. 


24. 


25. 


26. 


27. 


28. 


2 2 
Let F,, F, are foci of the hyperbola . - =1and 
F,,F, are the foci of its conjugate hyperbola. 


If e,,and e, are their eccentricities respectively, then 


the statement which holds true is 

(a) their equations of their asymptotes are different 

(b) e,>e, 

(c) area of the quadrilateral formed by their foci is 50 sq 
units 


(d) their auxiliary circles will have the same equation 
Locus of the point of intersection of the tangents at 


Tl 
the points with eccentric angles @ and 3 —@on the 


2 2 
hyperbola Ze = = =1is 
ab 


(a) x =a (b)y=b 
(c) x =ab (d) y=ab 
Latusrectum of the conic satisfying the differential 


equation xdy + ydx =0 and passing through the point 
(2,8) is 


(a) 4/2 (b) 8 
(c) 8v2 (d) 16 
The points of the intersection of the curves whose 


parametric equations are x =t*? +1,y =2t and 
Boies 
x =2s,y =— is given by 


s 
(a) (4—3) (b) (2, 2) 

(c) (—2,4) (d) (1, 2) 

If the tangent and normal to a rectangular hyperbola 
cut off intercepts x, and x, on one axis andy, andy, 
on the other axis, then 
(a) xy, + x,y, =0 

(c) xx, + yy, =0 


(b) xy, + x.y,=0 
(d) None of these 


The focus of rectangular hyperbola 
(xh) (y —k) =p? is 

(a)(h - p.k- p) 

(b)(h — p,k + p) 

() (h+ pk - p) 

(d) None of the above 

The equation of a hyperbola, conjugate to the 
hyperbola x* + 3xy + 2y* +2x +3y =0is 
(a) x° + 3xy + 2y? + 2x +3y+1=0 

(b) x? +3xy + 2y? + 2x +3y+2=0 

(c) x? + 3xy + 2y? + 2x +3y+3=0 

(d) x? + 3xy + 2y? + 2x +3y+4=0 


29. If the values of m for which the line y = mx + 2V5 


= This section contains 15 multiple choice questions. 
Each question has four choices (a), (b), (c) and (d) out of 


touches the hyperbola 16x” — 9y* =144 are the roots 
of the equation x* —(a+b) x —4=0, then the value 


ofa+t+bis 
(a)—2 (b) 0 
(c)2 (d) 4 


Hyperbola Exercise 2: 
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30. Let C be a curve which is the locus of the point of 


intersection of lines x =2+mand my =4-™m. 

A circle s =(x —2)* +(y +1)’ = 25 intersects the curve 
C at four points P,Q,Rand S. If Ois the centre of the 
curve C, then (OP)? +(OQ)* +(OR)’ +(OS)? is 

(a) 25 (b) 50 (c) 100 (d) 200 


More than One Correct Option Type Questions 


which MORE THAN ONE may be correct. 


31. 


32. 


33. 


34, 


35. 


Equation of common tangent to the parabola y* =8x 
2 


and hyperbola x” — = =1is 


(a) 2x -y+1=0 
(c)2x +y+1=0 


(b) 2x -y-1=0 
(d) 2x +y-—1=0 
2 2 


If the foci of the ellipse a = =1and the 
k’a” a 


2 2 
hyperbola ve = = =1coincide, then k is equal to 
a 


(a)—-V2 — (b) V2 (c)-V¥3 — (d) V3 
If (a secO, b tan®) and (a seco, b tang) are the ends of 


2 2 


a focal chord of ee =1, then tan >| tan o is 
ab 2 2 


equal to 
e-1 l-e l+e e+1 
(a) (b) (c)— ___ (d) 
e+1 l+e l-e e-1 
x? 2 
If foci of — as =1 coincide with the foci of 
a 
x? 2 
*_ 4) _<tand eccentricity of the hyperbola is 3, 
25 16 
then 
(a)a’+b°=9 


(b) there is no director circle to the hyperbola 
(c) centre of the director circle is (0, 0) 
(d) length of the latusrectum of the hyperbola = 16 


The equation 16x” — 3y* —32x —12y — 44=0 
represents a hyperbola with 
(a) length of the transverse axis = 2V3 


(b) length of the conjugate axis = 8 
(c) centre at (1-2) 
(d) eccentricity = 19 


36. 


37. 


38. 


40. 


41. 


If the line ax + by +c =0 is normal to the hyperbola 
xy =1, then 
(a)a>0,b>0 
(c)a<0,b>0 
If P(x,,y,), Q(x,,¥,),R(X3,¥;) and S(x,,y,) are 4 
concyclic points on the rectangular hyperbola xy =c’, 
the coordinates of the orthocentre of the APQR are 


(a) (X4,-Y,) (b) (x4, ¥4) 
(c) (— Xu — Ya) (d) (— x4, ¥4) 


The line y = x +5 touches 


(b)a>0,b<0 
(d)a<0,b<0 


(a) the parabola y* = 20x 
(b) the ellipse 9x* + 16y* = 144 
2 2 
x y 
c) the hyperbola — — — = 1 
(c) yp ie 
(d) the circle x? + y? = 25 


. The coordinates of a point common to a directrix and 


an asymptote of the hyperbola x” / 25-—y* /16=1are 


(a) (25 / 41,20 / 41) (b) (—25/ 41,— 20/41) 


(c) (25/3,20/3) (d) (—25/3,—20/3) 


If (5, 12) and (24, 7) are the foci of a hyperbola passing 
through the origin, then 


(a) e = 0386 (b) e = 0386 
12 13 


121 


121 
(c) latusrectum = — (d) latusrectum = — 
3 6 


2 2 


For the hyperbola -_ 7 = =1, let n be the number of 
a 


2 
points on the plane through which perpendicular 
tangents are drawn 
(a) ifn =1, thene = J2 
(b) ifn >1, then0<e< 2 
(c) ifn =0, thene> V2 
(d) None of the above 
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42. Which of the following equations in parametric form 


can represent a hyperbola, where ‘t’ is a parameter? 
1 


t 


a 1 b 
a)x =—|t+—-Jandy=—|t- 
(a) s( , y al 
() =e rebend 4 

a b a 
(c)x =e' +e andy=e'-—e 


t 
Y-1=0 


t 
t 
(d) x? —6 = 2cost and y? + 2= scos'{*) 
2 


43. Equation of common tangent to the two hyperbolas 


a 
(a) y= x+ y(a’ — b’) 


(b) y = x — y(a’ -b’) 


(c)y =— x +y(@ —b’) 


(d)y =- x - y(a’ - b’) 


Hyperbola Exercise 3: 
Paragraph Based Questions 


= This section contains 5 paragraphs based upon each of 
the paragraph 3 multiple choice questions have to be 
answered. Each of these questions has four choices (a), 
(b), (c) and (d) out of which ONLY ONE is correct. 


Paragraph I 
(Q. Nos. 46 to 48) 


The graph of the conic x* —(y—-1) = \has one tangent line 
with positive slope that passes through the origin. The point of 
tangency being (a,b). 


46. The value of sin™' (<) is 


iy 


(b) * 
12 6 


()* (d)* 
4 3 


47. Length of the latusrectum of the conic is 


(a) 1 (b) V2 (c)2 (d) 4 


48. \f e be the eccentricity of the conic, then the value of 
(1+e? +e") is 


(a) 3 (b) 7 (c) : (d) 21 


Paragraph II 
(Q. Nos. 49 to 51) 
A point P moves such that the sum of the slopes of the normals 


drawn from it to the hyperbola xy = 4 is equal to the sum of the 
ordinates of feet of normals. The locus of P is a curve C. 


2 


2 
44, Given ellipse a =. =1and the hyperbola 
a ; 
—— — —— =—,, if the ordinate of one of the points of 
144 81 25 


intersection is produced to cut an asymptote at P, 
then which of the following is true? 
(a) They have the same foci 


: . ‘ . , 63 
(b) Square of the ordinate of point of intersection is — 
25 


(c) Sum of the squares of coordinate of P is 16 
(d) P lies on the auxiliary circle formed by ellipse 


45. Solution of the differential equation 
d 
(1- x’) ae xy =ax, where aeR, is 
dx 


(a) a conic which is an ellipse 

(b) centre of the conic is (0, a) 

(c) length of one of the principal axes is 1 

(d) length of one of the principal axes is equal to 2 


49. The equation of the curve C is 
(a) x* =2y (b) x* = 4y 


(c) x* =6y (d) x* =8y 


50. If the tangent to the curve C cuts the coordinate axes 
at A and B, then, the locus of the middle-point of AB 


is 
(a) x* + 2y =0 (b) x° =y 
(c) 2x* +y =0 (d) x* = 2y 
51. The area of the equilateral triangle inscribed in the 


curve C having one vertex as the vertex of curve C is 
(a) 8v3 sq units (b) 123 sq units 
(c) 273 sq units (d) 483 sq units 


Paragraph III 
(Q. Nos. 52 to 54) 


Let P(x, y) be a variable point such that 
I=? + (v2)? - Ve- 57 + - 5) |= 4 


which represents a hyperbola. 


52. The eccentricity of the corresponding conjugate 


hyperbola is 

(a2 (b) 4 
4 3 

(2 (a3 
3 2 


53. Locus of point of intersection of two perpendicular 
tangents to the hyperbola is 


(a)(x-3)9 +(y-7/2)' =- 


A 
(b)(x- 3) #(y— 7/2) => 
(6) (x— 3) +(y-7/2)' =? 
(d)(x 3) #(y = 7/2) = 2 


54. If origin is shifted to point (3, 7/2) and axes are 
rotated in anticlockwise sense through an angle 9, so 
that the equation of hyperbola reduces to its 

2 2 


standard form ~ = =1, then @ equals 
b? 


(tan (4) (tan (2) 
3 4 

if (4 
(c) tan (=) (d) tan (<=) 


Paragraph IV 
(Q. Nos. 55 to 57) 


Let P(®, )and Q(®, )are the extremities of any focal chord of 
2 2: 


a a ae 
the hyperbola 2 - a 1 whose eccentricity is e. Let ® be the 
angle between its asymptotes. Tangents are drawn to the 
hyperbola at some arbitrary point R. These tangent meet the 
coordinate axes at the points A and B respectively. The 


rectangle OACB (O being the origin) is completed, then 
55. Locus of point C is 


2 2 2 2 
4 (re 
xy xy 
a a a b 
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56. eos'( 292) = cos C ae } then J is 


2 
equal to 
a’ +b? a’ +b? 
b 
| ‘ ) w( ) 
a’ +b? a’ +b? 
af ab ) ( 2ab 
6). 
57. The value of cos (5 is 
(a) + (b) 2 
2e e 
() + (4) 
e 2e 
Paragraph V 


(Q. Nos. 58 to 60) 


The vertices of AABC lie on a rectangular hyperbola such that 
the orthocentre of the triangle is (2, 3) and the asymptotes of 
the rectangular hyperbola are parallel to the coordinate axes. 
The two perpendicular tangents of the hyperbola intersect at 
the point (1, 1). 


58. The equation of the asymptotes is 
(a) xy -l=y-x (b) xy+1=x+y 
(c)xy -1=x-y (d)xy+1=-x-y 
59. The equation of the rectangular hyperbola is 
(a) xy -S=y—x 
(b) xy-1=x+t+y 
(c)xy=xtyrt] 
(d)xy-11=-x-y 
60. The number of real tangents that can be drawn from 
the point (1, 1) to the rectangular hyperbola is 
(a) 0 (b) 2 
(c) 3 (d) 4 
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Hyperbola Exercise 4 : 
Single Integer Answer Type Questions 


A ‘ e A 2 2 ee 
= This section contains 10 questions. The answer to each 4e\ —e> =X, where e, and e, are the eccentricities of 


question is a single digit integer ranging from 0 to 9 


(both inclusive) 


61. 


62. 


63. 


64. 


65. 


2 2 2 


2 
The ellipse - ple =1and the hyperbola a —+—=1 
a b A 


2 


are given to be confocal and length of minor axis of 
the ellipse is same as the conjugate axis of the 
hyperbola. If e, and e, represents the eccentricities of 
ellipse and hyperbola respectively, then the value of 
e, +e,’ is 


If abscissa of orthocentre of a triangle inscribed in a 


1 
rectangular hyperbola xy = 4 is ms then the ordinate 


of orthocentre of triangle is 


Normal drawn to the hyperbola xy = 2 at the point 


P(t,) meets the hyperbola again at Q(t, ), then 
minimum distance between the point P and Q is 


The normal at P to a hyperbola of eccentricity = 
2/2 
intersects the transverse and conjugate axes at M and 
N respectively. The locus of mid-point of MN is a 
hyperbola, then its eccentricity 
es ; a. ae 4 
If radii of director circle of the ellipse ae + bP =1and 


2 2 
x 
hyperbola — — = =1are in the ratio 1: 3 and 
1 


66. 


67. 


69. 


70. 


ellipse and hyperbola respectively, then the value of A 
is 
x? 2 
The shortest distance between the curves — — - =1 
a 
and 4x’ + 4y* =a’ (b>a) is f(a,b), then the value of 
F(4, 6) + f (2, 3) is 
ABC is a triangle such that ZABC =2 ZBAC. 


If AB is fixed and locus of C is a hyperbola, then the 
eccentricity of the hyperbola is 


. Point P lie on 2xy =1.A triangle is constructed by P, S 


and S’ (where S and S’ are foci ). The locus of 
ex-centre opposite S (S and P lie in first quadrant) is 
(x + py)? =(V2 -1)? (x-y)? +4, then the value of 


ptqis 
Chords of the circle x’ + y* = 4, touch the hyperbola 


2 2 
7 = = =1. The locus of their middle-points is the 


curve (x’ +y*)* =Ax* —16y’, then the value of A is 


Tangents are drawn from the point (a, B) to the 
hyperbola 3x* — 2y* =6 and are inclined at angles 0 


and @ to the X-axis. If tan®@. tan = 2, then the value 
of 20° —B? is 


Hyperbola Exercise 5 
Matching Type Questions 


= This section contains 3 questions. Each question has 
four statements (A), (B), (C) and (D) given in Column I 
and four statements (p, q, r and s) in Column II. Any 
given statement in Column I can have correct matching 


with one or move statements (s) given in Column II. 


71. Match the following. 


Column I 
(A) IfA be the length of the latusrectum of | (p) 
the hyperbola 
16x” —9y° + 32x + 36y—164 = 0, then 
3A is divisible by 


(B) | If the chord x cosa + ysina = pofthe (q) 
x y : 
hyperbola — — —— = | subtends a right 
uP 16 18 . 


angle at the centre, a circle touches the 
given chord and concentric with 
hyperbola, then the diameter of circle 
is divisible by 
(C) | For the hyperbola xy = 8 any tangent of | (r) 
it at P meets coordinate axes at O and 
R, then the area of triangle COR is 
divisible by (where ‘C’ is centre of the 


hyperbola) 
(D) | For the hyperbola x* - 3 =9, acus (s) 


F 1 
angle between its asymptotes is eT 


then A is divisible by 


72. Match the following. 


Column I 


A. | Ifthe vertex of a hyperbola bisects the — (p) 
distance between its centre and the 
corresponding focus, then the ratio of 
the square of its conjugate axis to the 
square of its transverse axis is 


Column IT 
4 


6 


8 


16 


Column IT 


A Natural 
number 
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B. With one focus of the hyperbola (q) 
xy 
9 16 
drawn which is tangent to the 
hyperbola with no part of the circle 
being outside the hyperbola. The radius 
of the circle is 


C. If S, and S, are the foci of the hyperbola  (r) 
whose length of the transverse axis is 4 
and that of the conjugate axis is 6, and 
S, and S,, are the foci of the conjugate 
hyperbola, then the area of quadrilateral 
S,S,S,S, is 


= las the centre, a circle is 


D. _ If equation of hyperbola whose (s) 
conjugate axis is 5 and distance 
between its foci is 13, is ax* — by =, 


‘ 3ab. 
where a and bare co-prime, then rs is 
c 
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A Prime 
number 


A 
Composit 
e number 


A Perfect 
number 


73. Ife, and e, are the roots of the equation x* — Ax +2 =0 


Column I Column II 

A. Ife ande, are the eccentricities of (p) 2/2 

ellipse and hyperbola respectively, then 

the values of 1 are 
B. | If both e and e, are the eccentricities of | (q) 23 

the hyperbolas, then the values of 4 

are 
C. Ife ande, are the eccentricities of the (r) 2/5 


hyperbola and conjugate hyperbola, 
then the values of A are 


D. Ife is the eccentricity of the hyperbola (s) 
for which there exist infinite points 
from which perpendicular tangents can 
be drawn and e, is the eccentricity of 
the hyperbola in which no such points 
exist, then the values of A are 


2/6 
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Hyperbola Exercise 6 : 
Statement | and II Type Questions 


= Directions (Q. Nos. 74 to 81) are Assertion-Reason type 
questions. Each of these questions contains two 
statements : 
Statement I (Assertion) and Statement II (Reason) 
Each of these questions also has four alternative choices, 
only one of which is the correct answer. You have to select 
the correct choice as given below : 


(a) Statement I is true, Statement II is true; Statement II is a 


correct explanation for Statement I 


(b) Statement I is true, Statement I is true; Statement II is 


not a correct explanation for Statement I 


(c) Statement I is true, Statement II is false 


(d) Statement I is false, Statement II is true 


74, 


75. 


76. 


5 5 
Statement | 3 and ri are the eccentricities of two 


conjugate hyperbolas. 


Statement II If e,and e, are the eccentricities of two 
conjugate hyperbolas, then e,e, >1. 


Statement I A hyperbola and its conjugate 
hyperbola have the same asymptotes. 
Statement II The difference between the second 
degree curve and pair of asymptotes is constant. 


Statement I The equation of the director circle to the 
hyperbola5x* — 4y* =20is x* +y* =1. 


Statement II Director circle is the locus of the point 
of intersection of perpendicular tangents. 


Hyperbola Exercise 7 : 
Subjective Type Questions 


= In this section, there are 12 Subjective questions. 


82. 


83. 


Given the base of a triangle and the ratio of the 
tangent of half the base angles. Show that the vertex 
moves on a hyperbola whose foci are the extremities 
of the base. 

A,B,C are three points on the rectangular hyperbola 
xy =c’, find 

(i) The area of the triangle ABC. 


(ii) The area of the triangle formed by the tangents 
at A,B and C. 


ae 


78. 


79. 


80. 


81. 


84. 


85. 


Statement I Two tangents are drawn from a point on 
2 2 


= 


5) 


the circle x? + y* =9 to the hyperbola — 


then angle between tangents is 7/2. 


Statement II x’ + y* =9 is the director circle of 
2 2 


Statement I If eccentricity of a hyperbola is 2, then 
eccentricity of its conjugate hyperbola is 6, 


Statement II If e and e, are the eccentricities of two 
conjugate hyperbolas, then ee, >1. 


Statement I The line 4x —5y =0 will not meet the 
hyperbola 16x” — 25y* = 400. 


Statement II The line 4x — 5y =0 is an asymptote to 
the hyperbola. 


Statement | The point (5, — 3) inside the hyperbola 
3y* —5x? +1=0. 
Statement II The point (x,, y,) inside the hyperbola 


x? ve x? e 
1 it 
a eS then eS 
Statement I A hyperbola whose asymptotes include 
1/3 is said to be equilateral hyperbola. 


Statement II The eccentricity of an equilateral 
hyperbola is ao 


If a hyperbola be rectangular and its equation be 
xy =c’, prove that the locus of the middle points of 


chords of constant length 2d is 
(x? +y’) (xy —c’) =d?xy. 


If four points be taken on a rectangular hyperbola 
such that the chord joining any two is perpendicular 
to the chord joining the other two, and if a, 8, y,5 be 
the inclinations to either asymptote of the straight 
line joining these points to the centre, prove that 
tana tanB tan y tand =1. 


86. 


87. 


88. 


89. 


Pand Qare two variable points on the rectangular 
hyperbola xy =c’ such that tangent at Q passes 


through the foot of the ordinate of P. Show that the 
locus of the intersection of tangents at Pand Qisa 

hyperbola with the same asymptotes as of the given 
hyperbola. 


A circle cuts two perpendicular lines so that each 
intercept is of given length. Prove that the locus of 
the centre of the circle is a rectangular hyperbola. 


(a) Prove that any line parallel to either of the 
asymptotes of a hyperbola shall meet it in one point 
at infinity. 

(b) Prove that the asymptotes of a hyperbola are the 
diagonals of the rectangle formed by the lines drawn 


parallel to the axes at the vertices of the hyperbola 
[i.e. at (+a,0) and (0,+b)]. 

Let the tangent at a point Pon the ellipse meet the 
major axis at B and the ordinate from it meet the 
major axis at A. If Qis a point on the line AP such 
that AQ = AB, prove that the locus of Qis a 
hyperbola. Find the asymptotes of this hyperbola. 


Hyperbola Exercise 8 : 


90. 


91. 


92. 


93. 
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From the point (x,, y,) and (x,, y,), tangents are 
drawn to the rectangular hyperbola xy =c’. If the 
conic passing through the two given points and the 
four points of contact is a circle, then show that 
X{X, =YViY2 and XiY> +x, yy = 4c’. 


A rectangular hyperbola passes through two fixed 
points and its asymptotes are in given directions. 
Prove that its vertices lie on an ellipse and hyperbola 
which intersect orthogonally. 


Let normals are drawn from (G, B) to the hyperbola 
xy =1,and(x,,y,),/=1, 2,3, 4 be the feet of the 
co-normal points. If the algebraic sum of the 
perpendicular distances drawn from 

(x,,¥;),/=1, 2,3, 4 onto a variable line vanishes, 
show that the variable line passes through the point 


(0/4, B/4). 


A series of hyperbolas is drawn having a common 
transverse axis of length 2a. Prove that the locus of a 
point P on each hyperbola such that its distance from 
the transverse axis is equal to its distance from on 
asymptote, is the curve 


(x? -y’)’ =4,’ (x? —a’). 


Questions Asked in Previous 13 Year's Exams 


= This section contains questions asked in IIT-JEE, AIEEE, 
JEE Main & JEE Advanced from year 2005 to 2017. 


94. 


95. 


The locus of a point P(0,8) moving under the 
condition that the line y =ax +f is a tangent to the 
2 2 


hyperbola le eae 
a 


b? = [AIEEE 2005, 3M] 
(a) an ellipse 
(b) a circle 
(c) a parabola 
(d) a hyperbola 
Let a hyperbola passes through the focus of the 
2 


2: 


; x y ‘ 
ellipse ae + ae =1. The transverse and conjugate axes 


of this hyperbola coincide with the major and minor 
axes of the given ellipse, also the product of 
eccentricities of given ellipse and hyperbola is 1, then 


[lIT- JEE 2006, 5M] 


96. 


97. 


2 2 
(a) the equation of hyperbola is aioe Aeee 
9 16 
2 2 
(b) the equations of hyperbola is = - se =] 


(c) focus of hyperbola is (5, 0) 
(d) vertex of hyperbola is (5V3,0) 


A hyperbola, having the transverse axis of length 
2 sin®, is confocal with the ellipse 3x” + 4y* =12. 


Then, its equation is [IIT- JEE 2007, 3M] 
(a) x’°cosec’® —y’ sec’0 = 1 

(b) x’sec’® —y*cosec’6 = 1 

(c) x’sin’® —y’ cos*@ = 1 

(d) x’cos’@ —y* sin’® = 1 


Two branches of a hyperbola 
(a) have a common tangent 

(b) have a common normal 

(c) do not have a common tangent 
(d) do not have a common normal 


[IIT- JEE 2007, 1.5M] 
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2 a 


98. For the hyperbola ae 
co 


so. sin’ a 
following remains constant when © varies 

[AIEEE 2007, 3M] 
(b) abscissae of foci 


(d) directrix 


=1, which of the 


(a) abscissae of vertices 
(c) eccentricity 
99. Consider a branch of the hyperbola 
x? — 2y? — 22x - 4V2y -6 =0 
with vertex at the point A. Let B be one of the end points 


of its latusrectum. If C is the focus of the hyperbola 
nearest to the point A, then the area of the triangle ABC 


is [IIT- JEE 2008, 3M] 


@i-)? fer ji? (@ fot 
3 2 3 2 


100. An ellipse intersects the hyperbola 2x* —2y* =1 
orthogonally. The eccentricity of the ellipse is 
reciprocal of that of the hyperbola. If the axes of the 
ellipse are along the coordinate axes, then 

[IIT- JEE 2009, 4M] 
(a) equation of ellipse is x? + 2y’ =2 
(b) the foci of ellipse are (+10) 
(c) equation of ellipse is x? + 2y? = 4 
(d) the foci of ellipse are (+ 2,0) 


Paragraph 
(Q. Nos. 100 and 102) 


2, 
The circle x’ + y* — 8x = Oand hyperbola = -—=l1 


intersect at the points A and B. 


101. Equation of a common tangent with positive slope to 
the circle as well as to the hyperbola is 
(a) 2x — V5y — 20=0 (b) 2x — V5y +4 =0 
(c)3x —-4y +8 =0 (d) 4x -3y+4=0 
102. Equation of the circle with AB as its diameter is 
(a) x? +y?-12x+24=0 (b)x?+y?+12x+24=0 
(c)x? +y? + 24x -12=0 (d) x’? +y’?—24x-12=0 
[IIT- JEE 2010, 3 + 3M] 


103. The line 2x +y =1is tangent to the hyperbola 
xy 


2 el 


1. If this line passes through the point of 
intersection of the nearest directrix and the X-axis, 


then the eccentricity of the hyperbola is 
[IIT- JEE 2010, 3M] 


2 


2 
104. Let P(6,3) be a point on the hyperbola 7 - = =1. If 


the normal at the point P intersects the X-axis at 
(9, 0), then the eccentricity of the hyperbola is 
[IIT- JEE 2011, 3M] 


(a) 2 (b) [2 
2 2 
(c) V2 (d) V3 


2 


2 
105. Let the eccentricity of the hyperbola a - a =1be 


reciprocal to that of the ellipse x* + 4y* = 4. If the 


hyperbola passes through a focus of the ellipse, then 

[IIT- JEE 2011, 4M] 
2 

y 


(a) the equation of the hyperbola is = - ta 


2 


=1 
(b) a focus of the hyperbola is (2,0) 


(c) the eccentricity of the hyperbola is : 


(d) the equation of the hyperbola is x*-3y? =3 
2 2 
106. Tangents are drawn to the hyperbola = - z =1, 
parallel to the straight line 2x — y =1. The points of 
contact of the tangents on the hyperbola are 
[IIT- JEE 2012, 4M] 


(a) (= 4) b) [-. -+) 
2J2° f2 2/2 2 
(c) (3V3, — 2V2) (d) (—3V3, 2V2) 


107. Consider the hyperbola H: x’ —y* =1and a circle $ 
with centre N(x,,0). Suppose that H and S touch each 
other at a point P(x,,y,) with x, >1and y, >0. The 
common tangent to H and S at P intersects the X-axis 
at point M. If (Lm) is the centroid of the triangle PMN, 


then the correct expression(s) is(are) 
[JEE Advanced 2015, 4M] 


dl 1 dm x 

(a) — = 1- —~ for x,>1 (b) —- = —=L— for x,>1 
dx, 3x? dx, 3f?-)) | 

(a1 L for x,>1 (d) =H for y,>0 


1 1 1 


108. The eccentricity of the hyperbola whose length of the 
latusrectum is equal to 8 and the length of its 
conjugate axis is equal to half of the distance 


between its foci, is [JEE Main 2016, 4M] 


(a) - (b) V3 
4 4 
* d) 
(c) - (d) 5 


109. A hyperbola passes through the point P(/2,V/3) and 


has foci at (£2, 0). Then the taught to this hyperbola 
at P also passes through the point [JEE main 2017, 4M] 


(a) (-V2,-v3) (b) (3-V2, 2V3) 
(c) (2V2, 3V3) (d) (V3, V2) 


110. lf 2x -y +1=0 is a tangent to the hyperbola 


2: 2 
x 
a - =1, then which of the following cannot be 
a 
sides of a right angled triangle? [JEE Advanced 2017, 4M] 
(a) 2a, 8, 1 (b) a, 4,1 
(c) a, 4,2 (d) 2a, 4,1 


given in the three columns of the following table. 


Columns 1, 2 and 3 contain conics, equations of tangents 


to the conics and points of contact, respectively. 


[JEE Advanced 2017, (3 + 3+ 3) MJ 


Column 1 Column 2 Column 3 


Oxrty @ 


=a” 


my=mxta_ (P) 


(I) «tay (ii) y=mx (Q) 


=a +ajm> +1 


(Il) y°=4ax (iii) 


Direction (Q. No. 111 to 113) Matching the information 


+,fa’m’? -1 


am? ei. am? +1 


| 
[z 
| 
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1 
111. The tangent to a suitable conic (Column 1) at (V3, Fy 


is found to be V3x+ 2y =4, then which of the 


following options is the only correct combination? 
(a) (IV) (iii) (S) 
(b) (HI) (iv) (R) 
(c) (IV) (iv) (S) 
(d) (1) Gi) (R) 


112. For a=~2, if a tangent is drawn to a suitable conic 


(Column 1) at the point of contact (—1,1), then which 
of the following options is the only correct 
combination for obtaining its equation? 

(a) (III) (i) (P) (b) (1) (i) (P) 

(c) (II) (ii) (Q) (d) (1) (ii) (Q) 


113. If a tangent of a suitable conic (Column 1) is found to 


be y = x +8 and its point of contact is (8, 16), then 
which of the following options is the only correct 
combination? 
(a) (III) (i) (P) 
(c) (II) (iv) (R) 


(b) (III) (ii) (Q) 
(d) (1) (ii) (Q) 


(IV) x? a (iv) y=mx (S) am =a 
ma Tye ee) Jam—1 fam -1 
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Solutions 
tom rads 2)-e(a42) 


=e'x; —a 
=2% =a" (for rectangular hyperbola e = /2) 
=x +x) -a? (. P(x,.y,). 4 —y, =a’) 
= x ve Vy 
=(OP)’ 

N=1 


2. Let the point of contact of normal from point P(h, k), be R(t) 

for the hyperbola xy = c’ 
= The equation of normal is 

ct* — xt? + yt —c = 0 which gives 

ct* — ht? + kt-c=0 [. It passes through (h,k)]...(i) 
> ++ +u=r (given) ... (ii) 
From Eq. (i), 

Lt, =" ehh =0 


(Lt) -204t, =f +e +0 +t; 


=> (4) -0=A 
¢€ 


or h® =he? 
Locus of P is x” = Ac’? 
3. As branches lies in the second and fourth quadrant. 
“. We have xy <0 
=> m -9<0=>|m| <3 
4. Let Ais (a, B), the B is (B, a) 
+: Aand Ban symmetrical about the line y = x. 


So, tangents at A and B will be mirror images of each other 
about y = x. Thus, point of intersection will lie on y = x. 
5. Let P(h,k) be any point on any one member of hyperbola 
ge 
2 


family, having equation =. 7 =1; bis any arbitrary 
a 


b 
constant, then its asymptotes are given by y = + —x, then 
a 


according to question 


oe 
|= 
b’ 
2 2 
= Palaes k| : 
a a+b? 
» _ (+ bh—ak)’ 


or 


Further (h,k) lies on hyperbola 


hk a’k? 7 
2 Ss s] ...(ii) 


From Eq. (i) and (ii), we get 
(k? —h’) =+ 2h,(h* - a’) 
=> (k? —h’)? = 4h’ (h® — a’) 
Required locus is 
(x? -y’) = 4x? (x? —a’) 


. We know that if a circle cuts a rectangular hyperbola, then 


arithmetic mean of points of intersections is the mid-point of 
centre of hyperbola and circle. 


So, 3+54+2+(-1)_-gt1 
4 2 

andl 44+3+6 0_-f 2 
4 2 
ge pars 


» We know that eccentricity of a parabola and rectangular 


hyperbola are 1 and 2 respectively. Also, irrational roots 
occur in conjugate pair, thus roots of f(x) = 0 are 1, J/2 and 


—/2 
f(x) =(x — 1)(x — V2)(x + 2) 
=x°— x’ -2x+2 
a+b+ct+d=1-1-2+2=0 


. Let the point be (a, B) 


=> B=at+c 
Chord of contact of hyperbola T = 0. 
x0 BL, 
2 al 
xo 
> a -—y(a+c)=1 
x 
> [Z-v}e-oer1=0 


Since, this passes through point (x, y, ) 
x, =2y, andy,c+1=0 


Hence, 


. Eliminating x, we have 


2 


y y 


—-+2+1=0 
b° ab 

This equation has real and distinct roots 

1 4 

ab? be 

? 1 ae! 

Le. —= >4ora’ <— 
a 4 


1 busts : 1 
= a<-—and hence the conics intersect if 0 <a <-—. 
2 2 


10. Points from where perpendicular tangents can be drawn to the 


11. °- 


12. 


give hyperbola lie on the director circle x” + y° =9 -16 =-—7 


which is an imaginary circle. Hence, no point exists. 


tan(> Zac] 
Ee 
i i = 
tan{ 7 28AC 
2 
b C 
(-3, 4) A 
Cc a 
A(2, -1) 
B A 
tan} — 7 b) 
or 7 =3 o ec BS} 
sa 2 s(s — a) 
s-a 
or =3 
s—b 
=> s —a=3s —3b 
or 2s =3b-a 
or at+b+c=3b-a 
or bee! 
2 
or AC — BC =constant 


..Locus of C is a hyperbola, whose foci are A and B. 
. Distance between foci =| AB|= 54/2. 


P 
XTX 
Xs C >X 


VW 


P=(x,y,) 


Let 

It is clear from figure 
a>0 .. (i) 

and Q(a,0) out side on the hyperbola, then 


2 2 


fe) at 20 


ab? 
2 
Qa 
=> — ~1s0 
a 
or a’ <a’ 
-asas<a .. (ii) 


From Eqs. (i) and (ii), we get 
0<aSa 
ae (0,a] 


13. 


14. 
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b 
*: Angle between asymptotes = 2 tan ' (*} = 120° 


a 
b 
or tan! (=) =60° 
a 
b 
or —=V3 
a 


b = av3 or b’ =3a° 
> a’ =3 (Ce b° =9) 
Required locus is director circle of the hyperbola and which is 
x+y’ =a’ —b’ =3-9=-6 


which is not possible. 


b 
Now, angle between asymptotes = 2tan ” () = 60°. 


Y 


or tan- 


or 


or a’ =3b" =27 (. b? =9) 
.. Required locus is 


2 


x’ + y? =a’ —b° =27-9=18 


Equation of chord joining o and f is 


cn ecev eee 


Puta + B = 37, then 


It passes through the centre (0, 0). 


15. Let P(acos®, bsin®) on the ellipse. 


. y 
.. Equation of tangent at P on ellipse is 


~* cosd + Y sind =1 .. (i) 
a b 
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and equation of tangent at P on x’ — y’ =c’ is 
x(a cos 8) —y (b sin 8) =c’ (ii) 


Since, curves intersect at right angle, then 


b 
cot® x e cot®@ =-1 
a 


& tan’@ =1 

Since, P(acos8, bsin®) also lies on hyperbola 

“ (acos0)" —(bsin®)’ = c* 

Dividing both sides by cos” @ , then 

or a’ —b’ tan’®@ =c’ (1 + tan’ 6) 
a’ — b? =2c’? 


Let mid-point of the chord is (h,k). 


.. (iii) 


[from Eq. (iii)] 


Equation of chord of x” — y* =a’ is 


T=S, 
hx —ky =h? —k* 
o get ee OE) 
k k 
which is tangent of y” = 4ax 
(h? —k’) a 
oy, 
k 
ak’ 
or —(h’ —k’)= 
or —h? + hk’ = ak’ 
or k(h-a)=h° 


Hence, locus of mid-point is 

y’(x-a) = x* 
It is clear from the figure the common tangent to the circle 
x’ + y’ =1and hyperbola x* — y* =1 is x =1 (which is nearer 
to P (1/2, 1) and given one focus at P (1/2, 1), so the equation of 
the directrix is x = 1. Hence, the equation of the ellipse is 


% 
= Or Ad, 0) re 
x=1 
WW 
2 2 1 
al(x=1/2¥ + =1) =5le-u 
> 9(x —1/3)° + 12(y -1)° =1 


Since, asymptotes of rectangular hyperbola are perpendicular 
to each other. 

Given asymptote is 3x — 4y -6=0 

Other asymptote is 4x + 3y + A =0 ... (i) 


Given, centre of hyperbola lies on x — y -1=0 
Since, asymptotes pass through the centre of hyperbola 


Centre is the point of intersection of x —y -1=0 
and 3x — 4y -6=0 


19. 


20. 


21. 


22. 


..Centre is (— 2, — 3), also (—2,—3) lies on Eq. (i) 
then —-8-9+2A=0 
i =17 

Hence, other asymptote is 

4x+3y+17=0 [from Eq. (i)] 
Equation of normal of y* = 4ax is 

y = mx —2am—am’* 
which is tangent of x’ — y? =a’ 

(— 2am —am’*)* =a’m’ — a’ 

or 4m? + m° + 4m* =m? -1 
or m+ 4m‘ +3m?+1=0 
Let the middle-point of the chord is (h,k) 


T=S, 
3xh — 2yk + 2(x + h) —3(y + k) =3h" —2k* + 4h —6k 
3h+2 
Slope of this chord = =2 iven 
P his (given) 
or 3h+2=4k+6 
=> 3h-—4k=4 
Hence, locus of middle-point is 
3x-—4y=4 
Let f(x, y) =x° + 3xy + 2y’ +2x+3y+2=0 
e ae + 3y + 2 and OT egy + 4y +3 
ox oy 
For centre, or = 0and ai =0 
ox oy 


2x+ 3y+2=0 
3x+ 4y+3=0 


After solving, we get 


x=-ly=0 
..Coordinates of centre are (— 1, 0). 
2 2 
* Hyperbola is ve y =1 sex (i) 


Foci are (+5,0) 
F =(,0), F, =(-5, 0) 


Also, 4e,, =5 
5 
ey = 4 
Conjugate hyperbola of Eq. (i) is 
2 2 
xy se 
-—+—=1 . (il 
16 9 ) 


Foci are (0,+ 5) 
F, = (0,5), F, =(0,-5) 
3e,.=5 
5 
eé. = 
3 
Equation of asymptotes of Eqs. (i) and (ii) are same 


Also, 


3 
a and e,, <e, 


Auxiliary circle of Eq. (i) is x” + y” =7 and Eq. (ii) is 
x+y? =-7 


1 
and area of quadrilateral formed by their foci = 4 x A x5 x5 


= 50 sq units 
1 
Fs 
X'4 a F, >X 
Fa 
MZ 


23. Point of intersection of tangents at (asec, b tana) and 
(asec, btanB) is 


Pr (cali cal Ee 7 os 
aa; : ‘ an : : ‘ 
2 2 


Here, a=6.P=2—4 


then, point of intersection is | ——-———_, 


v1 
x=a Zeos( = - 9] 


y=b 


sl 


and 
. Required locus is y =b 
24. xdy + ydx =0 
=> d(xy)=0 
xy =c 
which pass through (2, 8), then 2 x8 =c 
c=16 
Equation of conic is xy = 16 
. Length of latusrectum = 22 (4)= 3/2 


25. x=t? +1, y =2t 


=> 

2 
> ee ae | 

4 

=> y =4(x—-1) 

2 

Also, x=2s,y =- 

s 
xy =4 


From Eqs. (i) and (ii), 


(<) = 4(x -1) 
x 
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4=x° -x’ 
x —x?-4=0 
(x —2)(x° +x+2)=0 
x=2,x°+x+240 


Yuu ov 


From Eq. (ii), 


=—=2 
i 2 
Point of intersection is (2, 2) 


26. Let rectangular hyperbola xy = c’ 


Equation of tangent at ‘f’ is 
x 
—+ yt =2c 
t 


= Jt st 


2ct (=) 
t 
and equation of normal at ‘f’ is 
xt? —yt—ct' +c =0 


> xt? —ty =ct* —c 
x x 


ct* —c —ct* +¢ 
vr t 


From Eqs. (i) and (ii) it is clear that 


=> 


and 


__ 2ct(ct* — c) 2 2c (-ct' +c) 


t t 
_ 2c*(t* —1) ¢ 2c*(t* — 1) 


v t 


=0 


2 


27. CS = pv2 


>< 


a) | >X 


.. (i) ..Coordinate of S is either 


(h+ p,k+ p)or(h— p,k— p) 
28. °° H: x’ +3xy + 2y’ +2x+3y =0 


...(ii) 


Let pair of asymptotes is 
x’ + 3xy + 2y" +2x+3ytA=0 
A=0 
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3 3 9 
1x2xX+2x=x1x=-1*x 2x1-Ax 
2 2 + 
Oo .19) 
=> yg? 2? 5G 
4 2 4 
9 
4 4 
N=1 
A:x’ +3xy + 2y’ +2x+3y+1=0 
H+C=2A 
C=2A-H 


=x + 3xy +2y° +2x+ 3y 


2 


..Conjugate hyperbola is x* + 3xy + 2y’ + 2x4 


2 2 


29. The equation of the hyperbola is = ~Y 24 


16 


The equation of the tangent is 


y =mx + (9m — 16) 
or (9m? -16) =2V5 


or 9m’? — 16 =20 
or m =4 
m=+2 


or a+b=sum of roots =0 


4 
30. -°x-—2=mandy+1=— 
m 
4 


% 


xX“ >~X 
\ 
Let x-2=X,y+1=Y 
2 XY =4 
and s =(x—2)' +(y +1)? =25 
or X? + Y? =25 


Curve C and circle are concentric, therefore, 


(OP)’ + (0Q)’ + (OR)’ + (OS)? = 4r’ 


= 4(5)° 
= 100 
31. Equation of any tangent to the parabola y* =8x 
2 
is y=mxt+— 
m 


which is also touches the hyperbola 


bs 2)’ 
3 ee ay then (=) =1xm’ -3 
3 m 


32. 


33. 


34, 


35. 


or m' —3m’? —4=0 
or (m’ — 4)(m*? +1) =0 
: m —4=0 
or m=+2 


From Eq. (i), common tangents are 
y =2x+1landy =—2x-1 
ie. 2x-—y+1=0 and 2x+,y+1=0 


2 2 


Foci of the ellipse a + = =1are(ta,/(k’ —1), 0) and foci 


2 2 


of the hyperbola = a =1are(+ae,0),e>1 
a 


‘ Foci are coincide, then 


a(k’ -1)=ae or J(k’ -1)>1 


or ke -1>1 or ke >2 


k<—~2 or k> 2 


Equation of chord joining 0 and 6 is 


ss cos( 22) y sin ®) = coo ®) 
a 2 b 2 2 


It passes through (kae, 0), where k = +1, then 


A) 


cos | —— 


3) 00") 
cos| ——- | —cos 
2 2 _1-ke 


= 6+ 
ee 22 a cos{ ®) 1+ ke 
2 2 
tan(2) tan(®) = ae 
2 2 1+ ke 
[1 ee fork =1 
_jite 
= . fork =-1 
fS<¢ 


* Foci of hyperbola are (+ 3a,0) and foci of ellipse are 
(+ .,/(25—16), 0) ie. (+3, 0) according to question. 

a=1 
and b* =a’ (e’ -1)=1(9-1) =8 

2 2 

Now, hyperbola is = = = =1 
Alternate (a) a’ + b? =1+8=9 
Alternate (b) Director circle is x? + y* =1-8=-7 


i.e. there is no director circle. 


Alternate (d) Length of latusrectum = 2b" = 28) =16 
16x” —3y" —32x -12y —44=0 : 
> 16(x’ —2x) -—3(y’ + 4y) - 44=0 
= 16{(x —1)? —1}-3{(y + 2)’ -4}- 44 =0 
> 16 (x —1)? —3(y + 2)’ = 48 
(x-1) (+2) = 
(V3) 4’ 


36. 


37. 


Alternate (a) : Length of transverse axis 
=2x V3 =2y3 

Alternate (b) : Length of conjugate axis 
=2x4=8 

Alternate (c) : Centre x —-1=0 


and y+2=0,ie.(1, —2) 
Alternate (d) : 4° =(V3)* (e? -1) 
, 16 
or e -1=— 
3 
, 19 
e =— 
3 
19 
then e =,/— 
3 
xy =1 


ey 1 
Equation of normal at ‘f’ ie. (« | 
t 


is xt? —yt-t'+1=0 
a 
Slope is Pp=—-_, 
, b 
a a 
-—>0>-<0 
b b 
a>0,b<0 
or a<0,b>0 


P,Q,R, S lies on the circle 

x+y’ +2exr+2fy+c=0 
and also lies on 

xy=c° 
Solving Eqs. (i) and (ii), then 
ay? 2 
2 
+ =) + 2gx + Le +c=0 
x 


x 


> x’ + 2gx? + cx’ + 2fe’x+c'=0 


2 
and = P=(x,,y,) “(s =) 


2 
and R= [s “| 
xs 


Let orthocentre O = (h, k) 
Then, slope of QR X slope of OP =—1 


ce c 
k 
x, Xx Be 
3 2 x 1 = 1 
=X; h-x, 
foo 
2 k-— 
c x 
=> x =-1 
5X; hx 


38. 


... (ii) 


... (iii) 


39. 
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Co NK < KG 


> k 


2 2 


: c c 


Also, slope of PQ x slope of OR = —1 


2 


pas xgxy - Hx; 
2 2 
x: c c 
From Egg. (iii) and (iv), 
4 
c EX, 
h= andk =— > 
X,X,X, c 


From Eq. (iii), 
h=—x,andk=—— 


x4 


.Orthocentre lies on xy = c* 
Le. (x,, y,) and (— x,,-y,) 
(c)y=xt5 
Comparing with y = mx + ¢ 
m= lees 


Alternate (a) : Condition of tangency 


which is true. 
Alternate (b) : 
9x’ + loy* =144 
2 2 


x 
+221 


=> poe 
16 9 
** Condition of tangency 

c =a’m +b? 
=> 25=16xX1+9=25 
Which is true 


Alternate (c) : 


*« Condition of tangency 
ce =a'm —b° 
25=29xX1-—4=25 
Which is true. 


Alternate (d) : Now length of perpendicular from centre (0, 0) 


I5| 


5 
to the line y = x + 5 is —i.e. ~¥ radius (5). 


V2 V2 


Equation of the directrices of the given hyperbola = - 


are 


5X5 5 28 
(25 + 16) 41 


Equations of the asymptotes of the given hyperbola are 


2 2 


cae ae 
15 16 
The points of intersection of Eqs. (i) and (ii) are 


(+25 / 41,4 20/ V41) 


(i) 


...(ii) 
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 |SP — S’ P| =2a 


=> 2a = (24 - 0)* + (7-0)? — (5 — 0) + (12 - 0)? 
=25—13=12 


ay a=6 
and 2ae = |(24 —5)* + (7 — 12)’ =./(386) 


_ V386 
12 
386 121 
and b’ =a’ (e’ -1) =36 1]= 
144 2 
2b? 121 
Latusrectum = —— = —— 
a 6 


The locus of the point of intersection of perpendicular tangents 


is director circle 


b? 
Now, e=1+— 
a 
ifa’ =b’, there is exactly one point (centre of the hyperbola) 
ie, e= 2 
b? 
if a’ >b’ or—<1 
a 
Le. e <2 


or 0 <e < V2, there are infinite (or more than one) points on 


the circle. 
b? 

if a’ <b’ or—>1 
a 

ie. e’ >2 


or e > V2, there does not exist any point on the plane. 


Alternate (a) : 


BF) a 


a a 
Alternate (b) : 
2 2! ite ay (i) 
a bd b(x+ a) 
we Ao aay es ge ... (ii) 
b ay 


From Eqs. (i) and (ii), we get 
ay (a — x)b 


b(x +a) ay 


=> a’y* = b*(a’ _ x’) 
es b?x? + a’y? =a°b? 
2 2 
* a 
or oe =F Be 1 


Alternate (c): x° —y’ =(e +e‘)’ —(e' -e")’ =4 


Alternate (d): * x’ —6 =2cost 


43. 


44, 


45. 


t 
=> x’ —4=2(14 cost) = 4cos” (-) .. (i) 
t 
and y +25 scos'(£) .. (ii) 
From Eqs. (i) and (ii), then 
x -4=y'+2 
or x* -y* =6 


Equation of any tangent to hyperbola is 


y =mx +t ,/(a’m’ —b’) ... (i) 
2 2 
which is tangent of — — + Yj 
be a 
then am —b*? =a’ —b’m 
> (a’ + b’)m’ =(a’ + b’) 
m =1 
or m=+1 


From Eq. (i), common tangent are 


y=txt (a —b’) 


2 2 


Vertices and foci of ellipse 7 + = =1are(+4,0) 


and (+ 3,0) respectively. 
2 1 
Vertices and foci of the hyperbola a aes 


(=) G) 


12 
are E e? 0} and (+ 3, 0), respectively. 


Y. + 
y=ge ‘s 
P 
Q 
X'< >X 
0 A 
v 
For point of intersection 
2 2 
x x 1 
7\1 =81 
16 144 25 


» 256 
> x? = 
25 

16 63 

and y=7(1-4)-8 

25 25 


= square of the ordinate of point of intersection 
9 9 256 144 
y’ for P=— x’ =— x = 
16 160 25 25 


..Sum of the squares of coordinates of P is x* + y* =16 


which is auxiliary circle formed by ellipse. 
(1 - ey + xy =ax 
dx 
ady _ 2xdx 
(a-y) x’) 


or 


> 2 In(a — y) =— In(1 — x’) — Inc 
or (a-y)’ =c(1- x’) 
> cx’ +(y-a)’=c 
= 2 
or a a) =1 
1 c 


for c > 0, ellipse and for c < 0, hyperbola centre of the conic is 
(0, a) and length of one of the principal axes = 2a = 2 


Sol. (Q. Nos. 46 to 48) 
Give conic is 
x? -y’ +2y —2=0 sv (i) 

Equation of tangent at (a,b) is 

ax —by +(y + b)-2=0 
‘. Tangent line pass through (0, 0), then 

b=2 

Also, (a, b) lies on Eq. (i), then 

a’ —b?+2b-2=0 


or a’-4+4-2=0 
=> a’ =2 
a=+2 
46. -- Slope of tangent = - 
= = (for positive slope) 
2 
V2 
sin’ (<| =sin’ (=) 
b 2 
a 
4 
47. +: Conic is x” —(y -1)’ =1 
2 
. Length of latusrectum = a =2 


48. - Given curve is rectangular hyperbola 
# e=2 
Thus, lt+e?+e*=1424+4=7 
Sol. (Q. Nos. 49 to 51) 
Any point on the hyperbola is (2¢, 2 / t) normal at this point is 
xt? — yt -2t*+2=0 
If the normal passes through P(h,k), then 
at* — ht? + kt -2=0 
The equation has roots t,, t,, t,, t,, then 


h 
Ly Lut, =0, 


Litt, = 


ae a4 


2 2 
*: Feet of normals are & } (2, } 
t, t 


2 


2 2 
2t,, — | and | 2t,, — 
t, t, 


Sum of slopes of normals = Sum of ordinates of feet of 
normals 


k 
——, ttt,t, =—-1 
2 


Chap 07 Hyperbola 


rP+eptse+e=a—4 
1 2 3 4 t, t, t, t, 
: 1 
=> Xt =2L| — 
t 
Lt tt 
49. (Xt)? -2D4t, =2) — 3 
tt,tt, 
2 
=> (4) 0-22) or h? = 4k 
-1 


Hence, the locus of (h, k) is x’ = 4y 

50. -: Curve C is x* = 4y 
Equation of tangent at (2t, t’) is tx =y + ¢° 
=> A =(t, 0) and B =(0, -t’) 
Let mid-point of AB is (h, k). 
x 2h =tand2k =—t° 
> 2k =—(2h)’ or 2h°+k=0 
Required locus is 2x’ + y =0 

57. 


(-2t,, tf). Q 


XxX‘ 
1 2 
tan30° = 2 or a =, 
f, = 23 
= OR = 4t, = 84/3 
Area of equilateral AOQR 
V3 


ra (83) = 483 sq units 
Sol. (Q. Nos. 52 to 54) 
S$ (1,2) and S, (5, 5) are the foci 


then SS, =5 =2ae 
and |S’ P — SP| =2a 
Here, 2a=4 
From Eqs. (i) and (ii) 
5 
e=— 
ft 
52. Let e’ be the eccentricity of conjugate hyperbola. 
i, i. 
ee 
16 1 1 9 
> so a 1i=> 7 
25 e 25 
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53. Locus of point of intersection of two mutually perpendicular 
tangents is the director circle given by 


(x -h)’ + (y — ky’ =(@ -b’); 
where (h, k) is the centre of hyperbola given by 


int) =(4 +5 2+ “als, “) 
2 2 2 


a’ =4, b’ =a’ (e’ -1) 


.. Required locus (director circle) is 
7) 97 
x-3 ? + =4 = 
(x —3) [» 2) ror 


54, Sp (5, 5) 


S4(1, 2) 


*. @ should be the angle between the transverse axis and X-axis, 
given by 


Sol. (Q. Nos. 55 to 57) 
*. P(asec®,, btan®, ) and Q(asec8,, btan®,) are the extremities 
of focal chord, then 


tan(S:) tan( 2) eure for focus S(ae,0) __...(i) 
2 2 1l+e 


and 6 =2tan’ (*} ... (ii) 
a 
Let R = (asec 6, btan@) 
.. Equation of tangent at R is 
* seco ay tang =1 
a b 
: A =(acos 6,0) 
and B =(0,—bcot o) 


55. Let C =(hk) 


** OACB is rectangle 
.. Mid-point of OC = mid-point of AB 


= (2.4) =(see8, ete 
2 2 2 2 


or h=acos6 > sec =F ... (iii) 


and k= 


bcoto > tang =~" ... (iv) 


From Eqs. (iii) and (iv), we get 


ab? 
re 
Hence, required locus is 
2 2 
a b 
3 
x Yy 


56. From Eq. (i) 


Gib, 
1+ tan tan = 
2 2 lt+e 
cos(* — °:) 5 
= : = 6 
(°:) @ l+e 
cos| — |cos}| 
2 
and 1 tan( tan(®) a 
2 2 1lt+e 
cos(® + °:) 
2 2e ‘ 
> = .. (vi) 
(peo) 8 
cos| — |cos} 
2 2 
From Eqs. (v) and (vi), we get 
cos( 2%) cos” (2 =°.) 
2 =e or 2 =e 
cos( 82 cos’ (* =) 
2 2 
or N=e (given) 
a+b 
a’ 
57. From Eq. (ii), 
ab 
6 =2tan | — 
a 
Ge 
tan| — | =— 
2 a 
1 


Sol. (Q. Nos. 58 to 60) 


58. -. Perpendicular tangents intersect at the centre of rectangular 
hyperbola. Hence, centre of the hyperbola is (1, 1) and the 
equations of asymptotes are 

x-1=0andy—-1=0 
..Pair of asymptotes is 
(x-1) -1)=0 
or xy—-x-y+1=0 
or xy+1l=x+y 


59. 


60. 


67. 


62. 


63. 


Let equation of the hyperbola be 

xy-x-y+A=0 
It passes through (2, 3), then 

6-2-3+A=0 
ap N=-1 
So, equation of hyperbola is 
xy=x+ytl 

From the centre of the hyperbola, we can draw two real 
tangents to the rectangular hyperbola. 


For ellipse (if a > b) 


ae, =\(a° —b’) 
or a’e, =a’ —b” 
and for hyperbola 
Ae, =.(A° + B’) 
> =/(A’ +b’) ['." 2b =2B (given)] 
or Ave, =A’ +b? 
re es a rn. (i 
ee (a —b*) (A? +b") " 
Since, both the curves are confocal = ae, = Ae, 
or a’e? = A’e; 
> a —b? =A’ +b? 
or A’ =a’ —2b° .. (ii) 
From Eqs. (i) and (ii), we get 
1 1 @ a —2b* 
e e a’ —b? i. 
_ 2(a’ —b*) | 
(a’ — b*) 
Othrocentre of triangle formed by the points [s, <} [«, <| 
t 2 
and [«s, <| on the rectangular hyperbola. 
t, 
i «ec ttt 
xy =c° is] -——,- 
ttt, 12"3 
= 1 
Here, c =2 and —— =— or ttt, =—2c 
ttt, 
Ordinate of orthocentre = — c t,t,t, 
=—-cxX-2c 
= 2c*= 2(2)’ 
=8 
Since the normal drawn at P(t,) meets the hyperbola xy =2 


again at Q(t, ), then 
tt, =-1 ... (i) 


P= [2s 2) and Q (2 t,, 2) 


1 


2 


t, t, 


1 


Distance ro 2t,)° 4 (2 2) 


2 


64. 


65. 
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[from Eq. (i)] 


= 2 C # 1) > V2 (2) =4 (AM >GM) 


Distance PQ = 4 


Hence, minimum distance between the points P and Qis 4. 


2 2 


Let P(asec®, b tan®) be a point on the hyperbola se ~Y 21 
a 


b? 


with eccentricity e =—— 
an?) 

Be a’ = 8b” 

‘ Equation of normal at P is 


(2b? =a(e? -1) ...(i) 


axcos0 + by cot0 =a’ + b’ 


2 2 
ue((? aa Jove. 0] 
a 
2 2 
na(o : ; 7 ) tno 


Let mid-point of MN is R(h,k) 
2 2 
an-(2 = J seco ... (ii) 


a 


2 2 
2k = : = tan@ 


and 


... (iii) 


From Eqs. (ii) and (iii), we get 
4a’h® — 4b°k’ =(a’ +b’)? 

.Locus of R is : 
x y 


a+b?) (a+b?) 
which have eccentricity 


= [i+ 2) =J0F8 = 


Equations of director circle of ellipse 
2 2 


ad +y° =a+bh 
Radius (r,) = ./(a’ + b’) 
=a’ +a’ (1-e7) 


=a,|(2 -—e’) (i) 


2 2 


[from Eq. (i)] 


and director circle of hyperbola sl = = =1is 
a 1 
x+y =a’ —b; 
Radius (r,) = ./(a’ — b?) 
= Ja’ — a*(e? -1) =a,(2-e?) ... (ii) 
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1 2 + 
Given, ee or 5 use ad) T= ed 
G 33 a+ x’ +2ax-y a-x 
a\(2-e?) 1 / 7 > 2(a’ —x’)=a° + x? + 2ax-y’ 
> ada ae) =. [from Eqs. (i) and (ii)] we 3x! + 2ax —y? —a? =0 
2 
, : a), _2a° 
=> 9—9e =2-e, or 3 aa —y 3" 
Pz 9e7 —e =7=AX : 
“ N=7 E ; <) 
x? y? a 3 y 
66. -. pe landx’+y’= mt having origin as their common Of (%") ( : 
centre. 9 
% 
~~ * Eccentricity (e) = 
2 B’ 
ee 
t 1 
68. Let (+ —— | be any point on 2xy =1 and S =(1,1) 
2’ 2 yp y 
and S’ =(-1,-1) 
¥, “a 
. y Here t>0 
So, vertex is the nearest point. Hence, shortest distance = BA Let R(h, k) be the ex-centre of APSS’ opposite to vertex S. 
ap. 228 tb 
=a-—=— -—a-c+— 
2 2 
- #2 
fla, b) =< eile 
5 b 
4 2 ae 
Hence, f(46)+f(@3)=> +5 =3 sail ke V2 
a+b-c 
Here, b= 22,4 = ePM 
67. Let A =(a,0) and B =(—a,0) 
If C =(x,y) p came 
v2 v2 
tan® = .. (i) 
at+x 
c a 
and tan29 = — ... (ii) 
a-x 
yu 
C C115 b S (1,1) 
: Ceara) 
ae t 1 
Il V2 = 1 
20 0 V2 V2 ty2 
X'< 4 >X t 1 
(a 0B M {0 A, 0) (+s 
2 tw2 
and V2 
V2 
t 1 
=—~+-—~—+1 (.: Directrices are x + y =+ 1) 
\y’ V2 te . 
From Eq. (ii), is (‘ 2 1) hy 
2tan0 y ‘ = t 
1—tan?®@ a-x 2/2 —2 
1 2 
a —2 (! + *) +- 
a+x y : = ty) it 
=> from Eq. and k=——__ 
[from Eq. ()] ET 
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_ 1 Since, these lines are perpendicular to each other, then 
and h-k= t . Gi 1 cos’ O 1 sin’ 
V2 =1 (i) 2 2 =0 
16 Pp 18 p 
2 2 
(r++) =(r-2) +4 ” didid 
t t 16 18 p’ 
=>  (ht+k) =(V2-1)? (h—-k)’ +4 ai p=412 
Locus of R is(x + y)* =(/2 —1)? (x- yy +4 . Radius of circle =| p| =2 
On comparing, we get p =1 and q = 4 Hence, diameter of the circle = 24 
+q=5 
a (C) Any point on xy =8 is P [8 t, *) 
. Let P(h,k) be the middle-point, then equation of chord whose f 
mid-point P(h,k) is \ 
T=S, 
> hx +ky-4=h? +k? -4 R 
2 2 
. yang WHR) F 
k k 
x? y’ 
It will touch the hyperbola — — — =1, then xX“ >X 
be 4 16 c Q 
+k) ke 
=4x— 16 
k k 
> (A? + k°)’ = 4h? — 16k? 
Locus of P(h,k) is Y. 
2 2\2 2 2 i: 
(x° + y°)° = 4x" — l6oy 
N=4 Equation of tangent at P 
2 2 V8 x x 
eee ae x+y x8 t=16 =i 
. The given hyperbola is 5 5 1 x : y or ( is) ( re 
Equation of tangents is y = mx + ,|(2m’ —3) v8 8t 
‘: Tangents from the point (a, 8) will be nA CO = 16t and CR = 16 
(8 — ma)’ =2m’ —3 v8 vet 
or m’(a* —2)-2moB + B* +3 =0 Hens, area of ACOR =k COKCR 
B' +3 B+3 2 
mm, =——— => tanOtanod = 1 16t 16 
a’ —-2 a -—2 =-— X — X — =16 
P43 2 8 8e 
= z= a? 2 (D) Hyperbola is x” —3y” =9 
2 2 
or 20° —B° =7 or a ae 
. (A) 16x —9y’ + 32x + 36y —164=0 os 
; Angle between asymptotes 
= 16(x? +2x+1)-9(y? — 4y + 4)-144=0 a ; 
or 16(x + 1)’ —9(y —2)° =144 =2tan'! = 2tan"( 
+1) 9)? 3 V3 
(x+1) _ (2) 
OF ee ae NTA 
9 16 =2x—=—— (given) 
6 teh _ 2x16 32 6 24 
= length latusrectum = = . 4.=8 
2 2 
or 3A =32 72. (A) Let the hyperbola be al - ze =4 
ng ea, ith the help of an 
(B) Making ae 1 homogeneous with the help o nae Sapse 
xcos + ysind = p, then => e=2 


x? yo _ xcosa + ysina ‘ a (2b)’ _ b° Fee) ee ne 
16 18 P 
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(B) Given hyperbola is 
Y 


xX’< (8,0) >X 
Cc A S(5, 0) 
vy 
x’ y’ 
-——=1 vel, 
9 16 @) 
5 16 25 
or e =1+—=— 
9 9 
5 
or e=- 
3 


Hence, its foci are (+ 5,0) 
The equation of the circle with (5, 0) as centre is 
(x -5)° +(y -0)' =r? 
Solving Eqs. (i) and (ii), we have 
16x* —9(r? —(x —5)’) =144 
or 25x" —90x —9r* + 81=0 
Since, the circle touches the hyperbola, the above equation 
must have equal roots. 
(90)* — 4(25) (81 —9r’?) =0 


or r=0 


... (ii) 


Hence, 


which is not possible. 


Hence, the circle can not touch at two points. It can only be 
tangent at the vertex. 


Hence, r=5-3=2 
(C) Equation of hyperbola is 
x? y’ 
2 ae 
4 
S3 
xX >~X 
So S; 
S4 
\y 


Its foci(+,/(2’ + 3°), 0) 
or S, =(V13, 0) and S, =(—~13, 0) 
and equation of conjugate hyperbola is 
x 7 
ca 


Its foci (0,+./(3" + 2”)) 


or S, =(0,V13) and S, =(0,-v13) 


73. 


Hence, area of quadrilateral S,S 


S35. 


2-374 


= 4x Area of AS,CS, 
1 
eg x CS, 


=2x V13 x V13 =26 


(D) Given hyperbola is 


or 


or 


ax’ —by’ =c 
x? y’ = 
(c/a) (c/b) 


c oc 
2 (E+£)=13 
a b 
(i) and (ii) 
c.. 25 
2.// + — | =13 
a 4 
169 25 
—=—-— =36 
a 4 4 
ec 25 
b 64 
c 
a p_ 25 
b ¢ 144 
a 


a and b are co-prime 
a=25,b=144 
and from Eq. (iii), c = 900 


Hence, 


3ab _3X25X144 


2c 2 x 900 


Let f(x) =x° —Ax +2 


(i) 


...(ii) 


... (iii) 


.. (iv) 


x= 
ey C5 


D=N -8 


~X 


x-coordinate of vertex = * and f(1)=3-A 


(A) We must have 


then 


e <1l<e, 
D> Oand f(1) <0 
WV >8and3—-A <0 


NE (— 0, — 22) U (2V2, 0) and A >3 


X>3 
e,>le,>1 


D> 0and fit) > 0and* >1 
Ne (— 0, — 2V2)]U[2V2, -) 
X <3 andA >2 

dr © [2v2, 3) 


74. 


75. 


76. 


77. 


1 1 
(C) We must have — + = =1 


| e, 

or e, +e) =(e,e,) 

> (e, +e, y’ — 2ee, = (ee, )’ 

=> MV —4=(2) or ’ =8 
A =t2V2 


(D) We must have e, < ae e, 
then D> 0and f(V2) <0 


=> 2 >8and2—-AV2+2<0 
or VN E(— 0, —2/2)U (21/2, ©) 
and X > 2/2 


A >2v2 


Since, e, and e, are the eccentricities of two conjugate 
hyperbolas, soe, > 1ande, > 1. 

> e,e, >1 

*. Statement II is true. 


As for e, and e, for hyperbola and its conjugate, 


1 1 
S+>=1 
& e, 
5 5 
Let e,=— and e, =— 
3 4 
il 1 9 16 
Now, staeatae=l 
e e 25 15 
.. Statement I is true, but Statement II is not correct explanation 
of Statement I. 
By definition, if H (x, y) =0 
then A(x y)=H(xy)+A 


.. Statement II is true 
C(x, y) = (x,y) + 
= A(x y)+2-A) 
Since, for A, (x,y) = 0, we have A = 0 and also for 
A, (x, y), A=0,So A, =A, 


iw) 


Since, 


.. Statement I is true and Statement II is correct explanation of 


Statement I. 
*: Director circle is the locus of the point of intersection of 
perpendicular tangents. 

Statement II is true. 

Director circle of 5x’ — 4y” =20 


2 2 
or aa as | 
4 5 
is x +y'=4-5 or x+y =-1 


Statement I is false. 
2 2 
Director circle of a lis 
23 4 


x+y" =25-16=9 
Hence, angle between tangents is 7/2. 


.. Statement I and Statement II are true and Statement II is a 
correct explanation for Statement I. 
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78. The conjugate hyperbolas are 


2 ae and poe 
2 2 2 2 
+b a +b 

then eas —— and ef =—; 

a b 

a 

es 

e eé 

1 1 


V3 


3 4 
=1 and ee, =——>1 


631 


.. Statement I and Statement II are both true and Statement II 


is not a correct explanation of Statement I. 


79. If we solve 4x —5y =0 


r 4 
Tt =—-x 
ame 
and 16x” —25y" = 400 
2 2 
or * Ys 1 
25 16 


we get, 0 =1= No solution 


4 
=> The line y = ae does not meet but the line satisfies the 


condition of being a tangent. 


2 


16 
c’ —a’m’ +b? =0-25x—+16=0 
25 


=> It must touch the curve at infinity. 


..Statement I and Statement II are both true but Statement II is 


a correct explanation for Statement I. 


80. The point (x,,y, ) inside the hyperbola. 


2 2 2 


2 
= - =1, then = = 
Statement II is false. 

Also, 3y” —5x° +1=0 

or 5x° —3y’-1=0 

Value of 5x” —3y* —1 at (5, — 3) is 
5(5)’ —3(-3) -1 
=125-27-1=97>0 


Statement I is true. 
2 2 


81. If hyperbola is = - o =1 


1>0 


b 
.. Angle between asymptotes = 2 tan ' (*} 
a 


For equilateral hyperbola a = b 


then, angle between asymptotes 
1 
=2tan '(1)=2.—=— 
4 
.. Statement I is false. 


#4? ob a 
and eccentricity e = i: - - [2 - ) = 12 
a a 


..Statement 2 is true. 
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82. BC =base of the triangle =a (constant) and A is the vertex. 


(s —c)(s —a) 
tan(B / 2) 2 s(s —b) 
tan(C / 2) (s —a)(s —b) 
s(s —c) 
_s-—c_ 2s —2¢ 
s—b 2s—2b 
_atb-c_ 
a-bt+c 
A 
c b 
B a C 


By componendo and dividendo 


k-1 b-c 
—! ——-(= 
k+1 a 
k-1 
> b —c=a|——|= constant 
k+1 
> CA — BA =constant 


(let) 


By the focal property the locus of A is a hyperbola whose foci 


are B and C. 


83. Let coordinates of A, B and C on the hyperbola xy =c’ are 


c c c ; 
[o, Ve, <| and [«, <| respectively. 
t t, t, 


c c c 
1 ct, ct, ct, 
F ‘ t, t, t 
(i)... Area of triangle ABC = i + : + : | 
2\ et, ct, ct, 
t, t, t 
oO te ty Be ei te Oh 
2\t, t t t & 48, 
fo 
~ Ot it |t;t, =i of it =h + if =A 
iy ae 
Cc 
= l(t, — 4) (, 4) —4)| 
2 t,t, 1 2 2 3 ss} 1 
(ii) Equations of tangents at A, B, C are 
x + yt? —2ct, =0 
x + yt? —2ct, =0 
and x + yt} —2ct, =0 
2 2 
1 & —2ct, 
d 1 : 
Required area = 1 t —2ct, .. (i) 
2| C,C,C, | 2 
1 t; —2ct, 


2 


2 
3 


C=, -).C, =f -§ 


From Eq. (i) 


> 7 = 


t 


1 
2l(@ -— 6) -)(G -8)| 

4c’ -(t, —t,)° (t, 
(t, — t,) (t, —t,) (ts — 4) 
(t, + t,) (t, +t) (t, + t) 


=2c? 


1 
and C, = 
1 


t 


2 


and C,=t) -t 


t,)° (t, -_ 5 


|G —t,)(t, —t,) (t, =| 


Required area is, 2c’ 
(, +t) (+6) +4 


84. Let chord be PQ and coordinates of P and Q are 


c : 
[, respectively. 


2 


Now let mid-point of PQ is M (h, k) 


1 
h= (ct, + et,) 


e L, t, 
a 2k ttt 
c tt, 
2h 
or a == E 
c tt, 
h 
or tt, = ry 
4h” 4h 
(é, _ i) =(i, t t,)° 4tt, =e k 
4h 
= a (hk c’) 


Since, |PQ|=2d 


2 
(o ~ct,)° + [: -<| =2d 
t, t, 


Ge et —t,) {i Ey | =eay 


tt; 
4h k? 
rc x—(hk—-c’)414 = 4d? 
oF «| 
or (h? + k*) (hk — c?) = d*hk 


Hence, locus of the middle-point of PQ is 
(x? + y*) (xy —c’) =d?xy. 
85. Let the rectangular hyperbola is 


2 
xy =c 


)| 


c 
chs and 


1 


[from Eq. (i)] 


..(i) 


Since, the centre of hyperbola (i) is origin (0, 0) and equation of 


asymptotes are x = Oand y = 0. 
The equation of a line through (0, 0) and makes 
asymptote (X-axis) is y = x tan 0. 


an angle @ with 


It will meet the hyperbola, where x (x tan 6) =c’* 


Le. x=c.,/cot 0 


Putting x=Cc {cot 8 in (1) 

then y =c (tan 8) 

.. The four points are (c cot 0, c tan 0) where 
Q=0,B, 7,8. 


The line joining the points o and is perpendicular to the line 
joining the points y and6 . 


>< 


X'< ce) > xX 


Vv, 
y 
Therefore, the product of their slopes = — 1 
c tan B —¢ {tan a c {tan 8 —¢ {tan Y 
x = 


a c cot B —c ./cot a c [cot 8 —c [cot 7 
> (-Vtana tan B) x (—/tan y ./tan8) =-1 
or tana tan tan y tand =1 


86. Let P [s, | and Q [, | be any two points on xy =c’. 
1 t, 


Then tangents at Pand Q are 
x+ yt) =2ct, wa (i) 


and x+ yt; =2ct, (ii) 
On solving Eggs. (i) and (ii), the point of intersection, say (A, k), 
is given by 

_ 2ct,t, 2c 


h and k= 
i +t, Lot, 


(iii) 


The foot of the ordinate of P is (ct,, 0) and it lies on Eq. (ii) then 
ct, + 0 =2ct, 
t, =2t, (iv) 


Then, from Eqs. (iii) and (iv), 


_ 2¢-2t, +t, _ 2¢ 
2t, + t, at +d 
4, 2 
h=—t, and k=—— 
3 3t, 
4 - 
preg x 
3 3t, 
8 
hk =—c’ 
9 


.Locus of (A, k) is xy = ; c’, which is a rectangular hyperbola 


with the same asymptotes x = 0 and y = 0as those of xy =c’. 
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87. Take two given perpendicular straight lines as the coordinate 
axes and let the equation of variable circle be 


x+y? +2ex+2fyt+c=0 ...(i) 
Suppose circle (i) make an intercept of length a on X-axis and 
an intercept of length b on Y-axis. 


a=2\(g° —c) 
and b=2,(f’ -c) 
Squaring and subtracting these, we get 
4(g° —c)-4(f’ —c) =a’ —b’ 
or gfe =—(a’ —b°) 
4 
ot C8) -Cfy' =20@ -0") 


which is a rectangular hyperbola. 
88. Let the hyperbola be 
2 2 
fe! 4 (i) 


a ob? 
Its asymptotes are 


226 and sag 
a b a b 


(a) Let us take the asymptote 
xy 
a bd 
Any line parallel to Eq. (ii) is 


=0 yey ...(ii) 
a 


(iii) 


b 
y=-x+e 
a 


Eliminate y from Eqs. (i) and (iii), then 


x’ 1 (? A ) i 
xte| = 
a ob \a 


2 2 
2c (ci + b°) _ 
ab b° 


One root of its equation is infinite since coefficient of x’ in it is 
zero. Also from Eq. (iii), when y > cas x > ©, 


0 


*, Eqs. (i) and (iii) meet in one point at infinity. 

(b) Lines through (a, 0); (—a, 0); (0, b) and (0, — b) are parallel to 
the principal axes, enclose a rectangle whose vertices are 

A (a, b), B (—a, b), C (-a, —b) and D (a, — b). Now equation of 
diagonal AC is 


(pb e 
aT a a) 
> y —b=-(x-a) 
a 
b 
=> y=-x 
a 


634 


89. 


90. 


Textbook of Coordinate Geometry 


ie. The diagonal AC is one of the asymptotes of the hyperbola 
x - y = 1. Similarly the diagonal BD is the other asymptote. 
Let the equation of ellipse is 
= + ye =1 ...(i) 
Tangent to Eq. (i) at P (a cos@, b sin @) is 
cos o 4 y sin dO =1 
a b 


Coordinate of point B is 
B =(a sec 6, 0) and AB =a {seco — cos o} 
Let coordinate of Q be (x,, y,) then 


x, =acos@ and y, =a(sec $ — cos @) 


So y, =a ([-2 
x, a 


=> xy, =a — xX 
Hence, locus of Q is xy =a — x* ...(ii) 
which is clearly a hyperbola. 

Since, the equation of a hyperbola and its asymptotes differ in 
constant terms only, asymptotes of Eq. (ii) are given by 

x’ + xy —a’ + k =0,k is any constant. 

It represents two straight lines. The required condition for 

this is 


abc + 2fgh — af’ — bg” —ch’ =0 
then k=a’ 
*, Asymptotes are 
x=0 and x+y=0 
The given rectangular hyperbola is 


xy=c? ...(i) 
Equations of chords of contact of (x,, y,) and (x,, y,) w.r.t., 
xy =c’ are 
...(ii) 
(iii) 


xy, + xy =2c’ 
and xy, + x,y =2c” 
The equation of the conic passing through Eq. (i) with 
Eqs. (ii) and (iii) is 
(xy, + yy — 2c’) (xy, + x,y —2c7) +A 
(xy —c’)=0 ..(iv) 
Now, Eq. (iv) represents a circle 


coefficient of x” = coefficient of y’ 


ies ViV2 = x, xX, 
and coefficient of xy = 0 


> xy, + x,y, +X =0 (Vv) 


Again the conic (iv) passes through (x,, y,) and (x,, y,) then 
(2x, y, — 2c") (uy, + xy, — 2c") + A (xy, — 07) =0 

or 2(xy, + x,y, -2c°)+A=0 

~ 2c’) (7X, + X,Y, 

=> 2(x,y,+ xy, —2c°)+X=0 


2c°)+A (x,y, —¢°) = 


and (x,y, + ¥.% 


From Eqs. (v) and (vi), we get 
2(-A-2c?)+A=0 
—h - 4c’ =0 
es i =— 4c? 
Then from Eq. (v) 
XV. + XV, = 4c? 


which is the other condition. 


. Let two perpendicular asymptotes of a rectangular hyperbola 


are CD and CE. 


Let the coordinates of A , B and C are (a, 0), (0, b), (a, B). OX 
and OY are parallel to CD and CE. 


Then equations of CD and CE are 
y-B=0 and x-a=0 
Thus combined equation of CD and CE is 
(x — a) (y —B) =0 
or xy —ay —Bx+ op =0 
is the equation of asymptotes of rectangular hyperbola. 


Ea Y 


y’ 


Hence, equation of rectangular hyperbola is 
xy -ay —Bx+k=0, 

where k is any constant. 

It passes through A (a, 0) and B (0, b) 

: 0-0-Ba+k=0 


and 0-ab-0+k=0 
po and ge* 
a b 


Hence equation of rectangular hyperbola becomes 


(2 xy, #c°)...(vi) 


(x,y, #c°)... (vii) 
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Eq. (i) represents two sets of rectangular hyperbolas whose Since, algebraic sum of perpendicular distances from 
vertices lie on the straight lines VCV’ and WCW’ both passing (X,, V;)s(X,. V2), (X3, y,) and (x,, y,) to Eq. (ii) is zero. 
through (a, 8) inclined at 45° and 135° to OX. 
Then @ = , B= . and their equations are (p’ + q’) |p? ig (p’ + q’) 
y -B=+(x-@) + [Boe ]-0 
= y-£=2 (2-4) (p'+q°) 
a b 
ca > p(x +x, +x,+x,)+q(y,+y,+y, +y,)+ 4r=0 
or xty=k(t+3) 4 p(S*B+e*4), (Mtn tn*%) 4 -<0 
d ~y=k{7-+ (i) B 
an se aaa eae w(t ag pisgbarao 
ab(x+y) 
= ee Qa 
ia (a+b) .. Eq. (ii) passes through (<, e 
b(x— 
and k= — 93. Let the equation of hyperbola is 
a x? : y? ag 
Putting in Eq. (i) then 2 RP! 
2 2 
idler! aa eae y=0 whose asymptotes are 
a b xy 
x2 2 —4+-+-=0 
and a ae y=0 ab 
boa x y 
d iad . and. —--=0 
Differentiating these equations, we get a b 
2x 2y dy 1 dy _ 0 Let there be any point P (h, k) on the hyperbola 
a b dx dx k = distance of P from transverse axis 
and ax _ 2y dy 4 dy =0 h= distance of P from any asymptotes 
ba dx dx 
x VY _ 
‘. Slopes of lines are Say. (= a 
_ dy _ b(a—2x) bh —ak 
d 2y —b 
ee (a’ +b’) 
and ae . 2 2 2 2y2 27.2 
dx b(2y —a) Squaring (a° + b°) k° =b°h’ + a’k’ — 2ab hk 
=> b (h° —k*) = 2ahk 
At (0, 0) m,=-1 and m,=1 Sah 
mm, =—1 = WK) == 
which shows that curves intersect orthogonally. ke? 
Pauaik _ . Squaring (h’ —k*)’ = 4a’h? | — 
. Equation of the normal to the hyperbola xy = 1 at tis be 
xt? —yt-t'+1=0 ...(i) he i 
‘ It passes through (a, B) = 4a°h’ (= — 7 c eo RF 7 
t-—at+Bt-1=0 = (h? —k)? = 4h?(h? — a’) 


If foot of the co-normal points are Hence locuset P (Bis 


1 1 1 1 _ 
C +} c | [« 1) and i, +) (x? —y’)? =4x°(x? -a’). 
t t, t, t, 2 y? 


94. Tangent to the hyperbola = —- =1is 
itt, +t,+t,=a0 ab 


> xX, + xX, + xX, + xX, =O y =mxt a’m’ —b’ 


and ae Ee ae B Given that y = ax + Bis the tangent of hyperbola 
f f & | => m=Qanda’m’ —b’ =f’ 

> y,+¥.+¥,+y, =h 2 aa’ —b* =fp* 

Let the variable line be Locus is a’x* — y* = b’ which is hyperbola. 


px+qytr=0 ...(ii) 
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2 2 


95. For the given ellipse Pp eet 
25 16 
( ss) 3 
=> = 1=——. |] = — 
25 5) 


= Eccentricity of hyperbola = : 


2 2 


Let the hyperbola be oc = at =1then 


B=a(S 1-8 « 
9 9 


2 


x 9y : ; : 
“. —> ——*— =1, As it passes through focus of ellipse i.e. (3,0 
eo tea P g p (3,0) 


We get A* =9> B’ = 16 
2 2 
Equation of hyperbola is = - ze = 1, focus of hyperbola is 
1 
(5, 0), vertex of hyperbola is (3, 0). 
96. The length of transverse axis = 2sin® = 2a 
=> a=sinO 
Also for ellipse 3x* + 4y* =12 


2 2 


or * med =1a’=4b? =3 


4 3 
b? 3 1 
e 1- 5 1 
a 4 2 


.. Focus of ellipse = 2 x > 0} => (1, 0) 


As hyperbola is confocal with ellipse, focus of hyperbola = (1,0) 


> ae=1 => sin®d xe=1 
> e = cosecO 
b’ =a°(e’ -1) 


= sin’ @(cosec’@ — 1) = cos’® 
.. Equation of hyperbola is 
2 2 


x a 
sin’®@ cos’O 


or, x’cosec” 0 — y*sec’@ =1 
97. Two branches of hyperbola have no common tangent but have 
a common normal joining SS’. 


A 


MZ 


98. Given, equation of hyperbola is 
2 2 


eee s 


: =1 
cos’ 


sin’ Oo 


Here, a’ =cos’a@ and b’ =sin’o 


b? =a’(e* -1) 
sin’ & = cos’ a (e” — 1) 
or sin’ + cos’ = cos’. e” 


ore’ =1+ tan’ =sec’O >e =seca 


ae =cosa. =1 


cosa 
Coordinates of foci are (ae, 0)i-e. (+ 1,0) 


Hence, abscissae of foci remain constant, when & varies. 


99. The given hyperbola is 


2 


x? —2y? —2V2x — 4V2y -6 =0 


=> (x? —2V2x + 2) —2(y? + 2vV2y +2)=6+2-4 
=> (x — V2)’ —a(y + V2)’ =4 
_ (x- v2)? _(y+v2)' _, 


2° (V2 


2) 
a=2,b=V2 >e= (o+2)-2 
4 2 


Clearly, AABC is a right triangle. 


2 
B (ce, *) 
a 


Y 
7 B (ze, | 
a 
X’< > 
A 
(a, 0) Cae, 0) 
y 
y’ 


Area of (AABC) = ; x AC x BC 
2 


=-— X(ae —a) X — 
a 


1 
2 
=1% no=H{ 2 i}. 
2 2\ V2 
i 
=|/- -1 
100. The given hyperbola is 
x? -y? =— vei) 


which is rectangular hyperbola 


e=2 

x? 2 

Let the ellipse be — + - =1 
a 


1 
Its eccentricity = — 
ae 
1) @ 
b=a (1 ~e)=0'(1 -;] = 5 


Sol. 


101. 


So, the equation of ellipse becomes 
x’ + 2y* =a’ ... (ii) 

Let the hyperbola (i) and ellipse (ii) intersect each other at 

P(x, ¥1). 

..(Slope of hyperbola (i) at (x,, y,)) < (Slope of ellipse (ii) at 

(x, Bal )=-1 


=> 


.. (iii) 


= 2 
or xX =2y; 


.. (iv) 
From Eqs. (iii) and (iv), we get y; =; and x? =1 


and (x,, y,) lies on ellipse x” + 2y” =a’ 
x, + 2y, =a’ 
=> 1+1=a’ ora’ =2 
. Equation of ellipse is x° + 2y’ =2 
whose foci (+1, 0). 
(Q. Nos. 101 and 102) 
The intersection points of given circle 
x+y" —-8x=0 .. (i) 
and hyperbola 
4x” —9y* =36 ... (ii) 
can be obtained by solving these equations substituting value 
of y’ from Eq. (i) in Eq. (ii), we get 
4x’ —9(8x — x’) =36 


> 13x” —72x -36=0 
6 
> x= 6, a 
13 
660 
> y? =12, -— (not possible) 
169 


- AG, 2v3) and B(6,-2v3) are points of intersection. 


Equation of tangent to hyperbola having slope m is 


y =mx + 9m’ — 4) .. (i) 


Equation of tangent to circle is 
y =m(x — 4) + ./(16m" + 16) 
Eqs. (i) and (ii) will be identical, then 
2 
RF 


So, equation of common tangents 


2x 4 


5 


... (ii) 


m= 


or ax —V5y+4=0 


102. Equation of circle with AB as its diameter is 


(x -6) (x — 6) + (y — 2V3) (y + 2V3) =0 
x+y" -12x+24=0 


103. 


104. 


105. 
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2 2 
line 2x + y =1is tangent to the hyperbola =f = a =1 
a 
(1) =a"(-2)? _ bp? 
=> 4a’ —b* =1 ss (i) 
Intersection point of nearest directrix x =" and X-axis is & 0| 
e e 
As, 2x + y =1 passes through & 0) 
e 
2a e bs 
+0=1 > a= .. (ii) 
e 2 
2 
and b? =a" (e? == 7c ~1) ... (iii) 
Substituting the values of a and b from Eqs. (ii) and (iii) in 
Eq. (i), then 
2 
2 e 2 
e’ ——(e -1)=1 
, ( ) 
=> (e’ — 4) (e* -1)=0 
e=4e #1 (.e >1) 
Hence, e=2 


Equation of normal at P (6, 3) is 


a’x  b’y 
=a’ +b? 
6 
* Normal intersects the X-axis at (9, 0), then 
9 2 
: + 0=a? +b? = 3a’ =2a" + 2b" 
or a’ =2b° 
or a’ =2a°(e’ -1) 
2_3 
goes 
2 
3 
Hence, e=,|/- 
2 


Given, ellipse is x’ + 4y° =4 


2 


ye 
1 


a 


and foci are (+ 43,0) 


or - =1 


Eccentricity of hyperbola = a e 


V3? 
; 4 a 
b’ =a°(e? -1 -<'( i) 
(e, —1) ; 5 


then equation of hyperbola becomes 


and 


x = 3y° = a’ 
which pass through (+ 3,0) 


=> 
.. Equation of hyperbola is 
x’ —3y" =3 


and foci of hyperbola are E 3x a, 9 ie., (+2,0) 


V3 
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Equation of tangent at (x,,y, ) is 


3 WW, 
9 4 
Equation of line parallel to 
2x-y=Aa .. (ii) 
2 2 
* Line (ii) is tangent of 7 oe =1, then 
V=9x2?-4 
A= + 4/2 
From Eq. (ii), Equation of tangent is 
ax —y =+4V/2 ... (iii) 
: ‘ wie x oy 1 
Comparing Eas. (i) and (iii), we get + =— = + —— 
pa Uae ee Go ae 
9 1 
or x, =t— andy, =+—— 
1 2/2 yi V2 


Hence, points of contact of the tangents on the hyperbola are 


ee} aR 5) 


H:x’-y’=1 


S: Circle with centre N(x,, 0) 
Common tangent to H and S at P(x, y,) is 
x, 
xx, — yy, =1 3m =— 
Yi 


Also radius of circle S with centre N (x,, 0) through point of 
contact (x,, y,) is perpendicular to tangent. 


=> xX, =X, — x, or x, =2x, 


M is the point of intersection of tangent at P and X-axis 


x, 
Centroid of APMN is (¢, m) 


1 
x, +—+x, =3landy, =3m 


x, 
Using x, =2x,, 
> (5 | +) tant 2 =m 
3 x, 3 
dl a dm _1 
dx, 3x7 dy, 3 


Also, (x,, y,) lies on H, 


x —y,; =lory, = (3 4) 


m=—,/(x; -1) 
on 
dx, 3 (x; = 1) 


2 


a cal =8and 2b= = (2ae) 
a 2 


1 1 
> b? =4aandb =o or b* = 7 a’e’ 


1 
=> abet —1)=7 ave! => 4e? -4=e’ 
2 
e=— 
V3 
2 1 2 1 22 
= b° =4a and b=—ae or b° =—a’e 
2 4 
x? y’ 
109. Let Equation of hyperbola is —--  =1 
ab? 


When it passes through P(V2,v3), then = - 7 =1 
a 


2 


> 2b -3a’ =a’b’ 
andae=2>a°+b’ =4 
From Eqs. (i) and (ii), we get 2(4-a”)-3a° =a*(4-a’) 
=> a’-9a°+8=0 = (a’-1)(a’ -8) =0 
a’ =1 
From Eq. (ii), b° =3 


2 2 


Equation of Hyperbola is - 7 . =1 
Equation of tangent at P(V2,~3) is we = ws =1 
Which is passes through (2/2, 3V2) 


2 2 


110. (a,b,c). 2x — y + 1 = 0is a tangent of ~~ - a =1, then 
a 1 


(1)? =a’(2)’ —16 or (2a)? =(1)? +(4)’ 
.. 2a, 4, 1 are the sides of a right angled triangle. 
Sol. (Q. Nos. 111-113) 
I x+y? =a’ 
Equations of tangents in terms of slopes are 


y =mx + a,(m’ + 1) (ii) 


and points of contact in terms of slopes are 


—ma a 
— +1) (m+ | ie 
. i) (Q) (Ans. Q.No. 112) (Here, a = V2, m = +1) 
I. x’ +a’y’ =a’ ot aed 
a 1 


Equations of tangents in terms of slopes are 


y =mx t+, (a’m’ +1) (iv) 


and points of contact in terms of slopes are 


—a’m 1 
’ R 
eee +1) yam’ + 5] . 


. II (iv) (R) (Ans. Q.No. 111) (Here, a =2, m= 


a3, 
2 


Il. y’ = 4ax 
Equation of tangent in terms of slopes are 


a 2 : 
y=mx+— or my=m'x+a (i) 


and points of contact in terms of slopes are 
a 2a 
& 22) (P) 
mm 


.. II (i) (P) (Ans. Q.No. 113) (Here, a = 8, m = 1) 


2 4 
or e =— 
3 


...(i) 
...(ii) 


(2 a’ #8) 


